SOME PROPERTIES OF INCREASING CONVEX-ALONG-RAYS
FUNCTIONS
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Abstract. In this paper we extend the theory of real-valued increasing convex along rays
functions for functions mapping into the semi-extended real line. We give a full description of
the Fenchel-Moreau conjugate function to an increasing positively homogeneous of the first degree
function.
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1. Introduction. A function f is called abstract convex with respect to a class
of elementary functions H if f can be represented as the upper envelope of a subset
of H. The notion of abstract convexity plays a very important role in the study
of various kinds of optimization problems (see for example [5, 1]). This notion is
closely related to the Fenchel-Moreau conjugation theory [4, 5, 11] which is a natural
extension of classical Fenchel conjugation [7]. From the point of view of this theory,
it is quite natural to consider functions mapping into the semi-extended real line
Ric = RU{+00}. There are some interesting examples of abstract convex functions
(see for instance [4, 3, 6]). One of the most interesting classes of (non-convex) abstract
convex functions is generated by the set H of all shifts of the so-called min-type
functions defined on the nonnegative orthant R%. It has been shown in [1, 2, 10]
that a real-valued function is abstract convex with respect to the set H if and only
if this function is increasing and its restriction on each ray starting from the origin
is convex. Functions with these properties are called ICAR (increasing convex-along-
rays) (see [1, 2, 10]). Real-valued ICAR functions are lower semicontinuous (l.s.c).
These functions have interesting applications in global optimization (see, for example,
[10, 8]).

In this paper we study H-convex functions mapping into Ry, where H is the
above mentioned class of shifts of min-type functions. We prove that a function
f R} = Ry is H-convex if and only if this function is Ls.c and ICAR. We show
that the class of l.s.c ICAR functions f : R} — R, is very large. In particular,
each ls.c function defined on the unit simplex S = {z € R} : }_,z; = 1} can be
extended to an ICAR function. We describe also Fenchel-Moreau conjugate functions
with respect to increasing positively homogeneous functions.

2. Preliminaries. Let R be the set of real numbers and Rio, = R U {400}.
In the sequel we shall require the following definitions and elementary results dealing
with abstract convexity (see [5, 11]).

DEFINITION 2.1. Let X be an arbitrary set and H be a set of functions h: X —
R. A function f: X — Ry is called abstract convexr with respect to H or H-convez
if there is a set U C H such that

f(z) =sup{h(z) : he U} forall zelX.
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We suppose that the function —oo :  — —oo for all z € X is also abstract convex.

DEFINITION 2.2.
1) The set

s(f,H)={h€H:h(z) < f(z) forall ze X}

of H-minorants of a function f : X — R is called the support set of f.
2) The set U C H is called abstract conver with respect to H or H-convez if there
exists a function f: X — R such that U = s(f, H).

REMARK 2.1. It is easy to check that U is abstract convex if and only if there
exists an H-convex function f such that U = s(f, H).

The following assertion directly follows from the definitions.

Proposition 2.1. A set U C H is H-convez if and only if for each h € H\ U
there exists a point © € X such that h(z) > sup{h'(z) : k' € U}.

Let L be a set of real-valued functions defined on a set X. Shifts of functions
I € L, that is functions h of the form h(z) =l(z) —cforallz € X withl€ L,ce R
are called L-affine functions.

DEFINITION 2.3. Let L be a set of real-valued functions defined on a set X. Let
f:X = Ry or f = —00. The function

fi) = sup{l(z) — f(z) : z € X}

is called the (Fenchel-Moreau) L-conjugate with respect to the function f. The func-
tion

1" (z) = sup{l(z) - fi(1) : L L}

is called the second L-conjugate with respect to L.

Theorem 2.1. (see for example[{, 5, 11]) Let f : X = Ryo. Then f = f}* if
and only if f is H-convex where H is the set of all L-affine functions.

In the remainder of this paper we shall consider functions defined on the cone R7}
all of vectors with nonnegative coordinates in n-dimensional Euclidean space R™. We
shall use the following notation:

z; is the i-th coordinate of a vector z € R™;

ifz,yeR"thenz >y < z;>y; forall iel={1,2,...,n};
ifr,yc R"thenz >y <= z;>y; forall i€l

R? ={z = (z;) e RT: z >0}

R?, ={z=(z;) eRl: z>0}.

