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1. Introduction

In the papers [8]-[11], [14] the author studied stochastic processes and
channels, stationary, or nonstationary, with discrete time and arbitrary sets of
states. In these papers, for regular processes and channels, two basic theorems of
Shannon type [15] are proved for the case in which the states of the process and
the channel input states are discrete and the output states arbitrary.

In this study, the essential role of the differential entropy of probability fields,
processes, and channels appears. Obviously, if the sets of states are discrete,
instead of the differential entropy, the correspondent entropy appears. Here we
study the problem of approximation of processes with continuous sets of states
by discrete processes and also of channels with continuous input-sets by channels
with discrete input-sets.

In this study an essential role is played by the concept of e-entropy of a set,
of a probability field, of a channel, and of a complex source-channel. We may
observe also the role played by differential entropy in the approximation prob-
lem. The constructions used here in the approximation problems are such that
the essential properties of the given object are preserved.

2. The differential entropy of probability fields

Let us consider the measure space (X, S, u) where X is a set of elements x and
S a o-algebra of subsets of X and u a measure in S. Over X let us consider a
probability field 4, defined by the probability density p(x) with respect to u.
By M we denote the expectation. .

DEeriniTION 2.1.  The value h(4) = — M log p(x) is the differential entropy of
A with respect to p.

Obviously, h(A4) exists only if M |log p(x)| < 4+, and from |h(4)] <
M |log p(zx)| it follows that in this case it is finite.

Let (X, 8, w), (Y, Z, ») be measure spaces, 7(x, y) the probability density of
some field C over their product, A the field defined by the probability density
p(x) induced by #(z, ¥) in X, and ¢.(y) = =(x, y)/p(z) the conditional proba-
bility density of some probability field B, over Y. We denote C = AB (the
union).
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DeFINITION 2.2. The conditional differential entropy of B with respect to A,
Jor a given measure v is ha(B) = h(B|A) = Mh(B,).

THEOREM 2.1. If from h(A), ha(B), h(AB), two exist, then the third of them
exists also and h(AB) = h(A) + ha(B).

The proof is analogous with that of the corresponding theorem of the entropy
case, using Fubini’s theorem.

Different properties of the differential entropy of a field may be found in [8]-
[11], [14]. In another publication by the same author will be given an axiomatic
approach to the differential entropy of probability fields.

3. The approximation of probability fields

3.1. The eentropy of a set. Let us consider the measure space (X, S, p),
separable with respect to the distance p(z,y), zr € X, Z € 8.

DerFINITION 3.1.1.  The sequence 6 of measurable sets Z; € 8, (1 < i < n)isa
cover of X if (a) these sets are nonoverlapping, and (b) X is their sum.

DErINITION 3.1.2. The sequence 6. of measurable sets Zs € S, (1 < i < n)isan
e-cover of X if it is a cover of X, and if d(Z5) < 2¢, (1 £ ¢ < n), (d = thediameter).

DeriNITION 3.1.3.  The space X is centering if in t, for every set Z C X with
d(Z) = 2r, there exists an element x, the center of Z, for which p(z, y) < r for any

y € Z. (See [6], p. 8.)
We may proceed as if every separable metric space were centering. Indeed,

in [6] by means of the known theorem of Mazur-Banach ([1], chapter XI,
section 8, theorem 10) and of theorem VI from ([6], section 1), it is proved that
every separable metric space X may be imbedded in a centering space X, [16]. For
totally bounded spaces let us denote by N.(X) the minimal number of elements
in any e-cover 6.

DErFINITION 3.1.4.  The number Ki(X) = log N(X) is the (minimal) e-entropy
of the set X. (See [6], [16].)

DerFINiTION 3.1.5. The number K. (X) = log [N(X)/u(X)] = Ki(X) —
log u(X) s the normed (minimal) e-entropy of the set X.

3.2. The discrete e-entropy of a probability field.

We shall use the following symbols:

(i) D(X) will denote the totality of probability fields over (X, S); A and A’

will be elements of D(X);

(ii) if z and 2’ are elements of X, the probability density of 4 with respect to u
will be denoted by p(z), and the corresponding conditional probability will be
written as p(z|z’);

(iii) D*(X) will denote the totality of discrete fields with states z; € X, and
I(A, A') = h(A) — h(A|A").

DerFiNtTION 3.2.1. If Z%, is the sphere in X with center x; and radius e, let
W.(AA’) denote the property that for every state x; of the discrete field A’ € D*(X)
the condition
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18 satisfied.

If the property W.(44') is satisfied, the conditional field A,, possesses a set
of states Z; C Z3;; obviously, we may consider Z; € 6., where 6. is any e-cover
of X.

DEeriniTION 3.2.2. The quantity H.(A) = inf I(4, A’), where the lower bound
is considered for all pairs AA’ for which the property W .(AA’) is satisfied for the
given A, is the discrete e-entropy of the field A.

TaEOREM 3.2.1. The discrete e-entropy H.(A) is equal to H(A) + K.(X).

Proor. (a) From the definition of H.(A) it follows that H.(4) = h(4) —
sup h(A|A’) where the upper bound is taken over all pairs AA’ for which the
property W.(A4’) is satisfied for the given 4 ; consequently, we must prove only
that sup h(4]4") = —K.(X). We shall prove that for any given probability field
A’ we may construct another probability field A° so that A(A4|A’) < h(4]49) =
—K(X).

(b) If 6. is any e-cover of X, Z; € 6. (1 <17 < mn), and z; the center of
Z(1 £ 1 < m), let us consider the probability field A’ with elementary events
z; and any arbitrarily determined probabilities P(z,), (1 < 7 < n). Obviously, if
p(zlz;) does not vanish only for z € Z;, the condition W.(4A4’) is satisfied. In
this case h(4|r;) < log u(Z;); h(A|A’) < Y71 P(x:) log u(Z;).

(¢) In the same conditions as above, if we consider p(x|z:) = 1/u(Z;) for
x € Z; and zero in the rest, we define the field A’ so that h(4|x;) = log u(Z.);

(3.2.2) h(A]|A") = él P(z:) log u(Z)).

