
CHAPTER 12

Connection problem

12.1. Connection formula

For a realizable tuple m ∈ Pp+1, let Pmu = 0 be a universal Fuchsian differen-
tial equation with the Riemann scheme

(12.1)


x = 0 c1 = 1 · · · cj · · · cp =∞

[λ0,1](m0,1) [λ1,1](m1,1) · · · [λj,1](mj,1) · · · [λp,1](mp,1)

...
...

...
...

...
...

[λ0,n0 ](m0,n0 )
[λ1,n1 ](m1,n1 )

· · · [λj,nj ](mj,nj
) · · · [λp,np ](mp,np )

 .

The singular points of the equation are cj for j = 0, . . . , p. In this section we always
assume c0 = 0, c1 = 1 and cp = ∞ and cj /∈ [0, 1] for j = 2, . . . , p − 1. We also
assume that λj,ν are generic.

Definition 12.1 (connection coefficients). Suppose λj,ν are generic under the

Fuchs relation. Let u
λ0,ν0
0 and u

λ1,ν1
1 be normalized local solutions of Pm = 0 at

x = 0 and x = 1 corresponding to the exponents λ0,ν0 and λ1,ν1 , respectively, so that

u
λ0,ν0
0 ≡ xλ0,ν0 mod xλ0,ν0+1O0 and u

λ1,ν1
1 ≡ (1 − x)λ1,ν1 mod (1 − x)λ1,ν1+1O1.

Here 1 ≤ ν0 ≤ n0 and 1 ≤ ν1 ≤ n1. If m0,ν0 = 1, u
λ0,ν0
0 is uniquely determined

and then the analytic continuation of u
λ0,ν0
0 to x = 1 along (0, 1) ⊂ R defines a

connection coefficient with respect to u
λ1,ν1
1 , which is denoted by c(0 : λ0,ν0 ⇝ 1 :

λ1,ν1) or simply by c(λ0,ν0⇝λ1,ν1). The connection coefficient c(1 :λ1,ν1⇝0:λ0.ν0)

or c(λ1,ν1⇝λ0.ν0) of u
λ1,ν1
1 with respect to u

λ0,ν0
0 are similarly defined if m1,ν1 = 1.

Moreover we define c(ci : λi,νi⇝cj : λj,νj ) by using a suitable linear fractional
transformation T of C ∪ {∞} which transforms {ci, cj} to {0, 1} so that T (cν) /∈
(0, 1) for ν = 0, . . . , p. If p = 2, we define the map T so that T (ck) = ∞ for the
other singular point ck. For example if cj /∈ [0, 1] for j = 2, . . . , p − 1, we put
T (x) = x

x−1 to define c(0 : λ0,ν0⇝∞ : λp,νp) or c(∞ : λp,νp⇝0 : λ0,ν0).

In the definition u
λ0,ν0
0 (x) = xλ0,ν0ϕ(x) with analytic function ϕ(x) at 0 which

satisfies ϕ(0) = 1 and if Reλ1,ν1 < Reλ1,ν for ν ̸= ν1, we have

(12.2) c(λ0,ν0
⇝λ1,ν1

) = lim
x→1−0

(1− x)−λ1,ν1u
λ0,ν0
0 (x) (x ∈ [0, 1))

by the analytic continuation. The connection coefficient c(λ0.ν0⇝λ1,ν1) meromor-
phically depends on spectral parameters λj,ν . It also holomorphically depends on
accessory parameters gi and singular points 1

cj
(j = 2, . . . , p−1) in a neighborhood

of given values of parameters.
The main purpose in this section is to get the explicit expression of the connec-

tion coefficients in terms of gamma functions when m is rigid andm0,ν = m1,ν′ = 1.
Fist we prove the following key lemma which describes the effect of a middle

convolution on connection coefficients.
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120 12. CONNECTION PROBLEM

Lemma 12.2. Using the integral transformation (1.37), we put

(Tµ
a,bu)(x) := x−a−µ(1− x)−b−µIµ0 x

a(1− x)bu(x),(12.3)

(Sµ
a,bu)(x) := x−a−µIµ0 x

a(1− x)bu(x)(12.4)

for a continuous function u(x) on [0, 1]. Suppose Re a ≥ 0 and Reµ > 0. Under
the condition Re b+ Reµ < 0 or Re b+ Reµ > 0, (Tµ

a,bu)(x) or Sµ
a,b(u)(x) defines

a continuous function on [0, 1], respectively, and we have

Tµ
a,b(u)(0) = Sµ

a,b(u)(0) =
Γ(a+ 1)

Γ(a+ µ+ 1)
u(0),(12.5)

Tµ
a,b(u)(1)

Tµ
a,b(u)(0)

=
u(1)

u(0)
Cµ

a,b, Cµ
a,b :=

Γ(a+ µ+ 1)Γ(−µ− b)
Γ(a+ 1)Γ(−b)

,(12.6)

Sµ
a,b(u)(1)

Sµ
a,b(u)(0)

=
1

u(0)

Γ(a+ µ+ 1)

Γ(µ)Γ(a+ 1)

∫ 1

0

ta(1− t)b+µ−1u(t)dt.(12.7)

Proof. Suppose Re a ≥ 0 and 0 < Reµ < −Re b. Then

Γ(µ)Tµ
a,b(u)(x)

= x−a−µ(1− x)−b−µ

∫ x

0

ta(1− t)b(x− t)µ−1u(t)dt (t = xs1, 0 < x < 1)

= (1− x)−b−µ

∫ 1

0

sa1(1− s1)µ−1(1− xs1)bu(xs1)ds1

=

∫ 1

0

sa1

(1− s1
1− x

)µ(1− xs1
1− x

)b
u(xs1)

ds

1− s1

=

∫ 1

0

(1− s2)a
( s2
1− x

)µ(
1 +

xs2
1− x

)b
u(x− xs2)

ds2
s2

(s1 = 1− s2)

=

∫ 1
1−x

0

(
1− s(1− x)

)a
sµ(1 + xs)bu

(
x− x(1− x)s

)ds
s

(s2 = (1− x)s).

Since∣∣sa1(1− s1)µ−1(1− xs1)bu(xs1)
∣∣ ≤ max{(1− s1)Reµ−1, 1}3−Re b max

0≤t≤1
|u(t)|

for 0 ≤ s1 < 1 and 0 ≤ x ≤ 2
3 , T

µ
a,b(u)(x) is continuous for x ∈ [0, 23 ). We have∣∣(1− s(1− x))asµ−1(1 + xs)bu
(
x− x(1− x)s)

)∣∣ ≤ sReµ−1(1 + s
2 )

Re b max
0≤t≤1

|u(t)|

for 1
2 ≤ x ≤ 1 and 0 < s ≤ 1

1−x and therefore Tµ
a,b(u)(x) is continuous for x ∈ ( 12 , 1].

Hence Tµ
a,b(x) defines a continuous function on [0, 1] and

Tµ
a,b(u)(0) =

1

Γ(µ)

∫ 1

0

(1− s2)asµ2u(0)
ds2
s2

=
Γ(a+ 1)

Γ(a+ µ+ 1)
u(0),

Tµ
a,b(u)(1) =

1

Γ(µ)

∫ ∞

0

sµ(1 + s)bu(1)
ds

s

(t = s
1+s = 1− 1

1+s ,
1

1+s = 1− t, 1 + s = 1
1−t , s =

1
1−t − 1 = t

1−t ,
ds
dt = − 1

(1−t)2 )

=
1

Γ(µ)

∫ 1

0

( t

1− t

)µ−1

(1− t)−b−2u(1)dt =
Γ(−µ− b)
Γ(−b)

u(1).

