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Summary. Let M be a transitive model for ZF(or [see D] Basic Set Theory + the
Collection Scheme). Let (Pi:¢ € I) €M be a family of notions of forcing and Q
be the weak product of w copies of the family. If H is Q-generic over M and N =
U { M[H|s]: s C I xw, s-ﬁnite}, then always N=BST + the Replacement Scheme but
not necessary Nj=the Collection Scheme. If M|=ZF, then the Power Set Axiom does
not hold in N but Nf= Va38(8 = Na). If MEWOP (the Well-Ordering Principle),
then N[=WOP. Thus, even in Set Theory with WOP and as many alephs as ordinals,
the principle of collecting sets in a definable manner does not support the principle
of collecting sets in a loose manner.

1. Reconstruction.

I have been inspired by Michael Hallett’s “Cantorian Set Theory and Limi-
tation of Size,” [see H], to look for justifiable Cantorian set theories different
than ZF or ZFC but equiconsistent with ZF.

According to [3], p.73, Cantor claimed in his letter to Mittag-Leffler of 14
November 1884 that the continuum could not be of the second power, even
more that ‘...it has no power specifiable by a number,’(Cantor changed his
mind next day). In 1904, Jules Konig from Budapest presented a paper at
the Third International Congress of Mathematicians which claimed that the
power of Cantor’s continuum was not an aleph at all.

Cantor stated a few times that by sets he meant to include only well-
orderable collections that could be joined by some rule into a whole ([3],
p-245). He clearly believed in existence of X, for every ordinal a.

If every set is well-orderable and the power of the continuum is not an
aleph, then the Power Set Axiom cannot be accepted, so we need another
principle that generates alephs. It is the Hartog’s functional.

Let R(z) = {a:3f(f: = z)}. Then ZFH! = BST + the Replacement
Scheme + Vz3B(R(z) C ) and ZFH = ZFH! + the Collection Scheme are
theories pretty close to ZF that do not exclude WOP and the continuum
being non-well-orderable by any class.
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For logical scrutiny it would be better to use a modified Godel’s Set
Theory (see [2]) to express clearly the idea that the continuum is not well-
orderable by any class. The modified Gédel’s Set Theory, GBH!, has the
axioms of groups A, B, and D, the same as in [2] and the axiom 3 of Group C
(the Power Set Axiom) is replaced by Vz33(R(z) C B), every set has Hartog’s
number.

In practice, we may refrain from using the language of classes since in our
models R(Continuum) = {a:3f(f:a = Continuum)} is an ordinal, not
On, even if Continuum is a proper class. Of course, if X is a proper class
and R(X) < On, then X is non-well-orderable. Otherwise, we would have
Burali-Forti’s Antinomy.

Kriple-Platek(KP) Set Theory is a subtheory of ZFH. It is not a subthe-
ory of ZFH! but one can analyze [1] or [2] to see that KP! = KP with the
Ap-Collection Scheme replaced by the Ap-Replacement Scheme is strong
enough to define the class L of constructible sets and to prove its abso-
luteness. If we add Vz38(R(z) C f), then we can prove the Condensation
Lemma, so ZFH!- [L is an inner model for ZF + V = L]. Thus, ZFC is one
of many extensions of ZFH! equiconsistent with ZFH!

In full ZF there is no difference between the Replacement Scheme,
Vz3lyd = VaIb[Vx € ay € bP & Vy € b3z € aP),
and the Collection Scheme,
VzIyP = VaIb[Vz € ady € bP & Vy € bz € aP),

but from a purely logical point of view they should be different—“attached”
sets ought to be more reliable than “loose” sets. The Collection Scheme is a
principle of choice for “sets of classes”. If {X;} ;e is a “set of classes”, then J
isaset and X = {(j,z): j € J & = € X;} is a class that formally represents the
family. The Collection Scheme says that for each “set of non-empty classes”
there is a family {z;};cj of non-empty sets such that z; C X; for j € J. The
Replacement Scheme is a more fundamental principle, so I would like to have
a model for ZFH! + WOP + —the Collection Scheme + the continuum is not
well-orderable by any class. Actually, a uniform way of constructing many
such models with different additional properties.

2. General Description of Models for ZFH! and
Consistency Results.

There is a uniform way to construct models for ZFH!. Start with a set I and
mutually disjoint collections A; of subsets of L for ¢ € I such that the elements
of A = |J;c; A are somehow mutually independent and for each i € I the



Replacement—~ Collection 309

elements of A; are alike. Suppose that ©(z,y) is an absolute formula such
that a € A; = O(i,a); j#i & a € A; = —O(j,a) for i,j € L

Define Z(A) = [J{L[s]: s C A, s-finite}. Z(A) is closed on Godel’s opera-
tions, so Z(A)=BST (see [1] p.36). Of course, L[s] EWOP. Hence, Z(A)=BST
+ WOP.

The mutual independence of elements of A is the key to the Replacement
Scheme in Z(A). Its exact meaning will be described in §2 in a more technical
fashion. Among many things it means that
L[s;] N L[s3] = L[sy N s3] for s1,82 C A, s1, so-finite; if &(z,d) is a formula
such that parameters
d € L[s] and Z(A)[= A'zd(z,d), then (3z € L[s])Z(A)  &(z,d).

