Table of Contents

Preface

Introduction

]

Two-dimensional chiral quantum fields

1 Fields and their residue products

1X

1.1 Preliminaries . . . . . . . ... .. ...
1.2 Serieson a vector space . . . . . . . . .. ..ottt
1.3 Fieldsonavectorspace . . ... .. .. .. ... ...
1.4 Residue productsoffields . . . ... .. ... ... .. ........

2 Mutually local fields

2.1 Localityoffields . ... ... ... ... ... ... ........
2.2 Operator product expansion . . . . . . . . . . ... ... ... ..
2.3 Tensor productof fields . . . ... .. ... ... ... .....
2.4 Affine Lie algebras and the OPE of currents . . . . .. ... ...
2.5 Virasoro algebra and the OPE of the energy-momentum tensor . . .

3 Borcherds identity for local fields

11
11
15
18
19
21

23

3.1 Binomial identities . . . . . . . . .. ... oL Lo L
3.2 Borcherds identity for non-local fields . . . .. .. ... ... ....
3.3 Comnsequences of locality . . . . ... ... ... ... .........
3.4 Borcherds identity for local fields . . . . . ... ... ... .....
3.5 Skew symmetry . . . . . . . ... e e
3.6 OPE of normally ordered products . . . . ... ... .........

IT Axioms for a vertex algebra

4 Axioms and their consequences

4.1 Borcherds’ axioms for a vertex algebra . . . . . . ... . ...
4.2 Consequences of axioms . . . . .. .. ... ... .......
4.3 Structure of Borcherds identity . . . . . . ... .. ... ...
4.4 Some categorical constructions . . . . ... ... .......
4.5 Vertex algebras of local fields . . ... ... ..........
4.6 Modules for a vertex algebra . . . .. ... ... ... ...

vi



5 State-field correspondence
51 Creativefields . . . . . . . . . ..o oo
5.2 State-field correspondence . . . . . . . . ... Lo
5.3 Characterization of the image (I) . . . . . . .. .. .. ... .. ...

6 Goddard’s axioms and the existence theorem
6.1 Translation covariance . . . . . . . . . . . . . ... oo
6.2 Goddard’s axioms . . . . . . . . ... e
6.3 Characterization of the image (II) . . . . ... ... ... .. ....
6.4 Existence theorem . . . . . . . . . . . . . . ... e

IIT Topics and examples

7 Summary of related notions
7.1 Gradings of a vertex algebra . . . . . . . ... ... ... L.
7.2 Quasiconformal structure on a vertex algebra . . . . ... ... ...
7.3 Conformal structure on a vertex algebra . . . . . . ... ... ... .
7.4 Vertex operator algebras and their modules . . . . .. ... ... ..
7.5 Invariant bilinear form . . . . .. ...

8 Relation to other algebraic structures
8.1 Lie algebras related to a vertex algebra . . . . . . . .. ... ... ..
82 Griessalgebra . . . . .. ..o
8.3 Commutative Poisson algebra V/Co(V) . . . ... ... ... . ...
84 Zhusalgebra . . . .. ...

9 Examples
9.1 Vertex algebra associated to the free boson . . .. . ... ... ...
9.2 Vertex algebra associated to By-system . . . . . .. ... ... ...
9.3 Vertex algebras associated to affine algebras . . . . . .. .. ... ..
9.4 Vertex algebra associated to the Virasoro algebra . . . .. ... ...

9.5 Lattice vertex algebras . . . . . . . . ... ... ... ... ...
96 Wijeealgebra. . . . . . . .. Lo

IV Appendix

A Vertex superalgebras
A1 Zs-graded vector spaces . . . . . . .. .. .. .. ... ... ..
A.2 Mutually local fields on a Z,-graded vector space . . . ... .. ...
A3 Vertex superalgebras . . . . . ... .. .. ... ... ... ..

vii

49
49
50
51

53
53
55
56
57

59

59
59
60
62
64
66

67
67
70
71
74

(i
77
80
83
85
87
90



B Analytic method
B.1 Admissible fields

B.2 Borcherds identity for local fields
B.3 Borcherds identity of vertex algebra . . . . . .. .. ... ... ...

C List of expansions of (z — y)"(y — 2)9(x — 2)?
C.1 The expansion in theregion |y — z| > |z —y| .. ... .. ... ...
C.2 The expansion in theregion |z — 2| > |y —2| ... .. ... ... ..
C.3 The expansion in the region |y — 2| > |z —2| ... ... ... . ...

References

Index

viii

95
95
98
100

101
102
103
104

105

109



