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Complex Singularities of the Burgers System
and
Renormalization Group Method

Dong Li and Ya. G. Sinai

ABSTRACT. We consider complex-valued solutions of the n-dimens-
ional Burgers’ system, n > 1. We show that there exists an open
set in the space of n? + 5n — 2/2-parameter families of initial con-
ditions such that for each family from this set there are values of
parameters for which the solution develops blow up in finite time.

1. Introduction

The n-dimensional Burgers system is a modification of the n-dimens-
ional Navier-Stokes system. It is written for an unknown n-dimensional
vector u(x,t) = (ui(x,t),...,uy(z,t)) and in the absence of the external
forcing has the form

n
(1) aautj—{— g:ciuk:Auj,lngn.
k=1
The viscosity is taken to be 1, x € R™.

(1) has an invariant submanifold of gradient-like solutions, i.e., so-
lutions which are gradients of some functions. The analysis of these
solutions is done with the help of the so-called Hopf-Cole transforma-
tion (see [HC]). They are much simpler than general solutions of the
Burgers system.

Concerning general solutions there is a theorem by Ladyzhenskaya
(see [La]) which gives the existence and uniqueness of solutions in
Sobolev spaces. However, this result remains a folklore theorem be-
cause [La] dos not contain a detailed proof.

In this paper we consider complex solutions of (1) and show that
they can develop singularities in finite time. For gradient-like solutions
this was proven recently by Polacik and Sverdk (see [PS]). The result
and the method of the present paper are similar to the ones in our joint
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paper [LS] where we proved the same statement for the 3-dimensional
Navier-Stokes system. As in [LS] write the Fourier transform of u in
the form —iv(k,t). Then for v we have the following equation:

(2)

t
v(k,t) = e_t|k|2v(k, 0) + /e_(t_s)|k|2ds/ (v(k =K s), K')v(K,s)dk'.
0 Rn
In this paper we consider real solutions of (2). Real solutions of (1)
appear from odd functions v(k,t).

As in [LS] we use power series which represent solutions of (2). Let
va(k,0) = Av(k,0). Then the solution v4(k,t) of (2) can be written in
the form

¢

(3)  wvalk,t) = e " Avu(k,0) + / e PN AP g, (K, 5) ds

The substitution of (3) into (2) gives the system of recurrent relations
for the functions gp:

(4) g1(k, s) = exp {—sk|*} v(k,0),

(5) ga(k, s) :/<v(k—l<:’,0),k:’)v(k:’,0)~exp{—s|k—k’|2—s|k’|2}d”k:’,
Rn

(6)
gp(k, s) :/0 dszR[ (v(k —K',0),k) gp—1(K, s2)-

- exp {—slk — k'|? — (s — s2)|K'|?} d"K

+ Z /Odsl/o d32/<gpl(k—k’,sl),k’>-
Rn

p1+p2=p
p1,p2>1

g (K, 52) - exp{—(s = s1)[k — K|? — (s — s2)[K'|*} d"k'
+/ dsl/ <gp_1(k — k/,sl), k‘/> U(k:/,(]) .
0
R™

cexp{—(s —s1)|k — K> — s|k'|?} d"K'.

The same methods as in [Si 2] allow to prove that the series (3) is
converging for small ¢. We can see from (6) that the first and the last
terms are different from the other terms in (6) because they contain
explicitly the initial condition.

As in [LS] we modify (6) by extracting the main part of (6). In this
way we come to a nonlinear equation giving the “fixed point” of the
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renormalization group (see §2). In the case of Burgers system solutions
to this equation are simpler than in [LS] and consist only of Gaussian
functions. In §3 following the same line as in [LS] we study the spectrum
of the corresponding linearized group. Then using the same strategy as
in [LS] we prove our main result whose formulation is given below.

Main theorem. Let 7, = W There exists an open set
in the space of 7,-parameter families of initial conditions such that
for each family from this set one can find the values of parameters
so that the solution having the corresponding initial condition devel-
ops a blow up at time t... If E(t) = [, (v( v(k,t))dk, Q(t) =
Jpn (k, k) (v(k, t), v(k, t))dk are the energy and the enstrophy of the so-
lution, then E(t) ~ ﬁ, Qt) ~ ﬁ as t — tep.

The first author is supported by the NSF Grant DMS 0111298. The
second author is supported by NSF Grant DMS 0600996.

2. The Derivation of the Equation for the Fixed Point and
the Analysis of Its Solutions

Take some number k(9 which later will be assumed to be sufficiently
large and introduce the vector K" = rk(o)(l, 1,...,1). These will be
the points near which all g, will be concentrated, We write k = () +
Vrk© . Y)Y € R™ Thus instead of k we have the new variable Y =
(Y1,...,Y,) which typically will take values O(1). Put x(®0) = (1,...,1)
and k(0 = (£ k0),

In all integrals over sp,s2 in (6) make another change of variables
55 = (1 — p), j = 1,2. Instead of the variable of integration k’

J

introduce Y’ where & = K#2) 4 /pk(©Y’. All this is very much similar
o [LS]. Write §,(Y,s) = g, (K" + VrkO@Y,s), v = B, B=1-1
Then (6) gives us a slightly modified recurrent equatlon

(7)

9p(Y,s)

= gp(KP) +/pk© Y, 5)

io Py p3 .
_ (pk(0)> DY /d91/d92 R
p1,p2>1 Pr - P2
p1+p2:p0 0

_V/ !
Nal P p pk(0)

R”
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(= (-34)°)
V=B

kO + VE©O

VEoy |

VP(1—7) Y

2
— 09 |5 4

- exp { —0;

Yy -V’
VP
This is our main recurrent relation. It is of some importance that in

front of (7) we have the factor pnT+2 and inside the sum the factor I% . 1%'
1 2
As p — oo the recurrent equation (7) takes some limiting form. The

main contribution to (7) comes from py, ps of order p. Y)Y’ = O(1)
then Y&gl, % are small compared to x(©) = (k:(o), R k(o)). Therefore
in the main order of magnitude the Gaussian term in (7) can be replaced
by exp{—(61 + 62)|k(D|?}, s; and sy can be replaced by s and the
integrations over 01, 6 and Y’ can be done separately. Thus instead of
(7) we get a simpler recurrent relation:

