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CHAPTER VIII

Fourier Transform in Euclidean Space

Abstract. This chapter develops some of the theory of the R Fourier transform as an operator that
carries certain spaces of complex-valued functions on RV to other spaces of such functions.

Sections 1-3 give the indispensable parts of the theory, beginning in Section 1 with the defi-
nition, the fact that integrable functions are mapped to bounded continuous functions, and various
transformation rules. Tn Section 2 the main results concern L', chiefly the vanishing of the Fourier
transforms of integrable functions at infinity, the fact that the Fourier transform is one-one, and
the all-important Fourier inversion formula. The third section builds on these results to establish a
theory for L2. The Fourier transform carries functions in L' N L? to functions in L2, preserving the
L2 norm; this is the Plancherel formula. The Fourier transform therefore extends by continuity to
all of L2, and the Riesz—Fischer Theorem says that this extended mapping is onto L2. These results
allow one to construct bounded linear operators on L? commuting with translations by multiplying
by L functions on the Fourier transform side and then using Fourier inversion; a converse theorem
is proved in the next section.

Section 4 discusses the Fourier transform on the Schwartz space, the subspace of L! consisting of
smooth functions with the property that the product of any iterated partial derivative of the function
with any polynomial is bounded. The Fourier transform carries the Schwartz space in one-one
fashion onto itself, and this fact leads to the proof of the converse theorem mentioned above.

Section 5 applies the Schwartz space in R! to obtain the Poisson Summation Formula, which
relates Fourier series and the Fourier transform. A particular instance of this formula allows one to
prove the functional equation of the Riemann zeta function.

Section 6 develops the Poisson integral formula, which transforms functions on R into harmonic
functions on a half space in R¥+1. A function on R can be recovered as boundary values of its
Poisson integral in various ways.

Section 7 specializes the theory of the previous section to R!, where one can associate a “con-
jugate” harmonic function to any harmonic function in the upper half plane. There is an associated
conjugate Poisson kernel that maps a boundary function to a harmonic function conjugate to the
Poisson integral. The boundary values of the harmonic function and its conjugate are related by the
Hilbert transform, which implements a “90° phase shift” on functions. The Hilbert transform is a
bounded linear operator on L? and is of weak type (1, 1).

1. Elementary Properties

Although the Fourier transform in the one-variable case dates from the early
nineteenth century, it was not until the introduction of the Lebesgue integral
early in the twentieth century that the theory could advance very far. Fourier

411



412 VIII. Fourier Transform in Euclidean Space

series in one variable have a standard physical interpretation as representing
a resolution into component frequencies of a periodic signal that is given as
a function of time. In the presence of the Riesz—Fischer Theorem, they are
especially handy at analyzing time-independent operators on signals, such as
those given by filters. An operator of this kind takes a function f with Fourier
series f(x) ~ Y o2 cne'™ into the expression Y v m,c,e™, where the
constants m, depend only on the filter. If the original function f is in L? and if
the constants m,, are bounded, the Riesz—Fischer Theorem allows one to interpret
the new series as the Fourier series of a new L? function 7' ( f), and thus the effect
of the filter is to carry f to T'(f).

If one imagines that the period is allowed to increase without limit, one can
hope to obtain convergence of some sort to a transform that handles aperiodic
signals, and this was once a common attitude about how to view the Fourier
transform. In the twentieth century the Fourier transform began to be developed
as an object in its own right, and soon the theory was extended from one variable
to several variables.

The Fourier transform in Euclidean space RY is a mapping of suitable kinds
of functions on R" to other functions on RY. The functions will in all cases
now be assumed to be complex valued. The underlying R is usually regarded
as space, rather than time, and the Fourier transform is of great importance in
studying operators that commute with translations, i.e., spatially homogeneous
operators. One example of such an operator is a linear partial differential operator
with constant coefficients, and another is convolution with a fixed function. In
the latter case if F denotes the Fourier transform and # is a fixed function, the
relevant formula is F(h % f) = F(h)F(f), the product on the right side being
the pointwise product of two functions. Thus convolution can be understood in
terms of the simpler operation of pointwise multiplication if we understand what
F does and we understand how to invert F.

In the actual definition of the Fourier transform, factors of 2w invariably pop
up here and there, and there is no universally accepted place to put these factors.
This ambiguity is not unlike the distinction between radians and cycles in con-
nection with frequencies in physics; again the distinction is a factor of 2. The
definition that we shall use occurs quite commonly these days, namely

7o) = Fron = /R Fe i,

with x - y referring to the dot product and with the 27 in the exponent. The formula
for F~! will turn out to be similar looking, except that the minus sign is changed
to plus in the exponent. Some authors drop the 2z from the exponent, and then
a factor of (277)~" is needed in the inversion formula. Other authors who drop



1. Elementary Properties 413

the 27t from the exponent also include a factor of (277) " in front of the integral;
then the inversion formula requires no such factor. Still other authors who drop
the 27 from the exponent insert a factor of (277)~"/? in the formula for both F
and its inverse. In all cases, there is a certain utility in adjusting the definition
of convolution by an appropriate power of 2 so that the Fourier transform of
a convolution is indeed the pointwise product of the Fourier transforms. The
relationships among these alternative formulas are examined in Problem 1 at the
end of the chapter.

At any rate, in this book we take the boxed formula above as the definition of
the Fourier transform of a function f in L' (R", dx). Convolution was defined in
Section VI.2. Although there are many elementary functions for which one can
compute the Fourier transform explicitly, there are precious few for which one
can make the pair of calculations that compute the Fourier transform and verify
the inversion formula. One example is e‘”"“z, which will be examined in the
next section.

Recall from Section VL1 that the translate 7, f is defined by 7y, f(x) =
f(x = xo).

Proposition 8.1. The Fourier transform on L' (R") has these properties:

(a) finL'impliesthat fis bounded and uniformly continuous with || f|| <

sup —
I£1- |
(b) fin L' implies that the translate Ty, f and the product f (x)e 27X have

(T ) () = 72702 F(y) and F(f (0)e™)(y) = (13, /()
(c) fand gin L' implies f x g = [ g,
(d) fin L' implies f* = f , where f*(x) = f(—x), R
(¢) (multiplication formula) f and ¢ in L' implies [n f@dx = [ f @ dx,
() fin L' and 27ix; f in L' implies that % exists in the ordinary sense
N J
everywhere and satisfies % = F(2mix; f),
(g) fin L' and % existing inlthe L' sense, i.e., lim;_,¢ h’l(r_hejf — 1)
existing in L', implies ]—"(%)(y) = 2miy; f (y). This formula holds also
J

when fisin L' NC', the ordinary % isin L', and f vanishes at infinity.
J

PROOF. All the integrals will be over R¥, and we drop Rﬁ from the notation.
For (a), wehave | f(y)| < [1f(x)|dx = || fll;, and hence || fls,, < I flI,- Also,

0 = FODI = [IF @)l o721 — 727052 dx
= [1f @l le™01=2) — 1] dx.
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On the right side the second factor of the integrand is bounded by 2 and tends
to 0 for each x as y; — y, tends to 0. Thus the right side tends to O by dominated
convergence at a rate depending only on y; — y».

For (b), (ty,f) (3) = [ f(x — xo)e” 7V dx = [ fx)e TV dyx =
672711')60')1‘}/(‘\()]) and

FCF ()20 (y) = [ f(x)eXTixsne=2mixy gy
= f f(x)eme‘x'(y*YO) dx = (Tyof)(y).

For (c), we use Fubini’s Theorem. The standard technique for verifying the
theorem’s applicability was mentioned near the end of Section V.7. Let us see
the technique in context this once. The procedure is to write out the computation,
blindly making the interchange, and then to check the validity of the interchange
by imagining that absolute value signs have been put in place. What needs to
be verified is that the double or iterated integrals with the absolute value signs in
place are finite. The computation here is

Frg) = [[ fx —Dg®)e 2> dtdx = [[ f(x — )g(t)e >™* dx dt
= [[ f)g®)e DY dx di = F(y)3(y).

The steps with absolute value signs in place around the integrands are

JIf @ =Dg@e ™ drdx = [[1f(x = )g0)e> V| dx dt
= [[1f(0)g@)e > 0¥ dx dt.

The first interchange is valid, but the first and second integrals are not so clearly
finite. What is clear, because f and g are integrable, is that we have finiteness
for the third integral, and the second and third integrals are equal by a translation
in the inner integration. Thus the computation of f/>:g( y) is justified.
For (d), we have f*(y) = [ f(—x)e 2"V dx = [ f(x)e=2T*Vdx = f(y).
For (e), we use Fubini’s Theorem, justifying the details in the same way as in
(c). We obtain

[ f@dx = [[ f(X)p(y)e 2 dy dx
= [[ f@ee > dxdy = [ fody,

and the interchange is valid because f and ¢ have been assumed integrable.
For (f), we apply (b) and obtain

= (F +hep) — F()) = F(f(x) k™ (e e — 1)) (y).
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Application of the Mean Value Theorem to the real and imaginary parts of
h='(e=27heix — 1) shows for || < 1 that

|Re(h™" (72" — 1))| = |h~'(1 — cos 2hx;)| < 27 |x;]
and | Im(h~" (72" — 1))| = |h~" sin27hx;| < 27|x)],
hence that |h= (e 2 e — 1)| < 4x|x;).
Since x; f(x) is assumed integrable, we have dominated convergence in the
computation of the limit of F( f@) h='(e7#mhe¥ — 1)) (y) as h tends to 0,
and we get .7-'( - 2nixjf)(y) = %(y).

9y
For the first part of (g), the assumptions and (a) give

[Fh™ e, f = DO = FGEYO| < |07 e f = ) = 55, = 0.

The left side equals | () (™" (274" — 1)) — F(2L)(y)| by (b), and this tends

to | F(n2miy; — F(#£) (»)]. Hence F(3L)(y) = 2miy,; f ().
For the second part of (g), let xj’. denote the tuple of the N — 1 variables other
than x;. Then integration by parts in the variable x; gives

FFE)) = fans [2o 35 e dx; d]
= [n-i lim, [7 (,;d—jc.cf()c)e_2”")"y dx;dx;
= Jpr-ilimn [f e 20 d;
— Janvo dimy, 7 f (o) (=2miy;)e Y dx; dx;
=0+ 27iy; f (),

as asserted. O

2. Fourier Transform on L', Inversion Formula

The main theorem of this section is the Fourier inversion formula for L' (RN).
The Fourier transform for R! is the analog for the line of the mapping that carries a
function f on the circle to its doubly infinite sequence {c; } of Fourier coefficients.
The inversion problem for the circle amounts to recovering f from the ¢;’s. We
know that the procedure is to form the partial sums s, (x) = > }__, cxe’* and to
look for a sense in which {s,} converges to f. There is no problem for the case
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that f is itself a trigonometric polynomial; then s, will be equal to f for large
enough n, and no passage to the limit is necessary.