If a € Z(A) and Z(A) | Vz € a3'y¥(z,y,d), then there is a finite s C A
such that a,d € L[s]. Consequently, there is b C L[s] such that Vz € a3y €
bZ(A) E ¥(z,y,d), b C Ly[s] for some a and L4[s] € L[s] C Z(A). Once
we have the Comprehension Scheme in Z(A), we can prove that Z(A) |= the
Replacement Scheme.

To kill the Collection Scheme we define £(z) = {i € I: Ju € L[z]O(i,u)}
for z € Z(A). :

Of course, z € y == £(z) C {(y). In many cases
(1) t={(z):x € Z(A)} € L even if ({(z):z € Z(A)) ¢ L,
2)Ut=1, and
(3) I\ 4(z) # 0 for z € Z(A).

Now, Yu € t3z({(z) = u) but there is no b € Z(A) such that Vu €
t3z € b({(z) = u). Otherwise, Vu € t(u C £(b)), soI = Jt C £(b) which
contradicts (3). Hence, the Collection Scheme fails for a very simple formula
P(z,y) =L(y) = =.

In some cases, especially when I is finite, Z(A) |= the Collection Scheme.
Prior to this paper I constructed Z(A) models (see [4]) and their modifications
for the following theories

(i) ZFH + AC + DC + ~WOP,
(i) ZFH + WOP + DC + Continuum is non-well-orderable + every set of
reals has cardinality < R;.

Actually, DC had not been discussed in [4], but the same proof that shows
the Collection Scheme also works for DC=the Principle of Dependent Choices
as a scheme. Also, in both models alephs are exactly constructible alephs.

In this paper, by a suitable choice of A;’s, a model Z(A) is constructed
such that (Z(A),€,A) EZFH! + WOP + ®; = RL 4 every set of reals is
countable. In the above model the Ay-Collection Scheme fails, so ZFH! +
WOP I/ KP. Therefore, KP has some flavor of non-constructiveness which is
a rather peculiar fact for the Foundations of Abstract Computability.

The last model has also startling consequences for Foundations of Real
Analysis since in the model the Cauchy’s definition of continuity is not equiv-
alent to the Heine’s definition even at the presence of WOP. Apparently, DC
fails in the model. Notice that at the same time we have WOP & cf(R;) = Ro.
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The new consistency results proven in this paper:
if ZF is consistent, then the following theories are consistent

(iii) ZFH! + WOP + -the Collection Scheme + -DC,
(iv) ZFH! + WOP + —the Collection Scheme + DC.

The models Z(A) are not designed to show consistency of ZFH! + WOP
+ the Collection Scheme + —DC, i.e. ZFH + WOP + -DC. The last theory
is equivalent to ZFH + WOP + —the Reflection Principle.

The Reflection Principle is a scheme. For each formula &(z;,zs,...,Zn)
the corresponding axiom is the following statement:
Va3t(a € t & tis transitive & Vz1,22,...,2, € t[¢(x1,z2, ey Iy)
P (21,22, ..,24)]).

I believe that ZFH + WOP + —the Reflection Principle is consistent with
no clue how to prove it.

3. Mutual Independence.

Let p; = (P;, <;) be a notion of forcing for i € I. Let (M, €) be a transitive
structure such that (i) if y is a finite subset of M, then y €M; (ii) ICM, and
(iii) P;, <;C M for everyi €l.

Let p = {(i,u,v):u <;v&ie€ I}. Then p C M.

Definition 3.1. XCM is specifiable in (M, €, p) if

X = Dgm = {z € M:(M,€,p) | B[z, m1,m2,...,mk]} for some m =
(m1,mq,...,mg) €M and some formula & of the language of the structure
Sp({M, €,p)) = the collection of all specifiable subsets of M.

Definition 3.2 (partial, finite, choice functions). Let B = (B;:i € I) be a
family of some collections. Then

pcf(g,B) <= Func(g) & g is finite & dom(g) C I x w & V(i,n) €
dom(9) (9(i,m) € By),

pci(g,B) <= pcf(g,B) & g is one-to-one.

Definition 3.3. FinInj(B) = {g: pci(g,B)} and it is ordered by reverse in-
clusion.

Definition 3.4. Let 1; be the weakest element of p; and B; = P; \ {1;} for
i €L Then Q = Q((pi:i € 1)) = {g:pcf(g, B)}-

Proposition 3.1. Q is specifiable in (M, €, p).

Definition 3.5. f <q ¢ <= f,9 € Q & dom(f) D dom(g) & Y(i,n) €
dom(g) (f(i,n) <: g(i,n)).

Proposition 3.2. <q is specifiable in (M, €, p).
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Proposition 3.3 (the weak product of w copies of (p;:i € I)). (Q,<q) isa
notion of forcing.

Definition 3.6 (mutual independence). A = (A;:i € 1) is a family of mu-
tually independent generics (MIG) if

(i) a € Ai => a is p;-generic over Sp((M, €, p)),

(ii) A;’s are mutually disjoint,

(i) if @iy, € Ay, for€=1,2,.. .,k and ai, n;, Giyyny, - - - iy m,, aTe distinet,
then @i ny X Gigmg X -.. X G4y ny 88 Pi; X iy X ... X i, -generic over
Sp((M, €,p)),

(iv) for every p € P; there are infinitely many a € A; such that p € a;

Definition 3.7. If f € Q and F € Finlnj(A), then

pe(f,F) <= dom(f) C dom(F) & ¥(i,n) € dom(f)(f(é,n) € F(i,n)).

If D € Sp((M,€,p)) and $D C Q, then D(A) = {F € FinInj(A):3f €
D pe(f, F)}.

Lemma 3.1. If D is dense in Q, then D(A) is dense in FinInj(A).

Proof. Let F € FinInj(A) and t = dom(F). t is a finite subset of I xw, so
t € M. D|t = {g|t:g € D} € Sp({M, €,p)) and D|t is dense in Q|t = {f €
Q: dom(f) C t}.
By the assumption, [] F(i,n) is Q|t-generic over Sp((M,€,p)), so
(i,n)€t
Ditn [l F(@,n) # 0. Therefore, there is f € D such that f|t €
(i,n)€t

I F(i,n),ie. f|tis a partial choice function for F.
(i,n)€t
Let {(i1,n1), (i2,n2),...,{ik,nk)} = dom(f) \ t. By the assumption(iv),
there are distinct @i, ny;@iz,ngs---1@iy,n, Such that a; , € A; for | =
1,2,...,k, f(i,7) € aiy 0, forl =1,2,...,k, and {ai; ny, Gigngs - - -y Gig,ny JN
{F(i,n): (i,n) € t} = 0.
Let G = FU{{(i1,m),ai,n,):1 = 1,2,...,k}. Then G 2 F, G € FinInj(A),
and f is a partial choice function for G, so G € D(A).

Definition 3.8. Let A= {($,m,F):F € Dg m(A)}. Let H be FinInj(A)-
generic over Sp((M,€,p, A)). Then T = {f € Qipe(f, (UH) | dom(f)},
Hin={f(Gi,n):f € H}, and H; = {H;n:n <w}.

Theorem 3.1. Let A be a MIG family and H a FinInj(A)-generic over
Sp((M,€,p,A)). Then H is Q-generic over Sp((M, €, p)) and H; = A; for
each i€l

Thus every MIG family can be reduced to the axes of an appropriate Q-
generic. Whatever we can prove about axes of a Q-generic we may apply it
to MIG families. One can skip the last theorem to obtain all other results of
this paper. It only shows that the mutual independence can be reduced to
the properties of (Q, <q)-
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4. Basics and Homogeneity Arguments.

We assume that M is a transitive model for ZF (for a proof of general prop-
erties ZF can be replaced by BST + the Collection Scheme; the Collection
Scheme is essential even if we want to show only the Replacement Scheme
in M[G]). (pi:i € I) €M is a family of notions of forcing and Q is the weak
product of w copies of the family.

If H is Q-generic over M, and H;, = {f(i,n): f € H}, then H; ., is p;-
generic over M (if (i,n) is not in dom(f) and f(¢,n) is used, then it stands
for 1;). In general, if s €M and s C I xw, and H|s = {f|s: f € H}, then H|s is
Q|s-generic over M. Of course, Q|s = {f|s: f € Q} = {f € Q:dom(f) C s}.

By the natural isomorphism, if {(3;,n;) € Ixw, I =1,2,...,k, are distinct
pairs, then H;, ., X Hy; n, X ... X Hy 5, 1S g1, X g4, X ... X g, -generic over M
and M[H;, n, XH;, n, X. .. X Hy, 0] = M[H|s] for s = {(i;,n1):1 =1,2,...,k}.

Let P €M be any notion of forcing. M? is the class of all P-names, so if
z € MP and v € g, then there are y € MP and p € P such that v = (y,p).
& = {(b, 1):b € a} is the canonical name for a.

The ground model M is represented by the predicate .S, where

plF* S(z) = Ja(pl-" z = &), pl-S(z) = pl* ~—S(2).

If o is an automorphism of P and o €M, then it induces the automorphism
of MP, denoted also by o, such that o(z) = {(o(y),o(p)): (y,p) € z}. If G is
P-generic over M, then valg(a) = {valg(b): 3p € G({b,p) € a)} and M[G] =
{valg(a):a € MF}.

Lemma 4.1 (Permutation Lemma). If &(vq,vz,...,v,) is a formula of the
extended language(S may be used) and a1,aq,...,a, € MP, then for any
automorphism o of P, 0 €M, and any p € P

plF#(a1,az, .., an) — o (@) (0(a1), 7(a2), . ., o(an)-

Lemma 4.2 (Fundamental Lemma). If G is P-generic over M, then M[G]
is the smallest transitive model for ZF (BST + the Collection Scheme, re-
spectively) such that M[G]DM and GEM[G]. Moreover, (M[G],€,M) [=the
Collection Scheme and M is almost universal in M[G], i.e. if x € M[G] and
x CM, then there isy €M such thatx Cy. If Ml=WOP, then M[G]=WOP.

Lemma 4.3 (Product Lemma). If P, P, € M are notions of forcing and G is
Py x P,-generic over M, then G; = {p1 € Pi:3py({p1,p2) € G)} is Py -generic
over M and Gz = {p2:3p1({p1,p2) € G)} is Py-generic over (M[G1], €, M).
AISO, G = Gl X Gz, M[G1][G2] = M[Gl X G2] = M[Gg X G1] = M[Gz][Gq]
and M[G;] N M[G2z] = M.

Let (0;:1 € I) €M be a family of permutations of w. If f €Q, then o(f)
is a finite function such that dom(a(f)) = {(i,0i(n)): (i,n) € dom(f)} and

o(f)(i,0i(n)) = f(i,n). If s CI x w, then ofs] E {(i,0i(n)): (i,n) € s}.
Proposition 4.1. If z € MQl*, then o(z) € MRIols],
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Proposition 4.2. Let f,g €Q. If s is a finite subset of Ixw and fl|s is
compatible with g|s, then there is o such that o|M®I® = identity and f is
compatible with o(g).

Canonical names:

Hy, = {® f{Gn}):p=f(in) & f € Q},
H, = {{fls,fls): f € Q},
h={(H,0)icl&n<w}.

H, , is a name for H;»; H, is a name for H|s, and h is a name for A =
{H;n:i € I,n < w} = the collection of all axes of H.
J(Ei,n) = ﬂi,o;(n), o(H,) = Ea[s]i and o(h) = h.

Lemma 4.4 (Restriction Lemma). For each formula @ of the extended lan-
guage and any T,,Z,,...,z, € MRI®, where s is a finite subset of I X w
f”’¢(§1)£27 . ,Qt)h) > f|3||"45(£17£2a L ,iuh)-

Proof. Proposition 4.2 and the Permutation Lemma.

Definition 4.1. A finite function, ¢, from a subset of I X w to I X w is
acceptable if ¢ is one-to-one and for each argument,(i,n), there is n' < w
such that o(i,n) = (i,n').

Lemma 4.5. Let s and s' be disjoint, finite subsets of I x w. Let ¢ € Q
be a condition such that dom(q) = s'. Let Dyeo = {f € Q:3p(p is
acceptable & dom(q) = s' & [N (sUs) =0 & dom(f) 2 ¢[s'] &
V(i,n) € s' f(o(i,n)) = q(i,n)}. Then Dy, is a dense section of Q.

Proof. Let fo € Q and 5 = dom(fo) UsU s'. 5 is a finite subset of I x w, so
for every (i,n) € s’ there are infinitely many n’ < w such that (i,n') ¢ 3.
Therefore, there is an acceptable ¢ such that dom(p) = s’ and ¢(i,n) ¢ 3
for (i,n) € dom(p). Hence, fo U {({¢(i,n),q(i,n)): (i,n) € s'} € Q and it is
an extension of fo that belongs to Dy s o .

Corollary 4.1. If fo, f € H, dom(fo) = s, dom(f) = sU ' and s,s" are
disjoint, then there is 0 € M such that o|MQ® = identity, o[s'] N (sUs') =
0, dom(o(f)) = sUa[s'], and o(f) € H.

Proof. HN Dy s, # 0, where ¢ = f|s'. o is an extension of an appropriate,
acceptable ¢.

Theorem 4.1 (Theorem H; H=Homogeneity). If z € M[H], z C M[H|so]
for some finite so C I X w, and z is definable in (M[H], €, M) with the pa-
rameter A = {H; n:1 € I,n < w} and parameters from M[H|s] for some finite
s CI x w, then x € M[H|s].
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Proof. Let —so = (Ixw)\so. By the Product Lemma M[H] = M[H|so][H|—s0],
and by the Fundamental Lemma there is y € M[H|so] such that z C y. y has
a name y € MQI%o. Let &(v,2,,2s,...,2:,A) be a definition of z, where
T1,%2,...,%: € M[H|s], so (M[H],€,M) k= z = v +— &(v, 71, %3, ...,Ts, A).
Hence, (MH,e M) Fz={uecyTfuev & &(v,21,2,...,%1,A)]}. Let
Zy,Zs,---,Zy € MQ|s be names for z;,x2,...,:, respectively. Let ¥(u) =
u€y&Iv(uev&P(v,z,,2,,...,2;,h). If (u,9) €y, thenu € MQIs0 and,
by the Restriction Lemma, for every f € Q f|F¥(u) «— (f|sU so)|F¥(u).
Thus, z = {(u, f): f € Qls U so & 3g((u, 9) € y) & flF¥(w)} € MOIU=0 is a
name for z. Therefore, z € M[H|sUso). We want to show that z € M[H|s]. Let
s’ be disjoint with s and sUs’ = sUsg. By the Restriction Lemma, thereis fo €
HIS such that fo"‘VUhUz (Q(Ulaﬁl»im e ,Qtah) & ¢(v2a£11£2, v ,.@tsh) =
V1 = Vg).

By t)he Truth Lemma, there is f € H that extends fo and
f||‘¢(£,23_11§2, s ,Etyb'-) & S S[Hg X ﬂy]-

By the Restriction Lemma we may assume that f € HlsU s'.

By Corollary 4.1, there is ¢ € M such that ¢|M®?I* = identity, o[s']N (s U
s') =0, and o(f) € H.

Let g = fUo(f). Then g € Q and g € H. Of course, g extends fo, f, and
o(f)-

By the Permutation Lemma, o(f)| #(o(2),z,,2,;,...,2;,h) & o(z) €
S[H, x Hy(en]-

By the Extension Lemma,
g"‘VUI,UZ [é(vly£1a§2a [ ’Qt’bﬁ) & ¢(U2)£1a_1."_2, (RN ,itaﬁ) —r v = '02],
glF¢(§,.@.1a£27'~"§t’b'_)&_x_es[ﬂsxﬂs']v and
gl-2(o(z), 21,25, -, 24, h) & o(z) € S[H, x Hy)].

By the Truth Lemma, z = valy(z) = valu(o(z)) and z € M[H|s x H|s']N
M[H|s x H|o[s']].

By the Product Lemma (s, s’, and o[s'] are mutually disjoint), M[H|s x
H|s'] = M[H|s][H|s'], M[H|s x H|o[s']] = M[H|s][H|o[s"]], H|sx (H|s'xH|o][s'])
is Q|sU(s'Uo[s'])-generic over M, so M[H|s][H|s'| "\M[H|s][H|o[s']] = M[H]|s].
Therefore, z € M[H|s].

Using Theorem H we can easily show a strong form of the Replacement
Scheme in N, N = [J{M[H]s]: s C I x w, s-finite}. Let MFQ = J{MQI*: s C
Ixw, s-finite}. Then N = {valy(z): z € MFQ}. N is definable in (M[H], €, M)
with the parameter A. Indeed, z € N <= 3Jg(g is a finite subset of A &
z € Mg]). A¢N, so we add an additional predicate to the language and
denote it also by A.

We want to show that (N,€,M,A) |=the Replacement Scheme. Actu-
ally, we can show even more. Let (M[H], €, M, A) |= Vz,y1, 92 [#(z,41,d) &
&(z,y2,d) — y1 = yg] , where & is a formula of the extended language and
parameters, d €N. Let a € N and b = {y € N:3z € a ¥(z,y,d)}. Thereis a
finite s C I x w such that a,d € M[H|s]. If z € a and ¥(z,y,d) & y € N, then
for some finite so C Ixw y C M[H]|so] and y is definable in (M[H], €, M) with
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the parameter A and parameters z,d € M[H|s]. By Theorem H, y € M[H]|s].
Thus, b C M[H|s] and its definition is shown. Hence, b € M[H|s). This proves

Lemma 4.6 (Lemma R; R=Replacement). Let (M[H],€,M,A) = Vz € N
3y € N &[z,y,d], where d € N. If a € N and, in (M[H],€,M,A), b={y €
N: 3z € a®(z,y,d)}, then b € N.

Theorem 4.2 (Theorem R). Let M be a transitive model at least for BST
+ the Collection Scheme. Let (p;:i € I) € M be a family of notions of forcing
and Q be the weak product of w copies of the family. Let A be the collection
of all azes of H. Then

(i) (N,€,M,A) EBST + the Replacement Scheme;

(i) if M=WOP, then Ni=WOP;

(iii) if M=ZFH, then N=ZFH!;

(iv) M is almost universal in N but N is not almost universal in M[H]J;

(v) if £ € N, uj,ug,...,ux € M[H|s] and y € z «— (N,e,M,A) E
Py, u1,uz,...,uk], then z € M[H|s].

(vi) if M[H] & & is a cardinal, then N |= & is a cardinal;

(vii) it may happen that K is a cardinal in N but not in M[H].

For somebody who is not interested in technical details, it is important
to have the following

Corollary 4.2. If A is a MIG family over L, then (Z(A),€,A) EZFH! +
WOP.

5. The A-functional and its imitation.

Let Fin(A) be the collection of all finite subsets of A. By the Product Lemma,
if g,¢' € Fin(A) and a € A, then a € M[g] <= a € g and M[g] N M[¢'] =
M[gng']. If z € N, then = € M[g] for some g € Fin(A) and ANL[z] C g, so
A NLz] is a finite subset of A.

Proposition 5.1. If z € N and z C A, then z is finite.
Definition 5.1. Fy(z) = |[ANL[z]| for z € N.

Proposition 5.2. If g € Fin(A), then Fa(g9) = |g|. If y € z, then Fa(y) <
Fa(z).

Proposition 5.3. Vn < w3z C A(|z| = n) but there is no set b in N such
that n < w
3z € b(Fa(z) = n).

Definition 5.2 ( Heine-Cauchy Functional). If z is a real, then
H-Ca(z) = = - Fa(z).
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Proposition 5.4. If z,7 are reals, r € M and r # 0, then Fa(ztr) =
Fa(z) = Fa(r-z) = FA(2). If £ #0, then Fa(L) = Fa(z).

If (r,:n < w) € N, then there is m € w such that m = Max{Fa(z,):
n < w}. Thus,

Proposition 5.5. If li_l)n Zn =0, then I’Lm H-Cp(z,) = 0= H-Ca(0).
n oo n—oo

Suppose that {Fa(z):z is a real} is unbounded (as a subset of w). Let
m > 0. There is a real, x, such that Fa(z) > 2m?2. Let E(z) = the integer
partofx Ifz = E—E@ﬁ—z then 7 <z< L and H-Co(ZT) =T Fa(Z) >
70 - 2m? > m, so Ym > OEIz(O < <l & H-Ca(z) > m). Notice that
FA(Z) = Fa(x) by Proposition 5.4
To imitate the A-functional Fp, without using the class A, we need some
assumptions about (p;:i € I).

Definition 5.3. (p;:i € I) are almost independent if I is infinite and for
every finite s C I there is a finite s' O s such that for every finite t C w
VieI\s'(H Q|sxt there is no ;-generic over S”).

Definition 5.4. If (p;:i € I) are almost independent, then
l(z) = {j € 1:3G € L[z)(G is p;-generic over M)} for z € N.

If z € N, then z € M[H|s X t] for some finite s and ¢. Thus [(z) C s’ is a
finite subset of I. '

Definition 5.5. F(z) = |i(z)]
It is clear that

(i) {F(z):z € N} is unbounded(as a subset of w),

(i) y € 2= F(y) < F(),

(iii) if (n:n < w) € N, then there is m < w such that m = Max{F(z,):n <
w},

(iv) if z and r are reals, 7 € M and r # 0, then F(ztr) = F(z) = F(z -r) =
F(%).

Also, Vn < w3z(F(z) > n) but there is no b such that Vn < w3z € b(F(z) >
n).

Theorem 5.1 (Theorem —Coll; ~DC). Let M}=WOP + ZFH.
If (pi:i € I) are almost independent, then Nl= WOP + ZFH! + —the Collec-
tion Scheme + -DC.

Proof. The Collection Scheme fails for #(n,z) = F(z) > n and DC fails
for ¥(z,y) = 3j € I[(y is pj-generic over M) & Vz € L[z](z is not
pj-generic over M)].
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Theorem 5.2 (Theorem H-C). If M|=WOP + ZFH and (p;:i € 1) are al-
most independent and, additionally, {F(z):z is a real } is unbounded, then
— in the model N—H-C(z) = z - F(z) is continuous at z = 0 according to
Heine’s definition of continuity and it is unbounded in any neighborhood of
0.

6. Weakly Independent Forcings and Applications.

To illustrate how the machinery described in §3 works, we will use very simple
forcings. We are working in M, a transitive model for ZFC.

Definition 6.1. P(X,Y;u) = {f: Func(f) & dom(f) C Y & |f| < u},
where p > w. P(X,Y;p) is ordered by the reverse inclusion.

Note: If p = w and X,Y are sets, then P(X,Y;u) is a set in BST + the
Ap-Collection Scheme. If 1 > w, then we need ZF to prove that P(X,Y; u)
is a set.

Proposition 6.1. If X = Xg U X; and Xo N X; = 0, then P(X,Y;u) =
P(XO)Y’”) X P(leYaﬂ')

Proposition 6.2. Let P = P(k, \; p), where w < p < & are regular cardinals
and A > 2. Let m € M and Um = k. If G is P-generic over M and g = |JG,
then So = {a < k:g(a) =0} ¢ M and m € So.

Proof. If m C Sp, then m C On, so |m| > k > u, since & is regular. D,, =
{f € P:3a € m (f(a) #0)} is dense in P.

Suppose that A > u and g is P-generic over M. By Proposition 6.1 G =
G1xG3 where G is P(u, \; p)-generic over M and G; is P(k\u, A; pu)-generic.
Let g = |JGi. By transfinite recursion we define ag = min[Vn < £(g(ay,) <

[«3

g(a))] for € < pand So = {g(a):£ < p}. Letm € Mand |Jm = p, m C On.

Proposition 6.3. D,, = {f € P(u, A\ u):dom(f) € p & Ja + 1 € dom(f)

VB <a (f(B) < f(@) & f(a) < fla+1) &mN[fla+1)\ f(a)] #0]} is
dense in P(p, \; ).

Lemma 6.1. So ¢ M and m € Sp.

Definition 6.2. A set b C On is generic y-cofinal over M if v is a limit
ordinal, Jb=v andVz e M(z COn & Uz =y=z Z ).

Lemma 6.2. Let v = max(k,)). Then P(k,\;u) adds a set that is generic
~-cofinal over M.
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Lemma 6.3. Let P € M be any notion of forcing such that |P| = k. Let 6
be a regular cardinal > k. Suppose that pol- “b is a subset of @ cofinal with
6”. Let ¢ < po and Ay = {r < q:r|-& € b} for a < 6. Then there isr < q
such that [{a:r € A} = 6.

Proof. Let A = {a € 0:A, # 0}. |A| = 0 since po|- “b is cofinal with 6”.
Let f be a 1-1 function from k onto P and r, = f(8(a)) for a € A, where
Bla) = mﬁin[f(ﬂ) < q & f(B)|FF& € b]. There is r such that |[{a € A:rq =

r} =6, since |[P| =k < 6.
Conclusion: {p € P:|{a € 0:p|l-& € b}| = 6} is dense below po.

Corollary 6.1. If ME=ZFC + GCH, P = P(k,\;pu) and v = max(x, ),
then P doesn’t add any set that is generic 0-cofinal over M for any regular
cardinal 0 > y%.

Definition 6.3. (p;:i € I) are weakly independent if
Vs € Fin(I)3j € IVt € Fin(w)|-qjsx; “there is no g;-generic over S”.

If (p;:i € I) are weakly independent, then N |= Vi € I3G(G is p;-generic

over M) but there is no b € N such that N = Vi € I3G € b(G is p;-generic
over M).
If I = w, then G(i,u) = u is p;-generic over M, GSeq(z) = z is a fi-
nite sequence such that Vi € dom(z) G(i,u), and &(z,y) = GSeq(z) =
[GSeq(y) & y D z]. Let zo be go-generic over M. Then Vz3yd(z,y) and there
is no f such that f(0) = z¢ and Vn < w®(f(n), f(n + 1)). So, N= ~DC.

Theorem 6.1 (Theorem —Coll). Let M=EWOP + ZFH. If (pi:i € 1) are
weakly independent, then N|=WOP + ZFH! + —the Collection Scheme.

Theorem 6.2 (Theorem -DC). If I = w and M, (p;:i € I) are as above,
then N|= ~DC.

Theorem 6.3. Let M|=ZFC + GCH and 1 € M. Let P; = P(ki, \i; pi) and
v = max(ki, A:). If {vi:i € I} doesn’t have a mazimal element and H is Q-
generic over M, thenN|=WOP + ZFH! + —the Collection Scheme. If 1 = w,
then also Nl= -DC.

Proof. (P;:i € I) are weakly independent.

Now, the machinery is ready to produce models with unusual combina-
tions of choice principles.

Notation: CUC = For any countable family of countable sets the union
is countable;

AC, = For any family of o non-empty sets there is a choice function;
ADC = VaVr C a x a[Vx € ady € a((z,y) € T) => Vo € a3f (Func(f) &
dom(f) = w & f(0) = w0 & Yn <w((f(n), f(n+1)) €7))];
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DC, stands for the Principle of @ Dependent Choices:
for each formula &(z,y) VzIyd(z,y) = 3f (Func(f) & dom(f) =a &
VE < a B(fI& £(6)));

DCcon stands for Vz 3y &(z,y) = Va 3f (Func(f) & dom(f) = a &

VE < a B(fI¢, £(4)));
DC,, is equivalent to DC.

It is possible to prove (not shown in this paper) that ZFH + YaAC, FDC.

Lemma 6.4. (i) BST + WOPFAC and AC+VaAC,;

(i) BST + the Ao-Replacement Schemel Va3b(b = SFin(a)), where
SFin(a) = the collection of all finite sequences with terms in a;

(iii) BST + the Ao-Replacement Scheme + ACFADC;

(iv) BST + AC,, + Ap-CollectiontCUC;

(v) BST + ADC + Ag-CollectiontCUC;

(vi) BST + DC+CUC;

(vii) BST + a = R(z) + DC, + z is well-orderable;

(viii) ZFH! + DCcon F WOP + the Collection Scheme + the Principle of
Reflection.

Notice that ZFH + AC + the Principle of ReflectionDC but in [4] a
model for ZFH + WOP + DC + the Principle of Reflection + -DC.o,, is
constructed.

Now, I want to show some applications of Theorem 6.3.

Theorem 6.4. Let M|=EWOP + ZFH, 1 = w, and P, = P(Rg,R,;Rg). Then
NEWOP + ZFH! + ®; = RM + ~CUC, so Nl ~DC + —Ay-Collection.
If F(z) = max(L[z] | XM is countable) and Ci(z) = z* - F(z)(k > 1,k fized)
for every real z, then — in N — Cy(x) is unbounded in every neighborhood of
0 and for every sequence (Tn:n < w) of reals ILm Tn=0= le Cr(zn) =
0.

Notice that NEKP.

Theorem 6.5. Let M = M,, where k is On or a regular cardinal in L and
M, is the model obtained by adding k Cohen’s reals to L.

(i) If k < RL | then N|=R; = RL + every set of reals is countable.

(i) IfRL < k < On, then Ni=®; = RL + & is a cardinal + there is a set of
reals of cardinality Kk + every set of reals has cardinality < k.

(iii) If K = On, then N|=WOP + ZFH! + for every cardinal p there is a set
of reals of cardinality u.

Theorem 6.6. Let M[=ZFC. Let P, = P(kn,2;Kn), where (kn:n < w)
is a sequence of regular cardinals such that |Pn| < Knt1 for n < w. Then
NEWOP + ZFH! + ~DC + —the Collection Scheme and k € {kn:n < w}
+— N [ k is a regular cardinal & there is a subset of Kk that is generic
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K-cofinal over M.

If M=GCH, then cfN = cfM. If M = Lia], where a is Cohen’s generic over
L, and c, = the nt* element of a, then we define kK, = Ni4c, forn < w.

In this case, N E m € a +— there is a subset of N1, that is generic
Ry +m-cofinal over L.

It is not necessary to destroy CUC or collapse cardinals to get a model
with a Heine-Cauchy functional.

Theorem 6.7. Let M|=ZFC. Let (kn:n < w) be an increasing sequence of
regular cardinals such that kg > 28, If P, = P(kn Xw,2;Rp) for n < w, then
NE=WOP + ZFH! + cf = cfM + CUC + -~DC + ~Collection.

IfF(z) = mgn(L[z] = 2% < k) and Ck(z) = z* - F(z) for every real z, then

Cy is a Heine-Cauchy functional.

Proof. Everything is obvious except CUC. Suppose that (a,:n < w) € N

and N | Vn < w3f(f : w 2% an). There are finite s,t C w such that

(an:n < w) € M[H|s x t]. M[H] = M[H|s x t][H| — (s x t)] and M[H] =

“every a, is countable”. By c.c.c., M[H|s x t] = “every a, is countable”.

But M[H|s x t] EZFC, so M[H|s x t] = |J an is countable. Therefore,
n<w

N E U an is countable.

n<w

Above theorems show that ZFH! + WOP + c¢f = cf“ + -DC +
—Collection is consistent. As already stated, ZFH! + the Collection Scheme +
ACHADC but nothing is known about consistency of ZFH + WOP + -DC.
So, we may think only about consistency of ZFH! + WOP + cf = cf* + DC
+ —Collection. The easiest way to obtain a model for the above theory is by
some modification of the construction of N.

Sketch of the modification: M is a transitive model for ZFC, (P;:i € I) €
M is a family of notions of forcing. Q(w;) = the set of all functions f such
that dom(f) C I x wy,|dom(f)| < wi, and f(i,n) € P;\ {1} for every
(i,a) € dom(f).

If H is Q(w1)-generic over M, then N(w;) = |J{M[H|s]: s C I X wy, |s| < w1 }.

One can modify the proofs to see that N(w;) FZFH! + WOP.

Suppose that every P; is w;-closed in M. Then Q(w;) is wi-closed. If t € M is
a subset of I x wy, then Q(w:)|t = {f € Q(w1):dom(f) C t} and Q(w1)| -t =
{f € Q(w1):dom(f) Nt = B}. Of course, Q(w1) = Q(w1)t x Qw1)| - ¢,
M[H] = M[H|¢][H| — t] and Q(w1)| — t is w;-closed in M[H]|t].

Let Vz € N(w;)3y € N(wi)M[H] [ ¥[z,y,a1,as,...,a;]. Then there is
F € M[H] such that Vn < wF(n) € N(w;) and M[H] Vn < wP[F(n),F(n+
1),a1,as,...,a;]. By the definition of N(w;), for every n there is s € M such
that F(n) € M[H|s] and |s| < w;. M[H]JEWOP + the Collection Scheme, so
there is G € M[H] such that Vn < w(G(n) € M & |G(n)| < w1 & F(n) €
M[H|G(n)]). Q(w:1) is wi-closed, so G € M and t = |J G(n) also belongs to

n<w
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M. In full ZFC, t must be countable and Vn(F(n) € M[H|t]). Q(w1)|—t is w;-
closed in M[H|t], so F' € M[H|t] and M[H|t] C N(w;). Therefore, F € N(w;)
which shows a strong version of DC in N(w,).

Up to now, N(w;) EZFH! + WOP + DC.
To destroy the Collection Scheme we need w; independent notions of forcing.
So, I = wy, (ko' < wy) is a sequence of regular cardinals such that ko < w
and | H Pg| < Ka, where Py, = P(kq,2;kq) for @ < w;. It is clear that

B<

N(wi) |=ZFH' + WOP + DC + —the Collection Scheme. If M=GCH, then
c fN(wl) =c fM

Theorem 6.8. ZFH! + WOP + cf = cf“ + —~Collection T DC are consis-
tent theories.

7. Final Remarks.

More can be done with the machinery and all combinatorial properties of
forcings like Sacks, Laver, Mathias, Grigorieff, Jensen-Solovay (almost dis-
joint), etc. forcings. At least at the first stage of using them. If we want to
use them in N, then many problems arise. For example, Jensen-Solovay Forc-
ing is not necessary c.c.c. or even set-c.c. There is no problem with forcing in
N as long as the notion of forcing is a set in N. Indeed, if (C,<) € N and G
is C-generic over N, then (C, <) € M[H|so] C N for some so € M and N[G] =
U{M[H|so][H|t][G]:t N so = B, C I X w,t-finite} = J{M[H]|so][G][H]¢]: ¢ as
above }, but M[H|so][G] = M[H|so x G] [=ZFH, so N[G] =ZFH!.

Another meaningful discussion could refer to local properties of large car-
dinals. Let M|EZFC + « is a large cardinal. We may construct two types of
N.

Type 1. Let Paer1 = P(Ro,Ret1;Ro) for £ < k and Py¢ is whatever is
needed (£ < k), assuming that |Py| < k.

Then NEWOP + ZFH! + ®; = k + —the Collection Scheme.

Type 2. Let P = {f: Func(f) & |f| < w & dom(f) C k x w & V(a,n) €
dom(f)(f(a,n) < @)} and |I| = 1. Then N=WOP + ZFH(the Collection
Scheme is included) + ®; = k. P may be combined with other useful forcings.

It is interesting to know what original properties of k are inherited by X,
in N. But that is another story.
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