The claims for Sµ
a,b are clear from

Γ(µ)Sµ
a,b(u)(x) =

∫ 1

0

sa1(1− s1)µ−1(1− xs1)bu(xs1)ds1. □
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This lemma is useful for the middle convolution mcµ not only when it gives a
reduction but also when it doesn’t change the spectral type.

Example 12.3. Applying Lemma 12.2 to the solution

uλ0+µ
0 (x) =

∫ x

0

tλ0(1− t)λ1

(p−1∏
j=2

(
1− t

cj

)λj
)
(x− t)µ−1dt

of the Jordan-Pochhammer equation (cf. Example 1.8 iii)) with the Riemann scheme
x = 0 c1 = 1 · · · cj · · · cp =∞
[0](p−1) [0](p−1) · · · [0](p−1) · · · [1− µ](p−1)

λ0 + µ λ1 + µ · · · λj + µ · · · −
∑p−1

ν=0 λν − µ

 ,

we have

c(0 :λ0 + µ⇝1:λ1 + µ) =
Γ(λ0 + µ+ 1)Γ(−λ1 − µ)

Γ(λ0 + 1)Γ(−λ1)

p−1∏
j=2

(
1− 1

cj

)λj

,

c(0 :λ0 + µ⇝1 :0) =
Γ(λ0 + µ+ 1)

Γ(µ)Γ(λ0 + 1)

∫ 1

0

tλ0(1− t)λ1+µ−1

p−1∏
j=1

(
1− t

cj

)λj

dt.

Moreover the equation Pu = 0 with

P := RAd(∂−µ′
)RAd(xλ

′
)RAd(∂−µ)RAd(xλ0(1− x)λ1)∂

is satisfied by the generalized hypergeometric function 3F2 with the Riemann scheme
x = 0 1 ∞
0 [0](2) 1− µ′

λ′ + µ′ 1− λ′ − µ− µ′

λ0 + λ′ + µ+ µ′ λ1 + µ+ µ′ −λ0 − λ1 − λ′ − µ− µ′


corresponding to 111, 21, 111 and therefore

c(λ0 + λ′ + µ+ µ′⇝λ1 + µ+ µ′) = Cµ
λ0,λ1

· Cµ′

λ0+λ′+µ,λ1+µ

=
Γ(λ0 + µ+ 1)Γ(−λ1 − µ)

Γ(λ0 + 1)Γ(−λ1)
· Γ(λ0 + λ′ + µ+ µ′ + 1)Γ(−λ1 − µ− µ′)

Γ(λ0 + λ′ + µ+ 1)Γ(−λ1 − µ)

=
Γ(λ0 + µ+ 1)Γ(λ0 + λ′ + µ+ µ′ + 1)Γ(−λ1 − µ− µ′)

Γ(λ0 + 1)Γ(−λ1)Γ(λ0 + λ′ + µ+ 1)
.

We further examine the connection coefficient.
In general, putting c0 = 0 and c1 = 1 and λ1 =

∑p
k=0 λk,1 − 1, we have{

x = cj (j = 0, . . . , p− 1) ∞
[λj,ν − (δj,0 + δj,1)λj,nj ](mj,ν) [λp,ν + λ0,n0 + λ1,n1 ](m0,ν)

}
x
λ0,n0 (1−x)

λ1,n1

−−−−−−−−−−−→
{

x = cj ∞
[λj,ν ](mj,ν) [λp,ν ](mp,ν)

}

x−λ0,1
∏p−1

j=1 (1−c−1
j x)−λj,1

−−−−−−−−−−−−−−−−−−→
{

[0](mj,1) [λp,1 +
∑p−1

k=0 λk,1](mp,1)

[λj,ν − λj,1](mj,ν) [λp,ν +
∑p−1

k=0 λk,1](mp,ν)

}
∂1−

∑p
k=0

λk,1

−−−−−−−−−→
{

[0](mj,1−d) [λp,1 +
∑p−1

k=0 λk,1 − 2λ1](mp,1−d)

[λj,ν − λj,1 + λ1](mj,ν) [λp,ν +
∑p−1

k=0 λk,1 − λ1](mp,ν)

}
(d =

p∑
k=0

mk,1 − (p− 1)n)



122 12. CONNECTION PROBLEM

xλ0,1
∏p−1

j=1 (1−c−1
j x)λj,1

−−−−−−−−−−−−−−−−→


x = cj ∞

[λj,1](mj,1−d) [λp,1 − 2λ1](mp,1−d)

[λj,ν + λ1](mj,ν) [λp,ν − λ1](mp,ν)

 ,

Cλ1

λ0,n1−λ0,1,λ1,n1−λ1,1
=

Γ(λ0,n0 + λ1 − λ0,1 + 1)Γ(λ1,1 − λ1,n1 − λ1)
Γ(λ0,n0

− λ0,1 + 1)Γ(λ1,1 − λ1,n1
)

.

In general, the following theorem is a direct consequence of Definition 5.7 and
Lemma 12.2.

Theorem 12.4. Put c0 = 0, c1 = 1 and cj ∈ C \ {0} for j = 3, . . . , p − 1. By
the transformation

RAd
(
xλ0,1

p−1∏
j=1

(
1− x

cj

)λj,1
)
◦ RAd

(
∂1−

∑p
k=0 λk,1

)
◦ RAd

(
x−λ0,1

p−1∏
j=1

(
1− x

cj

)−λj,1
)

the Riemann scheme of a Fuchsian ordinary differential equation and its connection
coefficient change as follows:

{λm} =
{
[λj,ν ](mj,ν)

}
0≤j≤p
1≤ν≤nj

=


x = cj (j = 0, . . . , p− 1) ∞

[λj,1](mj,1) [λp,1](mp,1)

[λj,ν ](mj,ν) [λp,ν ](mp,ν)


7→ {λ′m′} =

{
[λ′j,ν ](m′

j,ν)

}
0≤j≤p
1≤ν≤nj

=


x = cj (j = 0, . . . , p− 1) ∞

[λj,1](mj,1−d) [λp,1 − 2
∑p

k=0 λk,1 + 2](mp,1−d)

[λj,ν +
∑p

k=0 λk,1 − 1](mj,ν) [λp,ν −
∑p

k=0 λk,1 + 1](mp,ν)


with

d = m0,1 + · · ·+mp,1 − (p− 1) ordm,

m′
j,ν = mj,ν − dδν,1 (j = 0, . . . , p, ν = 1, . . . , nj),

λ′j,1 = λj,1 (j = 0, . . . , p− 1), λ′p,1 = −2λ0,1 − · · · − 2λp−1,1 − λp,1 + 2,

λ′j,ν = λj,ν + λ0,1 + λ1,1 + · · ·+ λp,1 − 1 (j = 0, . . . , p− 1, ν = 2, . . . , nj),

λ′p,ν = λp,ν − λ0,1 − · · · − λp,1 + 1

and if m0,n0 = 1 and n0 > 1 and n1 > 1, then

(12.8)
c′(λ′0,n0

⇝λ′1,n1
)

Γ(λ′0,n0
− λ′0,1 + 1)Γ(λ′1,1 − λ′1,n1

)
=

c(λ0,n0⇝λ1,n1)

Γ(λ0,n0
− λ0,1 + 1)Γ(λ1,1 − λ1,n1

)
.