The situation with the Fourier transform is different. There is no readily
available nonzero integrable function on the line analogous to an exponential on
the circle for which we know an inversion formula with all constants in place. In
order to obtain such an inversion formula for the Fourier transform on L!, it is
necessary to be able to invert the Fourier transform of some particular nonzero
function explicitly. This step is carried out in Proposition 8.2 below, and then
we can address the inversion problem of L'(R") in general. The analog for the
circle of what we shall prove for the line is a rather modest result: It would say
that if ) |cx| is finite, then the sequence of partial sums converges uniformly
to a function that equals f almost everywhere. The uniform convergence is a
relatively trivial conclusion, being an immediate consequence of the Weierstrass
M test; but the conclusion that we recover f lies deeper and incorporates a version
of the uniqueness theorem.

Proposition 8.2. j’-"(e‘"'x‘z) — T

REMARKS. Readers who know about the Cauchy Integral Theorem from ele-
mentary complex analysis or else Green’s Theorem in the theory of line integrals
will recognize that the calculation below amounts to an application of one or the
other of these theorems to the function e %" over a long thin geometric rectangle
next to the x axis in C. However, the present application of either of these
theorems is so simple that we can without difficulty substitute a proof of one of
these theorems in the special case of interest, and hence neither of these other
theorems needs to be assumed. As the proof below will show, matters come down
to the Fundamental Theorem of Calculus in its traditional form (Theorem 1.32).

PROOF. The question is whether

(24 dx2) =27 7 a(vide4y2
/ TR g2 gL iy S e O,
RN

and the integral on the left is the product of N integrals in one variable. Thus the
question is whether

© 2 2ixy 9 2
/ e—n(x +2ixy) dx = e ™.
—0o0
We start by observing that

* —m(x%42ixy) —ny? > —m(x+iy)?
e Vdx =e™™ e Yodx. (%)
—00 —00

Write

.2 . 22 22y .
e T = y(x, y) Fiv(x, y) = e T ) cos 2mxy —ie ™Y ) sin 27 xy.
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Direct calculation gives'

ou v du av
— =T and _— = =, (**)
dx  dy dy ax
Regard n as positive and large. Then
J" u(s,0)ds — " u(s, y)ds

= —ffn foy g—:(s,t) dtds by Theorem 1.32

= +ffn foy g—;’(s, t)dtds by ()

= foy ffn g—)’j(s, t)dsdt by Fubini’s Theorem

= [y v(n,0)dt — [ v(—n,1)dt by Theorem 1.32.

With y fixed we let n tend to infinity. Then v(n, ¢) and v(—n, t) tend to O uniformly
for ¢ between 0 and y by inspection of v, and hence the right side of our expression
tends to 0. Thus

2 uls,0)ds = [ u(s, y)ds,
which says that

Re / ¢ dx = Re / e T EH? g )

oo oo

Similarly we calculate

_ u(s, s—[_ v(s,y)ds=—[_ (s, t)dtds
" (s, 0)d "G, y)d . OyS;( ydrd
=—[" J %(s,t)dtds by (x%)
=—J5 ", (s, 1) ds dt
=— Jo u(n,0ydt + [ u(—n,1)dr.
Again we can see that the right side tends to 0, and thus
Jov(s,0)ds = [ v(s, y)ds,
which says that

o 2 o 1) 2
Im/ e T dx = Im/ eI g x (M
—o0 —0o0
Taking (%) into account and combining (7) and (f), we obtain

© 2 . 2 © £ 2 2 © 2
/ e TOTHAY) (e — 7Y / e O gy = 7Y / e ™ dx,

o0 —00 —00
and the proposition follows from the formula [ fooo e dx = 1 given in Propo-
sition 6.33. g

I'The equations (s) are called the Cauchy—Riemann equations. They occur again in Section 7.
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We shall use dilations to create an approximate identity out of e="** in the
style of Section VI.2. Put p(x) = e~ and define @:(x) = e Np(s'x) for
& > 0. Whenever ¢ in an integrable function and ¢, is formed in this way, we
have

o) = fpn @e()e TV dx = 7N [0y p(e7Ix)e 2N dx
— f]RN (p(x)e—2m'x.8y dx = »(/')\(Sy)’
1

the next-to-last equality following from the change of variables ¢~ 'x — x.

For the particular function ¢ (x) = e™" %P this calculation shows that 0:(y) =
e 7P I particular, @, is > 0 and vanishes at oo for each fixed ¢ > 0. As ¢
decreases to 0, ¢, increases pointwise to the constant function 1. The constant
¢ in Theorem 6.20 for this ¢ is ¢ = [py @(x) dx = 1 by Proposition 6.33. That
theorem gives various convergence results for ¢, * f, one of which is that ¢, * f
converges to f in L' if fisin L'.

Theorem 8.3 (Rig\mann—Lebesgue Lemma). If f is in L'(RY), then the
continuous function f vanishes at infinity.

PROOF. The continuity of fis by Proposition 8.1a. Put ¢(x) = e ¥ * and
form ¢.. Then parts (c) and (a) of Proposition 8.1 give

1@e f = f lup = l@e % f = fllgup < ll@e = f = £y,

and Theorem 6.20 shows that the right side tends to 0 ase decreases to 0. Hence

e el f (y) tends to f (y) uniformly in y. Since f is bounded (Proposition
8.1a),e7™"* Iy f (y) vanishes at infinity. The uniform limit of functions vanishing
at infinity vanishes at infinity, and the theorem follows. U

Theorem 8.4 (Fourier inversion formula). If f is in L'(R") and fis in
L'(RY), then f can be redefined on a set of measure 0 so as to be continuous.
After this adjustment,

= [ Foemay.

PROOF. By way of preliminaries, recall from Proposition 8.1¢ that the multipli-
cation formula gives [ f gdx = [ f g dx whenever f and g are both integrable.
With ¢ fixed for the moment, let us apply this formula with g(x) = e=7¢’**, The
remarks before Theorem 8.3 about how the Fourier transform interacts with dila-
tions show that g(y) = e Ne~™¢ I’ In other words, if we take ¢(x) = e~ 7",
then

/ (X))@ (x) dx = / Fye ™ gy, (%)
RN RN
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To prove the theorem, consider first the special case that f is bounded and
continuous. If we let & decrease to 0 in (A>x<), the left side tends to f(0) by Theorem
6.20c, and the right side tends to fRN f(y)dy by dominated convergence since
fis assumed integrable. Thus f(0) = fRN f(y) dy. Applying this conclusion
to the translate 7_, f and using Proposition 8.1b, we obtain

f@) =@ )HO) = [ f) dy = [ Fy)e¥* dy,

as required.

Without the special assumption on f, we adjust the above argument a little.
Using the equality ¢.(—y) = ¢.(y), we apply (x) to the translate t_, f of f to
get

[ FeXixre=meb gy = [ f(x + y)g.(y) dy
= [ f(x =)@ dy = (¢ * f)(x).

As ¢ decreases to 0, the left side tends pointwise to [ f(y)ezn iy dy by dominated
convergence, and the result is a continuous function of x, by a version of Propo-
sition 8.1a. The right side tends to f in L' by Theorem 6.20, and hence Theorem
5.59 shows that a subsequence of ¢, * f tends to f almost everywhere. Thus
f@) = fen f (y)e*™*Y dy almost everywhere, with the right side continuous. [J

Corollary 8.5. The Fourier transform is one-one on L' (R").

PROOF. If f isin L' and fis identically O, then fis in L', and the inversion
formula (Theorem 8.4) applies. Hence f is 0 almost everywhere. g

3. Fourier Transform on L2, Plancherel Formula

We mentioned in Section 1 that the Fourier transform is of great importance in
analyzing operators that commute with translations. The initial analysis of such
operators is done on L2(R"), and this section describes some of how that analysis
comes about. The first result is the theorem for R that is the analog of Parseval’s
Theorem for the circle.

Theorem 8.6 (Plancherel formula). If fisin L' (RV)NL?(RY), then || ]?”2 =
£l

REMARKS. There is a formal computation that is almost a proof, namely
JIf)Pdx = [ f*(=x) f(x)dx = (f* * [)(0)
=[P fdy=[ PFOFmdy = [1FmPdy,
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the middle equality using the Fourier inversion formula (Theorem 8.4). What is
needed in order to make this computation into a proof is a verification that the
Fourier inversion formula actually applies. We know that f* % f isin L' since f*
and f are in L', and we know from Proposition 6.18 that f* % f is continuous,
being in L? x L2. But it is not immediately obvious that the Fourier transform
to which the inversion formula is to be applied, namely W = |f|2, isin L.
We handle this question by proving a lemma that is a little more general than
necessary.

Lemma 8.7. Suppose f is in }1 (RY), is bounded on R", and is continuous
at0. If f(y) > 0 forall y, then f isin L'(R").

PROOF. Put ¢(x) = ¢ """ and ¢,(x) = e ¥p(¢~'x). Then the function
@, * f is continuous by Proposition 6.18 since ¢, is in L> and f isin L', and

Lig;(% * f)(0) = f(0)

by Iheorem 6.20c. The function @; isin L', and fis bounded. Hence (pj:k\f =
@, f isin L'. By the Fourier inversion formula (Theorem 8.4),

(@e % £)(0) = /R ) Fe ™ bl gy,

Letting ¢ decrease to 0 and taking into account the monotone convergence, we
obtain f(0) = fRN f(y)dy. Therefore f is integrable. (]

PROOF OF THEOREM 8.6. The remarks after the statement of the theorem prove

everything except that the Fourier transform m = |]?|2 isin L', and this step
is carried out by Lemma 8.7. (]

Abstract linear operators between normed linear spaces were introduced in
Section V.9, and Proposition 5.57 showed that boundedness is equivalent to
uniform continuity. Let us make use of such operators now.

Theorem 8.6 allows us to extend the Fourier transform for RV from L' N L? to
L?. In fact, Proposition 5.56 shows that L' N L? is dense in L2. The conclusion
of Theorem 8.6 implies that the linear operator F is bounded relative to the
L? norms on domain and range, and hence it is uniformly continuous. Since
the range space L? is complete (Theorem 5.59), Proposition 2.47 shows that F
extends to a continuous map F : L> — L?. This extended map, also called F,
is readily checked to be linear and then is a bounded linear operator satisfying
IFfll, = I £, forall fin L.