- n—6 n+2 1
®)  G(Y.s)=ENZT P Y
p17p2>p1/2p1 P2
p1+p2=p

/ - <Y—Y/ ) P2 (070)+ Y’
’ g S|, —K '
s "\ VvA p pk(©)
Y/
- g — ary’.
In our approximation the inner product in (8) can be replaced by

<§ (YY’ 5> ng(O,O)>_pQ " 0 (YY’ 5>
P1 \//7 9 )p p D1 ﬁ 9 bl

J=1

(1) ~(n))_

- (1
where gp, = (Gp,"5-- - Iy
We come to even simpler recurrent relation instead of (8):

(9)

~ 0)\ =6 nt2 1

B(V,s) = (KO)=p™ N
pLpaspt/2l1 T P2
P1+p2=p

n l /
. — g ,8) - g —— s | d"Y".
R/n AN TAvIea
As in [LS] we make the following inductive assumption concerning

the form of §,(Y,s): there exist intervals S = [S(,p), ng)], S+l) ¢
S®) | on the time axis, the functions Z(s), A(s) defined for s € S,
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positive numbers (@), 1 < j < n, such that for all r < p

s o iy o) o)
(10)  a(¥is) = ZE)A = ] zwe}“’(‘zmlz)'

We derive below the equation for the function H. The main part of
the proof is to organize the inductive process in such a way that the
remainders 0(") tend to zero as r — oo. The substitution of (10) into
(9) gives

Gpl(Y,5) = (KO) 2 2(5)? - p'T A (5) 3 ; (=)

j=1 V=
n o'(]) o /12

exp | — Y!|* | d"Y".
].131 2m(1 =) < 2(1—7) i

Here H = (H®Y, ..., H™) and we do not mention explicitly the depen-
dence of H on s. The last sum looks like a Riemannian integral sum
and as p — oo its limit takes the form:
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Put Z(s) = (k(©)"2". The final equation does not contain k©) and we

j=1
- [ (2 () (=)
jli[l ;:exp<—02(7) b/J_Y;/‘Q)

This equation is the equation for the fixed point of our renormalization
group. It is analogous to the fixed point equation from [LS].

The solutions of (11) have natural scaling with respect to the pa-
rameters 0@, 1 < j < n. Namely, if we solve the equation (11) for
o) = 1,1 < j < n and denote the corresponding solution by H(Y),
then the general solution for arbitrary o = (0(1), e ,0(”)) is given by
the formula

(12) H(U)(Y) = ﬁ Vo) H(v U(I)Yl,..., V O'(n)Yn).
j=1

Similar scaling was mentioned in the case of Navier-Stokes system (see
[LS]). Thus, it is enough to consider (11) with o) =1,1 < j < n.
As in [LS] we use expansions over Hermite polynomials:

(13) HO(W1,...Y,)
= > WD Hew (Y1) Hew, (Ya), j=1,....n

mi,...,Mn >0

where He,,(z) are the Hermite polynomials of degree m with respect to
the Gaussian density \/% exp {—%22}. Recall the following properties
of Hermite polynomials:

1. Hep(z) =1, zHeg(z) = z = Hey(z).
2. zHep(2) = Hepy1(2) + mHep—1(2), m >0
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T
. e —— eXpy ————— -
RL " ﬁ 27 P 2y

mq+1 mo+1 1 ’Y’2
=5 (1= )5 Hemp e (V) = ep {10}

Substituting (13) into (11) and using 1),2),3), we come to the system of

equations for the coefficients h,(%)lmn which is equivalent to (11):

(14) h%)lﬂ“ﬂmn
1 / ) = '
m'1+m1 =mi 0 k=t

"
/ 1
My, +1M =M

where m' =mj +---+m),, m" =m] +---+m].

For the coefficient h(j)(ml, ...,my) we define d = my + -+ + my,.
We solve (14) for different values of d.
Case 1: d = 0. In this case we have

h9)(0,...,0) = % <Zh(k)(0,...,0)> r9)(0,...,0)
k=1

We are interested in solutions for which all A9)(0,...,0) are nonzero.
Then we must have

(15) zn:h(’f>(o, .,0)=2.
k=1

Case 2: d = 1. Here it is not difficult to show that the only possible
solution is h(k)(ml, cooymyp) =0forany mi+---+m, =1land 1 <k <
n.

Case 3: d > 1. A simple induction on d shows that all terms with
the given d are zero.

From all these three cases it follows easily that any solution of (14)
is given by (h()(0,...,0), ---, h(™(0,...,0)) satisfying (15) while all
other terms are zero. We formulate the final result as the following
theorem

THEOREM 2.1. Let o) > 0,...,6™ > 0 and ) = h09)(0,...,0),
1< j<n-—1 are arbitrary and ™ = 2 — ZZ;% z®) . Then there exists
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a solution of (11) having the following form

Goo(y Hm H\/>exp( 'Y')

where 0 = (W, ... o), z = (M, ... 2)). In other words all fized
points of our renormalization group are Gaussian!

3. The Linearization Near Fixed Point

As in [LS] the strategy of the proof of the main result is based on
the method of renormalization group. Let us write

(16)

~ ., 3 ot o /2T o) .
G (VAT ()27 (s) rE ]| gy e <2|Yj!2>=ﬂf+5()(%Y,8)

where 6(7)(7,Y,s) = {5](-’")(%1/, 5),1<j< n} = 5P, Y,s), v = -

~ p
and v < 1. It is natural to consider the set of functions {6()(v,Y,s)}
as a small perturbation of our fixed point. When we go from p to p+ 1

+1 p
5@+1) — 5@ (p Y, > < 2
(7,Y,5) = p rhs ) rs o

The formula for 61 (1,7, s) follows from (11):

)
17) & 1Ysﬁ\/UTeXp<0;j)|le2>
- [ [ 58 () 1 ()

" LY =Y - Yy’
+N " HO ( ) 5P) (1 — ,s>
Z Nai k 7 T—~

7j=1
n 0'(]) O'(J) /12
Iy 5 e | =5 1Y =Y
i 27y 2y
" (7) ()
. H 77 exp| - ‘yj’f Y,
i\ 2m(l =) 2(1—7)

where Sl(cp ) is the k-th component of 6(®). We did not include in the last

expression terms which are quadratic in 6+ because in this section
we consider only the linearized part.
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DEFINITION 3.1. A function ®,(Y), Y = (Y1,...,Y,) with values
in R™ is called an eigen-function if the function ®,(7v,Y) =7 ®,(Y)
satisfies the equation:

- n o) o)
(18) q’a,k(y)jl_ll gexp <_D/J|2

2
= [(w0- [ gva%,j (=) (=)
0 (o)
jli[l ;:exp —02:)\ g—YJ’\Z)
H =) p(‘2<f ) W‘)dnyl'

In the last expression ®, ;(7,Y) is the j-th component of ®,(Y").

