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ON UNIFORM HOMEOMORPHISMS OF THE UNIT
SPHERES OF CERTAIN BANACH LATTICES

FOUAD CHAATIT

We prove that if X is an infinite dimensional Banach
lattice with a weak unit then there exists a probability
space (Ω,Σ,/i) so that the unit sphere of (Li(Ω,Σ,/i)) is
uniformly homeomorphic to the unit sphere S(X) if and
only if X does not contain Z^'s uniformly.

1. Introduction. Recently E. Odell and Th. Schlumprecht
[O.S] proved that if X is an infinite dimensional Banach space
with an unconditional basis then the unit sphere of X and the unit
sphere of lχ are uniformly homeomorphic if and only if X does not
contain /£, uniformly in n. We extend this result to the setting
of Banach lattices. In Theorem 2.1 we obtain that if X is a Ba-
nach lattice with a weak unit then there exists a probability space
(Ω, Σ, μ) so that the unit sphere 5(Lχ(Ω, Σ, μ)) is uniformly home-
omorphic to the unit sphere S(X) if and only if X does not contain
Z£> uniformly in n. A consequence of this -Corollary 2.11- is that
if X is a separable infinite dimensional Banach lattice then S(X)
and 5(/i) are uniformly homeomorphic if and only if X does not
contain /£, uniformly in n. Quantitative versions of this corollary
are given in Theorem 2.2 and Theorem 2.3. A continuous func-
tion / : [0, oo) -> [0, oo) with/(0) = 0 is a modulus of continuity
for a function between two metric spaces F : (A,dι) —» (J3, cfe) if
d2(F(aι),F(a2)) < /(di(αi,α2)) whenever αi,α 2 € A. Theorem 2.2
says that if X and Y are separable infinite dimensional Banach lat-
tices with Mq(X) < oo and MQ>(Y) < oo for some g, q1 < oo then
there exists a uniform homeomorphism F : S(X) —>• S(Y) such that
F and F~ι have modulus of continuity / where / depends solely on
q,q',Mq{X) and Mqι{Y). Here Mq(X) is the g-concavity constant
of X and will be defined below.

Central in defining these homeomorphisms is the entropy map,
considered in [G] and [O.S]. We refer the reader to [B] and its
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references for a survey of some results concerning uniform homeo-
morphisms between Banach spaces. In particular it is interesting to
note Enflo's result that l\ and L\ are not uniformly homeomorphic
[B] while their unit spheres are. Also we refer to [L.T] for facts
related to the theory of Banach lattices.

After this work was done, we learned that Professor N. Kalton
proved the same result using complex interpolation theory.

Notat ion. Let us start by recalling some definitions and well known
facts. A non negative element e of a Banach lattice X is a weak unit
if e Λ x — 0 for x e X implies that x = 0. Every separable Banach
lattice has a weak unit [L.T, p. 9]. A Banach lattice is order con-
tinuous if and only if every increasing, order bounded sequence is
convergent. By a general representation theorem (see [L.T, p. 25])
any order continuous Banach lattice with a weak unit can be repre-
sented as a Banach lattice of functions. More precisely: _

1. there exist a probability space (Ω,Σ,μ) and an ideal X of
Li(Ω, Σ, μ), along with a lattice norm \\-\\g on X so that X is
order isometric to (X, || | | ^ ) .

2. X is dense in Zq(Ω, Σ, μ) and Loo(Ω, Σ, μ) is dense in X.

3 11/llχ < J L % < 2H/IU for all / e Loo(Ω,Σ,μ).
Moreover X* = {g : Ω—>R : | | ^ | | ^ < oo} is isometric to X*,

where

Ijf. = sup {//pdμ; ll/lljf <

and if g € X* and / G X then

If X is a Banach lattice which is not order continuous then X
contains c0 ([L.T, pages 6-7]).

A Banach lattice X is q-concave if there exists a constant Mq < oo
such that

^i=l
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resp. p-conυex if there exists Mp < oo so that

for all n G N and X{ G X , 1 < i < n.
Mq(X) is the smallest constant satisfying (•) and MP(X) is the

smallest constant that satisfies (**).
Given a Banach lattice of functions X, the p-convexification

of X is given by

X^ = {/ : Ω—>R : \f\p G X}

with

The space X ( p ) is a Banach lattice with M p ( χ W ) = 1
([L.T, p. 53]).