3. Fourier Transform on L%, Plancherel Formula 421

If fisin L>(R"), we can use any approximating sequence from L' N L? to
obtain a formula for Ff. One suchis fIp(r.0), as R increases to infinity through
some sequence. Thus

Ff(y)= lim / F(x)e Y dy.
(in L? sense) J|x|<R
R—o0

Corollary 8.8. If f is in L'(RY) and g is in L2(R"), then F(f % g) =
F(f)F(g) and F(g*) = F(g).

PROOF. Set g, = g1p(u.0), so that g, is in L'NL?forallnand g, — gin
L% Then f % g, — f*gin L*since || f % g — f* gl = 1 * (g — ), <
I £1111gx — &ll,- Therefore F(f)F(gn) = F(f * gn) — F(f *g) in L*. Since
F(f) is abounded function and F(g,) — F(g) in L?, we see that F( f) F(g,) —
F(f)F(g) in L%. Hence F(f * g) = F(f)F(g). The identity F(g*) = F(g) is
proved similarly. (|

Theorem 8.9 (Riesz—Fischer Theorem). The Fourier transform operator F
carries L>(R") onto LZ(RM).

PROOF. The operator F is built from the integral -/RN f(x)e ?7*Y dx. In
a similar fashion, build an operator Z from fRN f(x)e*™¥Y dx, or equivalently
define Zf(y) = Ff(—=y). Then | Zf|, = || fll, for f in L?. It is sufficient to
prove that FZ = 1 on L?, since for any f in L?, the equation FZ = 1 implies
that Zf is a member of L? carried to f by F. Moreover, FZ is continuous, being
bounded. Itis therefore enough to prove that FZ f = f for f in a dense subspace
of L?. We shall do so for the dense subspace L' N L2 R

For a function f in L' N L? with the additional property that f isin L' (and also
L? by Theorem 8.6), Theorem 8.4 for Z (or Theorem 8.4 applied to the function
f(—x)) shows that FZf = f.

For a general f in L' N L2, form ¢, * f, where ¢(x) = e ", Then
m = @fis inL'N in\in fact, it is in L2 by Proposition 6.14 and Theorem
8.6, and itis in L' because f is bounded and @, is in L'. By the special case just
proved, FZ(ps * f) = @, * f. Since FT is continuous and ¢, * f — f in L?
by Theorem 6.20a, FZf = f. Thus FZf = f on the dense subspace L' N L2,
and the proof is complete. n

We shall be interested especially in bounded linear operators A on L>(R")
that commute with translations, i.e., that satisfy A(z, f) = 1, (Af) forall x in RY
and all f in L?. Recall that the operator norm || A|| of a bounded linear operator
on L? is the least C such that IlAfll, < Cllfll, forall fin L2,
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EXAMPLES.

(1) The translation t,, is an example of a bounded linear operator on L?
that commutes with translations; the commutativity in question follows from the
commutativity of R" as an additive group, and the equality T flly = I1f1l,
shows that 7, is bounded with I7xl = 1. In terms of Fourier transforms,
Proposition 8.1 shows that (zy, f) (y) = e 2rixo yf(y)

(2) Another example of a bounded linear operator on L? that commutes with
translations is the operator Ag = f * g for fixed f in L'. This commutes
with translations by Proposition 6.15, and it 1s bounded with [|A]l < [ fIl, by
Proposition 6.14. Proposition 8.1 shows that Ag = f g.

__(3) Let M(y) be any L™ function on R¥, and for f in L?, define Af by
A f M f The function f is in L? by the Plancherel Theorem, M f is in L2
since M is essentially bounded, and M f is the Fourier transform of some L?
function by the Riesz—Fischer Theorem. We take this L? function to be Af. The
brief formulais Af = F~'(MFf). From the inequalities lAfNl, = IMFfll, <
IMINFfNl, = IMIl Il f1l,, we see that A is bounded with || Al| < [|M||,,. The
bounded linear operator A commutes with translations, since

FAT )G = FF "MFr. () = MFr f (y) = M(y)e Y Ff(y)
and Fo (AN = e Y FAL)(y) = e Y MO FF ().

One speaks of the function M as a multiplier on L>. The previous two exam-
ples are instances of this construction. Example 1 has M(y) = e~*"*, and
Example 2 has M(y) = f(y). We shall see in Theorem 8.14 in the next section
that every bounded linear operator A on L? commuting with translations arises
from some such essentially bounded M and that ||A|| = ||M|| . ; for this reason a
bounded linear operator on L? that commutes with translations is often called a
“multiplier operator” or a “bounded multiplier operator” on L2,

4. Schwartz Space

This section introduces the space S(R"Y) of Schwartz functions on RY. This
space is a vector subspace of L' (R"), so that the Fourier transform is given on it
by the usual concrete formula; S(R™) will turn out to be another space besides L?
that is carried onto itself by the Fourier transform. Working with S(R"Y) provides
a convenient way for using the Fourier transform and derivatives together, as
becomes clearer when one studies partial differential equations.

If Q is a complex-valued polynomial on RY, define Q(D) to be the partial
differential operator with constant coefficients obtained by substituting, for each
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Jjwithl < j < N, the operator D; = % for x;. A Schwartz function on R" is
a smooth function such that P(x) Q(D) f is bounded for each pair of polynomials
P and Q. An example is the function eI, since its iterated partial derivatives
are all of the form R(x)e ™" for some polynomial R. The Schwartz space
S = S(RY) is the set of all Schwartz functions.

The Schwartz space S is evidently a vector space, and it is closed under
partial differentiation and under multiplication by polynomials. Closure under
partial differentiation is in effect built into the definition. To see closure under
multiplication by polynomials, it is enough to check closure under multipli-
cation by each monomial x;. This closure follows readily from the formula
O0D)(x; f) = o"(D)f + x;Q(D) f, where 0" is 0 or is a polynomial having
degree strictly lower than Q has.

If f is a Schwartz function, then P (x) Q(D) f is actually integrable, as well as
bounded, for each pair of polynomials P and Q. In fact, (1+|x|*)N P(x)Q(D) f
is bounded, and therefore P (x)Q (D) f is < a multiple of the integrable function
(1 + |x|*)~N. In particular, S is contained in L', L?, and L*°.

Finally the Fourier transform F carries S into itself. In fact, parts (f) and (g)
of Proposition 8.1 give

P(0)Q(D)f = P(x)F(Q(-27ix) f) = F(P(Q2ri)~' D)Q(~2rix) f).

and the right side is the Fourier transform of an L' function and therefore is
bounded.

Proposition 8.10. The Fourier transform F is one-one from S(R"Y) onto
S(RY), and the Fourier inversion formula holds on S(RV).

PROOF. Since S € L', Fis one-one on S as a consequence of Corollary 8.5.
Since F(S) € S C L', Theorem 8.4 shows that the Fourier inversion formula
holds on S. Let (Zf)(x) = (Ff)(—x) for f in L'. Then Z(S) € S. The
Riesz—Fischer Theorem (Theorem 8.9) shows that #Z = 1 on L' N L?, and
hence FZ = 1 on S as well. Therefore if f isin S, then g = Z f is a member of
S such that Fg = f, and we conclude that F carries S onto S. O

To make effective use of Proposition 8.10, we need to know that S(R") is quite
large, large enough so that we can shape functions suitably when we need them.
For U open in RY, let CZ (U) denote the vector space of smooth complex-
valued functions on U whose support is a compact subset of U. It is apparent
that C3> (U) is closed under pointwise multiplication and that every member of

CS L (U) extends to a member of Cgy (R™) when set equal to 0 off U. But it is

com
not apparent that CSy (U) contains nonzero functions. We shall construct some.
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Lemma 8.11. If §; and §, are given positive numbers with §; < §,, then there
exists ¥ in C3, (R™) such that v (x) depends only on |x|, ¥ is nonincreasing in

|x|, ¥ takes values in [0, 1], ¥ (x) = 1 for |x| < §;, and ¢ (x) = O for |x| > §,.

PROOF. We begin from the statementin Section 1.7 that the function f : R — R
with f(¢) equal to e~/ *fort > Oand equal to O for ¢ < 0 is smooth everywhere,
including at = 0. (The verification that f is smooth occurs in Problems 20-22
at the end of Chapter I.) If § > 0, then it follows that the function gs(t) =
f(+1)f(S —t)is smooth. Consequently the function As(t) = fioo gs(s)ds is
smooth, is nondecreasing, is O for t < —§, is some positive constant for ¢ > §,
and takes only values between 0 and that positive constant. Forming the function
hs (t) = hs(r +t)hs(r —t) with r at least 6 and dilating it suitably, we obtain a
smooth even function vy (¢) with values in [0, c], the function being identically O
for |t| > &, and being identically ¢ for |¢| < §;. Putting ¥ (x) = ¢~ "o (|x]), we
obtain the desired function. O

Proposition 8.12. If K and U are subsets of RV with K compact, U open,
and K C U, then there exists ¢ € C% (U) with values in [0, 1] such that ¢ is
identically 1 on K.

PROOF. There is no loss of generality in assuming that K is nonempty and U
is bounded. The continuous distance function D(x, U€) is everywhere positive
on the compact set K and hence assumes a positive minimum c¢. Define K’ to
be the set {x € RY | D(x,K) < %c}. This set is compact, contains K, and
has nonempty interior. Since the interior is nonempty, K’ has positive Lebesgue
measure |K’|. Applying Lemma 8.11, let & be a nonnegative smooth function
that vanishes identically for |x| > %c and has total integral 1.

Define ¢ = h x Ig/, where I is the indicator function of K’. Corollary 6.19
shows that ¢ is smooth. The function ¢ is > 0 and has sup |¢| <||&||1 || Ik’ |lcc = 1.

We have ¢(x) = fRN h(x —y)Ig/(y)dy. If x isin K and h(x — y) is nonzero,
then [x — y| < %c. Then D(y,K) < |[x —y| < ic, and y is in K’. Hence
Ix(y) = 1,and o(x) = [pn h(x — y)dy = 1.