(d) If 6 is any e-cover of X, Z; € 0., (1 < 7z < '), with all elements Z; of the
same u-measure defined by

(3.2.3) "= z P(z)u(Z:)

and n’ given by the entire part of u(X)/u, let us define the probability field A"’
with elementary events zj, (1 < ¢ < n’) the centers of Zj, and any arbitrarily
determined probabilities P(z7), (1 < 7 < n’). If we consider that p(z|zy) = 1/u
for z € Z; and zero in the rest, then obviously the condition W.(AA’") is satisfied
and

(3.2.4) h(A|zi) = logu; h(A|A"") = log u.

From the convexity of the function log 2 we obtain the inequality
(3.2.5) ﬁl P(z:) log u(Z:) < logu
so that h(4]A4") < h(4]|4") < K(A]|A"") < logu < log (u(X)/n').

(e) Let us consider any e-cover 8% of X, Z5, € 6%, (1 < i < ng = N.(X)), with
w(ZY = u(X)/no, (1 <7 < my), 29 the centers of Z9, (1 < 7 < ny), and P(z%) any
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arbitrarily given probabilities. We define the probability field A° by p(z|z?) =
1/u(Z9) for x € Z§ and zero in the rest. Obviously,

3.2.6)  h(A]49) = ;P(x?) log u(Z8) = 1og%() = —K.(X).

Because no < n’, it follows that h(4]4"") < h(A]4®) = —K.(X) so that
(3.27)  h(4|4") < h(4]A") < h(A]A"") < MA|A?) = —K(X).

Consequently, the upper bound of h(4]4’) for all A’ which satisfies the
condition W.(4A’) is equal to the upper bound of h(4|A%), that is to —K(X),
and our theorem is proved.

TrEOREM 3.2.2. Taking the upper bound for A € D(X) one has sup H(4) =
K{(X).

Proor. Analogously, as for the entropy, it is easy to see that the upper
bound of h(4) for A € D(X) is log u(X); from theorem 3.2.1 it follows that

3.238) sup H.(4) = log u(X) + K(X) = Ki(X).

Let us suppose that p(z) is a uniformly continuous function.

TrEOREM 3.2.3. For any ¢ > 0, for a given probability field A € D(X) which
possesses finite differential entropy h(A) there exists a discrete probability field
A. € DY(X) with states not depending on A, such that (a) the properly W(AA.) is
satisfied, (b) H(A) = H(A) + o(1), and (c) I(4, A.) = H(AJ) + o(1).

Proor. Let us consider any e-cover 62 of X, Zf € 6?2, (1 <7 < ny = Ne(X)),
with u(Z%) = u(X)/ne. We define the field A. € D%(X) with the elementary
events 23 (the centers of Z3) and Pa4,(z%) = Pa(Z%) = pau(ZY%), where

(3.2.9) p: € [inf p(x), sup p(x)],

and the lower and upper bounds are considered for z € Z}. We define the con-
ditional probability field (4]z3) by means of paa (z|z%) = 1/u(Z%) for x € Z9
and zero in the rest. Obviously, W.(AA.) is satisfied and h(A4|z%) = h(4|Ao) =
—K(X),

(3.2.10) H(4)

— 3 pu(@) log [pw(ZY)]

= — 3. (pslog pu(Z) + K(X)
= h(A) + K(X) + o(1).
Using theorem 3.2.1, (b) follows and
(3.2.11) I(AA) = h(4) — h(4|A) = h(4) + K(X) = H(4)
= H(A,) + o(1).

4. The differential entropy of stochastic processes

4.1. Generalities. Let us denote: (i) I = the set of all entire numbers; (ii)
I+ = the set of all natural numbers; (iii) (X., S, #,) = a measure space (r € I),
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z,€X,,Z. €8,;; (iv) a« CI = afinite set of |a| numbers 7; € I; (v) (X2, 82, u*)
= Xrea (Xry 8, p1e); (Vi) 2% = (Tryy Ty -+, Toi) = {25, 7 € @}, Z* € 8%; (vil)
a*=1—a, (Xa*’ ‘SM) = Xreet (X5, 8;); (viil) (X, 8) = Xser (X, 8,),z€ X,
ZeSs.

Let us consider that in the spaces X there exists a stochastic process A4, that
is, a consistent system of probability measures P*(Z<), and let us denote by P(Z)
the extension of the measures P2(Z*) in X.

We shall suppose that the measures P* are u*-absolutely continuous, and let
us denote by x*(z=) the probability density; we also denote by =!fle}(zf|z=) the
probability density of P (fla}(Z8|z=).

If |a|-f2(x) = —log m=(z*), it follows that |a|-Mf=(z) = h(A=) with A= =
[re(z2), X2, u=]. If an = [, t + n — 1], let us denote

pori(r) = wlttnlonl (g, |xan) = goma(gann)/qan(zen);
g (x) = —log p*(x); Bm = [t + m, t + n — 1];

4.1.1
e R ),
Bl - 042 (2) = —log mlentn)(zen|zhn).
It follows that
(4.1.2) |Bm| - Mol (x) = h(Aom|Am).
Let us also denote
(4.1.3) MNP(A) = ,l,l_I,I:. Mol (), tel,mel")

if this limit exists and is finite.

DEriNtTION 4.1.1. The limit h,(A) = limp—o nh(A*) (if 2t exists) is the
differential entropy of the process A at the instant .

In [14] are given different properties of h.(4).

4.2. The entropy stability.

DeriNiTION 4.2.1. The stochastic process A possesses (a) the weak, (b) the
strong, and (¢) in the norm the entropy stability property at the instant t, if fo(x)
converges to h.(A), respectively, (a) in probability, (b) almost everywhere, and
(c) in the norm in the Banach space L.

We shall denote these properties by E’(4), ¢z = 1, 2, 3).

TueEOREM 4.2.1. In order that the stochastic process A possesses the property
EP(A), it is necessary and sufficient that the sequence {g*(z)} satisfies the law of
large numbers, respectively in () the weak sense (1 = 1), (b) the strong sense
(z = 2), and (c) in the norm (i = 3).

The proof is the same as in ([14], theorem 1.2).

TurOREM 4.2.2. If one of the properties E{? (A), E{n(A), (m € IT) is satisfied,
then in order that the other property be satisfied also, it is necessary and sufficient
that the convergence of % (x) to M™(A) holds (a) in the probability (i = 1),
(b) almost everywhere (¢ = 2), and (c¢) in the norm (= = 3).
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The proof is the same as in ([14], theorem 3.4.).