Applying the successive reduction by ∂max to the above theorem, we obtain
the following theorem.

Theorem 12.5. Suppose that a tuple m ∈ P is irreducibly realizable and
m0,n0 = m1,n1 = 1 in the Riemann scheme (12.1). Then the connection coeffi-
cient satisfies

c(λ0,n0
⇝λ1,n1

)

c̄
(
λ(K)0,n0⇝λ(K)1,n1

)
=

K−1∏
k=0

Γ
(
λ(k)0,n0 − λ(k)0,ℓ(k)0 + 1

)
· Γ
(
λ(k)1,ℓ(k)1 − λ(k)1,n1

)
Γ
(
λ(k + 1)0,n0 − λ(k + 1)0,ℓ(k)0 + 1

)
· Γ
(
λ(k + 1)1,ℓ(k)1 − λ(k + 1)1,n1

)



12.1. CONNECTION FORMULA 123

under the notation in Definitions 5.12. Here c̄
(
λ(K)0,n0 ⇝ λ(K)1,n1

)
is a corre-

sponding connection coefficient for the equation (∂KmaxPm)v = 0 with the funda-
mental spectral type fm. We note that(

λ(k + 1)0,n0 − λ(k + 1)0,ℓ(k)0 + 1
)
+
(
λ(k + 1)1,ℓ(k)1 − λ(k + 1)1,n1

)
=
(
λ(k)0,n0 − λ(k)0,ℓ(k)0 + 1

)
+
(
λ(k)1,ℓ(k)1 − λ(k)1,n1

)(12.9)

for k = 0, . . . ,K − 1.

Whenm is rigid in the theorem above, we note that c̄(λ0,n0(K)⇝λ1,n1(K)) = 1
and we have the following more explicit result.

Theorem 12.6. Let m ∈ P be a rigid tuple. Assume m0,n0 = m1,n1 = 1,
n0 > 1 and n1 > 1 in the Riemann scheme (12.1). Then

c(λ0,n0⇝λ1,n1) =

n0−1∏
ν=1

Γ
(
λ0,n0 − λ0,ν + 1

)
·
n1−1∏
ν=1

Γ
(
λ1,ν − λ1,n1

)
∏

m′⊕m′′=m
m′

0,n0
=m′′

1,n1
=1

Γ
(
|{λm′}|

)
·
p−1∏
j=2

(
1− 1

cj

)−λ(K)j,ℓ(K)j

,
(12.10)

∑
m′⊕m′′=m

m′
0,n0

=m′′
1,n1

=1

m′
j,ν = (n1 − 1)mj,ν − δj,0(1− n0δν,n0

) + δj,1(1− n1δν,n1
)(12.11)

(1 ≤ ν ≤ nj , 0 ≤ j ≤ p)

under the notation in Definitions 4.12 and 5.12.

Proof. We may assume m is monotone and ordm > 1.
We will prove this theorem by the induction on ordm. Suppose

(12.12) m = m′ ⊕m′′ with m′
0,n0

= m′′
1,n1

= 1.

If ∂1m
′ is not well-defined, then

(12.13) ordm′ = 1 and m′
j,1 = 1 for j = 1, 2, . . . , p

and 1+m1,1+ · · ·+mp,1− (p− 1) ordm = 1 because idx(m,m′) = 1 and therefore

(12.14) d1(m) = m0,1.

If ∂1m
′′ is not well-defined,

ordm′′ = 1 and m′′
j,1 = 1 for j = 0, 2, . . . , p,

d1(m) = m1,1.
(12.15)

Hence if d1(m) < m0,1 and d1(m) < m1,1, ∂1m
′ and ∂1m

′′ are always well-
defined and ∂1m = ∂1m

′ ⊕ ∂1m
′′ and the direct decompositions (12.12) of m

correspond to those of ∂1m and therefore Theorem 12.4 shows (12.10) by the in-
duction because we may assume d1(m) > 0. In fact, it follows from (5.15) that the
gamma factors in the denominator of the fraction in the right hand side of (12.10)
don’t change by the reduction and the change of the numerator just corresponds
to the formula in Theorem 12.4.

If d1(m) = m0,1, there exists the direct decomposition (12.12) with (12.13)
which doesn’t correspond to a direct decomposition of ∂1m but corresponds to the
term Γ(|{λm′}|) = Γ(λ0,n1+λ1,1+· · ·+λp,1) = Γ(λ′0,n1

−λ′0,1+1) in (12.8). Similarly
if d1(m) = m1,1, there exists the direct decomposition (12.12) with (12.15) and it
corresponds to the term Γ(|{λm′}|) = Γ(1− |{λm′′}|) = Γ(1− λ0,1 − λ1,n1 − λ2,1 −
· · · − λp,1) = Γ(λ′1,1 − λ′1,n1

) (cf. (12.21)). Thus Theorem 12.4 assures (12.10) by
the induction on ordm.
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Note that the above proof with (12.9) shows (12.18). Hence∑
m′⊕m′′=m

m′
0,n0

=m′′
1,n1

=1

|{λm}| =
n0−1∑
ν=1

(λ0,n0 − λ0,ν + 1) +

n1−1∑
ν=1

(λ1,ν − λ1,n1)

= (n0 − 1) + (n0 − 1)λ0,n0 −
n0−1∑
ν=1

λ0,ν +

n1−1∑
ν=1

λ1,ν

+ (n1 − 1)
( p∑
j=0

nj−δj,1∑
ν=1

mj,νλj,ν − n+ 1
)

= (n0 + n1 − 2)λ0,n0
+

n0−1∑
ν=1

(
(n1 − 1)m0,ν − 1

)
λ0,ν

+

n1−1∑
ν=1

(
(n1 − 1)m1,ν + 1

)
λ1,ν +

p∑
j=2

n2∑
ν=1

(n1 − 1)mj,νλj,ν

+ (n0 + n1 − 2)− (n1 − 1) ordm.

The left hand side of the above first equation and the right hand side of the above
last equation don’t contain the term λ1,n1 and therefore the coefficients of λj,ν in
the both sides are equal, which implies (12.11). □

Corollary 12.7. Retain the notation in Theorem 12.6. We have

#{m′ ; m′ ⊕m′′ = m with m′
0,n0

= m′′
1,n1

= 1} = n0 + n1 − 2,(12.16) ∑
m′⊕m′′=m

m′
0,n0

=m′′
1,n1

=1

ordm′ = (n1 − 1) ordm,(12.17)

∑
m′⊕m′′=m

m′
0,n0

=m′′
1,n1

=1

|{λ′m}| =
n0−1∑
ν=1

(λ0,n0 − λ0,ν + 1) +

n1−1∑
ν=1

(λ1,ν − λ1,n1).(12.18)

Let c(λ0,n0 + t⇝ λ1,n1 − t) be the connection coefficient for the Riemann scheme{
[λj,ν + t(δj,0δν,n0 − δj,1δν,n1)](mj,ν)

}
. Then

(12.19) lim
t→+∞

c(0 :λ0,n0 + t⇝ 1:λ1,n1 − t) =
p−1∏
j=2

(
1− cj

)λ(K)j,ℓ(K)j .

