
Nineteenth International Conference on
Geometry, Integrability and Quantization
June 02–07, 2017, Varna, Bulgaria
Ivaïlo M. Mladenov and
Akira Yoshioka, Editors
Avangard Prima, Sofia 2018, pp 115–121
doi: 10.7546/giq-19-2018-115-121

ON HOLOMORPHICALLY PROJECTIVE MAPPINGS OF
EQUIDISTANT PARABOLIC KÄHLER SPACES

HANA CHUDÁ, JOSEF MIKEŠ†, PATRIK PEŠKA† and MOHSEN SHIHA∗

Department of Mathematics, Thomas Bata University in Zlín, 760 05 Zlín
Czech Republic
†Department of Algebra and Geometry, Palacky University, 77146 Olomouc
Czech Republic
∗Department of Mathematics, University of Homs, Homs, Syria

Abstract. In this paper we construct holomorphically projective mappings
of equidistant parabolic Kähler spaces. We discus fundamental equations of
these mappings as well.

MSC : 53B30, 53B99
Keywords: Equidistant spaces, holomorphically projective mappings, para-
bolic Kähler spaces, (pseudo-)Riemannian space

1. Introduction

First we note the general dependence of holomorphically-projective mappings of
parabolic Kähler manifolds in dependence on the smoothness class of the metric.
We present well known facts, which were proved by M. Shiha, J. Mikeš et al, see
[2, 3, 9, 14, 15, 19, 21–23].

The similar problems have been studied for holomorphically-projective mappings
of Kähler spaces cite [4–7, 9–11, 14, 16, 18, 27].

Finally, we construct holomorphically-projective mappings of equidistant para-
bolic Kähler spaces. For equidistant Kähler spaces were those spaces constructed
in [12, 13].
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2. Parabolic Kähler Manifolds

In the following definition we introduce generalizations of Kähler manifolds [8],
see [9,10,14]. A basis on this definition see monography by V. Vishnevskii, A. Shi-
rokov and V. Shurigin [26].

Definition 1. An n-dimensional (pseudo-)Riemannian manifold (M, g) is called
an m-parabolic Kähler manifoldKo(m)

n , if beside the metric tensor g, a tensor field
F of a rank m ≥ 2 of type (1, 1) is given on the manifold Mn, called a structure
F, such that the following conditions hold

F 2 = 0, g(X,FX) = 0, ∇F = 0 (1)

where X is an arbitrary vector of TMn, and ∇ denotes the covariant derivative in
K
o(m)
n .

We remind, that Kähler spaces, were characterized by conditions F 2 = − Id,
g(X,FX) = 0, ∇F = 0, were first considered by Shirokov [25]. Indepen-
dently they were studied by E. Kähler [8]. Hyperbolic Kähler space (also para
Kähler space, see D. Alekseevsky [1]) characterized by F 2 = Id, g(X,FX) = 0,
∇F = 0, were considered by P. Rashevskij [9].

3. Holomorphically Projective Mappings Theory Between Parabolic
Kähler Spaces

Assume that we have two parabolic Kähler manifolds Ko(m)
n = (M, g, F ) and

K̄
o(m̄)
n = (M̄, ḡ, F̄ ) with metrics g and ḡ, structures F and F̄ , Levi-Civita connec-

tions ∇ and ∇̄, respectively. Here K̄n, K̄n ∈ C1, i.e. g, ḡ ∈ C1 which means that
their components gij , ḡij ∈ C1. Likewise, as in [19,21] we introduce the following
notations, this is an analogy by [16], see [10, p. 240].

Definition 2. A curve ` in Kn which is given by the equation ` = `(t), λ =
d`/dt (6= 0), t ∈ I , where t is a parameter is called analytical planar, if under
the parallel translation along the curve, the tangent vector λ belongs to the two-
dimensional distribution D = Span {λ, Fλ} generated by λ and its conjugate
Fλ, that is, it satisfies

∇tλ = a(t)λ+ b(λ)Fλ

where a(t) and b(t) are some functions of the parameter t. Particularly, in the case
b(t) = 0, an analytical planar curve is a geodesic.

On an analytical planar curve, it is possible to locally find parameter t, for which
a(t) ≡ 0. It is clear to see too, that vector λ and Fλ are orthogonal in Ko(m)

n .
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Definition 3. A diffeomorphism f : Ko(m)
n → K̄

o(m̄)
n is called a holomorphically-

projective mapping of Ko(m)
n onto K̄o(m̄)

n if f maps any analytical planar curve in
K
o(m)
n onto an analytical planar curve in K̄o(m̄)

n .

Assume that we have a holomorphically-projective mapping f : Ko(m)
n → K̄

o(m̄)
n .

Since f is a diffeomorphism, we can suppose local coordinate charts on M or M̄ ,
respectively, such that locally, f : K

o(m)
n → K̄

o(m̄)
n maps points onto points with

the same coordinates, and M̄ = M . A manifold Ko(m)
n admits a holomorphically-

projective mapping onto K̄o(m̄)
n if and only if the following equations [19, 21]

∇̄XY = ∇XY + ψ(X)Y + ψ(Y )X + ϕ(X)FY + ϕ(Y )FX (2)

hold for any tangent fields X,Y and where ψ is a gradient-like form and ψ(X) =
ϕ(FX). If ϕ ≡ 0 than f is affine or trivially holomorphically-projective . More-
over, structures F and F̄ are preserved, i.e. F̄ = F , and m̄ = m. This fact implies
from the theory of F -planar mappings, see [10, pp. 219-220]. In local form

Γ̄hij = Γhij + ψiδ
h
j + ψjδ

h
i + ϕiF

h
j + ϕjF

h
i , ψi = ϕjF

j
i

where Γhij and Γ̄hij are the Christoffel symbols of Kn and K̄n, ψi, F hi are compo-
nents of ψ, F and δhi is the Kronecker delta

ψi =
∂Ψ

∂xi
, Ψ =

1

2(n+ 2)
ln

∣∣∣∣det ḡ

det g

∣∣∣∣ .
Here and in the following we will use the conjugation operation of indices in the
way

A··· ī ··· = A··· k ···F
k
i .