DEFINITION 4.2.2. If the property E{°(A) is satisfied for all t € I, then the
property E®D(A) s satisfied for 1 = 1, 2, 3).

Obviously, from theorem 4.2.2 we may immediately obtain the necessary and
sufficient conditions for E(®(4), as in ([14], theorem 3.5). If A possesses only
discrete sets of states X, and finite H(4,), (¢t € I) (for example, if X, is finite,
(t € I)), from the property Ei’(A) for an arbitrary & € I, property E® follows
([7], theorem 3.2). In [14] are given different properties of Ef>(A).

DEeriniTiON 4.2.3. If hi(A) exists and has the same finite value for all t € I
and the property EV(A) is satisfied, then A s regular.

DeriNtTioN 4.2.4. If A, B are two stochastic processes, I,A, B) =
limgp—e 71 I(A2 B*) (if it exists) is the common quantity of tnformation of A, B,
at the instant t.

For a stationary A, we denote g.(z) = g*(x).

TrEOREM 4.2.3. In order that the stationary stochastic process A possess the
property EP(A), it is necessary and sufficient that the sequence {g.(Uz)} (U is
the shift operator) verify the law of large numbers, respectively in (a) the weak
sense (1 = 1), (b) the strong sense (i = 2), and (¢) in the norm (¢ = 3).

In ([14], theorem 3.9 and 3.10) are given different sufficient conditions for
E® (7 = 1, 3). Analogous results may be obtained for E®. (The particular case
of discrete sets of states was studied in ([2], [3]).)

b. The approximation of stochastic processes

5.1. Notations. Let us consider the sequence of measure spaces (X, S;, u.),
separable for the respective distances p,(z-, y.), and let us retain all the notations
in 4.1. Further, let p.(2%, y*) = max,cq p,(2:, ¥-); p(x, y) = sup.er p:(Tr, Y:);
D(X) be the totality of stochastic processes over (X, S); 6, 0, 6., be ecovers of
the spaces X,, X2, X, respectively. Obviously, 62 = X.cx0te 0 = X1 0}
that is, if i = {4, r€a}, 1 = {i,, r € I}, Z* € 6%, Z € 6., there exist = and
2 such that Z¢ = Zi. = X,euZi,, Z = Z; = X,erZi, Zi, € O0ne(r €I).

Let D%(X) denote the totality of discrete stochastic processes with states in
Z,(r €I). If Z«(xs,), Z(x:a), Z*(x;) are spheres in X,, X¢, X, respectively, with
centers xi,, T, 2; and radius e (for the distances p,, p*, p), obviously

(5.1.1) Z4(xw) = T>E<a Z4x),  Z4(x) = f>e<1 Z(xs,).

Let us denote by W.(AA') the property that for every sample z; of the discrete
process A’ € D¥(X) the condition P44'{Z(z:)|z:} = 1 holds; that is, the property
We(A2A'2) is satisfied for any o C 1.

5.2. The e-entropy of a sequence of sets.

LemMmA 5.2.1. The normed e-entropy K.(X=) is equal to 3_rca K(X,).

The proof follows from the definition of the distance p.(z?, y°).

DErintTiON 5.2.1.  The quantity K¢ (X) = limp—e n~1K(X*), #f it exists, is
the normed e-entropy of the sequence of sets {X,} at the instant t.
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DEeriniTION 5.2.2. If K, (X) exists and has the same finite value for all t € I,
then the sequence {X.} s regular.

5.3. The discrele e-entropy of a stochastic process.

DEeFiNITION 5.3.1. The quantity H,,(A) = limp—« n~1H (A*), if it exists, s
the discrete e-entropy of the stochastic process A at the instant .

We shall suppose that H,,.(A), h(4), K, (X) exist and are finite for a fixed
tel

TueoReM 5.3.1. The discrete e-entropy H. (A) is equal to h(A) + K, (X).

The proof follows from theorem 3.2.1.

TaEOREM 5.3.2. Let us assume that the stochastic process A possesses finile
differential entropy h(A), the property E(A), (i = 1,2, 3), and that the normed
e-entropy K. (X) exists and s finite.

Then, for any ¢ > 0, there exists a discrete stochastic process A € DY(X) with
states not depending on A, such that

(a) the property W (AA.) is satisfied;

(b) H;..(A) and H.(A.) exist, are finite, and H,(A.) = H;(4) + o(1);

(c) I(4,A) = H(A.) + o(1);

(d) A, possesses the corresponding property E®, (i = 1, 2, 3);

(e) if {X,} is regular, from the regularity of A follows that of A.;

() from the stationarity of A follows that of A..

Proor. (a) In every X, let us consider an ecover ). with Z € 6,y such
that u.(Z;) = uA(X,)/N«(X.). From the definition of p, it follows that in
this manner is generated an e-cover 67 with Zi = X.ea« Zi, and u*(Zf)=
ux(X2)/N (X=) for all 7=

Let us denote by zf, the center of Z;, and by zf- = {xf, r € a} the center of
Zs.. We define the probability field A € D°(X<«) with the elementary events zf
and
(5.3.1) Pag(zie) = Pas(Ziz) = pla-p(Zix)

where pi. € [inf p*(2#), sup p*(z*)], with the lower and upper bounds taken for
2% € Zia.

For any 7 € «, we define the union A.4 (c by means of the probability density
(532) pAflA(v)e(xflxir) = Ne(Xf)/l"r(X‘r)
when z, € Z;, (r € ) and by zero in the remainder, and the union A*4¢ by
means of the probability density

af palre — € — NG(Xa) — NC(X‘I‘)

(53.3) PAAS (x I.’L'ia) = flé[a pArIA(r)c(xr[xt,) = [.L“(X“) = TIEIa Il-‘r(X‘r)

for z¢ € Zj:, and by zero in the rest.
Obviously, the properties W(4,4 (), W(A2A2), and W (A A.) are satisfied.
(b) We obtain immediately, as in theorem 3.2.3, that
h(A%(xf) = h(A|AE) = —K(X*),
(5.3.4) H(A?) = h(4°) + K(X=) + o(1),
I(A=, A%) = H(AJ) + o(1).
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We obtain immediately the results (b) and (c) if we recall the definitions of
hi(A), Hi(Ao), Hi,((4), I(4, A0).
(¢) Obviously for z € Z%,

(5.3.5) fidxi) = —n7 - log Pa2(xi) = —n~t-log pi« + n 1K (X*)
—n~llog p*(x) + n~K (X)) + o(1)
—ntlog p*(x) + K.,(X) + o(1),

and consequently,
(5.3.6) Ji(zl) — Hi(A) = fi(z) — h(4) + o(1).