The eigen-function corresponding to « will be denoted by ®,, its
components will be denoted by ®, ;.
The meaning of the definition 3.1 is the following. Assume that we

T

have a perturbation proportional to () (Y) = (E)Ol(I)a(Y), r <p. If

we apply (17) then in the main order of magnitude we shall get ®,(Y").

Below we study in detail the set of eigen-functions ®,. If a > 0,
a = 0, a < 0 then the corresponding eigen-functions are called unstable,
neutral or stable correspondingly. We shall show that there exist the
eigen-value o« = 1 of multiplicity v1 = 1, the eigen-value a = % of
multiplicity vy, = n — 1 and the eigen-value a = 0 of multiplicity

vy = % All other eigen-values are stable. In view of the above
mentioned scaling invariance it is enough to consider o) = ... = o(") =

1. We use again the expansion over Hermite polynomials:
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Then we come to the linear system of recurrent relations
(19)

fwj(ml, e ,mn)

1, ) n
m_ m’+2 @ k
= > </Ovz(1—7) 2+ d7>'Zh;fz,...,m;fa,j(m’{,---,mii)

/ "__
mi+mi=m1

/ 7
My, +mM, =My

1 / " n
m- m_+2 '
+ (/0 yEr =) dV) D Jaslmi )R
k=1

n

)

where h%h._,,mn are coefficients of the expansion of H(Y'). In our case
9 (my,...,my) =0if my+---+my, >0and 37_, h#(0,...,0) = 2.
Denote h¥)(0,...,0) = 2. Then we get

1
fa,j(ml, o ,mn) = <2/0 'y2+1+ad’y> fa’j(ml, - ,mn)

(20) n ( / e v)d’v> (Z fookm, . mn>> 20,
k=1

After summation over j, 1 < j < n, and using the fact that 2?21 z\) =
2 we come to the equation

n 1
(Z far(mi,... ,mn)> . (1 — 2/0 'ygl'md’y) =0.
k=1

It is not difficult to see that @ = N/2 for some integer N < 2 (oth-

erwise all fo j(mi,...,my) vanish). For any fixed eigenvalue a, we
now calculate the explicit expression of the corresponding eigen func-
tion fqo(m1,...,my). There are three cases.

Case 1: m is such that 2f01 A™M/2 ey £ 1 and 2f01 /2ty ]
In this case we get that

f§f>(m1,...,mn):0, YVmi+-+m,=m,Vji=1,...,n.
Case 2: 2[01 A™M/2te gy = 1 or equivalently m = 2 — 2a.. Then,
faj(mi,....mp) = Co(ma,... ;mp)z), Y omg 4+ my = m,

where Cy(myq,...,my) is an arbitrary constant depending only on «
and (mq,...,mpy).
Case 3: 2f01 Am/2tetlgs — 1 or equivalently m = —2a . In this case

f(&j)(ml, . 7mn) must satisfy the constraint:

Zféj)(ml, cooy,my) =0.
j=1
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Concluding from the above three cases, we now formulate our main
theorem about the spectrum of the linearized operator.

THEOREM 3.1. The spectrum of the operator A consists of the fol-
lowing ergen-values

1 m
=4¢1,-,0,——,m>1;.
spec (A) { 1500 =5 m = }
The first eigen-values have multiplicities vy = 1, vi =n—1, 1y =
2
n?43n—2
R,

The system of eigenfunctions is complete in the following sense. Let
') be the stable linear subspace of A generated by all eigenfunctions
with R(N) <0, ' be the unstable subspace generated by all eigenfunc-
tions with eigenvalues X > 0, and T'™ be the neutral subspace gener-
ated by all eigenfunctions with eigenvalue X = 0. Then dim ™) = n,
dim™ = % and

A = (@) + ™ + ).

Proof. By previous arguments, we discuss the spectrum separately in
the following three cases.

1° unstable spectrum:  « = 1,1/2.

a) a = 1. In this case we have fl(j)(ml,...,mn) =0ifmy+---+
my, > 0 and f(j)(O,...,O) = Cz9, j =1,...,n. Clearly this
gives v; = 1.

b) o =1/2. In this case fl(%(ml,...,mn) =0ifmi+--+m,#
1. And for m; +--- + m, = 1 we have fl%(ml,,mn) =
Crja(ma, . .. ,my)xz), j=1,... n. This gives vipp=n-—1

This gives dimT®) = n.

2° neutral spectrum:  Here we have a = 0, and two cases.
a) mp + ---+my = 2. In this case we get féj)(ml,...,mn) =
Co(my,...,mp)x, j = 1,...,n. This gives w eigen-
vectors. .
b) my+---+m, = 0. In this case we get 2?21 féj)((), ..,0)=0,
j=1,...,n. This gives n — 1 eigen-vectors.
Putting all two cases together, we see that dim '™ = %
3° stable spectrum: a < 0.
There are two cases.
Case 1: mi+---+my, = 2—2«. In this case We have fc(yj)(ml, ce M) =

Cz\Y, 1 < j <n. There are (2_§OL§Z+1) such eigen-vectors.
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Case 2: mq + ---+m, = —2a. In this case the constraint is
n
> [P, my) =0 1< <n.
j=1

There are (n — 1)(7>*3"7") such eigen-vectors.

We now prove the completeness of the set of our eigen functions. Fix
(my,...,my) and consider an arbitrary function G having only the
nonzero coefficients ¢g\)(my,...,m,), 1 < j <n. We shall show that G
can be expressed by a finite linear combination of our eigen functions.
There are two cases.

Case 1: m; = --- = m, = 0. From the discussions above we see
that = 1 has an eigen vector fgz)l (0,...,0) = Cx; which is parallel to

the vector x, and o = 0 has eigen vectors satisfying Z?Zl féjz)O(O, ...,0)
= 0 which span the space complement to the vector x. It is clear that
¢Y) is in the linear span of these eigen vectors.