Under the notation in Theorem 10.13, we have

∏
m′⊕m′′=m

m′
0,n0

=m′′
1,n1

=1

Γ
(
|{λm′}|

)
=

∏
αm′∈∆(m)

m′
0,n0

+m′
1,n1

=1

Γ
(
m′

1,n1
+ (−1)m

′
1,n1 (Λ(λ)|αm′)

)
.

(12.20)

Proof. We have (12.18) in the proof of Theorem 12.4 and then Stirling’s for-
mula and (12.18) prove (12.19). Putting (j, ν) = (0, n0) in (12.11) and considering
the sum

∑
ν for (12.11) with j = 1, we have (12.16) and (12.17), respectively.

Comparing the proof of Theorem 12.6 with that of Theorem 10.13, we have
(12.20). Proposition 7.9 also proves (12.20). □

Remark 12.8. i) When we calculate a connection coefficient for a given rigid
partition m by (12.10), it is necessary to get all the direct decompositions m =
m′ ⊕m′′ satisfying m′

0,n0
= m′′

1,n1
= 1. In this case the equality (12.16) is useful

because we know that the number of such decompositions equals n0+n1−2, namely,
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the number of gamma functions appearing in the numerator equals that appearing
in the denominator in (12.10).

ii) A direct decomposition m = m′ ⊕ m′′ for a rigid tuple m means that
{αm′ , αm′′} is a fundamental system of a root system of type A2 in Rαm′ +Rαm′′

such that αm = αm′ + αm′′ and{
(αm′ |αm′) = (αm′′ |αm′′) = 2,

(αm′ |αm′′) = −1. αm′//

αmFF







αm′′XX111111

iii) In view of Definition 4.12, the condition m = m′ ⊕m′′ in (12.10) means

(12.21)
∣∣{λm′}

∣∣+ ∣∣{λm′′}
∣∣ = 1.

Hence we have

c(λ0,n0⇝λ1,n1) · c(λ1,n1⇝λ0,n0)

=

∏
m′⊕m′′=m

m′
0,n0

=m′′
1,n1

=1

sin
(
|{λm′}|π

)
n0−1∏
ν=1

sin
(
λ0,ν − λ1,ν

)
π ·

n1−1∏
ν=1

sin
(
λ1,ν − λ1,n1

)
π

.
(12.22)

iv) By the aid of a computer, the author obtained the table of the concrete
connection coefficients (12.10) for the rigid tripletsm satisfying ordm ≤ 40 together
with checking (12.11), which contains 4,111,704 independent cases (cf. §13.11).

v) Is there an interpretation of λ(K)j,ℓ(K)j in Theorem 12.6 as (12.20)?

12.2. An estimate for large exponents

The Gauss hypergeometric series

F (α, β, γ;x) :=

∞∑
k=0

α(α+ 1) · · · (α+ k − 1) · β(β + 1) · · · (β + k − 1)

γ(γ + 1) · · · (γ + k − 1) · k!
xk

uniformly and absolutely converges for

(12.23) x ∈ D := {x ∈ C ; |x| ≤ 1}
if Re γ > Re(α + β) and defines a continuous function on D. The continuous
function F (α, β, γ + n;x) on D uniformly converges to the constant function 1
when n→ +∞, which obviously implies

(12.24) lim
n→∞

F (α, β, γ + n; 1) = 1

and proves Gauss’s summation formula (0.3) by using the recurrence relation

(12.25)
F (α, β, γ; 1)

F (α, β, γ + 1; 1)
=

(γ − α)(γ − β)
γ(γ − α− β)

.

We will generalize such convergence in a general system of ordinary differential
equations of Schlesinger canonical form.

Under the condition

a > 0, b > 0 and c > a+ b,

the function F (a, b, c;x) =
∑∞

k=0
(a)k(b)k
(c)kk!

xk is strictly increasing continuous func-

tion of x ∈ [0, 1] satisfying

1 ≤ F (a, b, c;x) ≤ F (a, b, c; 1) = Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

and it increases if a or b or −c increases. In particular, if

0 ≤ a ≤ N, 0 ≤ b ≤ N and c > 2N
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with a positive integer N , we have

0 ≤ F (a, b, c;x)− 1

≤ Γ(c)Γ(c− 2N)

Γ(c−N)Γ(c−N)
− 1 =

(c−N)N
(c− 2N)N

− 1 =
N∏

ν=1

c− ν
c−N − ν

− 1

≤
(
c−N
c− 2N

)N

− 1 =

(
1 +

N

c− 2N

)N

− 1

≤ N
(
1 +

N

c− 2N

)N−1
N

c− 2N
.

Thus we have the following lemma.

Lemma 12.9. For a positive integer N we have

(12.26) |F (α, β, γ;x)− 1| ≤
(
1 +

N

Re γ − 2N

)N

− 1

if

(12.27) x ∈ D, |α| ≤ N, |β| ≤ N and Re γ > 2N.

Proof. The lemma is clear because∣∣∣ ∞∑
k=1

(α)k(β)k
(γ)kk!

xk
∣∣∣ ≤ ∞∑

k=1

(|α|)k(|β|)k
(Re γ)kk!

|x|k = F (|α|, |β|,Re γ − 2N ; |x|)− 1 □

For the Gauss hypergeometric equation

x(1− x)u′′ +
(
γ − (α+ β + 1)x

)
u′ − αβu = 0

we have

(xu′)′ = u′ + xu′′ =
xu′

x
+

((α+ β + 1)x− γ)u′ + αβu

1− x

=
αβ

1− x
u+

(
1

x
− γ

x(1− x)
+
α+ β + 1

1− x

)
xu′

=
αβ

1− x
u+

(
1− γ
x

+
α+ β − γ + 1

1− x

)
xu′.

Putting

(12.28) ũ =

(
u0
u1

)
:=

(
u
xu′

α

)
we have

ũ′ =

(
0 α
0 1− γ

)
x

ũ+

(
0 0
β α+ β − γ + 1

)
1− x

ũ.
(12.29)

In general, for

v′ =
A

x
v +

B

1− x
v

we have

xv′ = Av +
x

1− x
Bv

= Av + x
(
xv′ + (B −A)v

)
.
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Thus

(12.30)

{
xu′0 = αu1,

xu′1 = (1− γ)u1 + x
(
xu′1 + βu0 + (α+ β)u1

)
and the functions

(12.31)

u0 = F (α, β, γ;x),

u1 =
βx

γ
F (α+ 1, β + 1, γ + 1;x)

satisfies (12.30).