Because Py, is derived from Py, from E{P(A4) follows E{"(4.), (¢ = 1, 2, 3).
The results (e) and (f) follow immediately from the construction of the
stochastic process 4..

6. The approximation of stochastic transition functions

6.1. The metric space of stochastic transition functions

Let us denote: (X, 8), (X’, §') two measurable spaces;z € X, 2’ € X', Z € 8,
T € 8, R(X’, 8') the totality of probability measures P’(T) with the domain of
definition (X’, §), R(X, 8, X’, §’) the totality of stochastic transition functions
P(z, T) with the domain of definition (X, S, X’, 8').

If P’ and P; are elements of R(X’, '), let us denote by 8'(P’, Pi) the total
variation of P’ — Pj.

DeriniTiON 6.1.1.  If P and P are elements of R(X, S, X', 8') and if for a
gwen x € X we denote by P(z, -), Pi(x, -) the corresponding measures, elements in
R(X’, §"), we define

(6.1.1)  B(P, Py) = sup B'[P(x, -), Palz, -)] = _sup_ [P(z, T) — Pi(z, T)l.
z€EX 2EX,TES

DerINITION 6.1.2. (See [4].) The ergodic coefficient of P € R(X, S, X', §')
may be defined by

(6.1.2) a(P) =1— sup B'[P(z, ), Pz, -)].
z,n€X

Obviously, 0 < B(P, P;) < 1.

DerINITION 6.1.3.  Two stochastic transition functions P, P, € R(X, S, X', §8')
are mutually almost singular, if for each ¢ > 0 there exist some elements z. € X,
T.. € S’ such that P(xe, Ty.) < €, P1(xe, Ts.) < € where * denotes the complement.

Lemma 6.1.1.  (a) In order that (P, P;) = 0, it is necessary and sufficient that
P = Ps; (b) in order that 3(P, P1) = 1, it is necessary and sufficient that P, P,
be mutually almost singular.

Proor. The proof of (a) is obvious; therefore, we shall prove only (b).

Necessity. If (P, P1) = 1, for any e > 0 there exist some z. € X and some
T.. € 8, such that

(6.1.3) 1 — e < |P(z,, T2) — Pi(z,, T2)| < 1.
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From the equality

(6.1.4) P, T) — Pi(z, T) = —[P(z, T*) — Py(z, T*)]
it follows that we may limit ourselves to the case where

(6.1.5) P(z,, T;) — Pi(z, Tz,) <0,

80 that

(6.1.6) 1—e<1—¢+ Pz, Ts) < Pilze, Tz.);

P(xg, Tz‘) < Pl(xc, Tx‘) - 1 + € < €

that is Pz, T2) < ¢, Pi(ze, T7) < e

Sufficiency. If P and P; are mutually almost singular, for any ¢ > 0 there
exist some z. € X, T, € 8’ such that the inequalities in definition 6.1.3 are
satisfied, and consequently,

(6.1.7) 1—-2<1—¢e— Pz, Tz) < Pr(ze, T2) — P(ze, T2.)
< P],(xe, ng) < 1,

that is, (P, P;) = 1.

LEmma 6.1.2. If P and P, belong to R(X, S, X', §'), then |a(P) — a(Py)| <
28(P, P).

Proor. Let us suppose that a(P) < a(P;). Obviously

(6.1.8) |P(z, T) — P(z, T)| < |P(z, T) — Pz, T)| + |Pi(z, T) — Pi(2:, T)|
+ |Py(21, T) — P(xy, T)|.

Taking everywhere the upper bound for allz € X, z; € X, T € &, it follows
immediately that a(P;) — a(P) < 28(P, P;), which proves the theorem.

TueorEM 6.1.1. The space R(X, S, X', §') is a complete metric space for the
distance B(P, P,).

Proor. (a) The function B(P, P1) is a distance. The function 8 is symmetric,
and in lemma 6.1.1 we have seen that from 8(P, P;) = 0 it follows that P = P;.
Let us consider Pz, T) € R(X, S8, X', 8), (:=1,2,3) and |Piz, T) —
Pix, T)| = uij(z, T), ¢ =1, j=2;, 1=2, j=3; 1=3, j=1). From
w13 < Ure + usg, if we take everywhere the upper bound for r € X, T € 8,
the triangular inequality follows for 8.

(b) The space R(X, S, X', 8') is complete. Let P,(z, T'), (n € I'*) be a -funda-
mental sequence in this space, that is, 8(Px, Pn) — 0, (n, m — «).

(b)) From the definition of 8 it follows that the numerical sequence P,{(z, T),
(n € I) is fundamental for each pair of fixed elemenis x € X, T € §’, so that from
the completeness of the real line there exists a limit P(z, T) to which P,(z, T')
converges as n — o, From P,(z, T) € R(X, 8, X', §) it follows that P(z, T') €
R(X, 8§, X', §').

(bs) Because P,(z, T), (n € I) is a B-fundamental sequence, it follows that
for any fixed e > 0 we may find a number N = N(¢) such that S(P,, Pn) < ¢
for any m, n > N(e), that is, |P.(z, T) — P.(z, T), < eforallz e X, T € &,
and for all m, n > N(e).
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If m increases to infinity, from (b,) it follows that |P.(z, T) — P(z, T)| < ¢
for every fixed z, T with n > N(e); that is, the convergence of P, to P is uniform
with respect to all z € X, T € §' so that 8(P., P) < ¢ for n > N(e); that is,
B(P,, P) — 0; in other words, the space R(X, S, X', R’) is complete.

THurEOREM 6.1.2. For B-convergence, the ergodic coefficient is continuous; that is,
from B(Pa., P) = 0 as n — o 1t follows that a(P,) — a(P).

The proof follows from lemma 6.1.2.

