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1. Introduction and summary

The main result of this paper, theorem 4, is that there exists an infinite
sequence of binary digits which can be used to generate sliding parity check
codes for the binary symmetric channel (BSC), and the error probability for
such codes is close, in a certain sense, to minimum unformly in all of the param-
eters: block length, probability of error for a single digit, and rate not too much
less than capacity. This result is obtained by studying the metric structure which
can be required of codes, and then relating this to the error probability. The
paper is essentially self-contained.

Let B* be the set of 2" ordered n-tuples from B = B! = {0, 1} where an ele-
ment of B is called a binary digit or bit. For any n = 1 we define a metric on

B* by ab = the number of coordinates in which a and b differ. An n-code C, is a
nonempty subset of B*; an element ¢ & C, is called a codeword. A code is any
set which is an n-code for some n. The code C,, in a sequence of codes Cy, Cs, - - -
is always an n-code. The probability law of a BSC is defined as follows: for each
a € B~ there is a probability distribution on B given by

(1) P{bla} = prqn—-Tb,

where 0 < p < 1/2and ¢ = 1 — p. A statement which is made for all p means
for all p such that 0 < p < 1/2. Here P {b|a} is the probability that the channel
output is b given that the channel input is a. When n = 1 we have P{0|0} =
P{1]1} = q, P{1|0} = P{0|1} = p so that the probability p of an error in a
single digit does not depend on what that digit is, hence the ‘‘symmetric”
designation.

A decoder for an n-code C, is a set D of disjoint subsets of B* and a 1 to 1
correspondence between C, and D. Assume for the moment that the elements
of C, and D are ordered by indices so that C,, = {c, -+ - , ¢sf, D = {Dy, - -+, Dy}
and ¢; corresponds to D, under the 1 to1 correspondence. In application, the
sender and receiver first decide on C, and D and then use these repeatedly. The
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sender feeds a ¢ € C,, into the channel and the receiver observes b & B» at the
output with probability

(2) PG,

If b € D, then the receiver decides that ¢, was sent. Thus the probability that
the receiver makes an error, if ¢ is sent, is P{Df|ci}. Let

3) ep(C») = min max P{Dg[c:}.
D k

Thus e,(C,) is the smallest probability of error that can be guaranteed for all
codewords of C, if a best decoder, for this purpose, is used and the probability
of a single digit being received in error is p.

The rate R, = R(C,) of an n-code C, is defined by R, = (1/n) log (the number
of codewords in C,), where all logarithms are to the base 2, so that C, has 2-
codewords. The function H(x) = —z log z — (1 —z) log (1 — x), H(0) = 0,
H(1/2) = 1, is restricted to the interval 0 < z < 1/2 so that it is continuous
and strictly increasing and has a unique inverse. The well-known channel
capacity for the BSC is 1 — H(p).

One of the results obtained is an upper bound for e,(C,). The decoder used
for this purpose associates to c, the set

4) Dy, = {blexb < nps and cxb < ¢;b for all j = k},

where p, is defined by R, = 1 — H(p,). Thus D; consists of those b, within a

sphere of radius np;, of ¢, which are strictly closer to ¢; than to any other code-
word. Note that this decoder depends only on C, and not on p. Clearly these D,
are disjoint, so that

(5) e(Ca) = m;’;LX P {Dglcx} .

In this notation Shannon’s coding theorem for the BSC is

TeEOREM 1. (a) Direct half: For any p and R satisfying 0 < B < 1 — H(p)
there exists a sequence of codes Cy, Cs, - - - such that R(C,) — R and e,(C,) — 0.

(b) Converse half: For any p and R > 1 — H(p), if C1, Ce, - -+ is a sequence
of codes with R(C,) — R, then e,(C,) — 1.

Our concern is only with the direct half of the theorem. Now e,(C,) can be
made to go to zero exponentially and the best exponential error rate is known
for a certain interval below capacity. Theorem 2 gives a lower bound for the
limiting behavior while theorem 3 states that this lower bound is attainable, in
the limit, for a certain interval of rates below capacity. This interval is given by

Y-
-H —L) R=1-H@) <1- Hp),

(6) 1 (\/5-{-\/5 < (@) < (»

where

o Vp 1

_vp __1
P<Vp+vy 2

so that the interval is always nonempty. The parameter p’, defined in terms
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of R, is a useful one for the statement of the result. For later convenience the
sequence of codes in theorem 3 starts with C,.

