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Abstract. If M is a Riemannian space we denote by g its Riemannian
metric and by V its Riemannian connection. Additionally we assume
that M admits a non-symmetric metric connection V*. Let C': 2* =
z'(s) be a curve in M,,(V,g) parametrized by the arc length. This
curve can also be considered to be in M, (V*,g). Using the normal
curvature of C' in M,,(V*,g), one can obtain the asymptotic lines of
M, (V*,g).

A curve in a hypersurface is defined to be an asymptotic line if the nor-
mal curvature along the curve vanishes identically. Here we investigate
the special nets which are formed by the tangent fields of asymptotic
lines in M, (V*,g) from that of the nets in M,,(V,g) and by using the
coefficients of V* and V.

1. Introduction

Let M be an n-dimensional Riemannian space having a symmetric connection
V and let us denote by g,; and { jik } the metric connection and the Christoffel
symbols formed with the help of g;;. Such a Riemannian space will be denoted
by M..(V,g).

Let v* (r = 1,2,...,n) be the contravariant components of the n independent
T

vector fields ¥ in M,, which satisfy the condition gijvifuj =1.
T T T

Following [1], we defined the covector ficlds v satisfying the equalities

vi@jzéé, vi%jzdf iL,5,rp=12...,n. (1)
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A set of n linearly independent vector fields Uy U defined on an
n

n-dimensional Riemannian space is called a net and will be denoted by
9(11),12), ...,v) [2].
The net € in M, is said to be a Chebyshev net of the first kind if every vector

field belonging to € is translated parallely along the integral curves of the
remaining fields of the net [2].

If for a fixed r, the condition V[k{;j] = 0 holds, 8 is said to be a metrically
r-Chebyshev net where the bracket indicates the antisymmetrization. If this
condition holds for all » = 1, 2,.. ., n the net is named to be strongly metrically
Chebyshev net. If the net 6 satisfies the condition ), V[i{;j] = 0, such a net is
called a equidistant Chebyshev net [2].

2. On a Type of Non-Symmetric Metric Connection on a
Riemannian Space

Let M be an n-dimensional differentiable manifold of class C'* with metric
tensor g. Let V be the Riemannian connection of A{. This space is denoted
by M,.(V,g).

In [3], the author refers to connection which is not symmetric with respect to
its subscripts as non-symmetric connection. In this paper, we study this non-
symmetric connection. Let V™ be any other linear connection defined on M
(n > 3).

A non-symmetric connection V™ is called a non-symmetric metric connection,
if it satisfies further the equation V*¢g = 0. In a coordinate neighborhood
{U; (', 2?,...,2™)}, where g;, {jk} and F;k denote the local representa-
tions of g, V and V~, respectively. By using the condition V*g = 0, we
have

8kgij - gth?k - gz‘hF?k =0 ()

where F;k denote the coefficients of the connection V™. Introducing the indices
1, j, k in Eq. (2) in a cyclic way we get the following equation, [4]

O =T + 9™ (g0 T + 9nT}y.) 3)
where

Oy = 9™ (g T + gnLp) QU # Q) 4)
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and TIT = %, QZ; #* Q’[Zﬂ Thus, we have
FZ?:{Z,L}+QZ.‘. 5)

This space will be denoted by M, (V*, g).

The properties of Riemannian space admitting a semi-symmetric metric con-
nection were studied by many authors [5, 6]. As far as we know Riemannian
spaces admitting a non-symmetric metric connection have not been studied
intensively.

Let M, (V*,g) be a hypersurface with coordinates z* (i = 1,2,...,n) in a
Riemannian space M, ,(V*,g) with coordinates y* (a =1,2,...,n+ 1) and
equipped with a non-symmetric metric connection. Suppose that the metrics
of M, (V*,g) and M, ,(V*, g) are positive definite and that they are given,
respectively, by g;; dz* dz’ and g, dy® dy® which are connected by the relation

gij:gabygyg ’ivjzl’Qv"'an; a,b:1,2,...,’l’l—|—1 (6)

and where y¢ denotes the covariant derivative of y with respect to z’.

Let n® be the contravariant components of the vector field in M, ,(V*,g)
normal to M, (V*,g) and let the relation g,,n?n® = 1 be satisfied. The mov-
ing frame {y’,n,} on M, (V*, g), reciprocal to the moving frame {y?,n} is
defined by the relation, [1]

n'n, =1 muyf =0 %y, =0 y'yl=4]. (7)

Let v* and v* be, respectively, the contravariant components of the vector fields
T T

vin M,,(V*, g) relative to M,, ., (V*,g) and M,,(V*, g). Denote the contravari-

ant components relative to M, ,(V*,g) and M, (V*, g) of the covector fields
v by v, and v;, respectively. We then have

Vo = Y40; . (8)

The covariant derivatives of A relative to V and V* denoted, respectively, by
VA and V*A are defined by

i i i h
Vi A" =0, A +{hk}A C))

and

ViA = 0,A T, A" (10)
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where V* and 0 are the operators of covariant and partial derivatives. It is easy
to see that the tensorial derivatives of A relative to M,,(V*, g) and M,,,(V*,g)
are related by

ViA=yV A (11)
Taking the tensorial derivative of y with respect to = using (5) and (10), we
find

Vil = Vgt — Qe + Qo ybys (12)

~ _a aan h a a b,
Vil = dridzi {zg } Yn {bc}yiyj

and V* is the operator of the tensorial derivative of M, (V*,g) and V is the
operator of tensorial derivative of M, (V,g).

where

Differentiating covariantly of each side of the fourth relation in (6) with respect
to u*, we obtain [4]

Viye = Qpn® + BLys (13)
and
vj*y(iz = Qj'*na + E;kv ysE;k = 7B;k (14)
where Q¥ = Q7 g™,