THEOREM 6.1.3. The B-convergence is equivalent to convergence in distribution
uniformlyimre X, Te S

The proof follows from the definition of the distance 8.

6.2. The metric space of stochastic transition operators. Let us consider some
measurable space (X, S), and let us denote by Vx the Banach space of all real-
valued generalized measures x on the ¢-algebra 8, with norm ||u|| one half of the
total variation of u. Obviously, for any probability measure g, it follows that
llull = 3.

Let us consider (see [4]) the subspace Lx C Vx of all functions A € Vx for
which MX) = 0. In [4] it is proved that

(6.2.1) In] = sup A Z)|.

If P, P,e R(X,S, X', 8), it follows for any fixed z € X that P(x, -),
Pi(z, -) € Vx and »(z, -) = P(z, -) — Pi(z, -) € Lx so that

(6.2.2) llv(z, Ol = sup v(z, T)l,

and consequently,
(6.2.3) B(P, P1) = sup [v(z, )|
zEeX

DErFINITION 6.2.1. We define the stochastic transition operator Q which corre-
sponds to the stochastic transition function P(z, T) as a map from Vx to
Vxr: u' = Qu, by means of the equality

(6.2.4) W) = [, P, T) u(de)

withpeVx, W €eVx, TS

Obviously, Q is linear and continuous. If Gx is the subspace of all probability
measures in Vy, it is obvious that @ maps Gx into Gx’ and its norm is one. If
Q. corresponds to P; in the same manner as @ to P, let us consider the linear
continuous operator @ — @, which maps Vx into Lx'. We denote by N(Q — @)
the norm of Q@ — @, that is,

625)  N@-Q) = sup (1@~ Qull/ll} = 2 sup @ — Qul.
LemMaA 6.2.1. Forany u € Gx,if o' = Qu € Gx, p1 = Quu € Gx, the inequality

B, u) < B(P, Py) s satisfied.
Proor. From the definition of u’, ui it follows that for any 1" € §’,
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(62.6) |W(T) —m(D)| < fX |P(z, T) — Pi(z, T)| u(dz) < sup [v(z, T)|
z€X

so that

(6.2.7) 86, m) = sup [W(T) — (D) < _ sup _ Iv(z, T)|

= B(P, Py).
TaEOREM 6.2.1. The norm N(Q — Q) is equal to 28(P, P;).
Proor. (a) Let e,(Z), (x € X) denote the probability measure with e,(Z) =

1,if x € Z, and e.(Z) = 0, if x € Z*, so that e, € Gx for any fixed z € X. If
e; = Q.., it follows that

(6.2.8) T = [X Py, T) ex(day) = P(z, T).

Considering also the analogous relation corresponding to e, = Qie,, it follows
that

(6.2.9) [@Q — Qe l(T) = P(z, T) — Pu(x, T),

so that, using the definition of N(Q — @),

(6.2.10) N@Q — @) > 2-[Qe. — Quez|| = 2[jez — el = 2-[|v(z, -)|
for any x € X. This implies the inequality

(6.2.11) NQ-@Q)>2- sup @, ) = 2-8(P, Py).

(b) If u € Gx, then for any T € §’,
(6212) (@ — QI(D)| = | [ vz, T) (@) < [, sup lv(a, )] ulde)
= sup v(z, T)| < B(P, P).
zEeX

Obviously (@ — Q1) € Lx. Let us suppose that X'y, X" are respectively the pos-
itive and negative sets of a Hahn decomposition of X’ for the function (@ — Q1)u.
From the above inequality it follows in particular that [(Q — Q)u] (X%) <
B(P, Py). Consequently, it is easy to see that [(@ — Qiu] (X}) =
—[(@ — @)r] (X) = (@ — Q)u|l so that (@ — Qul < B(P, Py) for any
p€Gx and N(Q — @) < 28(P, P1), which proves our lemma. Obviously
N(Q — @) is a distance in the metric space of all probability transition operators.

6.3. Another expression of (P, P1). Let us consider the measurable space
X, 8).

DEFINITION 6.3.1. Between two measures, u; and us € Vx, there exists the
relation uy < pe if wm(Z) < u(Z) for any Z € S.

For p € Vx let us denote
(6.3.1) o(u, ue) = sup  p(X).

P pLp<p2

A. N. Kolmogorov pointed out ([4], section 1) that o(u1, p2) may also be de-
fined by
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(6.3.2) oz, ) = inf ig"'l min [w(Z2), u2(Z:)]

where the lower bound is taken over all possible finite covers 6 of X, and Z; € 6,
(1 £7<m < «). It isknown ([4], section 1) that {|u1 — wf = 1 — o(u, ma)-
If w=P, ), uw= Pz, ), we obtain [IP(x, ) — Pz, ')” =1-
o[P(z, -), P:i(z, -)] so that we obtain the following theorem.

TueoreM 6.3.1.  The following equalities hold:

(633) 6(P: Pl) sup ”V(xy ')”
zEX

=1 — inf ¢[P(z, ), Pi(z, -)].
z€EX

If X, X’ are denumerable sets with the states z;, (¢ € I), then P(z, T) and
Py(z, T) are given by means of the stochastic matrices @, @, with elements
Di.my Dhime

TuEOREM 6.3.2. The distance B(P, Pi) s equal to

(6.3.4) 8(P,P) =1— inf f;l min (pr.m ).

1<k<®o m=

Proor. It is easy to see [4] that the expression given by A. N. Kolmogorov
for o(u1, p2) does not change if we consider not only finite covers of X but also
denumerable covers of it.

Let us observe that the sum in this expression cannot decrease if instead of
the cover 8 we consider another cover ¢, finer than 6, that is, in which each set
in 8 is a sum of certain sets in ¢’. Because the cover 6,, each set of which contains
only one element Z; = x, is finer than any arbitrary cover 8, from the expression
of ¢ it follows that

(63.5) o({prn}, BER}) = 3 min (pem, pER).

From theorem 6.3.1, the desired result follows.