Next, suppose D(x, U¢) < }10 and /& (x — y) is nonzero, so that again |x — y| <
1 1

z¢. The claim is that y is not in K’, i.e., that D(y, K) > zc. Assuming the

contrary, we can find, because of the compactness of K, some k € K with
1

|y — k| < zc. Then every u® € U° satisfies ¢ < |u® — k| < [u® — x|+
lx—y|l+ |y —k| <|u®—x|+ }Lc+ }Lc, and we obtain |u¢ — x| > %c. Taking the
infimum over u“, we obtain D(x, U¢) > %c, and this is a contradiction. Thus y
is not in K’, and the integrand is identically O whenever D(x, U¢) < ic. Hence
px)=0if D(x,U°) < j—‘c, and the support of ¢ is a compact subset of U. This

completes the proof. (]
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Every functionin Cg (RY) is the Fourier transform of some Schwartz function
by Proposition 8.10, and there are many such functions by Proposition 8.12. With
this fact in hand, we can prove the theorem about operators commuting with
translations that was promised in the previous section. We begin with a lemma.

Lemma 8.13. If A is a bounded linear operator on L?(R") commuting with
translations, then A commutes with convolution by any L' function.

PROOF. We are to show that A(fxg) = f*(Ag)if fisin L' and gisin L?. Let
€ > 0 be given. Corollary 6.17, with g; = g and g, = Ag, shows that there exist
Vs -ves Yo in RY and constants cy, . . ., ¢, such that ||f * g — Z;.':l q,rng||2 <€

n
and ”f * Ag — D i1 €Ty, Ag ||2 < ¢. Then we have

IACf *g) — f * Agll, < ||A(f * g — > i ¢jTy,8) H2
+ ”A(Z?:l ijng) - Z?:l CjTYjAg||2
+ H 27:1 cjTy, Ag — f * Ag”z.

The first term on the right side is < || A|| Hf x g — Z;Zl cjrng” < €||All, the
second term is O since A commutes with translations, and the third term is < €
by construction. O

Theorem 8.14. If A is a bounded linear operator on L?(R") commuting with
translations, then there exists an L™ function M such that Af = F~'(MFf) for
all fin L%. As a member of L, M is unique and satisfies M|l = IAll.

REMARKS. The idea of the proof comes from the corresponding result for L of
the circle, where itis easy to define M. Call the operator T in the case of the circle.
Each function ¢/** is in L?, and the given operator T satisfies er(T(eikX ) =
T (ty, (€*¥)) = T (e*=%0)) = ¢=Ik¥oT (¢/%¥) If we write f for the L? function
T (¢"**) and form the Fourier series expansion f(x) ~ 3 cqe'™, then T, f has
Fourier series 7, f(x) ~ Y c,e” "¢ by linearity and boundedness of ty,.
Since we have just seen that 7, f = e~/** £ we conclude that }_ ¢, e~ 0" =
> cpek¥einx If ¢, # 0 for some n unequal to k, then we do not have the
term-by-term match required by the uniqueness theorem. Hence only c¢; can
be nonzero, and we have T (¢/**) = cre’**. The number ¢y is the value of the
multiplier M at the integer k. In the actual setting of the theorem, the circle is
replaced by R", and individual exponential functions are not in L2. Thus this
easy process for obtaining M is not available, and we are led to construct M by
successive approximations.

PROOF. Choose, by Proposition 8.12, functions ®; € Co (RN) with
(1) 0 < O(y) < 1forall y,
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(i) Px(y) =0for|y| = k+1,

(iii) De(y) = 1 for |y| < k.
Then ©;®; = Ppinjp if j # k, and Py is in ngm(RN) and hence in the
Schwartz space S(RV). Put ¢, = F~!(®y). Proposition 8.10 shows that ¢y is in
S, and therefore ¢ is in L' N L2. Since the Fourier transform carries convolution

into pointwise product, we have @; * @ = @min(j 1) if j # k. Define
My = F(Agi)

as an L? function. Lemma 8.13 shows that A commutes with convolution by an
L' function, and thus ¢ * Agry1 = A(@k * @rr1) = A = A(@r * @rg2) =
Ok * Aprso. Consequently

DMyt = O My

and Mp1(y) = Mii2(y)  for [y| < k.
This equation shows that if we put
M(y) = Mi41(y) for |y| <k,

then M is consistently defined and is locally in L. R

Let S = FH(CZ,(RY)) € S(RY). If a member f of Sy has f(y) = 0
for |y| > k, then f@k+1 = fand hence f * ¢ry1 = f. Application of A gives
Af = A(f * @ey1) = f * Agryr. If we take the L2 Fourier transform of both
sides and use Corollary 8.8, we obtain F(Af) = My+1f. The right side equals

Mfsince f(y) = 0 for |y| > k, and thus
FAfH=Mf

whenever f is in &y and f(y) =0 for |y| > k.

The subspace C32 (RY) of L? is dense by Corollary 6.19 and Theorem 6.20a.
Since the L? Fourier transform carries L2 onto L2 and preserves norms (Theorems
8.6 and 8.9), Sy is dense in L?. Let a general f in L? be given, and choose a
sequence { fj} in So with f; — f in L?. Then F(Af)) — F(Af) in L?>. By
Theorem 5.59 we can pass to a subsequence, still written as { f;}, so that f; — f
and F(fj) — F(f) and F(Af;) — F(Af) almost everywhere. Consequently

FAN(y) = lim F(Af;)(y) = lim M (y) F(f;)(y)
= M) im F(fj)(y) = M(0)F()(y)

almost everywhere.
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To see that M is in L, suppose that [M(y)| > C occurs at least on a set E of
positive finite measure. Then I is in L2, If we put f = F ~!(Ig), then we have
TAI Ay, = NAf I, = 1FANDL=IMF D), =IIMIEll, = Cllell, = Clifl,s
and hence || A|| > C. Therefore || A|| > | M|| . In particular, M is in L°.

In the reverse direction we have ||Af]l, = [F(ANI, = IMF(Ol, <
IMINFON, = IMII S, forall fin L%, and thus [|A|| < [|[M]|,,. We
conclude that | M|, = || All. This completes the proof of existence.

If we have two candidates for the multiplier, say M and M, then subtraction
of the equations F(Af) = MF(f) and F(Af) = M F(f) shows that 0 =
(M — M)F(f) for all f in L>. Therefore M = M, almost everywhere. This
proves uniqueness. O

5. Poisson Summation Formula

The Poisson Summation Formula is a result combining Fourier series and the
Fourier transform in a way that has remarkable applications, both pure and applied.
Nowadays the formula is expressed as a result about Schwartz functions and
therefore fits at this particular spot in the discussion of the Fourier transform.

Part of the power of the formula comes about because it applies to more settings
than originally envisioned. The Euclidean version applies to the additive group
RY, the discrete subgroup of points with integer coordinates, and the quotient
group equal to the product of circle groups. In this section we shall take N =1
simply because a theory of Fourier series has been developed in this book only
in one variable.

We begin by stating and proving the 1-dimensional version of the theorem.

Theorem 8.15 (Poisson Summation Formula). If f is in the Schwartz space
SR'), then

Yo fatm =Y fme.

n=—0oo

PROOF. Define F(x) = Zzi_oo f(x + n). From the definition of S, it is easy
to check that this series is uniformly convergent on any bounded interval and
also the series of k™ derivatives is uniformly convergent on any bounded interval
for each k. Consequently the function F is well defined and smooth, and it is
periodic of period one. We form its Fourier series, taking into consideration that
the period is 1 rather than 27r; the relevant formulas for Fourier series when the
period is L rather than 27 are
o , 1 [L2 '
fo)~ D7 et with ¢, = — F@)e 2L gy
e LJ-rp
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A smooth periodic function is the sum of its Fourier series, and thus

F(x) = Zn_ o (fO F(t)efbnm dt) 2minx. (%)

The Fourier coefficient in parentheses in (x) is

J) Fye it de = [/ S0 f(t 4 k)e 2" dr
=30 Sy f+Re M dr
=% S e it
= 7 f()e M dt
= fm,

and the theorem follows by substituting this equality into (). O

Corollary 8.16. Y°° ¢ % =p Y% 7" forany r > 0.

PROOF. The remarks before Theorem 8.3 show that it we define p(x) = ™™ x*
and g (x) = &~'p(e7'x), then G (y) = P(ey). If we put f(x) = re.(x) =
e % then it follows that f(y) =re . Applying Theorem 8.15 to this f
and setting x = 0 gives the asserted equality. g

Inone especially significant application of the 1-dimensional Euclidean version
of the Poisson Summation Formula to pure mathematics, the remarkable identity
in Corollary 8.16 can be combined with some elementary complex analysis to
obtain a functional equation for the Riemann zeta function, which is initially
defined for complex s with Res > 1 by

cw=g%=ALQ—%y3

The functional equation relates ¢ (s) to £ (1 —s). More precisely the function ¢ (s)
extends to be defined in a natural way? for all s in C — {1}, and the functional
equation is

Al —5) = A(s), where A(s) = {(s)F(%s)n—%S.

This implication is just the beginning of a deep theory in which Fourier analysis,
elementary complex analysis, algebraic number theory, and algebraic geometry
come together to yield a vast array of surprising results about prime numbers.

2The natural way is as an analytic function in C — {1}. The function has a simple pole at s = 1.
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The extension of the definition of the Riemann zeta function to C — {1} and the
derivation of the functional equation of the Riemann zeta function use elementary
complex analysis as in Appendix B, and they will be carried out in Problems 19-27
at the end of the chapter.

In real-world applications the 1-dimensional Fourier transform is of great
significance because of its interpretation in signal processing. A given function
f(t) on R! is interpreted as the voltage of some signal, written as a function
of time, and the Fourier transform f(w) gives the components of the signal at
each frequency w. The Plancherel formula states the comforting fact that energy
can be computed either by summing the contributions over time or by summing
the contributions over frequency, and the result is the same. Convolutions are
of special significance in the theory because they represent the effects of time-
independent operations on the signal —such as the passage of the signal through
a filter.

To make numerical computations, one takes some discretized version of the
signal, obtained for example by rapid sampling over a long interval of time. The
discrete signal, which may well be obtained at 2" points for some n, is then
regarded as periodic. In other words, the signal is really a function on a cyclic
group of order 2”. Computing a convolution involves multiplying each translate
of one function by the other function at 2" points, adding, and assembling the
results. The number of steps is on the order of 22", Alternatively, a convolution
can be computed using Fourier transforms: One computes the Fourier transform
of each function, does a pointwise multiplication of the new functions, and then
computes an inverse Fourier transform. The pointwise multiplication involves
only 2" steps, which is relatively trivial compared with 22" steps. How many
steps are involved in the computation of a Fourier transform? Naively it would
seem that an exponential depending on y has to be multiplied by the value of
the function at each point x and the results added, hence 2" steps. However,
the mechanism of the Poisson Summation Formula contains a better way of
carrying out the computation of the Fourier transform that involves only about
n2" steps. The algorithm in question is known as the fast Fourier transform
and is discussed in more detail in Problems 13—18 at the end of the chapter. The
upshot is that the Poisson Summation Formula leads to a practical device that
cuts down enormously on the cost of analyzing signals mathematically.

