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STAR PRODUCTS AND APPLICATIONS*

MARI IIDA and AKIRA YOSHIOKA

Department of Mathematics, Tokyo University of Science, 162-8601 Tokyo, Japan

Abstract. A family of star products parametrized by complex matrices is
defined. Especially commutative associative star products are treated, and
star exponentials with respect to these star products are considered. Jacobi’s
theta functions are given as infinite sums of star exponentials. As application,
several concrete identities are obtained by properties of the star exponentials.

1. Star Products

Using an arbitrary complex symmetric matrix, we can define a star product, which
gives a family of star products parameterized by complex matrices [4—6]. In par-
ticular for symmetric matrices we obtain a family of commutative associative star
products [1,2].

In this note, as a special case we consider a family of star product algebras of
functions of one variable. Using star exponentials of these algebras we describe
Jacobi’s theta and its basic identities (cf. [1,2, 6]).

First we consider a star product given by an arbitrary complex matrix. For sim-
plicity, we consider star products of two variables (u1,u2). The general case for
(w1, ug, - ,ugpy) is similar.

For any 2 x 2 complex matrix A = (ig ig) € M5(C), we have a biderivation
in the space of polynomials

— —
p1OATps = py > )\aﬂga 05 | p2=>_ Xapd,p10,p2, p1,p2 € P(C?).
af af

Then we define a star product by the formula
*Reprinted from J. Geom. Symmetry Phys. 20 (2010) 49-56.
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S = - — o\
D1 %, P2 = p1 €Xp <%l 8A8)p2 = D1 (Z;. (%l)n <8A8> >p2
o0 . n
1 ih $— n
:Zﬁ <> D1 (3 /\3) P2
n! \ 2
n=0
k
where ( OANOD > is the k-th power of the derivation such that

21 (787) 22 =1 (547 - (947 )
k
- Z Aaify A Oan * Oy, 103, - - - O, D2

In this setting we have

Proposition 1. For any A € M>(C), the product *, is well-defined and associative
on P(C?).

2. Star Products on Functions

The star products are well defined on the space of polynomials. In this section we
look for their extension to certain class of functions on C2. We introduce a system
of semi-norms and then its topology in P(C?). We take the completion to obtain
a space of functions on which the star products are well defined. On this space we
can consider star exponentials.

Now we define a topology. Let p be a positive number. For every s > 0 we define
a semi-norm for polynomials by

pls = sup |p(u1, ug)|exp (—sful”).
ueC?
Then the system of semi-norms {| - |4}
P(C?).
By taking the completion of P(C?) with respect to the topology T, we obtain the
Fréchet space £,(C?).

s> defines a locally convex topology 7, on

Proposition 2. For a positive number p, the Fréchet space &, consists of entire
functions on the complex plane C? with finite semi-norm for every s > 0, namely,

£,(C?) = {fe H(C?); |fl|s < oo, forall s > 0}.

As to the continuity of star products, the space Sp(CQ), 0 < p < 2is very suitable,
namely, we have the following
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Theorem 1. On the space £,(C?) for 0 < p < 2, every product *, is continuous.

For the spaces S,,(C?) where p > 2, the situation is not so good, but we still can
rely on the following result.

1 1
Theorem 2. For p > 2, take p' > 0 such that — +—=1. Then every star
roop

product *, defines a continuous bilinear product
*, Sp(C2) X SPI(C2) — 8,,(C2), Sp/(CQ) X Sp(CQ) — Sp(CQ).

This means that (€,(C?), *, ) is a continuous €, (C?)-bimodule.

Let us introduce the Fréchet space

Epr(C?) = Mi5pE(C?)

and consider the exponential element

H — 1" H H
et () =L S g
n=0 S—————
n
in EP(CQ). The right hand side is not convergent in general. Hence for a polyno-
mial H € P(C?), we define the star exponential exp, t(H/ih) by the differential
equation

4 (EYZH, (2 (2 limo = 1
at P i) T I ) P ) 0T

When H € P(C?) is a linear element, then exp, ¢ (%) belongs to the good space
E14+(C &2). In this case, the star exponentials are obtained directly by the formula

oo t" H
Done0 nl i Fa KA Th-

n
On the other hand, we remark here that the most interesting case is given by qua-
dratic form H € .73(02)', which case Yoo %% STREEEN 1% i's not convergent
and we need the differential equation to define the star exponentials. The star ex-
ponential belongs to the space £y (C?), which is difficult to treat at present.

3. Theta Functions

In this section, we consider the star product for the simple case where

A:<gg).
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Then we can see easily that the star product is commutative and explicitly given
- —
by p1 *, p2 = p1exp (WTP& 8u1> po. This means that the algebra is essentially

reduced to the space of functions of one variable u;. Thus, we consider func-
tions f(w), g(w) of one variable w € C for which we define a commutative star
product x_ with complex parameter 7 such that

9.3

F(w) %, g(w) = fw)ez 7= = g(w).

3.1. Star Theta Functions

In this section we consider the Jacobi’s theta functions as an example of star expo-
nentials.

A direct calculation gives
exp, itw = exp(itw — (T/4)t%).

Hence for ®7 > 0, the star exponential exp, niw = exp(niw — (7/4)n?) is
rapidly decreasing with respect to integer n and then we can consider summations
for 7 satisfying 7 > 0

oo oo oo

Z exp, 2niw = Z exp (2niw — Tn2) = Z q"QeQ”iw, g=¢e .

n=—oo n=—0oo n=—0oo

This is Jacobi’s theta function 63(w, 7) (cf. [1]). Then we have expression of the
theta functions as

o o0
01, (w) =1 Z (=D)"exp, (2n+ l)iw, ba (w)= Z exp, (2n + 1)iw
n=—oo n=—oo
o0 o0
O34 (w) = Z exp,  2niw, Osr_(w) = Z (—=1)" exp,_2niw.
n=-—oo n=-—oo

Remark that 6, (w) are the Jacobi’s theta functions 0x(w, 7), k = 1,2, 3,4 re-
spectively. This is obvious by the exponential law

2exp, 2w *, O, (w) = Op._(w), k=23
exp, 21w *, O (w) = —Og. (w), kE=1,4
Then using exp,, 2iw = e~ Te?" and the product formula directly we have

262iw_79k*T (w+i7T) = Op_(w), k=2,3
T O (W +iT) = —Oks_(w), E=1,4.
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Following Toda’s idea [3] we obtain the following formulas with the help of the
above expressions. In what follows we use as a variable v instead of w given by
the relation mv = w.

Lemma 1.
L= (233 o
Aop Ap
o= (S35 aro
Aop A op
o= (230303 aro
A H Ap
CRURID 9 3 9 9) RIS
Aop Ap
where M (\, 1) = ez (W) ezi‘”i” and ZQ: means that X\ runs through all even
A

integers etc.

Proof: By a direct calculation we have
or., (v) = = Z(—1)”+mei27n+1)wive£2Tm+1)m'
n,m
We notice that

2n+-1)mi 2 1)i _z i i (2n+1)mi 2 1)mi
e£Tn+ )7T1v85<7—m+ )miv e 2(2n+1)m(2m+1)7ne§<7n+ )wiv % eS<Tm+ )wiv
— _aZ(@nt1)(2m+1)n? 2(ntmA1)miv
= —e¢ [ .

The introduction of A = n +m + 1 and 4 = n — m gives after some work the
following formula

T(N2—12)72 .
07, (v) =D (—1)tez ¥ ) e2Amiv,
A
Cancellation in the summation yields

0%* (U) = (i i — i i) e%()\Q —M2)7r2ez;\7riv
' Aop A u

which produces the desired result. Other identities are obtained in a similar manner.
|

Using Lemma 1 we easily obtain
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Proposition 3.
01, (v) + 65, (v) =65 (v)+ 65 (v).

Proof: We have
(Z )M(Lk)(ZZ—ZZ)Mm
l A u Au

(>

l

> -

k

zM -3 ) (S a0
k l k A M
ZO:ZG:M)\M> (A— B)(C - D).

T

Similarly we have 63 _(v) = (A+ B)(C + D). By the same manner we see

5., (v (ZZ}ZZ) )(ZA:ZJFZA:Z)MML
1 p
=(E+F)(G+H)
and Hiw (v) = (F — F)(G — H). Therefore
ot ()03, (v) = (63, (v) + 63, (v)) = (A= B)(C — D)
+(E+F)(G+H)-{(A+B)(C+D)+ (E—-F)(G—H)}
— 2(—AD — BC + EH + FG).
Arranging the summation we have
1553335 5 33 35 5 H I IS H H Y
Ik X pn L k X op L k X p L k X n

%(l2 E24N2—p )7r 2miv 2)\7r1v

($5(e5 55) 5555

%(l2 k2402 —p )7r2 2miv 2)\7r1v -0

*r *T

. ) e _T k‘2 + - _T k‘2 + 2
since ) > e 3 (K*+?) = nope 3 (K405, [ |
Proposition 4. For a complex parameter a € C we have the identity

03, (v) 03, (a)+063_(v) 07, (a)= 03 _(0)0s, (v+a)bs, (v-—a)

X e

X e
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Proof: By a similar manner as in Lemma 1 we have

93*7_ (’U + (I) 03* v — (L (Z Z + Z Z) % (12— )\2)71'2 2Amia 3l77rw'

—TA272 eQ)nriv‘ —7\272

Since e2’\7””|v =e —p=2¢€ we have also

63..(0) (Z S+ Z Z) 2 (k24 pu2)
3., (a) (Z S+ Z Z) o5 (K2 +u2)r2 2Aia
., (a (Z >y Z) 5Py 2

Then we obtain

0., ()63, (a) + 07, (v) 6%, (a)

e

2

- -
(]
. =[]
- -]
-
-
(]
(]
-~
VMW
=M
+
NMQ
-~
M-
N0

1 p g :
" 65(127)‘271627 2) 72 2/\maele7Tw
2 ~\ .y
S(Eer e (33 ey )
k p P L
X e%(lQ—)\2) 2 2)\7r1a il:rw — 93* (0) 03*7_ (’U + CL) 03*T (U — a).
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