6.4. The discrete case. Here we shall prove theorem 6.2.1 using the definition
of B(P, P,) from theorem 6.3.1.

Let us consider [4] the linear space F of those infinite dimensional vectors
q = {¢i}, (¢ € I't) for which the sum of the components vanishes and the sum
of their absolute values converges. If U = {u;,;}, U, = {u{}} are some stochastic
matrices and ¢ € F, then Ug € F, U,g € F. Let us define the norm of ¢ by

(64.1) lol = = led =2 T @) = =2+ % (@)

where (a)* = max (a, 0), (a)~ = min (a, 0). Obviously, (¢ + b)* < (a)* + (b)*.
Let us denote

(6.4.2) 8(U, Up) = 1 — inf il min (s, uf?).
i j=

THEOREM 6.4.1. The norm N(U — U,) is equal to
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(6.4.3) N = U = sup 10Ul _ 5517 17y,
ek llall
Proor. (a) First we shall prove that the number on the left side is not greater
than the one on the right; for this it is sufficient to prove that for any ¢ € F,
[Ug — Ul < 2llgll-8(T, Uy).
(a1) If ¢ has only two nonvanishing components ¢;, = ||¢[l/2 = N\, ¢, = —],
using the same method as in ([4], p. 372) and the notation

(6.4.4) T =

=1 1Sma k=1

L

we obtain the inequalities
(6.45) (U — Ul

=2 2 [ga(wan — win) + galwin — ulb)]*
S22 lawee — ul)T = llgll X [(waa — wib)* + ik — win)*]

= llall 5, {[uae = min (e, wi)] + [ — min (uas, w)}

=11,12

=l =, [1 = £ min G, )] < 2lal-80, 0.

(22) If ¢ is any vector in F, it is easy to see that it may be represented as an
absolute convergent sum
(6.4.6) g= 2 q¥

i=1

of vectors ¢/ € F in such a way that each vector ¢ has only two nonvanishing
components, and also

(647) ol = Z llg®].

From (a;) we obtain the relations
648) (U — Ual < E WU = Tg®] < 28T, U - 5 0]

= 28(U, U1)|lqll-
(b) We shall prove the inverse inequality.

(b)) From the given definition of (U, U,) it follows that for any ¢ > 0 there
exist two different numbers 7;, 7; such that for I = 7, 7;, the inequality

(6.4.9) il min (u,, 7)) — [1 — (U, U)]| < e
=

is satisfied.
The existence of one value #; with the indicated property follows from the
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definition of the lower bound; in the case where another value 7, % #; with the
indicated property does not exist, we may use the following method. Instead of
the matrices U, U, with the states {x.}, (# = 1,2, - - ), we consider the matrices
T, T, with the states {&.}, ( =0,1,2, ---) where t;; = u.j b; = Unj,
Gi=1,2,--)te=0({=0,1,2, ---), and analogously for 7. Obviously,
B(U, U,) = B(T, T1); here 72 = 0 and 4; # 4, = 0 have the desired property.
Consequently, from the beginning we may suppose that U, U, possesses this
property.

(be) For a fixed vector ¢ which possesses only two components ¢, = ||¢]|/2,
¢i» = —@u, from the inequalities in (a,), using the inequality in (b), we obtain
(U — Unall = 2[lgll[B(U, U) — €], or

(6.4.10) NU-Uy) > ”(UTIU‘&” > 28(U, Uy) — 2,

and consequently, N(U — U,) > 268(U, U,).
THEOREM 6.4.2. The following equalities hold:

(6.4.11) N(U — Uy = 2-8(U, Uy) = sup kil i — .

Proor. We may observe that the next to last inequality in (b;) shows that
the upper bound in the last inequality in (b.) is attained for vectors ¢ which
possess only two nonvanishing components. If F, is the totality of these vectors,
it follows that

6412) (U = Ugll = llgl - Z, (s = wd)* + (it = us)?)
= llgll - X’ lure — ulil,
k=1
and consequently,

(6.4.13) sup I = Uyq| =28(U, U,)) =1 sup le luie — u¥)

U
[ IS ”qn 0,32 k=
=sup X |uix — ull.
i€l k=1

6.5. The approximation theorems of stochastic transition functions. Let us sup-
pose that P(z, T) € R(X, 8, X’, §), that 0 is a cover of X, and that z3 is an
arbitrarily fixed element in Z; € §. We define the stochastic transition function
Pi(z, T) equal to P(x%, T) for any z € Z; € 6.

LeEmMA 6.5.1. The distance B(P, P:) satisfies the inequality B(P, P;) <
1 — a(P).

Proor. One can write

(6.5.1)  B(P, Py) = sup |v(z, T)| = sup |P(z, T) — P(% T)|
< sup [P(z, T) — P(x;, T)| < sup [P(z, T) — P(z;, T)| = 1 — o(P)

where the first upper bound is taken for x € X, T € §’, the second for 7 € I,
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zx€Z, Te', the third fort€l,x € Z;,, 21 € Z;, T € §’, the fourth for z,
neX, Teds.

Let us consider that (X, S) is a separable metric space with the distance
p(z, z1), and P(x, T) is uniformly continuous in z € X, uniform for all T € §'.
That is, for any § > 0 there exists a number ¢ = ¢(6) > 0 such that

(6.5.2) |P(x, T) — P(zy, T)| < &

for all z, z; € X for which p(z, 1) < eand for all T € §’. If 6. is an e-cover of X,
Z5 € 0., x5 the center of Z3, (z € I), let us define the stochastic transition function
Pz, T) equal to P(zi, T) fora € Z5, i €I), T € §'.

TueorEM 6.5.1. For any & > 0, there exisis a number ¢ = e(5) such thai
B(P, P¢) < 4.

The proof follows from the first two equalities of the proof of lemma 6.5.1
letting Z; = Z5, 2% = 5, P, = P, if we observe that for all T € §', z € Zj,
1 € I, the following inequality is satisfied:

(6.5.3) |P(z, T) — P(a5, T)| <.

Here we shall study the simultaneous approximation of a probability field and
of a stochastic transition function which transforms it.

Let us denote by p(z, «') the conditional probability density of P(z, T); if we
consider also the probability distribution P4(Z) of the field A, then the con-
ditional distribution P4(Z|z’) of the field A, € D(X) is completely defined for
any z’' € X’. Let us denote by p(z|z’) the probability density of A,. By P4 and
P(z, T), a field B € D(X’) is completely defined also.