Although the Poisson Summation Formula as stated in this section relates the
real line, the subgroup of integers, and the quotient circle group, the fast Fourier
transform iterates versions of the formula for settings that are different from this.
The groups in question are cyclic of order 2¥ with k < n. We can take the
subgroup to have order 2, and the quotient group then has order 2!, A still
more general version of the Poisson Summation Formula applies to any “locally
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compact” abelian group with a discrete subgroup having compact quotient. This
more general version of the formula is used in the full-fledged application to
pure mathematics that combines Fourier analysis, elementary complex analysis,
algebraic number theory, and algebraic geometry.

6. Poisson Integral Formula

Let Rﬁ“ be the open half space {(x, t) | x € RVNandt > 0}. We view the
boundary {(x, 0) | x € R} as R". For a function f in L7 (R") for p equal to 1,
2, or 0o, we consider the problem of finding u(x, ¢) that is defined on Rﬁ“, has
f as boundary value in a suitable sense, and is harmonic in the sense of being a
C? function satisfying the Laplace equation Au = 0, where A is the Laplacian
32 92 92
A=—+ -+ —5+—.
ax? ax3 912
We studied the corresponding problem for the unit disk in a sequence of
problems at the ends of Chapters I, III, IV, and VI. In that situation the open
disk played the role of the open half space, and the circle played the role of the
Euclidean-space boundary. We were able to see that the unique possible answer,
at least if f is of class C?, is given by the Poisson integral formula for the unit
disk:

b4

1
u(r,0) = o fO - P (p)de,

where P, (0) = 71_2:;)’320“2 =y rirleint,

The situation with Rﬁ“ is different. One complication is that the boundary
is not compact, and a discrete sum can no longer be expected. Another is that the
harmonic function with given boundary values need not be unique; in fact, the
function u(x, t) = t is a nonzero harmonic function with boundary values given
by f = 0, and thus we cannot expect to get a unique solution to a boundary-value
problem unless we impose some further condition on u. In effect, the condition
we impose will amount to a growth condition on the behavior of u at infinity. A
partial compensation for these two complications is that the boundary is now the
Euclidean space R¥, and dilations are available as a tool.

Let us make a heuristic calculation to look for a harmonic function with given
boundary values. Suppose u(x, t) is the solution we seek that corresponds to
f. Then we expect that the translate 7, u(x, ¢) is the solution corresponding to
Ty, f (x). We might further expect that the mapping f +— u(-, ¢) is bounded on
L*(R"). By Theorem 8.14 we would therefore have

Wy, 1) =m () f(y),
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for some multiplier m,(y); the Fourier transform is to be understood as occurring
inthe x variableonly. If#; > Oisfixed, thenu (x, t41¢;) is harmonic V/V\ith boundary
value u(x, 1), and so/i\t\(y, t+1) =m()u(y, t;) = m;(y)m, (y) f(y). The left
side equals m, 4, (y) f (), and therefore

My, (¥) = m(y)my, (y).

Since this is only a heuristic calculation anyway, we might as well assume that m
is jointly measurable. Then we deduce that

m(y) = e's)

for some L function g. To compute g, we use the condition Au = 0 more
explicitly. Formally, as a result of the Fourier inversion formula, u(x, ¢) is given
as

/ u(y, e dy = / m () f(y)e? Y dy = / ¢80 F(y)e* Y dy.
RN RN RN

Without regard to the validity of the interchange of limits, we differentiate under
the integral sign to obtain

92 R ‘
F u(x,t) = —47[2/ yjzelg(y)f(y)e2mx‘y dy
xj RN
2 _ .
and iD= /RN g()*e f(y)e? Y dy.

Summing the derivatives and taking into account that f(y) is rather arbitrary, we
conclude that g(y)*> = 4m2|y|>. Since m,(y) is an L™ function, we expect that
the negative square root is to be used for all y. Thus g(y) = —2m|y|. Therefore
our guess for the multiplier is

mi(y) = e,

This is an L' function, and we begin our investigation of the validity of this
answer by computing its “inverse Fourier transform,” to see what to expect for
the form of the bounded linear operator f + u(-,t).

Lemma 8.17. For ¢ > 0,

/ o2yl p2mix-y dy = CN ll 7
RN (2 + |x|2)§(N+l)

where cy = n_%(N“)F(%).
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REMARK. The idea is to handle # = 1 first and then to derive the formula for
other #’s by taking dilations into account. For t = 1, we express e~ 2"l as an
integral of dilates of e‘”mz, and then the integral in question will be computable
in terms of the known inverse Fourier transforms of dilates of e=7P’,

PROOF. In one dimension, direct calculation using calculus methods on the
intervals [0, +00) and (—oo0, 0] separately gives

/oo =27 |u| ,—2miuv 1 1
e e du = — .
o 7 14 v?

Since (1+v?)~is integrable, the Fourier inversion formula in R! (Theorem 8.4)

then shows that
1 > 1 2mwiuv —27 |u|
— e dv=ce .
T ) oo 1+02

Putting u = |y| with y in RV yields

1 [ ,_.

el = — / e (1 + v dv. (%)
T J-0

Any 8 > Ohas B~ = [° e P ds, and hence (1 +v?) ! = 7 [ =+ g,

Substitution for (1 4+ v?)~! in (x), interchange of integrals by Fubini’s Theorem,

and use of the formula in R! for the inverse Fourier transform of a dilate of e~
gives

oo 00 ) 5 00 5
e—27r\y| — [ e—ns[/ evaly\e—nv sdv] ds = / e—nss—l/Ze—nly\ /s dS,
0 —00 0

and this is our formula for e 27! as an integral of dilates of e~ .

We multiply both sides by e>™*, integrate, interchange the order of integra-
tion, use the formula in R¥ for the inverse Fourier transform of a dilate of e =71 |2,
and make a change of variables 7s(1 + |x|?) — s. The result is

00
/ e—2ﬂ\y|62m'x4y dy — / 6_7”.5‘_1/2[/ e_ﬂ|y‘2/s62ﬂix~y dy] ds
RN 0 RY

© 1 2
e—nssi(N—l)e—ns\xl ds

*© 2 1
o TSR GF(N=1) g

J
J

(o]
=n,é(N])(1+|x|2)é(N])jT](l_lelz)l/\ efss%(Nfl)ds
0

_ n*%(N“)I‘(%)(I + |x|2)7%(N+1)‘
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The proof is completed by making use of the effect of the Fourier transform
on dilations. We have just seen that the function (p(x) =1+ |x|2)*%(N +0
is integrable with Fourier transform cy'@(y) = cy'e >™Pl. Then ¢, (x) =
1,~2mt]y|
e .

O

N x) = t(2+|x|*)~ -(N+1)hasFourlertransforch Pty) =cy

We define
Ccyt

(12 + x| V+D

Px,t) = P(x) =

for t > 0, with ¢y as in Lemma 8.17, to be the Poisson kernel for R_’X“. The
Poisson integral formula for Rf s u(x, 1) = (P * f)(x), and the function u
is called the Poisson integral of f.

Proposition 8.18. The Poisson kernel for R_’X“ has the following properties:

(@) P(x)=1t"P(t7'x),

(b) P is integrable with P,(y) = e >Vl
(¢) P, >0and [px P (x)dx =1,

(d) PPy =Py,

(e) P(x, ) is harmonic in N + 1 variables.

PROOF. Conclusion (a) is by inspection. For (b), the formula for P, shows
that P, for fixed ¢, is continuous and is of ordgr |y|~™*D as y tends to infinity.
Therefore P; is integrable. The formula for P, then follows from Lemma 8.17
and the Fourier inversion formula (Theorem 8.4). In (c), the first conclusion is by
inspection of the formula, and the second conclusion follows from (b) by setting
y = 0. Conclusion (d) follows from the corresponding formula on the Fourier
transform side, namely P,P = P,+,r and conclusion (e) may be verified by a
routine computation. O

Theorem 8.19. Let p be 1, 2, or 0o, let f be in LP(RY), and let u(x, t) =
(P; % f)(x) be the Poisson integral of f. Then

(a) u is harmonic in N + 1 variables,

®) NuC- Dl < I1£1l,.

(c) u(-,t)convergesto f in L? as t decreases to O provided p < oo,

(d) u(x,t)convergesto f(x)uniformly for x in E as ¢ decreases to O provided
fisin L and f is uniformly continuous at the points of E,

(e) the maximal function f**(x) = sup,. o |(P;* f)(x)] satisfies an inequality
m({x| f**(x) > £}) < Cl f|, /& with C independent of f and &,

(f) (Fatou’s Theorem) u(x, t) converges to f(x) for almost every x in RV,
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REMARKS. The theorem says that # is harmonic and has boundary value f in
various senses. The hypothesis for (f) is really that f is the sum of an L' function
and an L™ function, and every L? function has this property, as will be observed
in the proof below.

PROOF. Let us leave aside (a) for the moment. Conclusion (b) is immediate
from Proposition 6.14 and parts (a) and (c) of Proposition 8.18. Conclusions (c)
and (d) follow from parts (a) and (c) of Theorem 6.20. Conclusion (e) follows from
Corollary 6.42 and the Hardy-Littlewood Maximal Theorem (Theorem 6.38), and
conclusion (f) for L' functions f is part of Corollary 6.42. Now suppose that f
is an L™ function. Fix a bounded interval [a, b] and write f = f| + f> with fj
equal to O off [a, b] and f, equal to 0 on [a, b]. Then P; * f; converges almost
everywhere to f] since f is integrable, and P, % f> converges to 0 everywhere on
(a, b) by (d). Hence P; x f converges almost everywhere on (a, b); since (a, b)
is arbitrary, P, x f converges almost everywhere. This proves (f).