We will also need the following result. If X is r-convex and s-
concave, for 1 < r, s < oo then X^ is pr-convex and ps-concave
with

<) < (Mr(X))p

and
Mps(XM) < (Ma(X))p.

(See [L.T, p. 54].)
We will use standard Banach space notations, BαX = {x G X :

| |z | | < 1} will denote the unit ball of X and 5(X) = {x G X :
11 a; 11 = 1} the unit sphere of X. If h is a real function on Ω, then
supp h — {ω G Ω : h(ω) Φ 0} is the support of h. If B C Ω, then
Bh{ω) = h{ω)χB{ω) where χ# is the indicator function of B.

2. The main result. We now state the main result of this work.

THEOREM 2.1. Let X be an infinite dimensional Banach lattice
with a weak unit. Then there exists a probability space (Ω, Σ, μ) so
that 5(Lχ(Ω, Σ, μ)) is uniformly homeomorphic to S(X) if and only
if X does not contain /^ uniformly in n.

Our proof of Theorem 2.1 will yield two quantitative results:



14 F. CHAATIT

THEOREM 2.2. If X and Y are separable infinite dimensional
Banach lattices with Mq(X) < oo and Mqt(Y) < oo for some q, q1 <
oo then there exists a uniform homeomorphism F : S(X)—>S(Y)
such that F and F~ι have modulus of continuity a where a depends
solely on q, </', Mq(X) and Mq>(Y).

THEOREM 2.3. If X and Y are both uniformly convex and uni-
formly smooth separable infinite dimensional Banach lattices then
there exists a uniform homeomorphism F : S(X)—>S(Y) such that
F has modulus of continuity f where f depends solely on the modulus
of uniform convexity of Y and the modulus of uniform smoothness
of X, and F~~ι has a modulus of continuity g depending solely on the
modulus of uniform smoothness of Y and the modulus of uniform
convexity of X.

The proofs will involve a sequence of steps similar to those in
[O.S]. We begin with a simple extension of Proposition 2.8 of [O.S].
Recall that X^ is the p-convexification of X.

PROPOSITION 2.4. Let X be a Banach lattice of functions on a
set Ω and let 1 < p < oo. Then the map

Gp : S{X{p))—>S{X)

given by Gp(f) = |/ | p sign/ is a uniform homeomorphism. Further-

more the moduli of continuity of Gp and (Gp)~~ι are functions solely

of p.

Proof Clearly Gp maps S(X^) one-to-one onto S(X). Let / and

g b e i n S ( X W ) w i t h 1 > δ = \\f - g\\χ(p) = \\\f ~ g\p\\h A s i n
[O.S] we shall show that there exist two functions H and F such
that

H(δ)<\\Gp(f)-Gp(g)\\<F(δ)

where F(δ) = 2(1 - (1 - δϊ)p) + δp~ι + δp and H{S) = ^δp. The
proposition then follows.
Let

Ω+ = {α; G Ω : sign/(α;) = sign^(α )}

and
Ω_ = {ω £ Ω : sign/(ω) Φ signρ(ω)}.



ON UNIFORM HOMEOMORPHISMS 15

We then have:

- Gp(g)\\ = llll/lpsign/ - MP signal

\p - \g\p\xn++ (\f\p + \g\p)xaj.

But ap - V > (a - b)p and ap + b"> 21~p(a + b)p for a > b > 0.
Thus,

\\GP(f) - Gp(g)\\ >
1

So we obtain H(δ) =
estimate we have:

as a lower estimate. For the upper

- Gp(g)\\ = \\\\f\p - \g\p\ χ Ω +

First we note that since

(l/lp + \g\p)xn- < (I/I + M)pχΩ_ < 1/ - g\p xn,

we get

Next we estimate || | | / | p — \g\p\ XΩ+ | | For this purpose we split Ω+

into Ω̂ j. and Ω̂_ where

^ = {ω € Ω+ : \f(ω) < q\g(ω)\ or \g(ω)\ < q\f(ω)\}

and
Ω+ = Ω+ ~ Ωjj .

and q = 1 — δp.