Theorem 12.10. Let n, n0 and n1 be positive integers satisfying n = n0 + n1

and let A =

(
0 A0

0 A1

)
, B =

(
0 0
B0 B1

)
∈ M(n,C) such that A1, B1 ∈ M(n1,C),

A0 ∈ M(n0, n1,C) and B0 ∈ M(n1, n0,C). Let D(0,m) = D(0,m1, . . . ,mn1) be
the diagonal matrix of size n whose k-th diagonal element is mk−n0 if k > n0 and
0 otherwise. Let um be the local holomorphic solution of the system

(12.32) u =
A−D(0,m)

x
u+

B −D(0,m)

1− x
u

at the origin. Then if Remν are sufficiently large for ν = 1, . . . , n1, the Taylor
series of um at the origin uniformly converge on D = {x ∈ C ; |x| ≤ 1} and for
a positive number C, the function um and their derivatives uniformly converge to
constants on D when min{Rem1, . . . ,Remn1} → +∞ with |Aij | + |Bij | ≤ C. In

particular, for x ∈ D and an integer N satisfying

(12.33)

n1∑
ν=1

|(A0)iν | ≤ N,
n1∑
ν=1

|(A1)iν | ≤ N,
n0∑
ν=1

|(B0)iν | ≤ N,
n1∑
ν=1

|(B1)iν | ≤ N

we have

(12.34) max
1≤ν≤n

∣∣umν (x)− umν (0)
∣∣ ≤ max

1≤ν≤n0

|umν (0)| · 2N (N + 1)2

min
1≤ν≤n1

Remν − 4N − 1

if Remν > 5N + 4 for ν = 1, . . . , n1.

Proof. Use the method of majorant series and compare to the case of Gauss
hypergeometric series (cf. (12.30) and (12.31)), namely, limc→+∞ F (a, b, c;x) = 1
on D with a solution of the Fuchsian system

u′ =
A

x
u+

B

1− x
u,

A =

(
0 A0

0 A1

)
, B =

(
0 0
B0 B1

)
, u =

(
v0
v1

)
,

xv′0 = A0v1,

xv′1 = x2v′1 + (1− x)A1v1 + xB0v0 + xB1v1

= A1v1 + x
(
xv′1 +B0v0 + (B1 −A1)v1

)
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or the system obtained by the substitution A1 7→ A1−D(m) and B1 7→ B1−D(m).
Fix positive real numbers α, β and γ satisfying

α ≥
n1∑
ν=1

|(A0)iν | (1 ≤ i ≤ n0), β ≥
n0∑
ν=1

|(B0)iν | (1 ≤ i ≤ n1),

α+ β ≥
n1∑
ν=1

|(B1 −A1)iν | (1 ≤ i ≤ n0),

γ = min{Rem1, . . . ,Remn1} − 2 max
1≤i≤n1

n1∑
ν=1

|(A1)iν | − 1 > α+ β.

Then the method of majorant series with Lemma 12.11, (12.30) and (12.31) imply

umi ≪

{
max1≤ν≤n0 |umν (0)| · F (α, β, γ;x) (1 ≤ i ≤ n0),
β
γ ·max1≤ν≤n0 |umν (0)| · F (α+ 1, β + 1, γ + 1;x) (n0 < i ≤ n),

which proves the theorem because of Lemma 12.9 with α = β = N as follows. Here∑∞
ν=0 aνx

ν ≪
∑∞

ν=0 bνx
ν for formal power series means |aν | ≤ bν for ν ∈ Z≥0.

Put m̄ = min{Rem1, . . . ,Remn1
}−2N−1 and L = max1≤ν≤n0

|umν (0)|. Then
γ ≥ m̄− 2N − 1 and if 0 ≤ i ≤ n0 and x ≤ D,

|umi (x)− umi (0)| ≤ L ·
(
F (α, β, γ; |x|)− 1

)
≤ L

((
1 +

N

m̄− 4N − 1

)N
− 1

)
≤ L

(
1 +

N

m̄− 4N − 1

)N−1 N2

m̄− 4N − 1
≤ L2N−1N2

m̄− 4N − 1
.

If n0 < i ≤ n and x ∈ D,

|umi (x)| ≤ β

γ
· LF (α+ 1, β + 1, γ + 1; |x|)

≤ LN

m̄− 2N − 1

((
1 +

N + 1

m̄− 4N − 3

)N+1

+ 1

)
≤ LN(2N+1 + 1)

m̄− 2N − 1
.
□

Lemma 12.11. Let A ∈M(n,C) and put

(12.35) |A| := max
1≤i≤n

n∑
ν=1

|Aiν |.

If positive real numbers m1, . . . ,mn satisfy

(12.36) mmin := min{m1, . . . ,mn} > 2|A|,

we have

(12.37) |
(
kIn +D(m)−A

)−1| ≤ (k +mmin − 2|A|)−1 (∀k ≥ 0).

Proof. Since∣∣(D(m)−A
)−1∣∣ = ∣∣D(m)−1(In −D(m)−1A)−1

∣∣
=
∣∣∣D(m)−1

∞∑
k=0

(
D(m)−1A

)k∣∣∣
≤ m−1

min ·
(
1 +

2|A|
mmin

)
≤ (mmin − 2|A|)−1,

we have the lemma by replacing mν by mν + k for ν = 1, . . . , n. □
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12.3. Zeros and poles of connection coefficients

In this section we examine the connection coefficients to calculate them in a
different way from the one given in §12.1.

First review the connection coefficient c(0 : λ0,2 ⇝ 1 : λ1,2) for the solution

of Fuchsian differential equation with the Riemann scheme

x = 0 1 ∞
λ0,1 λ1,1 λ2,1
λ0,2 λ1,2 λ2,2

.

Denoting the connection coefficient c(0 :λ0,2⇝1 :λ1,2) by c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
), we

have

(12.38) u
λ0,2

0 = c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
)u

λ1,2

1 + c(
{

λ0,1 λ1,2 λ2,1

λ0,2 ⇝ λ1,1 λ2,2

}
)u

λ1,1

1 .

c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
) = c(

{
λ0,1−λ0,2 λ1,1−λ1,2 λ0,2+λ1,2+λ2,1

0 ⇝ 0 λ0,2+λ1,2+λ2,2

}
)

= F (λ0,2 + λ1,2 + λ2,1, λ0,2 + λ1,2 + λ2,2, λ0,2 − λ0,1 + 1; 1)
(12.39)

under the notation in Definition 12.1. As was explained in the first part of §12.2,
the connection coefficient is calculated from

lim
n→∞

c(
{

λ0,1−n λ1,1+n λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
) = 1(12.40)

and

c(
{

λ0,1 λ1,1 λ2,1

λ0,2⇝λ1,2 λ2,2

}
)

c(
{

λ0,1−1 λ1,1+1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
)
=

(λ0,2 + λ1,1 + λ2,2)(λ0,2 + λ1,1 + λ2,1)

(λ0,2 − λ0,1 + 1)(λ1,1 − λ1,2)
.(12.41)

The relation (12.40) is easily obtained from (12.39) and (12.24) or can be reduced
to Theorem 12.10.