Now we return to (a). Since P(x,t) is harmonic, conclusion (a) represents
an interchange of differentiation and convolution. The prototype of the tool we
need is Corollary 6.19, but that result does not apply here because P; does not
have compact support. If we break a function f into two pieces, one where | f |
is > 1 and one where | f| is < 1, we see that any L? function is the sum of an L'
function and an L function. Thus it is enough to prove (a) when f isin L' or
L™,

Let ¢ be P or one of P’s iterated partial derivatives of some order, let 1 < j <
N + 1, and define D; tobe d/dx; if j < N or d/0t if j = N + 1. Itis sufficient
to check that

h= (9 % ), 1) 4+ hey) = (9 % £)(x, 1) = (Djg) * f)(x, 1)

tends to O pointwise as & tends to 0. Taking Proposition 6.15 into account, we
see that we are to check that

(A (0(C .0+ hep) =@, 0) = (D) (D) % £ (x)
tends to O as & tends to 0. Proposition 6.18 shows that it is enough to have
h=!(@((x, 1) + hej) — p(x, 1)) — (Dj@)(x, 1)
tend to 0 in L™ of the x variable for each fixed ¢ if f is in L', or in L' of the

x variable for fixed ¢ if f is in L*>°. The Mean Value Theorem shows that this
expression is equal to

(Dje)((x, 1) + Hej) — (Djg)(x, 1)
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for some A’ between 0 and %, with i’ depending on x and ¢, and a second
application of the Mean Value Theorem shows that the expression is equal to

h' (D} @) ((x. 1) + h'e)).

We are to show that this tends to O, for fixed ¢, uniformly in x and in L' of the x
variable as & tends to 0. It is enough to show for each fixed ¢ that

(D}p)((x, 1) + he;)) (%)

is dominated in absolute value by a fixed bounded function of x and a fixed L'
function of x when & satisfies |h| < %min{l, t}.

An easy induction on the degree shows that any d"-order partial derivative of
P(x, 1) is of the form Q(x, 1)(t> + |x|2)_%(N+1)_d, where Q(x, t) is a homoge-
neous polynomial in (x, ) of degree d + 1. Since any monomial of degree 1 is
bounded by a multiple of (2 +|x|?)'/2, the d"-order partial derivative is bounded
by a multiple of

(2 + |x|2)7%(N+1)7%(d71)‘ (%)

Thus the desired properties of the expression () will follow if it is shown that
(*x) has these properties. This is a routine matter for d > 1, and the proof of (a)
is complete. (]

7. Hilbert Transform

This section concerns the Hilbert transform, the bounded linear operator H on
L?>(RV) given by

FH)(y) = —i(sgny)(F ().
Formally this operator has the effect, for y > 0, of mapping exponentials by

_l-e27nx»y —2mx~y’

eI and e 7Y > e

and hence of mapping cosines and sines by
cos(2mx - y) > sin(wrx -y) and sin(2wx -y) > —cos(2wx - y).

For this reason, engineers sometimes call the Hilbert transform a “90° phase
shift.” The notion is of such importance that there is even a piece of hardware
called a “Hilbert transformer” that takes an input signal and produces some kind
of approximation to the Hilbert transform of the signal.®

3The delay in time that a Hilbert transformer requires in producing its output imposes a built-in
theoretical limit for how good the approximation to the Hilbert transform can be. An exact result
would require an infinite time delay.
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We shall do some Fourier analysis in order to identify H more directly. To
get an idea what H is, we begin by computing the effect on L? of composing
the Hilbert transform and convolution with the Poisson kernel P.(x). Then we
examine what happens when ¢ decreases to 0.

, 1
Lemma 8.20. For ¢ > 0, / (—i sgnt)e ZrelilPmivt gy — — L.
R! T 82 + x2
PROOF. This result follows by direct calculation, using calculus methods on
the intervals [0, +00) and (—oo, 0] separately. O
1
If we define Q(x) = — il for x in R!, then Q,(x) = ¢~ 'Q(e'x) =
| 7 1+ x2
— is the function in the statement of Lemma 8.20. We define
T &2+ x2
0. 8) = Qo) = — —~
X, &) = X)=— ———,
¢ 7w g2+ x2

for & > 0, to be the conjugate Poisson kernel on R%r. The function Q; is not in
L'(R"). However, it is in L?(R"), and therefore the convolution of Q, and any
L? function is a well-defined bounded uniformly continuous function. For f in
L?, the function v(x, €) = (Q, * f)(x) is called the conjugate Poisson integral

of f.

Proposition 8.21. The conjugate Poisson kernel for R%r has the following
properties:

(a) thefunctionv(x, y) = Q,(x)isharmonicin R? , and the pair of functions

u and v with u(x, y) = Py(x) satisfies the Cauchy—Riemann equations

ou av ou av

—=— and —=——,

dx  dy ady ax
(b) the L? Fourier transform F(Q,)(y) equals —i(sgn y)e 27l
() Q¢ * Py = Qeye.

REMARKS. A fundamental result of elementary complex analysis is that if u
and v are C' functions on an open subset of C satisfying the Cauchy—Riemann
equations, then f(z) = u(x, y) + iv(x, y) is an “analytic” function in the sense
that in any open disk about any point in the open set, f(z) equals the sum of
a power series convergent in that disk.* We shall not make use of elementary
complex analysis at this time, but the analyticity of u + iv is the starting point
for a great deal of analysis that will not be treated in this book. In the special
case of the Poisson kernel and the conjugate Poisson kernel, the function f is

f@) =i/(m2).

4This result amounts to a combination of Corollary B.2 and Theorem B.21 of Appendix B.
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PROOF. Part (a) is a routine calculation.

For (b), we know that Q, is in L? and has an L? Fourier transform g = F(Q,).
The inverse Fourier transform F~! on L? satisfies F~!(g) = Q,, and (b) will
follow if we show that F~!(f) = Q,, where f(t) = —i(sgnt)e 27"l For each
integer n > 0, let f,(t) be f(¢) for |t| < nand O for |t| > n. Then f, — fin L?
by dominated convergence, and hence F ' (f,) — F~!(f) in L?. By Theorem
5.59 a subsequence of F~!(f,) converges almost everywhere to F~!(f). Since
fisin L', Lemma 8.20 shows that F~'(f,)(t) = ffn f()e*™ ¥ dt converges
pointwise to Q,(x), and therefore F~'(f) = Q,.

For (c), Corollary 8.8 shows that 7(Q, * Py) = F(Q.)F(Ps). In combi-
nation with Proposition 8.18b, conclusion (b) of the present proposition gives
FQ)WF(P)(y) = —i(sgny)e e+ ae and this is F(Qese)(y) ae.
by a second application of (b). O

Theorem 8.22. Let f be in L*(R'), and let u(x,y) = (P, * f)(x) and
v(x,y) = (Q, * f)(x) be the Poisson integral and conjugate Poisson integral of
f. Then

(a) the function v is harmonic in R? , and the pair of functions u and v satisfies
the Cauchy—Riemann equations,

(b) the function Q, * f is in L>(R") for every ¢ > 0, and its L? Fourier
transform is F(Q, * f)(y) = —i(sgny)e I F(f)(y),

(©) Qe * flly = I Pe £, < I fll, forevery e > 0,

(d) Qq % f — H(f)in L? as & decreases to 0.

PROOF. Conclusion (a) is handled just like Theorem 8.19a. In the proof of
Theorem 8.19a, the integrability of P, did not play a role; it was the integrability
of the iterated partial derivatives of P, (i.e., the case d > 0) that was important.
The estimates involving such derivatives here are the same as in that case.

For (b), put g = F(Q.)F(f). This is an L? function since F(Q,) is in
L™ by inspection and since JF(f) is in L? by the Plancherel formula. Define
fu = Ip@w:0) f»so thateach f,isin L' NL? and also f, — f in L. Since F(Q.)
is in L°°, the Plancherel formula shows that g, = F(Q.)F(f,) is in L? for each
n and converges to g in L?. Since f, isin L' and Q. is in L?, Corollary 8.8 gives
F(Qe * fn) = F(Qe)F(fn) = gu forall n. Thus Q, * f, = f_l(gn)- We now
let n tend to infinity. We know that || Q. * f,, — Q, * f||SLlp < NQellll fo = fl5.
Since Q, isin L? and f, — fin L?, Q. * f, converges uniformly to Q, * f. On
the other hand, F~!(g,) converges to F~'(g) in L?, and Theorem 5.59 shows
that a subsequence converges almost everywhere. Therefore F~!(g) = Q, * f.
Consequently F(Q, x f) = g = F(Q)F(f), and we obtain F(Q, * f)(y) =
—i(sgny)e TEVIE(f)(y).



438 VIII. Fourier Transform in Euclidean Space

Conclusions (c) and (d) follow by taking L? Fourier transforms and using (b),
Proposition 8.18b, and the Plancherel Theorem. This completes the proof. [

To get a more direct formula for the Hilbert transform, we introduce the
functions

heo) {% for |x| > 1,
X) =

0 for [x] < 1,
] | % for |x| > e,
and he(x) =¢ "h(e”'x) =
0 for |x| < e.

Let (x) = Q(x) — h(x), so that ¥, (x) = e 'Y (e7'x) = Q. (x) — he(x).
Lemma 8.23. The function ¥ on R! is integrable, and f_oooo Y(x)dx = 0.

PROOF. For |x| < 1, we have ¥/(x) = Q(x) = 7~ 'x/(1 + x?). Thisis a
continuous odd function, and therefore it is integrable on [—1, 1] with integral O.
For |x| > 1, we have ¥ (x) = n’l(lfxz — %) = —n’l(m). This is an
integrable function for |x| > 1; since it is an odd function, its integral is 0. O

Theorem 8.24. Let /1, be defined as above. If f is in L>(R'), then &, * f is
in L>(R') forevery ¢ > 0, and h, * f — H(f)in L? as ¢ decreases to 0.

REMARKS. More concretely the limit relation in the theorem is that

1 —t
Hf(x)= lim — Mdt.
(in L* sense) 7T J|¢t|>¢ t
el0

The integrand on the right side is the product of two L? functions on the set where
|t| > €, and it is integrable by the Schwarz inequality.

PROOF. We have h, * f = Qy % f — s * f. The term Q, % f is in L? by
Theorem 8.22b, and the term v/, * f is in L?> by Lemma 8.23 and Proposition
6.14. As & decreases to 0, Q, * f tends to Hf in L? by Theorem 8.22d, and
V. * f tends to 0 in L? by Theorem 6.20a. This completes the proof. g

Now that we have the concrete formula of Theorem 8.24 for the Hilbert trans-
form on L? functions, we can ask whether the Hilbert transform is meaningful on
other kinds of functions. For example, we could ask, If we have some other vector
space V of functions and V N L?*(R') is dense in V, can we extend H to V? The
answer for V = L' (R') is unfortunately negative. In fact, if f isin L' N L?, then
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the Fourier transform f will be continuous and the Fourier transform of H f* will
have to be —i(sgn y) f If f (0) is nonzero, then —i(sgn y) f is not continuous
and cannot be the Fourier transform of an L' function.