We shall study abstract convex functions with respect to the set H of all L-affine
functions where L is the set of the so-called min-type functions, that is functions [
defined on the cone R%} by

® © 6 ©

l(z) =(l,z) (zeR}) (2.1)
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where
l = i l,‘ iy H=1{i: li . 2
{,z) iémg) T T(y={i:l; >0} (2.2)

We assume that the minimum over the empty set is equal to zero. We denote the
vector (I3, - ,1,) by the same symbol I as the function generated by this vector using
(2.1). In order to describe abstract convex functions with respect to the mentioned
above set H, we need the following definition.

DEFINITION 2.4. A function f : R} — Ry is called convez-along-rays (CAR)
if, for each y > 0, the function f,(A) = f(Ay) is convex on the ray {A € R: A > 0}.

We shall show that a function f : X — R, is H-convex if and only if this
function is increasing and CAR (briefly ICAR). A function f is called increasing if
z >y = f(z) > f(y). For finite functions this result was established in [1, 2], see
also [10].

3. ICAR functions. In this section we shall study the simplest properties of
ICAR functions R — Ry . We need the following definitions.

DEFINITION 3.1. A set U € RY is called normalif (x €U, 0< ' <z) = 2’ €
U. A set U is called R%}-stableif (x € U, 2’ > z) = 2’ e U.

Let f be an increasing function defined on R’} . Then level sets {z € R} : f(z) <
c} are normal and level sets {x € R} : f(z) > c} are R}-stable. In particular, the
set dom f = {r € R} : f(z) < 4oo} is normal and the set {z : f(z) = +o0} is
R -stable.

Proposition 3.1. Let f be an ICAR function and x € R} . If there exists
A > 1 such that Az € dom f then the function f is continuous at the point x.

Proof. Let z, — x. Take a positive number ¢ such that 1 +¢& < A. For large k
the inequality (1 — )z < z < (1 +€)z holds. Since the function f is increasing we
have

f(A=-8)z) < f(m) S f(L+e)z);  F(L-e)2) < f(z) < f((1+6e)).

Since the convex function f; : a — f(az) is continuous on the segment (0,}) it
follows that f((1+¢)z) — f(1—¢€)z) - 0ase — 0. O

REMARK 3.1. A finite ICAR function can be discontinuous at a boundary point

of the cone R} . For example the function

0 otherwise

gl(w)z{ Yz >0

is ICAR and discontinuous at each boundary point of R? excluding the origin.

It was shown in [1, 2] that a finite ICAR function is l.s.c on R%. At the same
time there exist ICAR functions R} — R which are not l.s.c . For example the
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function

g2(z) = { Yz Ywi<l

400  otherwise

is not l.s.c .
We now present some examples of ICAR functions.

ExXAMPLE 3.1. A positively homogeneous of degree m > 1 increasing function
defined on R} is ICAR; in particular a function

flz) =«Mz5? ...z z = (21,%3,...,Tn) € RY (3.1)
with m; +...m, > 1is ICAR.
EXAMPLE 3.2. A polynomial with nonnegative coefficients is ICAR.

Let H be the set of all L-affine functions, where L is the set of all min-type
functions defined by (2.1). It is easy to check that the following assertion holds.

Proposition 3.2. An H-convex function f: R} — Ry is l.s.c and ICAR.

The following statement shows that the class of ICAR functions is very large.

Proposition 3.3. Let f be a l.s.c function defined on the unit simplex S =
{z € R} : >,z = 1}. Then there exists an ICAR extension of f, that is an ICAR

function § : R} — Ry such that f(z) = f(z) forallz € S.
The proof is based on the following assertion.

Lemma 3.1. Let Q be a compact topological space and H be a set of continuous
functions defined on @ such that
1) H is a conic set: he Hy A >0 = M€ H;
2) for each h € H and ¢ > 0 the function z — h(z) — ¢ belongs to H;
3) for any e > 0, z € Q and any neighbourhood V of z there exists h € H which is a
“support to an Urysohn peak”, that is

h(z)>1—¢, h(z)<1 forall z€@Q, h(z)<0 foral z¢V. (3.2)

Then for each l.s.c function f : Q — Ry there exists a set V. C H such that
f(z) = suppey h(z) for all z € Q.