THEOREM 2. For any p and R satisfying 0 < R =1 — H(p') <1 — H(p),
if Cy, Ca, - -+ 15 @ sequence of codes satisfying R(C,) — R, then

(8) hmmf( )logep(C) =ZH@)+p'logp+ (1 —p)logg <O0.

TueoreM 3. For any p and R satisfying (6) there exists a sequence of codes
Cy, Cs, - - - such that R(C,) — R and

©®  lim (,—ﬁ) log e5(Cs) = H(@') + p'logp + (1 — p') log g < 0.

If fi(p) = H®') + p' logp + (1 — p’) log ¢, then f(p’) = 0 and [the natural
logarithm of 2][(df)/(dp)] = (p’ — p)/(pg) > 0if p < p’. Now H(p) < H(p') in
theorems 2 and 3 and this implies that » < p’ so that f(p) < 0 as stated.

Our interest is in theorem 3 and in certain ways that the sequence of codes
Cs, C3, - - - can be restricted and still make theorem 3 true. A restricted class of
codes of interest is the parity check (PC) codes. Given an integer » and a num-
ber R,,0 < R, < 1, such that nR, = k is also an integer, an n-PC code C,,
with rate R, is an n-code which can be generated from some matrix a;,
i=1+-,n—k;j=1,---,Fk; where each a;; € B. The 2* codewords of C,

are generated as follows: given any (b, ---, bi) € B%, extend it to B by
determining bgyy, -+« + , ba from
k
(10) bk+,-=2a,~jb, i=1,---,n—k
i=1

where mod 2 arithmetic is used, that is, 0-0 =0-1=1-0=0,1-1 =1,0+4
0=14+1=0,04+1=1+40 = 1. The codewords of C, are the 2* n-tuples
(by, -+ - , b,) obtained in this way as (by, - - - , bx) ranges over B*. A special class
of PC codes is sliding parity check (SPC) codes. If the generating matrix of an
n-PC code satisfies a;; = @41, Where ay, - -+ , @, is a given sequence, the
resulting code is an n-SPC code. Thus, any binary sequence @y, - - - , @, deter-
mines an n-SPC code for every rate R, = 1/n, -+, (n — 1)/n.

Theorems 2 and 3, and the fact that theorem 3 remains true if the codes are
required to be SPC codes, were proved by Elias [1], [2], who also obtained
bounds on the probability of error. Proofs of theorems 1, 2, 3 and a modified
form of Elias’ proof showing that theorem 3 remains true if the codes are required
to be PC codes can be found in Feinstein [3].

The advantages of using PC codes in the physical implementation of the
coding operation are fairly obvious. An n-SPC code requires only the storage
of (n — 1) bits, an n-PC code requires only the storage of (1 — R,)nR.n < n?/4
bits, and a general n-code requires the storage of n2+~ bits. If R, is, say, 1/2,
and 7 is moderately large, say 100 or 1000, then a general n-code would require
an astronomical amount of storage, while an n-SPC code requires only a reason-
able amount of storage, and some simple algebraic computations when in use.
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Thus the implementation of the coding operation for an n-SPC code, once
a, * * + , Gn—1 have been obtained, seems to be feasible for moderately large n; how-
ever, the exhaustive method of examining all 2"~ such sequences of a1, + + + , @n
and then selecting the best one, is clearly not a workable method for finding a
satisfactory ai, - - - , @s—1. Very little is known in this direction.