However, in Chapter IX we shall introduce L? spaces for | < p < oo, thereby
extending the definitions we have already made for p equalto 1, 2, and co. Toward
the end of the chapter, we shall see that the Hilbert transform makes sense as a
bounded linear operator on L?(R') for 1 < p < oo. This boundedness is an
indication that the Hilbert transform is not a completely wild transformation, and
the result in question will be used in the problems at the end of Chapter IX to
prove that the partial sums of the Fourier series of an L? function on the circle
converge to the function in L? as longas 1 < p < oo.

Actually, this boundedness on L?” will be a consequence of a substitute result
about L' that we shall prove now. Although the Hilbert transform is not a bounded
linear operator on L', its approximations in the statement of Theorem 8.24 are
of weak type (1, 1), in the same sense that the passage from a function to its
Hardy—Littlewood maximal function in Chapter VI was of weak type (1, 1).

Theorem 8.25. Let /i be the function on R! equal to 1/(rx) for |x| > 1 and
equal to O for [x| < 1. For f in L'(R") + L*(R"), define

f(x—t)d
T =1 !

Hy f(x) = hi f(x) =

as the convolution of the fixed function /; in L? with a function f that is the sum
of an L' function and an L? function. Then

IH fll, < All £l

with the constant A independent of f, and

CllfIly

m{x e R'| [H f(x)| > £} < :

for every £ > 0, with the constant C independent of £ and f.

REMARK. This result about the approximation H; to H on L' and L? will be
enough for now. The result for L' is much more difficult than the result for L2,
In the next chapter we shall derive from Theorem 8.25 a boundedness theorem
for all the other approximations H, = h,*(-)on L?(R!) for 1 < p < oo, witha
bound independent of ¢, and then it will be an easy matter to get the boundedness
of the Hilbert transform H itself on L7 for these values of p.
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PROOF. A preliminary fact is needed that involves a computation with the
function /;. We need to know that

Siizor M1 +7) — hi(x)|dx < 6 (%)

whenever 0 < |r'| < r. To see this, we break the region of integration into four
sets—one where |x| > 2r, |x| > 1, and |x + /| > 1; a second where |x| > 2r,
|x| < 1,and |x +r’| > 1; a third where |x| > 2r, |x| > 1,and |x +7'| < 1;and a
fourth where |x| > 2r, |x| < 1,and |x+7’| < 1. For the fourth piece the integrand
is 0. For the second and third pieces, the integrand is < 1 in absolute value, and
the set has measure < 2; hence each of these pieces contributes at most 2. For the
first piece the absolute value of the integrand is || / lx(x +7")| < 2r/x?; thus
the absolute value of the integral is < f‘x|>2r 2r /x> dx = 2. This proves (x).

It is an easy matter to prove that H; is a bounded linear operator on L2. In
fact,h; = Q, — ¥, and ¥ isin L' by Lemma 8.23. Thus Theorem 8.22¢ gives
IH fll, < 1Qu* fll, + I1¥ =+ fll, < ILf Il + 11 I £1I,. In other words, H) is
bounded on L? with ||H;|| < 1 + I¥ll,. Put A =1+ |[v.

The heart of the proof is the observation that if F isin L', vanishes off abounded
interval I with center yy and double® 7*, and has total integral fR' F(y)dy equal
to 0, then

IH1Flli -1 < 61 F ;. (srk)

To see this, we use the fact that the total integral of F is 0 to write

H\F(x)= [,h(x—=yFy)dy=[[h(x—y) —hx—y)lF(y)dy.

Taking the absolute value of both sides and integrating over R — I*, we obtain

fegr HVF () dx < [y [y 11 G = y) = h(x = yo)| [F ()| dy dx
= Jyer [ fegr 1h1(x = ) = h(x = yo)l dx] |F ()| dy
<6 [ IFOIdy,

the last step holding by («). This proves ().

Let the L' function f be given. Fix & > 0. We shall decompose the L'
function f into the sum f = g+ b of a “good” function g and a “bad” function b,
in a manner dependent on &. The good function will be in L* and hence will be
in L' N L™ C L?; the effect of applying H; to it will be controlled by the bound
of H, on L?. The bad function will be nonzero on a set of rather small measure,
and we shall be able to control the effect of H; on it by means of (sx).

5The “double” of a bounded interval I is an interval of twice the length of I and the same center.
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We begin by constructing a disjoint countable system of bounded open intervals
I, such that
() Yopm) <5Ifll, /&,
(ii) |f(x)| <& almost everywhere off | J, Ik,
(iii) ﬁ Ji 1f (0l dy < 2& for each n.

Namely, let f*(x) = sup,., ﬁ f[xfh,”hj |f(¢)|dt be the Hardy-Littlewood
maximal function of f, and let E be the set where f*(x) > &. The set E is
open. In fact, if f*(x) > £, then ﬁf[kh,wh] |f(®)|dt > & + € for some
€ > 0. For § > 0, the inequality ﬁ f[x_h’x+h+25] |f()|dt = & 4+ € shows that
f*(x+6) = hhﬁ (§+e¢). Hence f*(x+6) > & for § sufficiently small. Similarly
f*(x — &) > & for 6 sufficiently small.

Since E is open, E is uniquely the disjoint union of countably many open
intervals, and these intervals will be the sets I;. The disjointness of the I;’s and
the Hardy-Littlewood Maximal Theorem (Theorem 6.38) together give

> mI) <m(E) <5\ £, /¢,
k

and this proves (i) and the boundedness of the intervals. The a.e. differentiability
of integrals (Corollary 6.39) shows that |f(x)| < f*(x) a.., and therefore
|f(x)] <& ae.off E =, Ix. This proves (ii). If I = (a, b) is one of the I;’s,
then a is not in E, and we must have ﬁ f[bfﬂbw)’b] [f@®)|dt < f*(a) <E&.
Therefore ﬁ f[a’ b | f(¢)|dt < 2&. This proves (iii).

With the open intervals I; in hand, we define the decomposition /' = g + b by

fO)dy for x € I,

g(x) = m(Iy) I
f(x) for x ¢ |, Ik,
1
oo | 709 W/, fdy  forx € I,
0 forx ¢ (U, Ik

Since {x | |Hi f(x)| > &} € {x | 1Hig)| > &/2} U {x | [Hib(x)| > £/2}, itis
enough to prove
o m({x||Higx)| > &/2}) < C'lIfll,/& and
o m({x|IHbx)|>&/2}) <ClIf,/§
for some constant C’ independent of & and f.
The definition of g shows that f,k lg(x)|dx < flk | f(x)|dx for all k and

that |g(x)| = |f(x)| for x ¢ [J, Ix; therefore [ [g(x)dx < [p|f(x)|dx.
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Also, properties (ii) and (iii) of the I;’s show that |g(x)| < 2£ a.e. These two
inequalities, together with the bound || H;g|l, < Allgll,, give

Jo lHig)Pdx < A% for lg(0) P dx < 26 A° [ [g(0)| dx < 26 A% [ | f(x)] dx.

Combining this result with Chebyshev’s inequality m({x | |F(x)| > B}) <
B~? [z |F (x)|* dx for the function F = H;g and the number 8 = £/2, we obtain

4
<
_52

This proves the bulleted item about g.

For b, let by be the product of b with the indicator function of I;. Then we
have b = ), by with the sum convergent in L'. Since H; is convolution by the
L? function h,, Hib = >y Hiby with the sum convergent in L?. Lumping terms
via Theorem 5.59 if necessary, we may assume that the convergence takes place
a.e. Therefore |H b(x)| < Y, |Hibr(x)| a.e. Using monotone convergence and
(*%), we conclude that

8A%IIf1I;

m({x| [Hig(x)| > £/2}) :

25A2/ )] dx =
R

L ey, ) = Xk: 1ol -, 1)

<Y IHibellpw—ge) < 6lbelly, = 61Iblly < 6l £,
k

Thus m({x € R— UL | |Hib(x)| > &/2}) <6l fll,/(E/2) = 12| f]], /¢.

Sincem({x € U, I;'}) <51 f1l, /&by (i), we obtainm ({x | [H1b(x)| > £/2}) <
1711 £, / &, and the bulleted item about b follows. ]

8. Problems

1. For each of the following alternative definitions of the Fourier transform in RV,
find a constant « such that the Fourier inversion formula is as indicated, and find
a constant 8 such that when convolution is defined by

fxg(x) =B [pn f(x —0)g()dt,

then the Fourier transform of the convolution is the product of the Fourier
transforms.
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(a) Fourier transform f(y) = fRN f(x)e~™*Y dy and inverse Fourier transform
F@) = fon F)e™ dy.

(b) Fourier transform f(y) = 2m)~V fRN f(x)e™™* dy and inverse Fourier
transform f(x) = o [p F(y)ei*Y dy.

(¢) Fourier transform f(y) = (2mx)~N/? fRN f(x)e™"*Y dy and inverse Fourier
transform f(x) =« [pn F(y)ei*Y dy.

Let (u, v); = fRN u(x)v(x)dx if u and v are in LZ(R"), and let F denote the

Fourier transform on L>(RY). Prove for every pair of functions f and g in L?

that (f, g)2 = (F(f), F(g))2.

Prove that the Poisson kernel P and the conjugate Poisson kernel Q for Ri

satisfy the identity Q, * Qp = Psyyr.

This problem is an analog for the Fourier transform of Problem 20c of Chapter VI

concerning Fourier series and weak-star convergence. Weak-star convergence

was defined in Section V.9.

(a) If fisin L°(R"Y) and P; is the Poisson kernel, prove that P, % f converges
to f weak-star against L' (RV) as ¢ decreases to 0. In other words, prove
that lim, o [ (P * f)(x)g(x) dx = [pn f(x)g(x)dx forevery gin L'.

(b) Theorem 8.19b shows that || P; * fl, < |l fllo if £ isin L>®(RNM). Prove
that limy o [ Pr * flloo = I f llc-

Let M*(R"Y) be the space of finite Borel measures on RY. This problem
introduces convolution and the Poisson integral formula for M (RY). Each
finite Borel measure on RY defines, by means of integration, a bounded linear
functional on the normed linear space Ceom(R") equipped with the supremum
norm, and thus it is meaningful to speak of weak-star convergence of such
measures against Ceom (RY).