Let us denote by R*(X, S, X', §’) the totality of probability transition func-
tions with domain of definition (X, S;, X, S’} where X, is any discrete subset
of X.

THEOREM 6.5.2. Let us consider 6 > 0, A € D(X), P(z, T) € R(X, §, X', §')
uniformly continuous in z € X, uniformly for T € §'.

There exists a number e = €(d), discrete probability fields A. € D*(X),
(42)e € D(X), (2’ € X'), and a discrete stochastic transition function P(x, T) €
RY(X, S, X', 8') such that

(a) the properties W (AA.), W [Ax(Ar)e] are satisfied,

(b) if Q, Q. are stochastic transition operators defined by P, P, respectively, and
Pg = Q-P4, Pp. = Q-Ps. = Q.- Py, then

(6.5.4) 8'(Ps, Pr) < B(P, P < 5,

(¢) I(4, B) = I(4, Bo) + o(1).

Proor. (a) From theorem 3.2.3 it follows that for any 2’ € X’ there is a
discrete probability field (4,). such that the condition W .[A.(4.)] is satisfied.
Obviously, if 8. is an e-cover, then the states of (4.). and those of A, are the
centers z§ of Z; € §.. We may observe that xf does not depend on 2’ € X’. Let us
define the probability in (4). by

(655)  Pun@il) = ParZile) = [ pal') do = pia’)-w(z)
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where p;(z') is a number between the lower and the upper bounds of p(z|z’), for
z € Z;. Let us also define the union A4./(4.). by the density paju.e(z|z, ') =
pajaz|zi) equal to N(X)/u(X) for x € Z and zero in the rest, for any arbitrary
2z’ € X'. Consequently,

(6.5.6) Par e, 132") = pajuand(xlzs, ') - Pasdzilz’),

which is equal to p;(z’) for z € Z§ and to zero in the rest.
Obviously the condition W [A4.(A).] is satisfied. We also obtain

(6.5.7) h(Alzs, 2') = h(A|(42)e) = K(X).
If (t) = tlogti, then
(6.58) H[(Ax)] = — ; e[Punailz’)] = — Z," e[PundZilz')]

= T eln@ @] = — T olpie)]-u(2)
- 21: Pa(Zi|2') log u(Z3) = h(4») + K{(X) + o(1).
Let us consider the probability fields defined by
(659)  Ps(T) = [, Pa(ds) P, T),  Ps{T) = [, Pa(dz) Pz, T).

(b) From lemma 6.2.1 and from theorem 6.5.1, it follows that for any 6 > 0
there exists a number ¢ = ¢(8) such that g'(Ps, Pg) < B(P, P.) < 8, and con~
sequently, for any Z € 8, Pp.(Z) = Ps(Z)(1 4 o(1)).

(¢) Consequently,

(6.5.10) H(AJB.) = MpH[(Ax)] = MpH[(Az)](1 + o(1))

and using theorems 3.2.3 (b) and 3.2.1, it follows that I(4., B.) = H(4.) —
H(AelBe) = I(A) B) + 0(1)'

7. The stochastic complex source-channel

7.1. The differential entropy of [A, A]. The stochastic channel A is defined
by (a) the input-elements z, € X,, (r € I); (b) the output-elements y. which
form the measure space (Y., V,, »,), (r € I), (Yo», Vo, v) = X, o, (Y5, Vo, v1);
(Y,V)=X,er (Y, V,), where y»c Y=, y€Y; (c) the transmission law
which is defined by the probability density #%4(y*|x) (with respect to the »-
measure) of the realization of the element y* € Y* in the time a, =
[t,t + n — 1] by the output of the channel, if it is known that by the input,
z € X is entered.

In this manner, for any ¢ € I, n € I+, T~ € Vo the measure P§a(T*|z) is
defined, and consequently, their extension Pp4(Tl|z) for T € V, z € X. Let us
denote the channel defined in this manner by A = [X, Pgja(-|z), Y].

We shall use the ordinary concept of a nonanticipative channel with finite
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memory. A channel is stationary if 7%, (Uy*| Uz) = 7% (y*|z) for any yo» € Yo,
zeX,tel, nel* Here a, = {r,t + 1 <7 <t+n}, and U is the shift
operator.

If X, is simultaneously the set of states of the input process A and of the input
of the channel A at the instant 7(r € I), we may consider the composite process
AB with sets of states X, X Y, and also the output-process B with sets of states
Y.. In this case, let us denote by [A4, A] the complex of the input-process A and
the channel A. We also denote

93s(z, y) = gis(x, y) — g¥(x);  fis(z, y) = fis(e, y) — fE®),
Gas(z, y) = g2°(x) — gdie(=, ¥); @5(z, y) = fir(@) — féis(x, v).

DerinitioN 7.1.1.  The differential entropy of the complex [A, A] is the quantity
(7.1.2) h(A|B) = 31_{{10 n1h(Ao | Ben)

(7.1.1)

(i it exists). The rate of information transmission in the complex [A, A] is the
quanlity

(7.1.3) I(A, B) = lim n~t-I(A*, B*)

(if it exists)

Different properties of these concepts are given in ([8]-[11], [14]).

7.2. The entropy stability for the complex [A, A].

DeriniTION 7.2.1. The complex [A, A] possesses (a) the weak, (b) the strong,
and (c) the norm entropy stability (resp. information stability) at the instant t if
fais(z, y) (resp. Fas(x, y)) converges to h(A|B) (resp. I.(4, B)) respectively (a)
tn probability, (b) almost everywhere, (¢) in the norm in the Banach space L,.

We shall denote these properties by E{®(A|B), J’(4B), (: = 1, 2, 3).

THEOREM 7.2.1. In order that the complex [A, A] possess the property E{’ (A|B)
(resp. J{P(AB)), it is necessary and sufficient that the sequence {g%s(x, y)} (resp.
{G%s(x, y)}) satisfy respectively (a) the weak (i = 1), (b) the strong (i = 2), and
(c) the norm (¢ = 3) law of large numbers.

The proof is analogous to that of theorem 4.2.1.

DEFINTTION 7.2.2. If the property Ei’(A|B) (resp. J{’(4AB)), (1 = 1,2,3) is
satisfied for all t € I, then the property E(A|B), (J®(AB)) is satisfied.