This lemma was proved in [4] with the following assumption instead of 2): H is a
convex set and negative constants belong to H; actually these assumptions were used
only in order to prove 2).

Proof. (of Proposition 3.3): Let Hg be the set of all functions hs defined on the
simplex S by hs(z) = (I,z) — ¢ with | € R}, ¢ € R. Clearly conditions 1) and 2)
from Lemma 3.1 hold for the set Hg. Let us check that condition 3) holds as well.
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Let z € S. Consider the vector [ = 1/z where

1
1 — i
L (33)
z 0 if Z; = 0

It is clear that (I,z) = 1. Since
n n
Z xTr; = Z Z;
i=1 i=1

for z € S it follows that for z # z there exists an index j such that z; < z;. Clearly
Jj € T(2). Therefore

(l,z) = min %<1
€T (2) 24

Consider the function h' defined on S by h'(z) = (I,z) — 1. We have h(z) = 0
and h(z) < 0 for z # z. Let V be an open neighbourhood of a point z and 5 =
—max{h(z) : € S\ V} > 0. Consider the functions h"(z) = h'(z) + 1’ with
0<n' <nand h(z) =h"(z)/n'. We have

R'(z)=n', h'(z)<n forall z#2z h'(z)<0 forall z¢V,
so
h(z)=1, h(z) <1l forall z#2 h(z)<0 forall z¢&V.

Thus the condition 3) from Lemma 3.1 holds. Let f : S € Ry be al.s.c function. It
follows from Lemma 3.1 that there exists a set U C H such that f(z) = sup,cy h(z)
for all z € S. Consider now the function f defined on R%} by

f(z) = sup{h(z) : z € U}.

It follows from Proposition 3.2 that f is an ICAR function. We have also f(z) = f(z)
forz € S. O

REMARK 3.2. Proposition 3.1 shows that the following assertion is valid: if a
finite 1.s.c function f is discontinuous at a point = € S then f(Az) = +oo for any
extension f of this function and for any A > 1. Thus f(y) = +oo for all y > =.

It can be shown (see [8]) that each positive Lipschitz function defined on S has a
locally Lipschitz (hence finite) extension f.

4. H-convex functions. Proposition 3.2 shows that each H-convex function
f: R} = Ry is Ls.c and ICAR. The following result was established in [1, 2], see
also [10].

Theorem 4.1. A real-valued function f defined on R is H-convez if and only
if f is an ICAR function.

157



The proof of Theorem 4.1 (see [2]) is based on the following construction. For a
function f : R} — R consider its positively homogeneous extension f defined by

T

fen=x(3), @Xez (4.1)

where Z = R} x (0,+00). It can be shown that a real-valued function f is ICAR if
and only if f € F where F is the set of all finite functions F' defined on the set Z
such that

a1) F is positively homogeneous of the first degree;

az) the function z — F(x, )) is increasing on R for each A > 0;

a3) for each (z,A) the function g(p, u2) = F(p1, u2) is sublinear on the cone

{p1 > 0,2 > 0}.

It can be shown that a function f : R} — R is H-convex if and only if its positively
homogeneous extension f is H,-convex where H, is the set of all functions h, defined
on the set Z by the formula

hi(z,A) = {l,z) — cA (4.2)
with [ € R%, c € R. The following assertions hold:

Proposition 4.1. If F € F then for all (y,v) € Z the set 0F (y,v) = {h. € H, :
hi < F, h.(y,v) = F(y,v)} is not empty.

It follows from this proposition that each F' € F is H,— convex, hence each ICAR
real-valued function is H-convex. H-convexity of a real-valued ICAR function implies
its lower semicontinuity.