Now to say that theorem 3 remains true when the codes are required to be SPC
codes means that for every p and R satisfying (6) there exists a sequence
ds, ds, - -+, where d, € B*!, such that the corresponding sequence of SPC
codes satisfies (9) and R, — R. A natural question to ask is whether there exists
one infinite sequence @ = (a, @z, - - ) such that we can let d, = (a1, - - - , @n).
It would be better yet if this same a could be used for all p and R satisfying (6).
This will be shown to be true (theorem 5). From a practical point of view this
fact still leaves the concern that any such a might produce only terrible codes
for moderate n. Thus what we do (theorem 4) is prove that there exists an «
such that any SPC code C, constructed from it has its e,(C,) bounded above
by a certain simple function of n, R,, and p; and this bound has the obvious
desired asymptotic behavior for any R, p satisfying (6). To the extent that the
error bound is satisfactory, and assuming that the restriction on R. is not objec-
tionable, the result says that there is one o which can be used to design satis-
factory SPC codes for all parameter (n, R., p) values for the BSC. Unfortunately,
we cannot exhibit such an a.

The method of proof has several advantages in addition to being fairly simple
and making the results more transparent. For one thing, if a particular n-PC
code C, is being considered, one can compute a certain function, Ny, and then
immediately obtain a bound on e,(C,), and also immediately make statements
like the following: “Regardless of which codeword c¢ is the input, the receiver
will not make a mistake if ¢b < 34, where b is the received n-tuple; also, the
receiver will make a mistake in at most 2 per cent of the cases where cb = 41.”
The more usual, and much longer, computational approach is first to get all of
the data similar to that in the previous sentence, and then compute e,(C.).
Statements like the quoted one are particularly powerful in that they don’t
depend on the probability law of the binary channel and so have some use even
when the errors are dependent and nonstationary.

Let B be the class of infinite sequences a = (a, as, - - -) where each a; € B.
Let Q be the probability measure on the usual o-field of subsets of B which
makes the coordinate random variables independent and uniformly distributed,
that is, Q{aja, = af, az = a3, -+ , @, = ap} = (1/2)~. The principal result is

TuEOREM 4. For any B8 > 1 there is a set Bs C B with Q(Bg) = 1 — (1/8)
such that for every a = (a1, @s, « - +) & Bgthe following ts true: For any p, R., n = 2
such that nR. is an integer and

\/
11 l—H(?L—_><R,,=1—H;<1—H ,
(11) v+ va (pr) (P)

the n-SPC code C, with rale R, which is generated from ai, - , an—y Satisfies
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1 1 q8
bt . \ < = o
(12) Iy log e,(C,) = " I:log (p 2) + 5 log n]

+ H(pn) + prlogp + (1 — pa) logg.

Q{Bs} > 0 so that Bs is not empty; and since the first term on-the right
side of (12) goes to 0 as n goes to infinity, such a sequence of codes satisfies
theorem 3.

By taking 8 = 2,3, --- and letting ¥ = U, B, it is clear that theorem 4
immediately implies

THEOREM 5. There is a set F C B with Q(F) = 1 such that for any o =
(a1, @z, -+ +) € F, and any p, R satisfying (6), the following is true: If {R.} is a
sequence of rates with R, — R, and {nR,} is always integer-valued, and C, is the
n-SPC code of rate R, generated from (as, - - - , an_1), then (9) holds.

Thus if an o € B is selected at random, according to the @ distribution, then
with Q-probability 1 it will generate an asymptotically optimum sequence of
SPC codes for every p, R satisfying (6). However, Q(F) = 1 implies that there
is at least one « € F with only, say, one 1 in its first 1000 coordinates, and it is
easy to show that the n-SPC codes such an « generates for n < 1000 are usually
terrible. Such possibilities make a result like theorem 4 more useful than theo-
rem 5.

2. The existence of codes with certain metric properties

It is intuitively reasonable that a code whose codewords are far apart should
be a good code. Given an n-code C. = {ci, -+ - , ¢,} and an integerd, 1 < d < n,
let Nai(cn) equal the number of codewords whose distance from codeword ¢, is d.
The existence of codes with specified upper bounds for Na(e,.) will be proved,
and then, in lemma 3 and the proof of theorem 4, such bounds will be converted
into upper bounds on e,(C.).