We will examine (12.41). For example, the relation (12.41) follows from the
relation (12.25) which is obtained from

γ
(
γ − 1− (2γ − α− β − 1)x

)
F (α, β, γ;x) + (γ − α)(γ − β)xF (α, β, γ + 1;x)

= γ(γ − 1)(1− x)F (α, β, γ − 1;x)

by putting x = 1 (cf. [WW, §14.1]). We may use a shift operator as follows. Since

d

dx
F (α, β, γ;x) =

αβ

γ
F (α+ 1, β + 1, γ + 1;x)

= c(
{

1−γ γ−α−β α
0 ⇝ 0 β

}
) d
dxu

0
1 + c(

{
1−γ 0 α
0 ⇝ γ−α−β β

}
) d
dxu

γ−α−β
1

and
d
dxu

γ−α−β
1 ≡ (α+ β − γ)(1− x)γ−α−β−1 mod (1− x)γ−α−βO1,

we have

αβ

γ
c(
{

−γ 0 α+1
0 ⇝ γ−α−β−1 β+1

}
) = (α+ β − γ)c(

{
1−γ 0 α
0 ⇝ γ−α−β β

}
),

which also proves (12.41) because

c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
)

c(
{

λ0,1−1 λ1,1+1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
)
=

c(
{

λ0,1−λ0,2 0 λ0,2+λ1,1+λ2,1

0 ⇝ λ1,2−λ1,1 λ0,2+λ1,1+λ2,2

}
)

c(
{

λ0,1−λ0,2−1 0 λ0,2+λ1,2+λ2,1+1
0 ⇝ λ1,2−λ1,1−1 λ0,2+λ1,2+λ2,2+1

}
)
.

Furthermore each linear term appeared in the right hand side of (12.41) has own
meaning, which is as follows.

Examine the zeros and poles of the connection coefficient c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
).

We may assume that the parameters λj,ν are generic in the zeros or the poles.
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Consider the linear form λ0,2+λ1,1+λ2,2. The local solution u
λ0,2

0 correspond-
ing to the characteristic exponent λ0,2 at 0 satisfies a Fuchsian differential equation
of order 1 which has the characteristic exponents λ2,2 and λ1,1 at ∞ and 1, respec-
tively, if and only if the value of the linear form is 0 or a negative integer. In this

case c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
) vanishes. This explains the term λ0,2 + λ1,1 + λ2,2 in the

numerator of the right hand side of (12.41). The term λ0,2 +λ1,2 +λ2,2 is similarly
explained.

The normalized local solution u
λ0,2

0 has poles where λ0,1 − λ0,2 is a positive
integer. The residue at the pole is a local solution corresponding to the exponent

λ0,2. This means that c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
) has poles where λ0,1−λ0,2 is a positive

integer, which explains the term λ0,2−λ0,1+1 in the denominator of the right hand
side of (12.41).

There exists a local solution a(λ)u
λ1,1

1 + b(λ)u
λ1,2

1 such that it is holomorphic
for λj,ν and b(λ) has a pole if the value of λ1,1−λ1,2 is a non-negative integer, which

means c(
{

λ0,1 λ1,1 λ2,1

λ0,2 ⇝ λ1,2 λ2,2

}
) has poles where λ1,2−λ1,1 is non-negative integer. This

explains the term λ1,1 − λ1,2 in the denominator of the right hand side of (12.41).
These arguments can be generalized, which will be explained in this section.

Fist we examine the possible poles of connection coefficients.

Proposition 12.12. Let Pu = 0 be a differential equation of order n with a
regular singularity at x = 0 such that P contains a holomorphic parameter λ =
(λ1, . . . , λN ) defined in a neighborhood of λo = (λo1, . . . , λ

o
N ) in CN . Suppose that

the set of characteristic exponents of P at x = 0 equals {[λ1](m1), . . . , [λN ](mN )}
with n = m1 + · · ·+mN and

(12.42) λo2,1 := λo2 − λo1 ∈ Z≥0 and λoi − λoj /∈ Z if 1 ≤ i < j ≤ N and j ̸= 2.

Let uj,ν be local solutions of Pu = 0 uniquely defined by

(12.43) uj,ν ≡ xλj+ν mod xλj+mjO0 (j = 1, . . . ,mj and ν = 0, . . . ,mj − 1).

Note that uj,ν =
∑

k≥0 ak,j,ν(λ)x
λj+ν+k with meromorphic functions ak,j,ν(λ) of λ

which are holomorphic in a neighborhood of λo if λ2 − λ1 ̸= λo2,1. Then there exist
solutions vj,ν with holomorphic parameter λ in a neighborhood of λo which satisfy
the following relations. Namely

(12.44) vj,ν = uj,ν (3 ≤ j ≤ N and ν = 0, . . . ,mj − 1)

and when λo1 +m1 ≥ λo2 +m2,

v1,ν = u1,ν (0 ≤ ν < m1),

v2,ν =
u2,ν − u1,ν+λo

2,1

λ1 − λ2 + λo2,1
−

∑
m2+λo

2,1≤i<m1

bν,iu1,i
λ1 − λ2 + λo2,1

(0 ≤ ν < m2)
(12.45)

with the diagram
λo1
◦

λo1 + 1
◦

· · · λo1 + λo2,1
◦

λo1 + λo2,1 +m2 − 1
◦

λo2
◦

· · · λ
o
2 +m2 − 1
◦

λo1 +m1 − 1
◦
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which illustrates some exponents and when λo1 +m1 < λo2 +m2,

v2,ν = u2,ν (0 ≤ ν < m2),

v1,ν = u1,ν −
∑

max{0,m1−λo
2,1}≤i<m2

bν,iu2,i
λ1 − λ2 + λo2,1

(0 ≤ ν < min{m1, λ
o
2,1}),

v1,ν =
u1,ν − u2,ν−λo

2,1

λ1 − λ2 + λo2,1
−

∑
max{0,m1−λo

2,1}≤i<m2

bν,iu2,i
λ1 − λ2 + λo2,1

(λo2,1 ≤ ν < m1)

(12.46)

with
λo1
◦

λo1 + 1
◦

· · · λo1 + λo2,1
◦

· · · λ
o
1 +m1 − 1
◦

λo2
◦

λo2 − λo2,1 +m1 − 1
◦

λo2 +m2 − 1
◦

and here bν,i ∈ C. Note that vj,ν (1 ≤ j ≤ N, 0 ≤ ν < mj) are linearly independent
for any fixed λ in a neighborhood of λo.

Proof. See §2.1 and the proof of Lemma 4.5 (and [O3, Theorem 6.5] in a
more general setting) for the construction of local solutions of Pu = 0.

Note that uj,ν for j ≥ 3 are holomorphic with respect to λ in a neighborhood
of λ = λo. Moreover note that the local monodromy generator M0 of the solutions

Pu = 0 at x = 0 satisfies
∏N

j=1(M0 − e2π
√
−1λj ) = 0 and therefore the functions

(λ1 − λ2 − λo2,1)uj,ν of λ are holomorphically extended to the point λ = λo for
j = 1 and 2, and the values of the functions at λ = λo are solutions of the equation
Pu = 0 with λ = λo.

Suppose λo1+m1 ≥ λo2+m2. Then uj,ν (j = 1, 2) are holomorphic with respect
to λ at λ = λo and there exist bj,ν ∈ C such that

u2,ν |λ=λo = u1,ν+λo
2,1
|λ=λo +

∑
m2+λo

2,1≤ν<m1

bν,i
(
u1,i|λ=λo

)
and we have the proposition. Here

u2,ν |λ=λo ≡ xλ
o
2 +

∑
m2+λo

2,1≤ν<m1

bν,ix
λo
1+ν mod xλ

o
1+m1O0.

Next suppose λo1 +m1 < λo2 +m2. Then there exist bj,ν ∈ C such that(
(λ1 − λ2 + λo2,1)u1,ν

)
|λ=λo =

∑
max{0,m1−λo

2,1}≤i<m2

bν,i
(
u2,i|λ=λo

)
(0 ≤ ν < min{m1, λ

o
2,1}),

u1,ν |λ=λo =
∑

max{0,m1−λo
2,1}≤i<m2

bν,i
(
u2,i|λ=λo

)
(λo2,1 ≤ ν < m1)

and we have the proposition. □

The proposition implies the following corollaries.