Equations (2) are equivalent to the following equations

∇Z ḡ(X,Y ) = 2ψ(Z)ḡ(X,Y ) + ψ(X)ḡ(Y, Z) + ψ(Y )ḡ(X,Z)

−ϕ(F )ḡ(Y, FZ)− ϕ(F )ḡ(FX,Z).
(3)

In local form

ḡij,k = 2ψkḡij + ψiḡjk + ψḡik − ϕiḡj̄k − ϕj ḡīk

where “ , ” denotes the covariant derivative on Ko(m)
n . In the local coordinate sys-

tem ψi ≡ ϕī holds.
M. Shiha [19, 21] proved that equations (2) and (3) are equivalent to

∇Za(X,Y ) = λ(X)g(Y,Z) + λ(Y )g(X,Z)

+θ(X)g(Y, FZ) + θ(Y )g(X,FZ).
(4)

In local form
aij,k = λigjk + λjgik − θigj̄k − θjgīk
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where

aij = e 2Ψḡαβgαigβj , λi = − e 2Ψḡαβgβiψα, θi = − e 2Ψḡαβgβiϕα. (5)

From (4) follows that λi is gradient-like vector and it holds

λi = ∂iΛ, Λ = 1/4aαβg
αβ. (6)

Moreover, from the condition ψi ≡ ϕī follows, that

λi = θī.

On the other hand [10]

ḡij = e 2Ψg̃ij , Ψ =
1

2
ln

∣∣∣∣det g̃

det g

∣∣∣∣ , ‖g̃ij‖ = ‖giαgjβaαβ‖−1. (7)

The above formulas (4) with a regular tensor a are the criterion for holomorphically-
projective mappings Ko(m)

n → K̄
o(m)
n , globally as well as locally.

M. Shiha [19, 21] proved the following theorem

Theorem 4. A diffeomorphism f : K
o(m)
n → K̄

o(m̄)
n is a holomorphically-projective

mapping if and only if there exist a solution of the following linear Cauchy-like sys-
tem

a) aij,k = λigjk + λjgik + θigjk̄ + θjgik̄

b) θi,j = τgij̄ + aαβM
αβ
1|ij

c) τ,i = θαM
α
2|i + aαβM

αβ
3|i

(8)

for the unknown tensor aij (aij = aji, aīj + aij̄ = 0, det aij 6= 0), a vector λi,
and a function τ . Here Mαβ

1|ij , M
α
2|i, M

αβ
3|i are tensors determined from the metric

and the structure tensors gij and F hi of the space Ko(m)
n .

Remark 5. This theorem was proved with assuming thatKo(m)
n and K̄o(m)

n belong
to C3 class. Assuming that Ko(m)

n and K̄o(m̄)
n belong to C2 class, formula (8a) and

(8b) hold.

Remark 6. We will prove in [17], that the Theorem 4 valides too if Ko(m)
n ∈ Cr,

r ≥ 3, and K̄o(m̄)
n ∈ C2. Then it is true that also K̄o(m̄)

n ∈ Cr.

The system (8) has at most one solution for the initial values in a point x0: aij(x0),
λi(x0) and τ(x0). Hence, the general solution of this system depends on no more
than (n+ 2)(n+ 1)/2−m(n−m+ 1) essential parameters.
The integrability of conditions (8) and their differential prolongations are linear
algebraic equations on the components of the unknown tensors aij , λij and τ with
coefficients from K

o(m)
n .
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4. Homomorphically-Projective Mapping of Equidistant Parabolic
Kähler Spaces

It is well-known, see [20], that the (pseudo-)Riemannian space is called equidistant
if there exists a vector field ξh, for which

ξh,i = ρ δhi (9)

where ρ is a function.
K. Yano called such vector field concircular [28].
The equidistant parabolic Kählerian spaces were studied by Shiha and Mikeš [24].
In their work, the metrics of those spaces were found if ρ 6= 0. Moreover, it has
been proven that ρ is a constant.
We have to mention that in 1956 Sinyukov [20] proved that equidistant spaces with
ρ 6= 0 admit geodesic mappings. From this elementary follows that the above men-
tioned equidistant parabolic Kähler spaces admit geodesic mappings onto (pseudo-
) Riemannian spaces V̄n. In the general case those spaces V̄n are not Kähler.
We proved, that the following theorem holds.

Theorem 7. The equidistant parabolic Kähler spaces for which ρ 6= 0 admit non-
trivial holomorphically-projective mapping.

Proof: Let the Ko(m)
n be an equidistant parabolic Kähler space for which there

exists the equidistant vector field ξh defined by formula (9) for which ρ 6= 0. By
the following formula, we construct regular symmetric tensor field aij

aij = c1 · gij + c2 · ξī ξj̄ (10)

where c1 and c2 are constant for which det‖aij‖ 6= 0.
We will convince that for this tensor fields aij the following formula

aīj + aij̄ = 0

holds and for fundamental equations (4) of holomorphically-projective mapping of
parabolic Kähler spaces as well.
Indeed, deriving the equation (10) along xk and using formula (9), we have

aij,k = c1 ρ ξī gj̄k + c2 ρ ξj̄ gīk. (11)

Putting ϕi = −c2 ρ ξī 6= 0 then we have λi ≡ ϕī = 0. Thus the equation (11) have
the form of fundamental equations (4) and the theorem is proved. �
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