Note that if C = (1 - q)~p then

\\f\p-\9\p\xn\<C\f-g\p.
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Indeed,

C\f - g\p - \g\p + | / r > C\g - qg\p - \g\p = 0

in case | / | < q\g\ (the proof is similar if \g\ < q\f\).
Thus

\\Xnχ\\f\p ~ \g\p\\\ < CWxn+lf - g\p\

<C\\\f-gn
= C\\f - 9\\P

X(P)

= Cδp

Since (1 — q)~p = 5"1, we obtain

Finally we have on

So
F(δ) = 2(1 - (1 - 5 P ) P ) + f^1 + <5p

and as p > 1, F(ί)—>Ό when 5—>0. D

Throughout the rest of the paper, X will denote a Banach lattice
with the representation as a lattice of functions on (Ω, Σ, μ) satisfy-
ing the conditions mentionned in the introduction. The next step in
proving Theorem 2.1 will be to produce a uniform homeomorphism

in the case where our lattice X is uniformly convex and uniformly
smooth. In order to do this we need first to define the entropy
function E(h,f).

Let h e (Loo(μ))+ and define E(h, •) : X—>[—oo, oo) by

J) = Jh\og\f\dμ
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for / G X, (we use the convention that OlogO = 0) and more
generally,

E(h,f) = E(\h\,\f\)

if h G Z/oo(μ).
The entropy map was considered in [G] and in the sequel we use

arguments of both [O.S] and [G].

PROPOSITION 2.5. Suppose X is uniformly convex. Let h G
(Loo(μ))+ and set

A = sup / hlog \f\dμ.
fCRaX J

Then —log2 < λ < WhW^ and if h φ 0 there exists a unique f G
S(X)+ so that A = E(h, / ) . Moreover supp / = supp h.

Proof First we note that A < 11̂ 11̂ . To see this it suffices to
observe that

= sup / hlog \f\dμ
feBaX+ JfeBaX+

< sup / h\f\dμ
feBaX+ J

A

< sup
f£BaX+

< sup
fEBaX+

< \\h\\co-

Also A > - log2 since χ Ω /2 G Ba(X)+. Next let (fn) C (BaX)+
be such that £7(Λ, fn) > A — 2~n. Since X is uniformly convex, by
passing to a subsequence, we can suppose that fn converges weakly
to / G (£?αX)+. Let (un) be a sequence of "far-out" convex combi-
nations of /n, such that (un) converges to / in norm [M], thus un —
Σi=pn+i Cifi where px < p2 < < p n < * * * <k > 0, Σf=^+i Q = 1
a n d \\un — f\\χ—>0 as n—xx>.

We next note that if (giJiLi Q BaX, and (di)iLi ^ ( ^ ) + with

Σί

rLi di = 1 then
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Moreover if B — supp h and Bgi φ Bgj for some i, j then

This follows from the strict concavity of the logarithm function.
Therefore

lim E(h, un) — λ.
n-)-oo v 'n-)-oo

CLAIM. E(hJ) = λ.

Note that

K - /|Ui(μ) < \\un - f\\x ~> 0

and so in order to prove the Claim, it suffices to prove the following
lemma:

LEMMA 2.6. Let λ E R,/ι G L^(/x), (un) C L^(μ) and suppose
un—>f in Lι(μ). Then

/ h\ogundμ—>\ implies I hlogfdμ > λ.

Proof. By passing to a subsequence we may assume that un-Λ f
a.e. Thus (lognn)~ —> (log/)"" a.e. and so

/ h(logf)~dμ < liminf / h(logun)~~dμ

by Fatou's lemma. Therefore

(*) lim sup / —h(\ogun)~dμ < / —h(logf)~dμ.

On the other hand, one has also the inequality:

(*•) lim sup / h(\ogun)
+dμ < / hζίogf^dμ.

Indeed, fix ε > 0. Since 0 < (logun)+ < un, and (un) is uniformly
integrable, there exists δ > 0 so that μ(A) < δ implies

for all n, / h(\ogun)*dμ < ε and / h(\ogf)+dμ<ε.
J A J A
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((log/)+ is integrable since 0 < (log/)"1" < /.) Now /ι(lognn)
+—>

h(logf)+ a.e: So by Egoroff's theorem, there exists a set C with
μ(C) < δ such that

h(logun)+—>/>(log/)+

uniformly except perhaps on C. More exactly, for ε > 0, there exist
n(ε) € N and a set C with μ(C) < δ such that for any n > n(ε) we
have

sup \h(\ogun)
+ - /ι(log/)+| < ε.