As in the case of the processes (see 4.2), here also results may be obtained
concerning the existence of the properties E9(A4{B), J(AB) and also concerning
the stationary complexes [4, A], (see [8]-[11], [14]).

DerintTION 7.2.3. The regular set of sources Fa of the channel A s the tolality
of regular sources A with the same states X, as in the input of A at the same instant,
for which I,(A, B) exists, is finite, does not depend on the time, and satisfies the
property JV(A, B).

DEFINITION 7.2.4. The channel A is regular if it is nonanticipative and Fj is
not void.

DeriniTION 7.2.5. The regular capacity of the channel A is C = sup I(A, B)
where the upper bound is taken for A € Fa.
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8. The approximation of stochastic channels

8.1. The metric space of stochastic channels. Let us suppose that the non-
anticipative channel A with finite memory m is given by means of the measure
spaces (X, S;, ur), (Ys, Vi, v,), (r € I) and of the probability transition func-
tions Por(Xe» Te) € R(X%», S+, Ya Ve) where a, = [t,t +n — 1], a1 =
t—mt+n—1],¢tecl,nel").

Let us denote by R(X, S, Y, V) the totality of channels over (X, S, Y, V).

Derinrrion 8.1.1. IfA A € R(X, S, Y, V), and P#, P§ are the corresponding
probability transition functions (a C I), we define v(A, A)) = sup (P, PY),
where the upper bound is taken over all a C 1.

Lemma 8.1.1. If @ C ay, then (P, P5) < B(P*™, PP).

The proof follows immediately from the definition of the distance 8.

TreEOREM 8.1.1. The space R(X, 8, Y, V) is a complete metric space with the .
distance v(4, Ay).

Proor. The function y(4, 4,) is a distance because 8(P?, P%) is a distance
for any a C I. The space R(X, 8, Y, V) is complete for the distance y(4, A;),
because R(X%, 8¢, Y=, V=) is complete for the distance 8(P=, P%).

8.2. The approximation of the system (A, A). Let us consider a cover 6, of
X, Z;, € 0., and let z;, be any arbitrarily given element in Z;,, (r € I). In this
manner is also determined a cover 82 = X,g, 6, in X such that zi= = {x;,, 7 € o}
€ Zi € 6*. For any given channel A € R(X, S, Y, V) let us define another
channel A; by means of the probability transition functions Pf(z*, T) equal to
Pe(gpw, Te) for e € Zis, o/ = [t —m,t+n — 1], a = [t,t + n — 1]. If a(P)
is the ergodic coefficient of P*, let us denote o(A) = inf a(P*) where the lower
bound is taken for all A C I.

LemMA 8.2.1. The distance v(A, Ay) is less than or equal to 1 — o(A).

The proof follows from lemma 6.5.1.

With the hypotheses and notation of 5.1, let us suppose that P(z*, T?) is
uniformly continuous in z* € X%, (uniformly for all « C I, T* € V). Let us
define the stochastic channel A, by means of the probability transition functions
P2(z¥, T*) = Pe(xfw, T*) for 2* € Zi. From theorem 6.5.1 follows immediately
theorem 8.2.1.

TueoreM 8.2.1. For any 6 > 0 there exists a number ¢ = €(8) such that
v(A, Ae) < 8. Let us denote: RYN(X, S, Y, V) the totality of stochastic processes with
domain of definition (X1, S, Y, V) where X, is any discrete subset of X; C. =
supae [.(A,, Be).

TraeoREM 8.2.2. Let us consider (1) a stochastic process A € D(X), which
possesses finite hy(A) and the property E{’(A); (2) a stochastic channel A €
R(X, 8, Y, V) which is defined by uniformly continuous P(z®’, T%) (uniformly in
a C I, Te € V%), and possesses finite h(A|B) and the property E{’(A|B) (resp.
1.(A, B) and J{(A, B)).

For any given & > 0, we may determine a number ¢ = €(8) such that

(1) there exists a discrete stochastic process A. € D°(X) with finite entropy
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8.2.1) H(A) = h(A) + K, (X) + 0o(1)

and the property E (A.), (i = 1,2, 3);
(2) there exists a discrete stochastic channel A, € RY(X, 8,Y, V), such that if
connected with A., there exists finite

(8-2-2) H;(AIB) = ht(A[B) + Kt,e(X) + 0(1))

and the property E{®(A|B), or respectively, 1.(A., B.), J*(4, B), (¢ = 1,2, 3);

(3) the property W(AA,) is satisfied, and v(4, Ae) < §;

(4) from the regularity of {X.}, A, the same thing follows for A;

(5) from the stationarity of A the same thing follows for A;

(6) T.(4, B) = I(A, B) + o(1);

7) C=C.+ o(1).

For the proof we may use the process A. constructed in theorem 5.3.2 and
the channel A, constructed in theorem 8.2.1; the proof runs analogously to that
of theorem 6.5.2.

9. The basic theorems of Shannon type

We shall suppose here that {X,} is regular.

TueoreM 9.1. Let us consider (1) a regular channel A with uniformly con-
ttnuous probability transition functions, with continuous input sets of states, with
Jinite memory, and with finite regular capacity C;

(2) a regular process A with continuous input sets of states and nd) < C.

For a given & > 0, if we determine ¢ = €(3), je, A, as in theorems 5.3.2,8.2.2,
obviously W(AA.) is satisfied and v(A, A) < 8. If

9.1.1) HA) = hA) + K(X) < C + 0(1),

then concerning the possibility of transmission of the production of the process A.
through the channel A, with the error probability not greater than a given \, the first
basic theorem of Shannon type is true ([14], p. 243).

If X,, the sets of states of A are totally bounded, then A, has at each instant
a finite number n, of states. Let

— n—1
9.1.2) K.(X) = lim sup n—‘k_zo log 7ty

TaEOREM 9.2. Under the conditions of theorem 9.1, if the sets of states of A are
totally bounded and K.(X) < », then concerning the possibility of the choice of a
code such that the transmission rate in the system [J,, Ac] s as close to H A) =
h(/i) + KG(XO' ) + o(1) as one wishes, the second basic theorem of Shannon type is
true ([14], p. 244).

The proofs of these two theorems follow from the fact that 1{“ A, verifies the
conditions of the basic theorems in ([14], pp. 243—-244).
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