As it was mentioned above, an ICAR function f : R} — R, is not necessary
l.s.c, so we can not extend Theorem 4.1 for all ICAR functions. We will extend it only
for 1.s.c ICAR functions mapping into R..,. We shall use the construction described
above. A

The positively homogeneous extension f can be defined by (4.1) for an arbitrary
function f mapping into Ry . Let f: R} — R, o be als.c function. Consider the
function

+o00  otherwise

f1($,)\)={ f(m)\) T € Z

and its lower regularization cl F:

cd )z, A) = min(f(z, \), lim o'\ ,A) € R
(c1f)(z, A) = min(f(z )(,A,)_,(“) (M)-,‘(“)fl( ) (z,A) eRY

It is clear that cl f is a positively homogeneous function which maps R™*! into Ry oo-
Since f is Ls.c it follows that the function f is also l.s.c on the cone Z, so

A f(z,\) = fz,\) = A f(;) for z€R?,A>0. (4.3)

Let us denote by JF; the set of all functions F': Ri‘“ — R0 such that
b1) F is l.s.c and positively homogeneous of the first degree;
by) F(0,1) < +o0;
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bs) the function z — F'(z,A) (z € R}) is increasing for each A > 0.
bs) for each (z,A) with x € R} and A > 0 the function

g(pa, p2) = F(uz, paX)  (p1,p2) € RE (4.4)

is sublinear.
The following statements hold.

Lemma 4.1. If f : R} = Ry 45 a Ls.c ICAR function and domf = {z €
R” : f(z) < 400} is not empty then cdf e Fi.

Proof. Tt is clear that cl f is a l.s.c and positively homogeneous of the first degree
function. Since dom f # @ and f is increasing it follows that 0 € dom f so cl f(0,1) <
F(0,1) = f(0) < 4o0. It is easy to check that monotonicity of f implies monotonicity
of the function z > cl f(z,\) (z € R?") for each A > 0. Sublinearity of the function g

defined on the set dom g = {p = (u1, p2) : (1) < +00} by (4.4) with F = cl § easily
follows from convexity of the function a — f((a/N)z). 0

Lemma 4.2. Let H, be the set of all functions (4.2) withl € L and c € R. If
the extension f of a function f is H,-convex then f is H-convex.

Proof. There exists a set U C L x R such that f(z,)) = sup(,cyev ({1, ) — cA)
for (z,\) € Z. By applying (4.3), we have

fl@)= f($7 1)= sup ((l,z) —c)= sup h(z).
(,c)€U h=(l,c)EU

Thus the desired result follows. O
Proposition 4.2. Each function F € F; is H,-convez.

The scheme of the proof of Proposition 4.2 is similar to the scheme of the proof
of Proposition 4.1 presented in [2]. We need the following assertion in order to realize
this scheme.

Lemma 4.3. Let g: R%2 — Ry oo be a ls.c sublinear function such that g(0,1) <
+oo and the function u — g(u1, o) is increasing for each ps > 0. Then there exists
a closed convez set V. € R? such that g(ui,u2) = SUPy=(v;,05)€Vy V1M1 T V2l2 for
each (p1,p2) € RZ and vy > 0 for each v € V..

Proof. Let gy be a function defined on R? by

gt pe) (p1,p2) € R2, py >0

g+ (p1, p2) = { +00 (b1, p2) € R?, p2 <0

where p = max(ui,0). It is easy to check that g is a sublinear 1.s.c function defined
on R?. Thus there exists a convex closed set V. = 8g4(0) such that g4 (u1,u2) =
Sup,cy V11 + vapz. Let v € V4. Then for each p; < 0 we have (with pp = 1)

vipr + vy < g+(p1,1) = ¢(0,1) < +oo0.
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Hence v; > 0. For any vector (p1, u2) € R2 we have:

g(p1, p2) = g4 (p1, p2) = sup vip + vapia.
veEV4

Since v; > O for each v € V., the desired result follows. 0

Proof. (of Proposition 4.2): Consider the set
U={(lc):{l,z) —cA< F(z,)) forall (z,))€R} xR;} (4.5)

We need to show that F(y,v) = sup( o euy({l,y) — cv) for all (y,v) € R} x Ry
Let (y,v) € R} x R, be a fixed vector. Let g be a sublinear function defined on
the cone RZ by

9(p1, p2) = F(pmy, pov).