There is a simple way to guess at the nature of the bounds that can be
obtained for Ng4(cn). Say that we wish to construct an n-code with rate R,,
and attempt to do so by selecting 2E» elements of B» at random. If ¢, is the

mth codeword selected then there is probability (Z)(l /2" that any particular

one of the 27B» — 1 other selections will result in a codeword at distance d
from ¢,.. Thus the expected number of codewords at distance d from ¢. is about

2"'1‘"(7;)(1 /2"), and this is the form of the bound that we will obtain for Na(cnx).
Define p, by R. = 1 — H(p,); then an elementary fact, lemma 4b, implies that

(13) onR, <3> 1 _ 2[H<d/n)—H(p',)n1,

n =

and by use of Stirling’s formula this can be converted into an approximate
equality for large n. This indicates that the parameter np; may be interpreted
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as the distance d at which N4(c») becomes significant, if the code is selected at
random.

One of the nice properties of PC codes is that if C, = {¢1, -+ , ¢} is an n-PC
code then Ni(c.) is independent of m. In order to prove this, define the weight
w(b) of an element b &€ B to be the number of coordinates of b which equal 1.
Ifb= (by -+ ,bs) and b’ = (b1, - - -, by) are elements of B* then let b + b’ =
(b1 + b1, -, bs + bs) where the addition is mod 2. Clearly there will be a con-
tribution of 1 to w(b + b") from the sth coordinate of (b + b’) if and only if
b; # b}, so that bb’ = w(b + b’). Thus N4(cm) equals the number of times that
w(en + ¢) equals d when ¢ ranges over C, precisely once. Now let C, be an n-PC
code of rate k/n generated by a matrix a,;. Clearly 0 = (0, ---,0) € C, and
Ni(0) = N; = the number of codewords of weight d = the number of times that

k k
(14) w (bl, ey by 2 aby, e, 2 a,._,,,,-b,-)

=1 =1
equals d, as (by, - - - , bx) ranges over B* precisely once. Let ¢, be a particular

codeword generated by, say, (b1, - -, bz), then N4(cn) is the number of times
that

k k
(15) w (bl + b1, oo+, b + by, 2:1 ayb, + Zl aby, -,
1= J=
k k ,
Z an—k,ij + Z an-—k.ibl)
i=1 i=1

k k
=w (bl + b{: crey b+ bi; Zl a1;(b, + b;)y T Zl @i, (b; + b}))
1= J=

equals d as (by, - -+ , bi) ranges over B* precisely once. However (by + b3, - -,
by + bi) ranges over B* precisely once if (by, - - - , by) ranges over B* precisely
once; 50 that Na(cm) = N4 We henceforth restrict ourselves to SPC codes and
we will work with N, although some of the results, for example, lemma 3, can
be applied to any code.

Lemma 1. For any B, n, k, d satisfying 8 > 1,n 22,1 £k <n 1=d=n,
there is a set Bg(n, k, d) C B with Q{Bs(n,k,d)} = 1 — (1/8) such that for any
a = (aj, as, -+ +) € Bs(n, k, d) the n-SPC code of rate k/n which is generated from

@y, * Qo Salisfies Ng < 62""‘(2).

Proor. Let 8, n, k, d be given and let by, -+, by, di, -+ , @1 be random
bits, that is,

1 ntk—1
(16) P(El = bl, e ,Bk = bk, QG =a, " ,0,1 = an—!) = (5)

for any bits by, -+ , by, @1, * + * , @-1. Define the random variables biy1, - - -, ba
just as in the definition of an SPC code, that is,

an bitr = @by + @rpabs + « -+ Grpraby, 1=sr=n-—k
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Now let b = (by, -+, bx), B’ = By, -+, ba), and 0 = (0,0, -- -, 0). Clearly
P{ =0|b =0} = 1.

We first prove

() If 0 # b & B* b’ € B~* then P{b' = b'|b = b} = 1/2~*. That is, if we
are given b = b £ 0 then by, ---, b, are random bits. Fix b > 0 and let
P’{-} = P{-|b = b} be the distribution conditioned on b = b. Thus we wish to
prove that P’{}’ = b’} = 1/2** for all b’ € B~*. Let b; be the last coordinate
of b which is 1, so that b; = 1, by = +-+ = bp = 0, and

(18) bryr = @by + Grpabs + -+ ¢ + Grpisbia + Grpiare
Now
(19)  P'{biys = bigila = @y, - -+, G1 = a1}