Corollary 12.13. Keep the notation and the assumption in Proposition 12.12.
i) Let Wj(λ, x) be the Wronskian of uj,1, . . . , uj,mj for j = 1, . . . , N . Then

(λ1 − λ2 + λo2,1)
ℓ1W1(λ) and Wj(λ) with 2 ≤ j ≤ N are holomorphic with respect

to λ in a neighborhood of λo by putting

ℓ1 = max
{
0,min{m1,m2, λ

o
2,1, λ

o
2,1 +m2 −m1}

}
.(12.47)
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ii) Let

wk =

N∑
j=1

mj∑
ν=1

aj,ν,k(λ)uj,ν,k

be a local solution defined in a neighborhood of 0 with a holomorphic λ in a neigh-
borhood of λo. Then

(λ1 − λ2 + λo2,1)
ℓ2,j det

(
aj,ν,k(λ)

)
1≤ν≤mj

1≤k≤mj

with 
ℓ2,1 = max

{
0,min{m1 − λo2,1,m2}

}
,

ℓ2,2 = min{m1,m2},
ℓ2,j = 0 (3 ≤ j ≤ N)

are holomorphic with respect to λ in a neighborhood of λo.

Proof. i) Proposition 12.12 shows that uj,ν (2 ≤ j ≤ N, 0 ≤ ν < mj) are
holomorphic with respect to λ at λo. The functions u1,ν for min{m1, λ

o
2,1} ≤ ν ≤ m1

are same. The functions u1,ν for 0 ≤ ν < min{m1, λ
o
2,1} may have poles of order 1

along λ2 − λ1 = λo2,1 and their residues are linear combinations of u2,i|λ2=λ1+λo
2,1

with max{0,m1 − λo2,1} ≤ i < m2. Since

min
{
#{ν ; 0 ≤ ν < min{m1, λ

o
2,1}}, #{i ; max{0,m1 − λo2,1} ≤ i < m2}

}
= max

{
0,min{m1, λ

o
2,1,m2,m2 −m1 + λo2,1}

}
,

we have the claim.
ii) A linear combination of vj,ν (1 ≤ j ≤ N, 0 ≤ ν ≤ mj) may have a pole of

order 1 along λ1 − λ2 + λo2,1 and its residue is a linear combination of(
u1,ν +

∑
m2+λo

2,1≤i<m1

bν+λo
2,1,i

u1,i
)
|λ2=λ1+λo

2,1
(λo2,1 ≤ ν < min{m1,m2 + λo2,1}),

(
u2,ν +

∑
max{0,m1−λo

2,1}≤i<m2

bν+λo
2,1,i

u2,i
)
|λ2=λ1+λo

2,1
(0 ≤ ν < m1 − λo2,1),

∑
max{0,m1−λo

2,1}≤i<m2

bν,iu2,i|λ2=λ1+λo
2,1

(0 ≤ ν < min{m1, λ
o
2,1}).

Since

#
{
ν ; λo2,1 ≤ ν < min{m1,m2 + λo2,1}

}
= max

{
0,min{m1 − λo2,1,m2}

}
,

#{ν ; 0 ≤ ν < m1 − λo2,1}
+min

{
#{i ; max{0,m1 − λo2,1} ≤ i < m2},#{ν ; 0 ≤ ν < min{m1, λ

o
2,1}}

}
= min{m1,m2},

we have the claim. □

Remark 12.14. If the local monodromy of the solutions of Pu = 0 at x = 0
is locally non-degenerate, the value of (λ1 − λ2 + λo2,1)

ℓ1W1(λ) at λ = λo does not
vanish.

Corollary 12.15. Let Pu = 0 be a differential equation of order n with a
regular singularity at x = 0 such that P contains a holomorphic parameter λ =
(λ1, . . . , λN ) defined on CN . Suppose that the set of characteristic exponents of P
at x = 0 equals

{
[λ1](m1), . . . , [λN ](mN )

}
with n = m1 + · · · +mN . Let uj,ν be the

solutions of Pu = 0 defined by (12.43).
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i) Let W1(x, λ) denote the Wronskian of u1,1, . . . , u1,m1 . Then

(12.48)
W1(x, λ)∏N

j=2

∏
0≤ν<min{m1,mj} Γ(λ1 − λj +m1 − ν)

is holomorphic for λ ∈ CN .
ii) Let

(12.49) vk(λ) =

N∑
j=1

mj∑
ν=1

aj,ν,k(λ)uj,ν (1 ≤ k ≤ m1)

be local solutions of Pu = 0 defined in a neighborhood of 0 which have a holomor-
phic parameter λ ∈ CN . Then

(12.50)

det
(
a1,ν,k(λ)

)
1≤ν≤m1
1≤k≤m1∏N

j=2

∏
1≤ν≤min{m1,mj} Γ(λj − λ1 −m1 + ν)

is a holomorphic function of λ ∈ CN .

Proof. Let λoj,1 ∈ Z. The order of poles of (12.48) and that of (12.50) along
λj − λ1 = λoj,1 are

#{ν ; 0 ≤ ν < min{m1,mj} and m1 − λoj,1 − ν ≤ 0}
= #{ν ; max{0,m1 − λoj,1} ≤ ν < min{m1,mj}}
= max

{
0,min{m1,mj , λ

o
j,1, λ

o
j,1 +mj −m1}

}
and

#{ν ; 1 ≤ ν ≤ min{m1,mj} and λoj,1 −m1 + ν ≤ 0}
= max

{
0,min{m1,mj ,m1 − λoj,1}

}
,

respectively. Hence Corollary 12.13 assures this corollary. □

Remark 12.16. The product of denominator of (12.48) and that of (12.50)
equals the periodic function

N∏
j=2

(−1)[
min{m1,mj}

2 ]+1
( π

sin(λ1 − λj)π

)min{m1,mj}
.

Definition 12.17 (generalized connection coefficient). Let Pmu = 0 be the
Fuchsian differential equation with the Riemann scheme

(12.51)


x = c0 = 0 c1 = 1 c2 · · · cp =∞
[λ0,1](m0,1) [λ1,1](m1,1) [λ2,1](m2,1) · · · [λp,1](mp,1)

...
...

...
...

...
[λ0,n0 ](m0,n0 )

[λ1,n1 ](m1,n1 )
[λ2,n2 ](m2,n2 )

· · · [λp,np ](mp,np )

 .

We assume c2, . . . , cp−1 /∈ [0, 1]. Let u
λ0,ν+k
0,ν (1 ≤ ν ≤ n0, 0 ≤ k < m0,ν) and

u
λ1,ν+k
1,ν (1 ≤ ν ≤ n1, 0 ≤ k < m1,ν) be local solutions of Pmu = 0 such that

(12.52)

{
u
λ0,ν+k
0,ν ≡ xλ0,ν+k mod xλ0,ν+m0,νO0,

u
λ1,ν+k
1,ν ≡ (1− x)λ1,ν+k mod (1− x)λ1,ν+m1,νO1.
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They are uniquely defined on (0, 1) ⊂ R when λj,ν − λj,ν′ /∈ Z for j = 0, 1 and

1 ≤ ν < ν′ ≤ nj . Then the connection coefficients cν
′,k′

ν,k (λ) are defined by

(12.53) u
λ0,ν+k
0,ν =

∑
ν′, k′

cν
′,k′

ν,k (λ)u
λ1,ν′+k′

1,ν′ .