ωecc

Thus

Jh(\ogun)
+dμ < I \h(logun)

+ - h(logf)+\dμ + Jh(logf)+dμ

= I \h{\ogun)
+-h{\ogfγ\dμ

+ ί \h(\ogun)
+-h(\ogf)+\dμ+ ίh(\ogf)+dμ

JCC J

< 2ε + ε+ ί h(\ogf)+dμ.

So
limsup / h(\ogunydμ < / h(logf)+dμ.

Now adding (*) and (••) yields

λ < hlog fdμ,

which proves Lemma 2.6. D

Note that since λ > E(h,f), we get E{h, f) = λ, proving the
Claim. Now we prove that / is unique. Indeed, let / φ g with
E(h,f) = E(h,g) = λ and we may assume that | |/ | | = | |#| | = 1.
Thus by uniform convexity | | ^ | < 1 and so ^ cannot maximize
the entropy, and so

λ = \ (E(h, f) + E(h, g)) < E (h, ί±^j < λ,

a contradiction.
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Let now B = supp h. In order to obtain supp / = B a.e consider
first g = Bf in what preceeds and note that E(h,g) = E(h,f) to
get / == Bf a.e. Then observe that trivially supp Bf C B a.e, while
if the previous inequality was strict, then there exists a set A C B
with μ(A) > 0 such that f\A = 0. Thus

-oo = E(h, f) > E(h, χΩ/2) = - log 2;

a contradiction. Hence supp/ = supp JB/ = B. D

Thus under the assumption that X is uniformly convex we can
define

Fx:S(L1(μ))+f]Loo(μ)~^S(X)+

by Fx(h) = f where / 6 5(X)+ is such that

E(hJ)= max ίhlog\g\dμ = Ex(h).
ge(BaX)+ Jge(BaX)+

We then define

byFx(h) = (signh)Fx(\h\).
We shall show that Fx is uniformly continuous, and thus extends

to a uniformly continuous function on S(Lι(μ)). To do so we will
need a proposition similar to Proposition 2.3.C of [O.S]. The proof
is nearly the same, adapted to function spaces.

PROPOSITION 2.7. Let hι,h2 be in 5(Li(μ))+Π^oo(M)
\\hι - Λ2II1 < I- Let x1 = Fχ{hί), and x2 = Fx(h2). Then

1 2
>1-||Λ,-A,||ί

Proof. Let ψ ^ l = 1 - 2ε. We need to show that

We may assume ε > 0. Define xί = x\ + εx2 and x^ = x2 + εx\.
Then

supp Xi = supp X2 — supp h\ U supp h2 = B,
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and
X\ I X\

ε = 1 - ε .

With this we can prove that:

ε<\log{l-ε)\<l{E(huxί)-E(huxϊ)}

Indeed, since X\ > x\, we clearly have:

E(hux{) >E(huxι) >E +x2

since

I 1 ' 2 ( l - ε ) y f

BaX and x\ maximizes the entropy. And

2 ( 1 -

Similarly we have

1

Then by averaging (*) and (**) we get

1
£ ^ 4

- E{h2,xi)}.

So

ε < T / (Λi - h2){logx1 - \ogx2)dμ
4 JB

/&I — Λ2I log^r dμ.

But

for

< log - on B

+
x2
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and similarly

Ξl < I
x[ ~ ε

Since log^ < j , we finally get

Hence

2ε

D

PROPOSITION 2.8. Let X be uniformly convex. Then

is uniformly continuous and hence extends to a uniformly contin-
uous map Fx : S(L\(μ))—>S(X). Moreover the modulus of conti-
nuity of Fx depends only on the modulus of uniform convexity of
X.

Proof Recall that X is uniformly convex if and only if

x + y
: ( ε ) = i n f j l - \x\\ —

We first observe that Fx : S(Lι(μ))+—>S(X) is uniformly contin-
uous.
Indeed, by Proposition 2.7, if Λi and h2 are in S(Lι(μ))Jr Γ\Loo(μ)
and \\hι — Λ2II1 < 1 then

+

or

1 -
Fx(h2)

So if \\Fxih,) - Fx(h2)\\ > ε then ||/n - h2\\ > (δx(ε)f. Thus
there exists η(ε) = (δx(ε))2 so that \\hι — h2\\ < η(ε) implies
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\\Fχ{hι) — Fχ{h2)\\ < ε. Letting η(0) = 0, the function 77 is continu-
ous and strictly increasing on [0,2]. So η has an inverse g depending
only on the modulus of uniform convexity of X, and

For the general case let hi, h2 in S(Lι(μ)) (^L^μ) and set

Xi = Fx(hi) = sign hi • Fx(\hi\)

for » = 1,2. Then

ll*i - * 2 | | < HFjcdΛil) - Fχ(\h2\)\\ + l l χ D ^ d Λ i l ) + Fx(\h2\))\\

where
JD = {α; G Ω : sign/ιx(α;) 7̂  sign/ι2(ω)}.

By what we observed in the beginning of the proof,

\\Fxi\h\) - Fx(\h\)\\ < g{ε)

whenever

Our next step is to estimate ||χijFχ(|/ii|)||, for 2 = 1,2. To do so,
we note that

= \\DFx(\hι\)\\ <Fχ(\ht\)-Fχ
Dc\hi

We are then lead to estimate

Dchx

W&hrW
Όchx

Dchγ-

\)

Dchx

We first get that

\\Dh\\ = \\D\h\\\ < \\Di\h\ + \h2\)\\ < \\hx - h2\\ < ε;

and, since \\hι\\ = \\Dhι + Dchι\\ = 1 and ||-D/ii|| < ε, an easy
computation yields
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II^(M)II <

Similarly \\DFx(\h2|)|| < g(2ε). Hence | |F x (/i i)-F x ( |/ ι 2 | ) | | < g(ε) +
2g(2ε).

Therefore Fx extends uniquely to a uniformly continuous map,
that we still denote Fx, from S(Lι(μ)) to S(X), and the modulus of
continuity of Fx depends only on the modulus of uniform convexity
oΐX. D

PROPOSITION 2.9. Let X be uniformly convex and uniformly
smooth. Then Fx : S{L\{μ))—>S(X) is a uniform homeomor-
phism. Moreover (Fx)"1 : S(X)—>S(Lι(μ)) has modulus of conti-
nuity depending only on the modulus of uniform smoothness of X.
Furthermore (Fχ)~1(x) = \x*\ x where x* G S(X*) is the unique
supporting functional of x.

Proof. Our goal now is to show that the map Fx previously de-
fined is invertible and that (Fx)~ι has the described form and is
uniformly continuous.

CLAIM 1. Let h G S(Li(μ))Γ|£oo(μ). τ h e n 9 = Fxih)~ι ' h Ξ
S(X*) where denotes the pointwise product.

Note that suppFχ(h) = supp/i and we define Fχ(h)~ι h to be
0 off the support of h. Assume Claim 1 for the moment.

For x G S(X), define G(x) = \x*\ - x, where x* is the unique sup-
porting functional of x. Let h G S(Lι(μ)) Γ\Loo(μ). Since
sign Fx(h) = sign/ι,

Thus from Claim 1 it follows that

Fχ(h) l*
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Hence

G(Fx(h)) = \Fx(h)\* Fx(h) = h for any h G 5(Lχ(μ)) f| ^ ( μ ) .

Furthermore G is uniformly continuous. Indeed, the support func-
tional x H* x* is uniformly continuous since X is uniformly smooth,
and since G(xi) = \x*\ - Xi i = 1, 2 we have

< ll̂ i - x 2 | | + Ikί - ^ l l

Thus G is uniformly continuous. Moreover since the modulus of
continuity of x H-> X* depends only on the modulus of uniform
smoothness of X, the same is valid for G. Thus G(Fχ(h)) — h
foτallheS{Lι(μ)).

CLAIM 2. G is one-to-one.

It then follows that G = (Fx)~ι. We now prove Claim 1.

Proof of Claim 1. We will follow the path of [G]. Early work of
[L] had as an objective to factorize elements of 5(/i)+. Let h 6
S(Lι(μ))f]Loo(μ) and suppose x = Fx{h). We can assume that
h e S(Lι(μ))+ n£oo(μ) Then suppx = supp/i = B a.e. and x G
S(X)+. Let k G X+ be arbitrary, then

So writing x + k = rc(l + -) on B yields

E(h,x) >E(h,x)+ f ftlogίl + JfcaΓ^d/i-log ||a; +fell.
JB

This gives:

ί h log(l + kx~ι)dμ < log ||ar + A;||

= log(l
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So

(•) / Λlog(l + kx~ι)dμ < \\h\\.
JB

We see that on 5, kx~ι is finite μ-almost everywhere. Let

σn = {ω £ B : k(ω)x~1(ω) < n)

and χn = χσn then χn /* XB > pointwise μ-a.e; and since t < log(l +
t) + \t2 holds for allί > 0 we have for 0 < s < oo

5 / hx~ιkχndμ
JB

< JBhlog(l + skχ-ιχn)dμ + ^s2 jβ k2(x~ι)2χnhdμ

< I /ilogίl + skx~ι)dμ + -s2n2

JB 2

< s\\k\\ + i s 2 n 2 by (*).

Thus dividing by s and letting s go to 0, we obtain for all n € N

Γ^χndAi^ 11*11;

and therefore by the monotone convergence theorem,

/ hx~ιkdμ < \\k\\.
B

Now let g = hx~ι. The previous equality yields | |p | |^ < 1. On the
other hand

= \j g

So 11511 x* = 1 which proves Claim 1. D

Proof of Claim 2. Let h = |rr |̂ rci = l^l #2 be a member of
S(Li(μ)) with a Jte) = 1,^ G 5(X) and ^ G 5(X*) for t = 1,2.
We first note that supp/i = suppx^ a.e for i — 1,2. Indeed supp h C
supp Xi a.e is clear, and in case the inclusion is strict let us consider



ON UNIFORM HOMEOMORPHISMS 27

B\xi\ where B = supp/i. We then note that | |JB|X| | | < 1 by uniform
convexity. Also

\x*\{B\x\) = ί \x*\B\x\dμ = f \x*\\x\dμ

= / = 1, a contradiction.

Also supp x\ — B since X* is uniformly convex. Now as in [G] we
observe that there exists a measurable function θ of modulus one so
that x* = θx\. Indeed define θ = -p on B and θ = 1 on 5 C . Then

= / \Xι\\xl\dμ <

Similarly,/IΛH^Idμ^ 1. So

And since t + t~ι > 2 for t > 0 we get

/ |ft|{|^| + \θ'ι\}dμ > 2 / |Λ|d/x = 2.

Thus |β| + l^"1! = 2, but this cannot happen unless |0| = 1. Thus
lxίl = l^l Now supple = supp/i a.e. and h = \x{\ Xi = [x l̂ * #2-
yields that ari = X2 a.e. D

We are now ready to give a proof of the main result of this work.

Proof of Theorem 2.1. Suppose thatX contains Z£> uniformly in
n. Then S(X) is not homeomorphic to 5(Lχ((Ω, Σ, μ))) for any
measure space (Ω, Σ, μ). Indeed this follows, as in [O S], from Enflo's
result [E] that the sets £(/£)), n 6 N cannot be uniformly embedded
into S(Lι).

For the converse assume that X does not contain /£, uniformly in
n. Then X must be order continuous since X does not contain CQ
[L T]. Then the proof goes as in [O.S]. By a theorem of Maurey and
Pisier [MP] X must have a finite cotype q'. Thus X is g-concave,
in fact for all q > q' ([L.T, p.88]). Renorm X by an equivalent
norm for which Mq(X) = 1 and such that X has the same lattice
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structure (see [L.T, p. 54]). Then the 2-convexification X^ of
in this norm satisfies

M2q(XW) = 1 = M

([L.T, p. 54]). This implies that X^ is uniformly convex and uni-
formly smooth ([L.T, p. 80]), and so

Fχm :

is a uniform homeomorphism by Proposition 2.9. Therefore

G2oFχW:S{L1(μ))—>S(X)

is a uniform homeomorphism by Proposition 2.4. D

REMARK 2.10. [O.S]. If S(X) is uniformly homeomorphic to
S(Y) then BaX and BaY are uniformly homeomorphic.

COROLLARY 2.11. If X is a separable infinite dimensional Ba-
nach lattice then S(X) and S(h) are uniformly homeomorphic if
and only if X does not contain /£> uniformly.

Proof By Theorem 2.1, S(X) is uniformly homeomorphic to
S(Lι(μ)) for some probability space (Ω,Σ,μ) where L\{μ) is sep-
arable. By standard representation theorems either Lι(μ) = lχ or
Lι(μ) = (Li[0,l] Θ h(I))ι where / is countable. So S(X) is uni-
formly homeomorphic to 5((Li[0,1] 0 /i(/))i). Then one can define

H : 5((Lχ[0,1] Θ Zi(/))i)—^5((Zi Θ

as follows: Let F be a uniform homeomorphism between S(Lι)
and 5(/i). (Such homeomorphism exists by [O.S].) If (5,x) €
S(Zα[0,1] Θ*i(I))i then define H(g,x) = (\\g\\F (^) ,x)forg^0
and H(0, x) = (0, x). It is easily checked that if is a uniform homeo-
morphism and now, since / is countable, hΦh(I) = l\ which proves
the Corollary. D

REMARK 2.12. In [R], Y.Raynaud already obtained that if the
unit ball of a Banach space E, embeds uniformly into a stable Ba-
nach space F, then E does not contain CQ. He also proved that if



ON UNIFORM HOMEOMORPHISMS 29

F is supposed superstable then E does not contain /£, uniformly.
Since L\ is superstable, we could get one direction of Theorem 2.1
in the separable case using the result of [R].

REMARK 2.13. If X is g-concave with constant 1, then X ( 2 )

satisfies

([L.T, p. 54]) and as we noted before, X^ is uniformly convex and
uniformly smooth ([L.T, p. 80]). We then proved that

Fχm : S(LM)-^S(XW)

is a uniform homeomorphism with modulus of continuity of FX(2)
depending only on the modulus of uniform convexity δX{2) (ε) of X^
(which in turn is of power type 2, i.e for some constant 0 < K <
° °J δχ(2)(£) > Kε2 ([L.T, p. 80])) and the modulus of continuity
of (FX(2))~ι depending only on the modulus of uniform smoothness
Pχ(2)(τ) of X^ (which in turn is of power 2q i.e. for some constant
0 < K < oo, ρX(2)(τ) < Kτ2q [L.T, p. 80]).

We first observe that X and Y must have weak units, since they
are separable [L.T, p. 9]; and are order continuous since they both
don't contain Co- In fact, since q < oo and q' < oo, X and Y don't
contain /^. So, by Corollary 2.11, S(X) and S(Y) are uniformly
homeomorphic to S(Lι). Let X be X endowed with an equivalent
norm and the same order, for which Mq(X) = 1, and let Ϋ be Y
with an equivalent norm and the same order, for which Mq>(Ϋ) — 1.
With the previous notations used throughout this work, we have
the following diagram:

S(Y)

where υ is a uniform homeomorphism from S(Y) to S(Y) with a
modulus of continuity a depending solely on M ς/(F), and u~ι is a
uniform homeomorphism from S(X) to S(X) with a modulus of
continuity / depending only on Mq(X).
Let

F = υ o GV,2 ° FΫ(2) o (F^(2))"1 o {Gχa)~~ι o u~ι,
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then F is clearly a homeomorphism and

F~~ι =uoGχ2

 l

Let 6, c, d and e be respectively the modulus of continuity of
respectively Gγi2,Fγ(2), (iΓχ(2))~1, (Gχj2)~ι b a n d e a r e functions
solely of 2 by Proposition 2.4 while c and d are functions of g' and q
by Proposition 2.9, Proposition 2.8, and Remark 2.13 above. Then
the modulus of uniform continuity a of F is of the form a = aoboco
doeof and is a function solely of 9, #', M g(X), M ^ F ) . Note that the
modulus of continuity of F~ι is also given by aobocodoeof. •

Proo/ 0/ Theorem 2.3. The proof is exactly the same as in Theo-
rem 2.2 with the only difference that F = Fy o (Fx)~ι. Indeed we
have now the diagram:

S(χ) SEΞΪ^ 5 ( L l ) _ ^ s(Y).

We then let F = Fy o (Fx)" 1 and use Proposition 2.9 to get that
the modulus of continuity of F depends solely on the modulus of
uniform convexity of Y and the modulus of uniform smoothness of
X. D
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