=Pab+ -+ + @b+ G =bipldi =@y, -+, G = @) =
for any bits bj41, a1, - - - , a1_1, because the addition is mod 2. Thus P/(beyr = 0) =
P'(bxsa = 1) = 1/2 and in order to prove (i) it will be enough to show that

(20) P'Gutr = bhaafBiss = b, -+, Brprs = blari} = 3

forall’ € B~*and allr with 2 < r < n — k. But D41, - -+, beyr are functions
of only @, - -+, Giyre SO that it is enough to show that

DO | =

(21) P'{biyr = biyr@i = au, -+ + , Gryr—2 = Gupr_af = %
for all bits bf4,, a1, -+ + , @1yr—2 and all r with 2 < r < n — k. But this is clearly
true from (8) so that (i) is proved.
Clearly (i) implies that
1

22) P{E,b) = 0} = 5
(23) P{B, ) = &, b))} = —21— it b 0.
If T, = w[(, ---,b,)] then

- n\ 1
(24) P{T. =d} = (d) o
because P{b; = by, ---, b, = b} = 1/2 or 0, for any (by, ---, b,) with
wl(by, -+, ba)] = d. Let A§ C B~ consist of those a such that
(25) P{T. = d|a = a} = BP{T. = d},
where @ = (@, * - - , @n-1), SO that

(26) P{T.=d} = P{T.=dlacC AgP{a € A5} 2 BP{T. = d}P{a € A}}

hence P{Gd € Af} < 1/8. Thus there exists a set Ag C B~ such that
P{a € Ag} = 1 — 1/8 and such that
1

27) P{T, =da = a} SBP(T.=d} < 3<3) 1
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for all a € As. But this is just the conclusion of lemma 1 with Bg(n, k, d) = the
set of o’ = (ay, @y, -+-) € B such that (ai, - -+ , a.—1) € Ag; because, if we take
such an o’ and generate the n-SPC code of rate k/n from it, then

(28) P{T, = dla = g} = 32

so that lemma 1 is proved.
LemMA 2. For any B > 1 there is a set By C B with Q(Bg) = 1 — (1/B) such
that for every o = (ay, @z, - - -} € Bgthe following is true: For any n, k satisfying 1 <

E £ n,n = 2, the n-SPC code of rate k/n which is generated from ay, @s, + + - , Gny
satisfies
(29) Ni < Bni2e—n (Z) foralld, 1 <d < n.
Proor. TUsing lemma 1, let
(30) 02 kﬂl ﬂ Bgw(n, k, d)
so that
1

Bl QBe)z1—-X 2 L QBsmnkd]lzl—2X 33—

n k4 n & 4 Bn

- 1 ) o

= _— 2 _——
n§2 B - B

and lemma 2 is proved.

Given an n-code C, let M; = the number of b € B* such that w(b) = d and
such that there exists a ¢ € C, with bc £ d. Recalling the decoder definition (4)
and assuming d < npj, for the moment, we see that M4 equals the number of
b € B, of weight d, which will not be decoded as 0. Let V,(d) = the volume
of a sphere of radius d in B», that is,

. (n
(32 @ = £ ()
k=0
Lemma 3. Let C, be an n-code such that for alld, Na £ A (3) Then for all d,

Ma< A ( ) V().

Proor. Let b;; be an indexing of all the elements of B" such that
(33) w(bs) = 1, i=o,1,-.-,n;j=1,2,---,(:.’)-
Let S(x) = 1for 0 £ z £ d, S(x) = 0 otherwise, where d is fixed. Let

)
(34) ei; = kgl Slw(bar + b))

and notice that e, is independent of j. This is intuitively clear from the geometric
interpretation and may be proved by observing that w(ba + b;,) is invariant
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under a simullaneous permutation of the coordinates of both bax and 0. In the

summations the range of ¢is 0, 1, -+ -, n; the range of jis 1, 2, - - -, (?), and
. n
the range of kis 1,2, - - -, (d)

Let 8; = 1if by € C, and 0 otherwise, so that N; = ¥; 8, < 4 (’;) Now if
there is a ¢ € (', such that cby < d, then
(35) = % Stuwlba + bi)ls,
v J

will be = 1 so that M4 £ the summation over k of (35). Interchanging the order
of summation we have My < 3>, ¢;;8;;, but ¢,; is independent of j, so that

(36) j‘[d § Z Cij Z 5;j _S_ A Z (f) Cy = A Z Z €ij
AX L ‘; S{w(bar + bij)].