Note that cν
′,k′

ν,k (λ) is a meromorphic function of λ when m is rigid.

Fix a positive integer n′ and the integer sequences 1 ≤ ν01 < ν02 < · · · < ν0L ≤ n0
and 1 ≤ ν11 < ν12 < · · · < ν1L′ ≤ n1 such that

(12.54) n′ = m0,ν0
1
+ · · ·+m0,ν0

L
= m1,ν1

1
+ · · ·+m1,ν1

L′
.

Then a generalized connection coefficient is defined by

c
(
0 : [λ0,ν0

1
](m

0,ν0
1
), . . . , [λ0,ν0

L
](m

0,ν0
L
) ⇝ 1 : [λ1,ν1

1
](m

1,ν1
1
), . . . , [λ1,ν1

L′
](m

1,ν1
L′

)

)
:= det

(
cν

′,k′

ν,k (λ)
)

ν∈{ν0
1 ,...,ν

0
L}, 0≤k<m0,ν

ν′∈{ν1
1 ,...,ν

1
L′}, 0≤k′<m1,ν′

.

(12.55)

The connection coefficient defined in §12.1 corresponds to the case when n′ = 1.

Remark 12.18. i) When m0,1 = m1,1, Corollary 12.15 assures that

c
(
0 : [λ0,1](m0,1) ⇝ 1 : [λ1,1](m1,1)

)∏
2≤j≤n0

0≤k<min{m0,1,m0,j}

Γ(λ0,1 − λ0,j +m0,1 − k) ·
∏

2≤j≤n1

0<k≤min{m1,1,m1,j}

Γ(λ1,j − λ1,1 −m1,1 + k)

is holomorphic for λj,ν ∈ C.
ii) Let v1, . . . , vn′ be generic solutions of Pmu = 0. Then the generalized con-

nection coefficient in Definition 12.17 corresponds to a usual connection coefficient
of the Fuchsian differential equation satisfied by the Wronskian of the n′ func-
tions v1, . . . , vn′ . The differential equation is of order

(
n
n′

)
. In particular, when

n′ = n − 1, the differential equation is isomorphic to the dual of the equation
Pm = 0 (cf. Theorem 4.19) and therefore the result in §12.1 can be applied to the
connection coefficient. The precise result will be explained in another paper.

Remark 12.19. The following procedure has not been completed in general.
But we give a procedure to calculate the generalized connection coefficient (12.55),
which we put c(λ) here for simplicity when m is rigid.

(1) Let ϵ̄ =
(
ϵ̄j,ν
)
be the shift of the Riemann scheme {λm} such that

(12.56)


ϵ̄0,ν = −1 (ν ∈ {1, 2, . . . , n0} \ {ν01 , . . . , ν0L}),
ϵ̄1,ν = 1 (ν ∈ {1, 2, . . . , n1} \ {ν11 , . . . , ν1L′}),
ϵ̄j,ν = 0 (otherwise).

Then for generic λ we show that the connection coefficient (12.55) con-
verges to a non-zero meromorphic function c̄(λ) of λ by the shift {λm} 7→
{(λ+ kϵ̄)m} when Z>0 ∋ k →∞.

(2) Choose suitable linear functions bi(λ) of λ by applying Proposition 12.12

or Corollary 12.15 to c(λ) so that e(λ) :=
∏N

i=1 Γ
(
bi(λ)

)−1 · c(λ)c̄(λ)−1 is
holomorphic for any λ.



12.3. ZEROS AND POLES OF CONNECTION COEFFICIENTS 135

In particular, when L = L′ = 1 and ν01 = ν11 = 1, we may put

{bi} =
n0∪
j=2

{
λ0,1 − λ0,j +m0,1 − ν ; 0 ≤ ν < min{m0,1,m0,j}

}
∪

n1∪
j=2

{
λ1,j − λ1,1 −m1,1 + ν ; 1 ≤ ν ≤ min{m1,1,m1,j}

}
.

(3) Find the zeros of e(λ) some of which are explained by the reducibility or
the shift operator of the equation Pmu = 0 and choose linear functions

ci(λ) of λ so that f(λ) :=
∏N ′

i=1 Γ
(
ci(λ)

)
· e(λ) is still holomorphic for any

λ.
(4) If N = N ′ and

∑
i di(λ) =

∑
i ci(λ), Lemma 12.20 assures f(λ) = c̄(λ)

and

(12.57) c(λ) =

∏N
i=1 Γ

(
bi(λ)

)∏N
i=1 Γ

(
ci(λ)

) · c̄(λ)
because f(λ)

f(λ+ϵ) is a rational function of λ, which follows from the existence

of a shift operator assured by Theorem 11.2.

Lemma 12.20. Let f(t) be a meromorphic function of t ∈ C such that r(t) =
f(t)

f(t+1) is a rational function and

(12.58) lim
Z>0∋k→∞

f(t+ k) = 1.

Then there exists N ∈ Z≥0 and bi, ci ∈ C for i = 1, . . . , n such that

b1 + · · ·+ bN = c1 + · · ·+ cN ,(12.59)

f(t) =

∏N
i=1 Γ(t+ bi)∏N
i=1 Γ(t+ ci)

.(12.60)

Moreover, if f(t) is an entire function, then f(t) is the constant function 1.

Proof. Since limk→∞ r(t+ k) = 1, we may assume

r(t) =

∏N
i=1(t+ ci)∏N
i=1(t+ bi)

and then

f(t) =

∏N
i=1

∏n−1
ν=0(t+ ci + ν)∏N

i=1

∏n−1
ν=0(t+ bi + ν)

f(t+ n).

Since

lim
n→∞

n!nx−1∏n−1
ν=0(x+ ν)

= Γ(x),

the assumption implies (12.59) and (12.60).
We may assume bi ̸= cj for 1 ≤ i ≤ N and 1 ≤ j ≤ N . Then the function

(12.60) with (12.59) has a pole if N > 0. □
We have the following proposition for zeros of c(λ).

Proposition 12.21. Retain the notation in Remark 12.19 and fix λ so that

(12.61) λj,ν − λj,ν′ /∈ Z (j = 0, 1 and 0 ≤ ν < ν′ ≤ nj).
i) The relation c(λ) = 0 is valid if and only if there exists a non-zero function

v =
∑

ν∈{ν0
1 ,...,ν

0
L}

0≤k<m0,ν

Cν,ku
λ0,ν+k
0 =

∑
ν∈{1,...,n1}\{ν1

1 ,...,ν
1
L′}

0≤k<m1,ν

C ′
ν,ku

λ1,ν+k
1
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on (0, 1) with Cν,k, C
′
ν,k ∈ C.

ii) Fix a shift ϵ = (ϵj,ν) compatible to m and let Rm(ϵ, λ) be the shift operator
in Theorem 11.2. Suppose Rm(ϵ, λ) is bijective, namely, cm(ϵ;λ) ̸= 0 (cf. Theo-
rem 11.8). Then c(λ+ ϵ) = 0 if and only if c(λ) = 0

Proof. