
Appendix E 

On a wave equation with a singular 
source. 

In this Appendix we shall show that the solutions of the problem (1.8.3)-(1.8.4), with 

0 (j. supp J, f E C00(JR), cp, '1/J E C00 (JR2), are smooth on lR3 \supp p. Consider thus the 

equation 

DU=f(t)So, 

recall that 

~ lnr = 27rDo, 

where ~ = ::. + lfr, and we also have 

0 < a E lR, ~ r" ln r = a( a ln r + 2) r"'-2 • 

From (E.O.l) one finds that the function U1 = U- f(t) ln r/27r satisfies 

1 /)2 f oul = ---lnr 
27r ot2 ' 

(E.O.l) 

(E.0.2) 

and using (E.0.2) one shows by induction that there exist functions cp; E C00 (JR), 0 (j. 

supp cp;, such that for any k E IN we have 

DUk - D (u- ~ cp;(t)r2; lnr) 

= n(t)r2k ln~ + '1/Jk =: Pk, 
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for some functions Xk E C00(JR), '1/Jk E C00 (JR3 ). For any£ E IN we can find k such that 

Pk E Ht+2(JR3 ); we also have Uklt=O = Ult=O, thus the Cauchy data for uk are smooth, 

and by standard theory Uk E Ht~2 {JR3) C Ct(JR3). This shows that for any£ we have 

U E Ct(JR3\supp p), thus U E C00{1R3\supp p), which had to be established. Let us 

note that the argument presented above provides also an asymptotic expansion for Up 

in a neighbourhood of supp p, which can be used to analyze in detail the nature of the 

singularities occuring in (Mp, /p)· 
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