Since F' is a l.s.c sublinear function it follows that the function g is l.s.c sublinear as
well. Since the function z — F(z,\) is increasing for each A > 0 it follows that the
function py > g(p1, ue) is increasing for each py. We have also g(0,1) = F(0,v) =
vF(0,1) < +oo0. It follows from Lemma 4.3 that there exists a set V. € R? such that

g(p1, p2) = sup{vips +vz2p2 @ v = (v1,v2) € Vi }

and v; > 0 for each (vi,v2) € V4. For v = (v1,v2) € Vy let

1 A
hy(z, ) = Ul(g,ﬂ’)) +1)2;.

1
(For the definition of the vector ” see (3.3).)
Let us check that for all (z,A) € R} x R4 and for each v = (v1,v2) € V. :

F(@,3) > ho(3, ). (46)

First assume that v; = 0. Let z € R%. Since the function z — F(z, \) is increasing,
we have for A > 0:

ha(@, ) = 12 < 9(0,2) = F(0,%) < F(a, ).

Now assume that v; > 0. In such a case y # 0. In fact if y = 0 then for all gy > 0 we
have, with pe = Afv :

vip1 + vaps < g1, p2) = F(O, uov) = F(0,)) = AF(0,1) < +o0

and we obtain a contradiction to the inequality vy > 0. If F(z,\) = +oco then the
inequality (4.6) holds. Assume now that F'(z,\) < +oo and (4.6) does not hold for
the vector (z,)). Then there exists a number 8 such that h,(z,)) > 8 > F(z, ).
We have

A

w2 <(0,2) = F(0,) < Fa, ) < 8.

v
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Since

1 A Z; A
ho(z,A) =vi{=,2) +vo— = in — +vg— 4.7
(z, ) Ul<y z) + vz v min g (4.7)
and h,(z,) > B, it follows that
’01; > 06— ’02-1/— forall 7€ T(y)

Therefore
1 A
> —(B—v2—)y >0.
Tz u (B —v2 u)y 2
Since the function z — F'(z, ) is increasing we have

B> F@,3) 2 F(-(8 - w30, 3) = 9(-(6 - w3, 2)

1 A A
> Ul(a(ﬂ—vzz) +’02; =p.

Thus we have a contradiction which shows that (4.6) holds. Let I = v;/y and ¢ =
—vg/v. It follows from (4.6) that (I,c) € U where U is defined by (4.5). Hence we
have

F(y,v) =¢(1,1)=  sup v +v2= sup hy(y,v) < sup (l,y) —cv.
v=(v1,v2)EV4 vEV, (l,e)eU

On the other hand the definition of the set U shows that

sup (l,y) —cv < F(y,v).
(Le)eu

Thus the desired result follows. O

Theorem 4.2. A function f : R? — Ry with dom f # 0 is H- convez if and
only if f is a l.s.c ICAR function.

Proof. The proof directly follows from Proposition 3.2, Lemma 4.1, Lemma 4.2
and Proposition 4.2. 0

REMARK 4.1. Clearly the functions f = +oc0 and f = —oco are H-convex.

Theorem 4.3. Let f : R} — Ri. The equality f = f1* holds if and only if f
is an ICAR function.

Proof. It follows immediately from Theorem 2.1, Theorem 4.2 and Remark 4.1.
O
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Consider now L-conjugate functions f;. By definition

fr) = fe‘i{}(iénriﬁ) lLiz; — f(z)). (4.8)

We indicate some simple properties of the conjugate functions. For each nonempty
subset I of the set N = {1,2,... ,n} consider the cone

Ry, ={zeR}:2,>0, i€l), =z =0 (i¢gD} (4.9)

The restriction of a function g : R} — R.1 on the cone Rf,_ + is denoted by g;. Let
f: R} — Ryco. The following assertions hold.

1) The function f} is CAR;

2) The restriction of f} on the cone R}, is ICAR for each I.

3) Let I € R}, I C T(I) and the vector I; be defined as follows:

l; if 1€l
(lf)i‘{ 0 if igl
Then f;(ly) > fi(1). Indeed since I = T (I;) C T(I) we have
* = i li i> i li i = z D).
fr) supminliz; > sup min ;o i)
Thus if f} is increasing then ff(I;) = ff(l) for all I C N. The following example

shows that the function f; is not necessarily increasing and therefore not necessarily

ICAR.

EXAMPLE 4.1. Let f be a function defined on R? by f(r) = min(z1,%3), e; =
(1,0), 1 = (1,1). It is clear that I > e;. We have

fi(e1) = sup(z1 — min(z1,z2)) = supmax(0,z; — z2) = +00.
x x

fL(@) = sup(min(z1, z2) — min(z1, z2)) = 0.

Thus ff(e1) > fi(e2).

In the next section we give a description of the L-conjugate function for increasing
positively homogeneous (IPH) functions.

5. IPH functions and their support sets. A function p : R} — R, is
called positively homogeneous if p(Az) = Ap(x) for all z € R} and A > 0. Clearly an
increasing positively homogeneous (IPH) function is ICAR. It follows from Theorem
4.2 that for each L.s.c IPH function there exists a set U C R} X Ry such that

p(x) = sup ((I,z) —¢) forall zeR].
(Le)eU

We have for each A > 0:

Ap(z) = p(Az) = sup ([,Az) —c= X sup ({I,z) — —c-) forall zeRT.
l,e)e (L,c)eU A
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Thus

p(z) = sup ({,z)— E) forall r€RE. (5.1)
(e)eU A

It follows from (5.1) that there exists a set V' C R} such that p(x) = sup,cy (I, z) for
all z € RY so

p(z) = sup{(l,z) : l €s(p,L)} forall z€RY} (5.2)
where s(p, L) is the support set of the function p (see Definition 2.2):
s(p,L) ={l€R} : (l,z) <p(x) forall zeRL}

The equality (5.2) shows that each IPH function p is abstract convex with respect
to the set L of all functions of the form (2.1). Clearly the converse is also true: an
abstract convex with respect to L function is IPH.

Proposition 5.1. Let p be an IPH function. Then p} = dg(,) where 6(U) is the
indicator function of a set U C R} :

L [0 if 1eU
5U(l)‘{+oo if 1¢U.

Proof. Tt easily follows from the positive homogeneity of p. ]

Thus a description of L-conjugate with respect to an IPH function p is reduced
to a description of abstract convex with respect to L sets, that is (see Definition 2.2
and Remark 2.1) subsets U of the set L which enjoy the following property: there
exists an IPH function p such that U = s(p).

First we discuss some properties of the set L. Of course we can identify this
set with the cone R7}. However we have to distinguish the algebraic, ordering and
topological properties of the set L of vectors I € R7} and the set of min-type functions
belonging to L which are generated by vectors [ € L using (2.1). Note that the conic
structure of the set R is isomorphic to the conic structure of the set L. Thus for
A > 0 the function z — (Al,z) which is generated by the vector Al is equal to the
function Al where I(z) = (l,z). (Recall that we use the same notation for both a
vector and the function generated by the vector.) So we can identify L and R?} only
as conic sets.

Let us consider the usual ‘functional’ order relation > on the set L:

DEFINITION 5.1. For i1,/ € L

=1 < I'(z)>1*=) forall ze€RY.

Proposition 5.2. ForI',1%2 € L we have I* > 12 if and only if

T CTW?® and 1 >12 foral ieT(Y). (5.3)
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Proof. 1) Let I* > I2. Assume T (') ¢ 7(I2). Then there exists j € T(I')
such that j & 7(1?). Take a vector z € R such that z; = 1 for i € 7(I?) and
z; = 0. Then I'(z) = 0 and I*(z) = min;e7(2)#? > 0. Since I*(z) < I*(z) it follows
that the inequality I* > I? is not valid. We have a contradiction which shows that
T (') € T(1%). Now assume that there is k € T (I*) such that I} < IZ. Take a vector

y such that yx = 1 and y; > Jf- foralli e T(I'),i # k, and yx > i for all i € T(12).
Then '

My) =4 < =)

and we have a contradiction again. Thus (5.3) holds.
2) Now assume that (5.3) is valid for vectors I* and {%. For z € R} we have

Yz) = in z; = 1*(z).
Hie) = zém(lzll)l i zrr%l(lle)l’x’ = et i (=)

So It = I2. 0

In order to describe support sets we need the following definitions.

DEFINITION 5.2. A subset U of the ordered set L is normal if

PeU PeLl,'>1? = 1?eU.

(Compare this definition with Definition 3.1.)

DEFINITION 5.3. A subset U of the set L is closed-along-rays if
An >0, MpzeU(n=1,2,...) and \y > A = Izel.

Definition 5.3 is consistent with the conic structure of the set L which is isomor-
phic to the conic structure of the set R%.

Proposition 5.3. A subset U of the ordered set L is L-convez if and only if U
s closed-along-rays and normal.

Proof. It is easy to check that an L-convex set is closed-along-rays and normal.
Now let U be a closed-along-rays and normal subset of the cone L. We have to show
that the inequality

I(x) < supl'(z) forall zeRY
reu

implies the inclusion | € U. Equivalently we need to show (see Proposition 2.1) that
if ] € Land ! ¢ U then there is a x € R} such that I(x) > supycyl'(z). Let us
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consider such a vector I g U. Since U is closed-along-rays there is an € > 0 such that

(1-e)l¢U. Let T = (F1,...,%,) = a—a that is

1 : o .
5= AT forall i€7(), % =0 forall igT().

We have I(Z) = min;e7(y li%; = 1/(1—€) > 1. Now let I’ € U. Since U is normal the

inequality I’ > (1 — €)! is not true. Applying Proposition 5.2 we can conclude that
either

T ¢T((1-e))) =T (5.4)
or
T@") cT() but 34, € T() such that l; < (1—e)l;,. (5.5)

Assume (5.4) holds. Then we can find an index i’ € T (I') such that ¢’ ¢ T(I). Since
Zy = 0 we have (I',Z) = 0 < (I,Z). Now assume that (5.5) is valid. Then Z;, > 0.
Hence

I'(z) = iefn;(lll,)lgii <%, <(1-eli,3, =1
Thus we have constructed a vector Z with the property
I(Z) > 1> supl'(z).
l'eUu
a

REMARK 5.1. We say that a subset U of the set L is pointwise closed if I¥ ¢
U(k=1,2,...)and I* —;_ 1o I implies I € U. It follows directly from the definition
of abstract convex sets that an L-convex set is pointwise closed. So Proposition 5.3
shows that a normal closed-along-rays subset of L is pointwise closed.

Theorem 5.1. A function g : L — Ry s L-conjugate with respect to an IPH
function p if and only if g coincides with the indicator function of a normal closed-
along-rays subset of L.

Proof. It follows directly from Proposition 5.1 and Proposition 5.3. |

Consider now IPH functions defined on the cone R} . Let L be the set of all
functions of the form z — (I,z) with I > 0.

Theorem 5.2. [9] Let p be an IPH function defined on R% . Then

s(p,1) = {z € R, : p(3) 2 1).
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Let p be an IPH function defined on R . For each nonempty I C N = {1,... ,n}
consider the restriction p; of the function p on the cone R}, defined by (4.9). Let
Ly={leL:T()=1I}.

Proposition 5.4. Let p be an IPH function defined on R%. Then

o) = |J {zeRl,: p,(%) > 13U {0}
ICN,I#0

Proof. By applying Theorem 5.2 we have:

s(p,L)={leL:(,z) <p(z) forall zeR}}
= |J {icL,T®)=1I:(,z)<p(x) forall zeRi }uU{0}
ICN, I#0 )
|J {teLr:lespr,Ln}u{o}

ICN,I#0

U (eeRL,:pi(3) 213U (0}
ICN, I#0

The proof is complete. ]

Let us give an example.

EXAMPLE 5.1. Let p(z) = ) ;cy aiwi with a; > 0 for all i € N. We have for
nonempty I C N: pr(z) = ) ;c; aiz;. Thus

= @i
s(pr,Lr) = {z e RY, : Z o2 1}
i€l
and

s )= | {xeRiJr:Z%y}u{O}.

ICN,I#0 ier 7t

In particular if n = 2 then s(p, L) is the union of zero and three sets: two of them are
segments on the coordinate axes:

S(p{l}’L{l}) = {IIJ = (171,332) :0<z S ay, T9g = 0}’

s(pg2y, Li2}) = {z = (z1,72) : 1 = 0,0 < 23 < az}.

The third set is
az

a
S(p{1,2}7L{1,2}) = {w = (331,562) € R.zH- : ;i‘ + a:_2 > 1}-
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