But (bar + b:;) ranges over B* precisely once as 7,j cover their range so that
(37) 2 2 S[wbar + bi)] = 2 2 S[w(biy)] = Vald)
i g 1 g

and lemma 3 is proved.

3. The proof of theorem 4

Now theorem 4 follows quite directly from lemmas 2 and 3 but before proceed-
ing to the proof we collect together some needed analytical details in

LemMa 4. (a) If P{S. =d} = <Z>pdq""d and np < d £ n then

1 d d d
(38) n logP{S.2d} £l (7—]> + - log p + (1 - ;) log q.
(b) If 0 £ d < n/2 then
1 d
Zlog V @\,
(39) - logV.(d) = H (n)
(¢) If 1 £d £ n/2 then
(40) V.d) 2 (% - 1) Vad — 1).
Proor. (a) If t = O then
(41) P{S, —d =2 0} £ EetS—d = ¢~tdg!S» = fr(t)
where f(f) = exp [— (d/n)t](pet + q). Setting df/dt = 0, the solution ¢ is given by
d/n q
f0 - — L — L
42) e T—dinp >1

and part (a) follows by evaluating f(t).
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(b) If ¢ = 0 then

43) > ()= Z,(0) e - e

k=0 k=0

where ¢(t) = exp [t(d/n)][1 + exp (—¢)]. Setting dg/dt = 0, the solution f, is
given by

(44) eu=(—’;—1;1

and part (b) follows by evaluating g(t,).
(¢) From Feller [4], p. 140, (3.6) with p = 1/2, it follows that

n n—d+ 2
(45) Imd’né(d—on—2w+3
so that
n n'
_Vad)  _ _Lﬁ__ (J n—2d+3
) ve-n-'tve-p='t

< n )n—d+2
d—1

n—d+1n—2d+3_1+n—d+l(1_ d-—1
d n—d+2 d n—d+ 2

1+

n—d+1(, __ d a1
1+ (1 n—d+1>_ e !

and lemma 4 is proved.

Proceeding to the proof of theorem 4 we wish to exhibit a Bg, and naturally we
use the Bs whose existence is guaranteed by lemma 2. Let a = (a1, as, - - ) € By,
n=21=ZnR, =n[l — H(py)] =k < n, and let C,, be the n-SPC code of rate
k/n which is generated from a;, - - - , @._1. Let p, p; satisfy (11) so that p < ps <
Vp/(Vp + Vq), and let r be the unique integer such that
_Vp 1
Vp+ Vg 2
Label the codeword 0 by ¢; and let D; be given by (4) so that

v

/_l T <

(48) PDI0} S ¥ Map'g— + P{S. 2 r + 1)

and from lemmas 2 and 3

(49 P{DIO} = prg-uotn & (g) P—iVa(d) + P{Ss = r + 1}.

Now, N4(cm) is independent of m, and lemma 3 can be applied to ca, as well as

to 0, so that the same bound holds for P{D}|c.} and hence for e,(C.). If
1 £ d £ r then from lemma 4(c) and (47).
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(5) per.@

(S )3 )2 () e
g\ d r q

so that the terms in the summation are increasing and since there are at most n/2
of them we get

6D e(C) S § wreon (V) V) + PSaz 4 1)

But 2-H#®»V, (r) £ 1 by lemma 4(b) and (47) so that using P{S,
P{S, = np, — 1} we get

(52) e,(C.) < gnap{s,, > npl — 1).

(50)

v
3
IIA

Now lemma 4(a) and H[p, — (1/n)] £ H(p;) imply that

(53) }l log ,(C.)

1, 8 r_ 1 r_ 1 PR ¢
énlog2n5+H(m n)+(pn n)logp+(l pn+n)logq
g%loggn5§+H(p,’.)+p,’.logp+(1—p;)logq

and theorem 4 is proved.
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