Case 2: my1 +---+my, =m > 1. From previous discussions we see

that a = %Tm has an eigenvector fg:)%Tm(ml’ ...,my) parallel to the
vector x, and o = — has eigen vectors spanning the space complement
to the vector z. Again it is clear that ¢g\)(my,...,m,) is in the linear

span of these eigen vectors.

Concluding from the above 2 cases, we see that our eigen vectors
form a basis for the Gaussian weighted space L?(R™)". The theorem is
proved.

4. The Choice of Initial Conditions and the Initial Part of
the Inductive Procedure

As in [LS], the equation (11) for the fixed point which was derived
in §2 is non-typical from the point of view of the renormalization group
theory because it contains the integration over v, 0 < v < 1. On the
other hand, since we consider the Cauchy problem for (1) we are given
only the initial condition v(k,0) which produces through the recurrent
relations (4), (5), (6) the whole set of functions g,(k, s). For large p and

r < p they can be considered as depending on v = — and our procedure
is organized in such a way that for v which are away from zero §, are
close to their limits.

We take £(©) which will be assumed to be sufficiently large, introduce
the neighborhood

Ay ={k: ‘k:f/-s(o)‘ < Dl\/m}
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where £(©) = £O)(1,...,1) and D is also sufficiently large. Our initial
conditions will be zero outside A;. Inside A; they have the form

(u)
j=1
1(n)
(21) 3Pl (v) + (v, b))
j'=1

In this expression k = (0 + VEOY  HO(Y) is the fixed point of our
renormalization group with o) = ... = ¢ =1 and 2z = ... =
(™ = 2/n (see §2), I = n and I = % (see §3). Also q);u),
(I>§7,7’) are unstable and neutral eigen-functions of the linearized group
corresponding to H(®) (see §3), bg-u) and bg.tl) are our main parameters.
We assume that their values satisfy the inequalities:
—p1 < b§~u), by/l) < p1,

where p; is a positive constant. Our numerical studies show that it is
enough to take p; = 3/4. Bach function ®(Y;b™, ™), () = {bg-u)},
b = {bg@} is small in the sense that it satisfies the inequalities

sup ‘P(Y;b(“),b("))( < Dy,
Yib

sup |55, 507) — o(v;5",5") | < Da([p) — 5|+ o) ™).

Due to the presence of b, (W we have [ = [ 4 () = %—
parameter families of initial conditions, due to the presence of ® we
have an open set in the space of such families.

Let
Ay = {kes = rs O] < Dy frkO 1 (r0) },

and the variable Y be such that k = r5(©) + vVrk©Y. Assume that for
some p and all r < p, [Y| < Dyy/In (rk(©)

g (rk® + VrkOY,s) = Z - Au(s) - Pt hr (Y, s)

and
Y [?

he(Y, s) = (2;)” 30D {—2} (HO) +50(v,5))

where Z is a constant to be specified later and A,(s) is a function of s
for each 7.
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Denote pg = N where N is an integer. Actually we will take N = 50.
The initial part of our procedure goes for p < pg. It is discussed in this
section. The part corresponding to p > pq is discussed in §5.

Returning back to (6) take the term with some p1, p2, p1+p2 = p and
introduce new variable of integration Y’ where k' = par(® 4+ /pk©@Y".
Introduce also the variables 61, 02, 0 < 61 < (plk(o))2, 0<6y < (pgk(o))2

91 02
wtere = (1= g )= (12

Then from (6)

1

4—n
E . Ap . pThp(Y, 3)

n —-n p%
= @K")F S () T / df;-
0

p1+p2=p

gz ((=30) )4 ((-3))
0 p1p2 ]31 V253
_V/ /
L (5 (-8 e )
n ﬂ pl D pk(o)

: L (1-4) ).
=\ R
. 791‘ﬁ<0)+x/WY bl ‘ 0| O VEO

Vp(1— v)‘ d”Y’

or in a slightly simpler form,
RO
22 T s
1 o [P
= 3 Gy [
p p1+p2=p 0

P3 0, 02> >
. df, A 1——=]s|A 1——=)s]|-
/0 ? pl(( p?) ) p2<( 3
Y—Y/ < 91) > P2 Y/
. h 1 — , 2 k00 4 :
/ < ”1< V7 P} p Vpk©

(= (- 3))
P\ U R

‘ _91(H<0>+\/WY Y’ ( _92’,@(04\/?

v ‘ dny’.

Here v = Pl Now we shall modify (22) similar to what we did in §2.
p

As in [LS], the modification consists of two steps.
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Step 1. All terms s (1 — W‘;’W), s (1 — wf%) are replaced by
s.
Step 2. In the main order of magnitude,

Y-Y'  py (00 Y’ P2 — Y -vY Y’
<h (778)77’% + )= h] )
P1 ﬂ P / P ]; P1

We take Z = (k®)"2" and choose the initial interval on the time

axis in the form S = [4(k(10))2, S(k?o))Q}. Due to our choice of S™)

the product s(k(®)? = O(1). During the first part of our procedure
S = s p < py. Now we derive the recurrent formulas for A,. For
our fixed point H(®), the integral in (22) containing H®) gives us the
product of H® | the Gaussian term and a polynomial in . The function
H© and the Gaussian term can be taken out of the summation in 7.
After symmetrizing the summation in -y, we get the following recurrent
system for A,(s):

(23)
Ap(s) = Z 1 “Apy (8)Apy(s) - (1 — e_s(plk(o))2) (11— e—s(l’zk(o))g)'

p1+p2=p

In [LS], we have a similar (but more complicated) recurrent system for
Ap(s). It follows from [Li], [Si 3] that the asymptotics of A,(s) is given
by,

21) As) = A (14055)).

where A(s) > 0 is a limiting constant independent of p. This result will
be used in the proof of the main theorem.

Now we shall discuss the behavior of all remainders 6(), r < p. We
make the following inductive assumption:

1(w)

u u o™ - (u
50(;5) =37 (0 + 600 7 8 ()

=1

(w)
Here b(-u) = (p— l)o‘jb(u)’yaﬂ' , b b@, and the corrections ﬂ(u),

n)
] T
ﬁ( are small compared to b( ) b( )T, respectively. Also {<I>(St (Y,s)},
1 < r < p belongs to the stable subspace of our fixed point.



196 D. LI AND YA.G. SINAI

As we go from p — 1 to p, the variable v = zﬁ changes to v/ = % =

v - %. Therefore

(157 +557) "
o
— (-0 8 ) (2]
N
B JRYENE +< P 1) )

The formulas for the part involving the neutral eigen-functions are sim-
ilar and even simpler because 04(.7) = 0. Thus the main terms in the
expressions containing unstable and neutral eigen-values preserve their
form. The norm of {®$'} decreases.