(a) The convolution of a finite Borel measure & on RY with an integrable
function f is defined by (f * u)(x) = ./RN f(x — y)du(y). Define
the convolution 1t = w1 * py of two members of MT(RY) by w(E) =
fRN w1 (E — x) duy(x) for all Borel sets E. Check that the result is a Borel
measure and that the definition for f dx * u, i.e., for the situation in which
w1 and po are specialized so that 1 = f dx and up = p, is consistent with
the definition in the special case.

(b) With convolution of finite Borel measures on R" defined as in (a), prove that
Jrn 8d (1 % 12) = fpn Jev 8(x + ¥)dpi(x) dua(y) for every bounded
Borel function g on RV,

(¢) Verify that || Py * ||, < w(@®NYif p is in MT(RY). Prove the limit formula
limy o | Py s pll, = p(RY).

(d) If p is in MT(RY), prove that the measures (P;  j1)(x) dx converge to i
weak-star against Ccom (RN) as ¢ decreases to 0. In other words, prove that
limy o [ (Pr % 1) (X)g(x) dx = [pn g(x) duu(x) for every g in Ceom(RY).
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Problems 6—12 examine the Fourier transform of a measure in M+ (R"), ultimately
proving “Bochner’s theorem” characterizing the “positive definite functions” on RV .
They take for granted the Helly-Bray Theorem, i.c., the statement that if {u,} is a
sequence in MT(RY) with {u,(R")} bounded, then there is a subsequence {ten,}
convergent to some member u of M+ (RV) weak-star against Ceom (RY). The Helly—
Bray Theorem will be proved in something like this form in Chapter XI.

6. If u is in MT(RY), the Fourier transform of . is defined to be the function

() = Jpn eV dpu(x).

(a) Prove that 7 is bounded and continuous.

(b) Prove that the Fourier transform of the delta measure at O does not vanish at
infinity.

(c) Prove that 1] * i, = fx1t> when convolution of finite measures is defined
as in Problem 5.

(d) By forming ¢ * 1, prove that i can equal O for some u in MT(RY) only

if u =0.
7. A continuous function F : RV — C is called positive definite if for each
finite set of points x1,...,x; in RY and corresponding system of complex
numbers &, ..., &, the inequality Zi, j F(x; — xj)&&; > 0 holds. Prove that

the continuous function F is positive definite if and only if the inequality
Sy Jpy F(x — »)g(x)g(y) dx dy > 0 holds for each member g of Ceom(RY).

8. Prove that the Fourier transform of any member u of M (RY) is a positive
definite function.
9. Using sets of one and then two elements x; in the definition of positive definite,

prove that a positive definite function /' must have F(0) > 0 and |F (x)| < F(0)
for all x.

10. Suppose that F is positive definite, that ¢ > 0 is in L' (R"), and that ®(x) =
fRN e?™XY g (y) dy. Prove that F(x)®(x) is positive definite.
11. Suppose that F' is positive definite. Let ¢ > 0, and let ¢ be as in Problem 10, so
that p(x) = e~ Ne "¢ P and d(x) = e~ K,
(a) The function Fy(x) = F(x)P(x) is positive definite by Problem 10. Prove
that it is integrable.
(b) Using Problem 2 and the alternative definition of positive definite in Prob-
lem 7, prove that -[RN Fo)|g(»)|*>dy = 0for every function g in Ceom (RV).
(¢) Deduce from (b) that the function fy = Fp is > 0.
(d) Conclude from (c) that fj is integrable with fRN fody = F(0), hence that
fo(y) dy is a finite Borel measure.
12. (Bochner’s Theorem) By combining the results of the previous problems with

the Helly-Bray Theorem, prove that each positive definite function on R is the
Fourier transform of a finite Borel measure.
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Problems 13-18 concern a version of the Fourier transform for finite abelian groups,
along with the Poisson Summation Formula in that setting. They show for a cyclic
group of order m = pq that the use of the idea behind the Poisson Summation
Formula makes it possible to compute a Fourier transform in about pg(p + ¢q) steps
rather than the expected m> = p?¢? steps. This savings may be iterated in the case
of a cyclic group of order 2" so that the Fourier transform is computed in about n2"
steps rather than the expected 22" steps. An organized algorithm to implement this
method of computation is known as the fast Fourier transform.

13. Let G be a finite abelian group. A multiplicative character x of G is a homo-
morphism of G into the circle group {¢/?}. If f and g are two complex-valued
functions on G, their L? inner product is defined to be Y f ()g(1).

(a) Prove that the set of multiplicative characters of G forms an abelian group
under pointwise multiplication, the identity element being the constant func-
tion 1 and the inverse of x being . This group G is called the dual group
of G.

(b) Prove that distinct multiplicative characters are orthogonal and hence that
the members of G form a linearly independent set.

(c) Let J,, be the cyclic group {0, 1, 2, ..., m—1} of integers modulo m under
addition, and let ¢, = e2™i/m For k in J,, define a multiplicative character
Xn of Jn by X (k) (§m)k Prove that the resulting m multiplicative
characters exhaust J and that x, X, = Xun+n. Therefore Jm is isomorphic
to J,,. For Problems 16—18 below, it will be convenient to identify x, with
xn() =&

(d) If G is adirect sum of cyclic groups of orders my, ..., m;,, use (c) to exhibit
]_[;: 1 m; distinct members of G. Using (b) and the theorem that every finite
abelian group is the direct sum of cyclic groups, conclude for any finite
ab;lian group G that these members of G exhaust G and form a basis of
L~ (G).

14. Let G be a finite abelian group, and let G be its dual group. The Fourier
transform of a function f in L?(G) is the function f on G given by f(x) =
Y e f(@)x (t). Prove that the Fourier transform mapping carries L?(G) one-

one onto L%(G) and tb\at the correct analog of the Fourier inversion formula is
f(@) =|G|™! eraf(x)x(t), where |G| is the order of G.

15. Let G be a finite abelian group, let H be a subgroup, and let G/ H be the quotient
group. If 7 isin G, write ¢ for the coset of 1 in G/H. Let f bein L?(G) and define
F(t) =Y e J(t + h) as a function on G/H. Suppose that yx is a member of

G that is identically 1 on H, so that x descends to a member X of G/ H. By
imitating steps in the proof of Theorem 8.15, prove that f (x) = F ).
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16. Now suppose that G = J,,, with m = pgq; here p and ¢ need not be relatively
prime. Let H = {0, ¢, 2q, ..., (p—1)q} be the subgroup of G isomorphic to J,,
sothat G/H ={0,1,2, ..., g—1}isisomorphic to J,;. Prove that the characters

x of G identified as in Problem 13¢ with ;,?1, ;,5, ,%,P, R ,E{Fl)p are the ones
that are identically 1 on H and therefore descend to characters of G/H. Verify
that the descended characte/r\s X are t/lze ones identified with ;‘(?, §ql , §q2, e, ;g _1.
Consequently the formula f(x) = F(x) of the previous problem provides a way
of computing f at e, ok, 2p =D grom the values of F. Show that if
Fis computed from the definition of Fourier transform in Problem 14, then the
number of steps involved in its computation is about ¢2, apart from a constant
factor. Show therefore that the total number of steps in computing f at these
special values of x is therefore on the order of g2 + pq.

17. In the previous problem show for each k with 0 < k < p—1 that the value of fat

gk ghth capth {9=DP*, .an be handled in the same way with a different

F by replacing f by a suitable variant of f. Doing so for each k requires p times
the number of steps detected in the previous problem, and therefore all of f can
be computed in about p(¢? + pq) = pq(p + q) steps.

gy e ey

18. Show how iteration of this process to compute the Fourier transform of each F,
together with further iteration of this process, allows one to compute a Fourier
transform for Jy my...m, in about mymy - - -my(my +my + - - - + m,;) steps.

Problems 19-27 combine the Poisson Summation Formula of this chapter with el-
ementary complex analysis as in Appendix B to establish the analytic continuation
and functional equation of the Riemann zeta function. As in Section 5 the Riemann
zeta function is defined initially for complex s with Res > 1 by

M8

w= T (1-3)"

1 p prime

g(s) =

n

Problems 19-20 establish that ¢ (s) extends to be a meromorphic function defined for
Re ¢ > 0 in such a way that its only pole is simple and occurs at s = 1. Afterward
Problems 21-27 establish that ¢ extends analytically to all of C — {1} in such a way
that 1

Al —5) = A(s), where A(s) = ¢(s)I"(3s)7 2"

It is to be understood in this statement that I has been extended to a meromorphic
function on C whose only poles are at the nonpositive integers. This result was
established in Problems 26-27 at the end of Chapter VI.

19. By manipulating the defining formula for ¢ (s), show for Re s > 1 that

1 Xl _
C(s)=—s 1+ anH(n S — 75 dt.
n=1



20.

21.

22.

23.

24.

25.

26.

27.
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Prove that the series on the right side in Problem 19 converges uniformly on each
compact subset of s with Res > 0, and deduce that {(s) — ﬁ extends to be
analytic for Res > 0.

Let t = p + io be a complex variable, and define
00 ., © o,
9(.’:): Z el}’l T :1+2Zel}’l TL"L"
n=—o00 n=1
Show that 6 (t) is an analytic functionforo = Im t > O and that6(r+2) = 6(7).

Derive the formulad(—1/(io)) = o '/?6(io) from the special case of the Poisson
Summation Formula given in Corollary 8.16. Here the branch of the square root
is understood to be the principal branch. Explain how it follows that

0(—1/7) = (r/D)?0(x)  forIlmt > 0.
Show by a change of variables that
I e TG gy = n_SF(%s)JT*%X for Res > 1.

Sum the identity in the previous problem over n, and justify the conclusion that

AGs) = LT (s)m ™25 = [ 1[6Gi0) — 107" do  forRes > 1.

By estimating the series for %[9 (io) — 1], show that floo %[0(1’0) —1]o 35-1 do
converges for all complex s and defines an entire function A(s).

Applying the result of Problem 22 and then making the change of variables
o +— 1/o prove that

1
1—s

JoY0Go)o " do = [° L6(io) — 110207971 do —

forRes > 1.

Combining the results of Problems 24, 25, and 26, obtain the conclusion that

1 1
A(S)=h(s)+h(1—s)—1—_s—; for Res > 1.

with h(s) entire. Conclude that A(s) extends to a meromorphic function in C
whose only possible poles are at 0 and 1 and that A(1 — s) = A(s). Taking
for granted that I"(s) is nowhere 0, a fact that would follow by first proving the
identity I'(z)I"(1 — z) = 7/ sin(;rz), deduce that ¢ (s) extends to a meromorphic
function on C whose only pole is at s = 1.