The unit normal n? is a contravariant vector in the ¥’s whose tensorial derivative
with respect to the z’s is

Vin® = - Q5,.9™y . (15)

Concerning the Chebyshev nets of the first kind and geodesic nets belonging
to M*(V*, g), we have the propositions [4]. If 6’(11),12;, ...,v) is a Chebyshev

net of the first kind with respect to M, ,(V*, g), then the condition

aa* = fudV;v“ = 0, Bg—b’l]i’l)j + (Lm* = O
rs S T T 8 rs (16)
rs=12,...,n, r#s

is satisfied.
If 0(11),12), ...,v) is a geodesic net with respect to M, ,(V*, g), then the con-
ditions holds [4]

Ea* = vdev“ = 0, BZ—L’Ui’Uj —|— Cm* = O

T r T ror T (17)

r=1,2,...,n.
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If a curve in the hypersurface M,,(V*,g) is a geodesic in the enveloping space
M, .4, then it satisfies in the following equation

k=0 (18)

where x* is the normal curvature of M, (V*,g).
Definition 1. If the tensorial derivative of the unit normal vector field n® in
the direction of v? is orthogonal to v, i. e.,

T T

(v'V;n")gapt” = (0" Vyn")gav® =0 (19)

then a curve C belonging to M,(V*,g) is called an asymptotic line of
M, (V*, g).

A direction in M,(V*,g) which is self-conjugate is said to be asymptotic. An
asymptotic line in a hypersurface is a curve whose direction at every point is
asymptotic. From (1), (15) and (19), it is evident that the normal curvature of
a hypersurface in an asymptotic direction is zero, i. €.,

qu* = Q:‘ﬂrﬂ%ﬂ =0. (20)
In this paper we study if the nets formed by n-families of asymptotic lines
are Chebyshev nets of the first kind or geodesic nets or strongly-metrically

Chebyshev nets relative to M, ,(V*,g), and the differential equation which
they satisfy is obtained.

Theorem 1. If the net n(v,v,...,v) in M,(V*,g) is a Chebyshev net of the

172
first kind with respect to M, .,(V*,g), then the following conditions hold

(Vi + gmg” Bl Q5 — Q5B oo™ = 0

» S

rs=12,...,n, r#s.

Proof: If we take the tensorial derivative of (19) in the direction v™ and by
means of (16), we get
gabvbvkvmv,flv:na + ak*gabvbv,:na =0

3y

rns=1,2,...,n, r#s.
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By virtue of (15) and (16), (21) can be expressed in the form

kO ,h, ] bk, MY7* \7*,a __
Bty 0wy gV Vi =0

(22)
rs=12,...,n r#s.
On the other hand, using (7), (8), (13) and (15), we find that
AT VAR VA U L e = Ol v b T (23)
rns=12,...,n, r#s.
From (22) and (23), we get
QB v — 95,99 g By, 0" — (0 Vi Q0 ok = 0 o4
rns=12,...,n, r#s
or
(V,ilﬂzh + gneg”' QI:.!B;m - QZhBlim)’Uh’UkUm =0 25)
rs=12,...,n, r#s.
Theorem 2. If the net 17(11;,12), ...,v)in M,(V*,g) is a geodesic net with re-
spect to M, .1(V*,g), then the following relations hold
(V:Q:, — B+ Gnm 9", B 000 =0, r=1,2,...,n.

Proof: Let ¢** and ¢'* be the components of the geodesic vector fields of the

geodesic with respect to M,,1(V*,g) and M,(V*,g). O

If we take the tensorial derivative of (19) in the direction v* and using (17) we

get
gabgb?kysv;v’:na 4 gk*gab?bv’:na —0 6
rs=12,...,n, a,b=1,2,...,n+1.
In virtue of (15), (17) and (26), we can write
B, v 0™ + g vt vtV Vin® = 0 @7

from which by using (7), (8), (13) and (15) (r,s = 1,2,...,n, a,b =
1,2,...,n+ 1), we have

S

b, s kxTx\T7*,_a __ [ STIx()* k,m n ()* mj,k, 5,1t
gV UV = — (U Qp Jute™ — g BY, g™ 00t (28)
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Using the equations (27) and (28), we get

Theorem 3. Let any net (11), Uy v) belonging to the hypersurface M, (V*,g)

of space M, . 1(V*, g) be a strongly-metrically Chebyshev net with respect to
M, 1(V*,g). A necessary and sufficient condition that the net (1{,12), )

be a strongly-metrically Chebyshev net with respect to W, (V*,g) is that the
tensor By must be symmetric.

Proof: From (7) and (13) we have

(Viyl)yp = —Bj, (30)

and
(Viyl)ys = — Bl . (31)

On the other hand, using (8), (11), (30), (31) and the expression V*v, — Vv, =
0, we obtain

i %7 T t t
or

Vivn = 0, B (32)

[hg]

where Vj*'{)h — Vi, = QV[}{Jh] and B}, — Bj; = 2B(;,;. Here Bf;, denotes
the antisymmetric part of tensor B;h.
We assume that B;.h is symmetric. Using (2.31), we get V[j{;h] = 0. And

conversely, from (32), we get V[j ’{)h] = 0 which is the required result. ]

Corollary 1. Let any net (tlj, Uy v) belonging to the hypersurface M, (V*, g)

of the space M, ,1(V*, g) be a strongly-metrically Chebyshev net with respect
to M,,.1(V*,g). A necessary and sufficient condition that the net (tlj, Uy v)

be a strongly-metrically Chebyshev net with respect to W, (V*,g) is that the
tensor Ey; should be symmetric.

From Theorem 3 and the expression (14) the proof is clear.
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