In the initial part of our procedure with p < pg we use the discrete
recurrent formulas and get small corrections ﬁj(-zi), ﬁj(fll and &6, We
consider four types of corrections.

a1) In the expression for §?)(Y,s) there are terms which depend

linearly on all 6" (Y,s). Especially important are the terms
(u) (u)

pi bg-u) (MY, @5-“) and bgfb)@;?). In the limiting regime p —

oo they produce the integral over v which gives

(u)
(u) 1\ (u)
P by <1+p> Ll = (1)

u u
R
in view of the definition of the eigenfunctions (see §3) and the
condition v/ = 1. The same statement holds true for the neu-
tral eigen-functions.

However for finite p, the sums over ~y differ from the corre-
sponding integrals. The difference produces some corrections
which we expand according to our decomposition of the whole
space onto unstable, neutral subspaces and the stable subspace.

: (u) (n) (st)
Corresponding terms are denoted as ﬁm’l, ﬁj,%l and -
These corrections decay as O(]%).
az) The term which contains all corrections arising during the two

steps of our procedure (see above). All these corrections de-
1

pend on k@ and are smaller than Oy for some positive
constant p1.
az) The term [, which is a linear function of all ﬁ;j:,), ﬁ](j;), 1<r<

p — 1. We use the Hilbert space X consisting of functions
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f={fH ), 1<r<p} equiped with the norm

171 = — Z 1£-(Y)]72

where ||-|| ;2 is the norm in the space of square-integrable func-
tions of Y. It follows easily from §3 that for some constant

1
(u) (n)
il e (70 X
Jj=1 §'=1
Therefore
R
> <Hﬁ§f:> P )
-2 i <r <oy, 5 A
H{ﬁ]( i T,1<7”<p—1}H <;1+21>

e

for another constant Cs. Iterating this estimate we get
P
C
52801 < r <t < | TT (1+ 2).
q=1

The first term H ﬂ](»ﬁ), ﬂ]@l for another constant puo

and ngl (1 + %) < pg3 for another constant Cs. This gives
the estimate of the linear part.
as) All terms which are quadratic functions of all remainders. Since
all previous terms were already estimated the quadratic terms
are much smaller than the previous ones.
The sum of all these terms gives ﬂ I B i o5t
We take N = 50. For all p < 50 all remainders were found numeri-
cally with the help of computer using exact recurrent relations (7) At
N = 50 we make the first rescaling. Put b(u D~ po‘ﬂb + ﬁ]p, for
1<j <1 and b§7 - ;) —i—ﬁj(.ffp for 1 < j/ < 1™ and p = 50. These

are our new rescaled variables. All previous expressions for 5(’”)(Y, s),
r < N can be written as functions of these new variables:

pfp 4+ A = bl gl 1< <),
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(w1) _ plu) _ alw)
where ﬂj’r = ﬁj’r ﬁj,p and

n) (n) _ p(n,1) (n,1) 7 7(n)
bj/ +ﬂj/’r—ﬁ'/1 +ﬁj 1< <1,

7’ fro
where ﬁj(flrl) = ,8;}”1 — ﬁ](fll)) The change in the expression for <I>$«St) is
just the change of variables bg-u), by,l). Numerically it was shown that
p1 can be chosen in such a way that the set bg.u), bgfb) for which —£ <
bg-u’l),bg.?’l) < %1 is contained in the original set —p; < bg.u),b§.7) < p1.
We use this procedure till p = pg = N. The procedure for p > pg will
be discussed in §6.

5. The List of Remainders and Their Estimates

In the beginning of §4 we described (n?+5n—2)/2-parameter families
of initial conditions which we consider in this paper. We mentioned

above that for each p we have an interval S® = [S(_p),SS?)} on the
time axis. Actually these intervals will be changed only when p =
pn = (1 4 €)™ where € > 0 is a constant. Therefore we shall write

S — [S(p"), SSf")] and hope that there will be no confusion.

In this and the next section we consider p > pg. Each function
gr(Y,s), r < p, has the following representation:

in the domain |Y| < D1VInrk(©),

i-n 1 [v|2

Gr(Y,s) =Z-Ap(s) 12 - e e” 2 (HOY) 4+ 60y, s)).
in the domain |Y| > D1+/In(rk©):
~ BiA, (s
3.7, < D)

for some constants A\; > 0, By > 0. We use the formula (7) to get
§)(Y,s). New remainders appear in one of the following ways.

Type I.  The recurrent relation (7) does not coincide with the equation
for the fixed point and actually is some perturbation of this
equation. The difference produces some remainders which
tend to zero as p — o0.

Type II. For the limiting equation all eigen-vectors in the linear ap-
proximation are multiplied by some constant. In the equation
(7) it is no longer true and the difference generate some re-
mainders. (see also §6).

Type III. The remainders which are quadratic functions of all previous
remainders.
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5.1. The Remainders of Type I. We call the domain A the set

{IY| < D1y/In(rk(©)} and the domain B the set {|Y| > D;+/In(rk()}.

The estimates will be done separately in each domain. We include the
first, the second and the last two terms in (7) in the remainders. We
shall estimate only the first one, the others are estimated in the same
way.

Domain A: We have

BV (Y, 5)
nt2 ] P’
:((p—i- 1)k(0)) 2 p?/ dBy-
0

Y
- EO 1/ (p+ DEOY —Y");b)s00 4 >
[ (o0 o4 0 -y
) 0
o <Y/’ <1_p2> S)
2 2
-exp{—‘k(o)—k(Y—Y’)M‘ _p9; KO+ Y p+ 1| by

Here b means the collection of all parameters in the definition o

fv(k;0).
. . . . ! 1
The main contribution to the integral comes from Y — Y’ = O ( \/m).

In this domain in the main order of magnitude

(O + (Y =Y)/p+1,0:), 509) = 0(1)
Assuming that v(k© 4+ (Y —=Y")y/p F 1, 0; b) is differentiable w.r.t the
first three variables we see that the inner product

Y
(0) VN /o110 (0,0)

is of order O(1). For g, we can write using our inductive assumptions

_ 0
(v (1-3))

4-n 1 2 B2
:Z'AP(S)'pQ 'W'e 2 H(p)<Y/,<1—p2>S>

where HP)(Y,s) = HO(Y, s) + 6P)(Y, s)). Also

2 Y'/p+1
exp{—ez )k(o)p+Y'\/p+ 1‘ } = exp {—02 ‘k(o) + rvprl
p p

2}
and in the main order of magnitude the integration over #» does not

depend on Y’. Thus we can write

4-—n _y?

1
(25) R N MO R
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Here and later various constants whose exact values play no role in
the arguments will be denoted by the letter D with indices. Since in

4—n [y|?

the expression for g,;1 we have the factors A1 - (p+1)2 -e” 2,

the estimate (25) shows that \6,(31)(}’, s)| is much smaller than g,11 by
a factor of O(%). This is good enough for our purposes. We do not
discuss the errors which follow from the fact that the expressions in the
previous formulas depend on 6,.

Domain B: The smallness of 51(;1)(1/, s) in this case follows easily from
several inequalities and arguments.

10 |Y] < Dy+/pk©® because |k| < Dspk©®.
2°: |V = Y'| < DgVk(© because v(k,0;b) has a compact support.

2
3 Y -Y' < \jf (recall that S = [S_,S4], we denote here
p

Sy :S+), then
exp{ ‘k:(o Y -Y')/p+1 }}<1
/ 23+
Y -V > 2F  then
VP
exp{— ‘k:(o) + (Y -Y)/p+ 1|2} < exp{—iT+ ‘ Y —Y’|2}.
4°:  If |Y'| > D7 /p then
0 2
exp{—pg ‘k(o)p—l-Y'\/p—l—l) } < exp{—Dgbs}
5% If [Y'| < D7/p then
2
exp{—ﬁg‘k(o)p—i-Y'\/p—i—l) } <1.
6°:  We have
1
exp{2|y\2}:exp{y (Y —Y") yy Y| }
If |y — Y| < **  then
VP

exp{Y Y -Y') \Y Y| }§D8.

2
Iy -Y'| > \jf then we have an integral of the function which is the

product of some Gaussian factor and |H®)(Y')|. Direct estimate shows

as before that in this case
4-n Y12 Dy
BIY8) < Aps) - 2" e T



COMPLEX SINGULARITIES OF THE BURGERS SYSTEM 201

which is also good for us.
In the same way one can estimate terms with relatively small p;
and p — py (e, p1 < (/porp > p—/p). The remainders will be

of order - - ;1). The next set of remainders comes from splitting the

VP

integration over § and Y’ (see (7) and beginning of §2). We may assume
that p; > /p or p1 < p—,/p because other terms were estimated before.
Put

§p+1(Ya 5)
pl
= ((p+ k)2 > /d&l/dﬁg C
p1+po=p+1
P1,P2>/P

- Y—Y/< 61>> Y
. , 1——= s ’k(0)+7 .
R[<gp1< Nal p? VP +1

(o (1—62>s>
V= U B

2
Y — Y’ 2 L)y’
exp {—01 |k + VK RO 4 2 = | Ygry,
! v -y ? Vo +1(1—=7)

Using the inductive assumption we can rewrite the last expression as
follows:

§P+1 (Y’S)
= (KO)* ()2 (p+ 1) /del/d%
p1+p2=p+1
P1,P2>/P
-n -n 1
Apy - Apy -y (1= ) /Q'm
Yy -y’ |? kOy’
_ (0) o0_~ —* | _ 0, ¥+t
exp 01 kY + VEk 0 K\ +
' Vp+1-y ? Vp+1(1—7)
Y’ 02

_ !
Y=Y 10 00 0 Yy g s(1— 2))d"Y".

(p1) s VY k
AR i =

As was explained before, in the Domain A the inner product

Y vy 0, Y
21) ( s <1 _ )) k00) >
< VI p VP




202 D. LI AND YA.G. SINAI

takes values O(1) and the remainder can be written in the following

form:
BR(Y, 5)

= doy | dby -~ 21 —y)T2 .
Z /1/ 27 (1=7) Pt

p1+p2=p+1 0
P1,P2>\/P

exp ¢ —06; k(@) £ \/E(0)

Yy -Y’ 61
HPD) (51— 2)), kOO0 4~y HP2) 1

_ CAT201 )2 Lo 32 20— .
Z /d&l/dﬁg Y ( ’7) p—l—l e it v

p1+p2=p+1 0 0
P1,P2>+/D

!/ /
u’ s)), (09 4 £> HP2)( Y
val VP 1—y
We did not include the factor AP - péliTn because it is a part of the
inductive assumption. This remainder is estimated in the following way.

’ (0)
—1) + ‘ O —————
VDY > ( VP (1 =7)

First we consider
2
—1
As before, consider the domain where

Yy -Y’ Y’
R - (
Y —Y'| < Dg/In(pk®), |Y'| < Dygy/In (pk©®).

,8)d"Y".

<H(pl)(

kO +

We write
Ry — Y —Y']? Y2 <IY—Y’| Y| >
g Tp =92 TN ey e )
In the Domain A
‘R | D12 ln(pk‘(o))
1l = %0
Therefore
Yy —Y'|]? y' |?
Ry = exp —6; k(o) + — 69 (0) + —=
VDY VDY

—exp{—61} - exp{—02}

Y -Y'

=exp{—(61 +62))} - [exp {—91 (‘ k© 4 N

g
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)

91-D13+ O In p )
VDY VPl =7)

This shows that in the Domain A we can replace the exponent

) Y’
- exp{ —0 ’ Oy — —
? /Pl —7)

and in the Domain A

|Ro) < exp{—(61 + 62)) (

Yy -Y’ Y’
exp{ =01 k@ 4 —— 12— 0| kO 4 —— 2}
{ | il | | V(1 —7)‘
by exp{—(61 + 62)(k®)?} and the remainder will be not more than
%. This is enough for our purposes. In the Domain B the estimates

are similar because again the main contribution to the integral comes
from |Y —Y’'| < Dgy/In p, |Y'| < Dipy/In p. In other words, in the
Domain B we can replace the product of the Gaussian factors and H®)

by
1 2 1 2
D A T
exp{ =3l =V v}
This is also enough for our purposes.
The next remainder of Type I comes from the difference between the
sum over v and the corresponding integral. The remainder ﬁz(,g)(Y, s) is

the difference between the sum and the corresponding integral over -~y
from 0 to 1. It is easy to check that this difference is not more than
Dy
N

5.2. The Remainders of Type II and III. All remainders of
Type II appear because we use the sums (over p;) instead of the inte-
grals. We use a linear interpolation to define §(v,Y, s) for all v. From
our inductive assumptions it follows that |6,(7,Y,s)| < %. Therefore,
the remainders which follow from the difference between the sum and
the integral also satisfy this estimate.

It remains to consider quadratic expressions of d,(v,Y,s). The
Gaussian density is present in all these expressions. Therefore, all the
remainders are not more than %.

6. Final Steps in the Proof of the Main Result. The

Formulation of the Main Theorem

In this section we consider our procedure for p > pg = N. Introduce
the sequence pp,, pm = (1 4 €)pm—1 = (1 +€)™po, m > 0, where € > 0 is
small (see below). These are the values of p when we make the change
of parameters, i.e. rescaling. For p # p,,, no changes are done.

In §4 the choice of the fixed point H(®) was explained and the cor-

(“), @@ were introduced. Also we have the

responding functions @ i i
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stable subspace of our linearized map. Consider p, Py, < p < Pm+1,
m > 0. By induction, assume that we have an interval on the time

axis S(M) = [S(,m), S(j")} such that for all s € S(™), r < p, we have the
representation (see also (24) for the definition of A(s)):
L
———e
(27T)n/2 ’
r < p.

4—n

G (Y,8)=2Z-N(s)-r z - (HOY)+7(Y,s)) -

Ifv= pil, then

()
wu,m u o (y
S0 =3 (o5 + 7)1 0 )
j=1
1(n)
£ (0 4 8) 27 (1) + BV ).
1

b;f;fl), bﬁ?;@l do not depend on r. The

terms /Bjﬂ’ s Bji . are small corfect(lon? to the main terms bj7p_1, bj,7p
Vi

and are also functions of bgu’m . Our next inductive assumption

says that bg.f;’::), bg?;:} satisfy the inequalities

Remark that in this expression

~Biplt <05 b < By

where B is a positive constant. We can take By = 2. The inductive
assumption concerning the corrections ﬂj(.ur), ﬁj(.flr says that

189|800 < Bapy for a1 < j <11 <5 <u),
(u) (u) (n) (n)
O8ir | | 985 | | PPir || %Bir | o 5. om
(wm) |7 | oy (m) | | Apum) | | Apmm) | = 737 P2
'™ b ™ | | gplm
VARLA 717 J1,T 717

Here 0 < p2 < p1 and By are other constants.
The function () (Y,~) belongs to the stable subspace of the lin-
earized semi-group (see §3) and satisfies the inequality:

H‘P(St)(Y, V)HX < B3pi,

where Bg > 0, 0 < p3 < 1 are constants. At one step of our pro-

cedure p — 1 is replaced by p, ~ is replaced by 7 = ~ - 1%1 and
al® . 1 a§u) al® (u,m) (u) .
~%  is replaced by (1 + ﬁ) (Y%, b7 + ;) is replaced by

ol

(bgu’m) + ﬂ](jfa)) <1 + p%l> ? . At the end of the interval p,, < p < Pyt
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)

the variable b%’: acquires the factor

(w)

1 % (w)
11 <1+>J ~ (L4

p—1
Pm<p<Pm+1

For the neutral part of the spectrum the variable b(?’;n)

3" pm
same because aﬁ»?) = 0. The stable part is contracting.

Now we discuss 6%)(Y,1) using (7). As in §4, 6®)(Y,1) consists of
three parts.

remains the

Part I. In all 67, r < p, the main term is the one which contains
the basic parameters b%m), b;?;gm). Consider the terms in (7)

which are linear in béqﬁfl, bg.?;_l. As it follows from the def-
inition of the linearized group and its spectrum, for unstable
o
eigen-vectors we get the factor (1 =+ Iﬁ) ! b%ﬁll) For the
neutral part we get the factor 1. We put b%’m) = b%Tl) .
(w)

@ n,m n
(1 t Ilv) ’ bg",p ) = bg";»fl'
stable subspace is transformed accordingly.
Part II. All remainders which arise because the formulas for finite p
are different from the limiting formulas. These remainders

were discussed in §4. The result is written as a linear com-

gu), <I)§.7) and a vector from the stable subspace.
The corresponding terms are included in ﬁj(f;), ﬂj(ff; and the
function from the stable subspace.

Part III. The term which is the sum of all quadratic functions of all

The vector corresponding to the

bination of ®

6("). Again we expand it using the functions <I’§u), ¢>§7) and
the stable subspace. The result is included in ﬂ](»f;’m), ﬁ](-%m)
and <I>§,St)(Y) from the stable subspace.
Finally we have
1"
= (e ) =
and the formulas for ﬁ](-j;’m), ﬂ](%m) and @éSt) (Y).
This procedure is used until p < py+1. When p = pp41, then in

addition we make rescaling and introduce new variables

(um+1) _ 5 (u,m) (u,m)
JPm+1 ijpm-‘rl + /ijpm-‘rl’

(nm+1) _ ;(n,m) (n,m)
bjlvperl - bj’,l?mﬂ + /levpm+1.
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Let Ai:qfll) = [—BlpTH,Blp’l”H] and

Agg"b-i-l) — {(b(uvm) b(nvm)) . _Blprln—l—l < b(u) b(n) < BIPT+1}.

Jipm ? 73 pm = "Jpm+1’ j pmy1 —

u,m+1) IB(/rL,m+1) that A££n+1) C

It follows easily from the estimates of BJ( pmst > B3t o

Al 1t
A = {0.00) @ ) € Al

j?m .] 7m

then Aém) is a decreasing sequence of closed intervals. The intersection

Mo, A(()m) gives us the values of parameters for which 6 — 0 as p — .

We make also some shortening of the time interval S(™. In the
formulas for 6() there are several remainders which appear because we
replace in all expressions s’ and s” by s. We estimate these remainders
using the fact that our functions satisfy the Lipschitz condition with
respect to the time variable. The maxima of these functions decay as
some power of p. We choose the interval S(m*TY < S§(m) g5 that for
all s € S(M*+1) the basic inclusion ASZL +1) C ASZL ) remains valid. The
difference S(™) \ S(m+1) consists of two intervals whose lengths decay
exponentially with m. Therefore ), S = [S_,S,] is an interval of
positive length.

The transformation (bg-zj’:il), b;fig:i?) — (bg-z;s), bﬁg:l)) is given
by smooth functions and is close to the identity map. The last step in the
renormalization procedure is the replacement in all 8, r < pp,41 the
(u,m) (u,m+1) 5 (n,m+1)
Jip

. (n7m) 3 3
variables b P bj’,pm by their expressions through bj’perl s b5 1

The form of 6" in new variables remains essentially the same.
The Choice of Constants
The main constants which are used in the construction are the fol-
lowing;:
1. k(© determines the center of the domain where v(k,0) is con-
centrated;
2. Dy is the constant which determines the size of the neighbor-
hood where v(k,0) is concentrated,
(n)
o

3. p1,B1 determine the size of the intervals where bg-u), b, vary;

4. po, By determine the upper bounds of the perturbations Bj(fi),
(n),
IBj/JJ
5. A1 determines the power of decay of g, in the domain B.
6. N is the number of steps where the procedure was done nu-

merically;
7. € determines the values of p where the renormalization is done.
The value of k() should be sufficiently large. The constant B
should be small but p; < 1 should not be too small in order to make
the corrections coming from the quadratic part of our formulas to be
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smaller than the main term in the linear part. Moreover, it cannot
be too small in order that we could choose the next interval A(m+1),
The parameter A1 is a function of D;. The value of Dy determines the

estimates in the domain B which decay as (k<01)) ;- The value of € is

chosen so small that we can write with a good precision the action of
the linearized renormalization group.

Now we formulate the main result of this paper.

THEOREM 1 (Main Theorem). Take a (n?+5n—2)/2-parameter fam-
ily of initial conditions described in §4 provided that all constants satisfy
the needed inequalities. Then one can find an interval S = [S_, S1], the

functions Z(s), A(s), and the values bg-u) = g-u)(s), bgfb) = b§7)(8) of
parameters so that

a1). For |Y| < D1+/pk©®),

(Y ) = gp(k®) +1/pk©Y, s)

—n 2
_ 2 AP(s) - p'Tt  (HOY) + 6PV, 8)) - —— e
(271')"/2
and supy ‘5(7’) (Y, s)‘ — 0 as p — co. Here HO(Y) is the fized point of
our renormalization group for which r1 = --- = x, = 2/n.
az). For |Y| > D1+/pk©),
- Bi1A,(s
(v, < 2

The function A(s) is strictly increasing on S. Moreover, for s € S, we
have

N(s)>B>0

where B > 0 is another constant independent of s.

7. Critical Value of Parameters and Behavior of Solutions
near the Singularity Point

We return back to the first formulas:

(26) ’UA(k7t) :exp{—t\kP}A-v(k,O)
t
+ [ e —(e= kP Y gy ds.
Take t € [S—, S4] and find the values of parameters bgu) , b;@ for which
the main theorem holds. Put A..(t) = A~1(¢). If so then APg,(k,t)
is concentrated in the domain with the center at x(®p having the size
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O(\/p) and there it takes values O(p). This immediately implies that
at t the energy is infinite.

Consider ¢’ < t and denote At = t—t'. It follows from the properties
of A(s) (see the formulation of the main theorem) that A(t')/rp) =
(1 — BAt + O(At)) for some constant B > 0. Since AL, - (A(¥))P =
AP (A(t))P- (A(t’)/A(t))p = (1—BAt+o(At))P, it is clear that the terms
in (26) with p < O (ﬁ) are close to the limiting terms corresponding to
t. For p>> O (z;) the product A%.(A('))? tends exponentially to zero
and dominates other terms in the expression for g,. Therefore for t' < ¢
both the energy and the enstrophy are finite.

In the domain |k| < O (%;), the solutions grow as |k\577n The extra

1
factor |k|2 appears because for any k the values of p for which the terms
in (26) giving the essential contribution to the solution belongs to an
interval of the size O(y/|k|) = O(,/p). From this argument one can

easily derive that E(t') = ( A(t))5 and Q(t') = (OA(tl))

It is interesting to understand the form of the solution at ¢ = ¢, in
the xz-space. Some information can be obtained using (26). Consider
the series g(k,ter) = 32,01 AL, gp(k,ter). We neglect all remainders §

and this is reasonable. Then from our main theorem

30 (Y ter) = Z(t) AT ()5 =
s = r e v,
g"" cr cr cr (27“')”/2
where v = 2/n(1,...,1) € R" corresponds to our fixed point for which
1 ==z, = 2/n. In this way since A, = A(ts-)~! we have
1]k — k@]
> A gp(kter) = Zlter) Y p 2 W R IS Ao
p>1 p>1 p

Therefore the Fourier transform of g(k, t..) has the form
i ter) = [ ei<fﬁ’“>g(k,tcr>dk

(p). 15022
= Z(ter) Zp n/2 R 2Py,
p>1

This expression shows that for all z # 0 the function g(z,t.,) is finite
but §(z,t.) tends to infinity as O(ﬁ) as ¢ — 0. In this sense our
solution is a tornado-like solution.

Appendix I:
Hermite Polynomials and Their Basic Properties

Take o > 0 and write

oz? dn _ oz?

Hel?)(z) = (=1)"
en’(z) = (=1)"e 2 —Te
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It is clear that Hegf) () = o™z™ + -, where dots mean terms of
smaller degree. We shall call H e,(f) the n-th Hermite polynomial. It is
clear that Hegg)( ) 1, Hegg)( ) = oz, Hegg)(a:) = 022% — 0 and so

on. In general, Hell (a:) = o3 He'! (fx) It is easy to check that
(27) oxHel?) (z) = Hengl( )—{—JnHe((i) (:v)

The Fourier transform of H em T2y /ois (IA)T . This implies
the formula for the convolutlon

- _ole—y)? v)? / o
(28) » Hegnl)(x -Hel® = %dy
= Heg,z1)+m2 (x)e” i \ [ 5

Take positive 71, 72, 71 + 72 = 1 and consider the convolution of
2

Heﬁgf(\/%)e‘ﬁ . \/; and He(g)(\/ff?)e_% g+ Their Fourier

A2 A2
transforms are (i\/71)™e” e and (Z)\w/’}/z)m26 55" respectively. The

2
product of these two functlons is ’Y1 72 ( )mﬁm?e_%. Therefore the

1 O'IE
convolution is 7, ? -722 Heggl)erQ(x)e* 2.
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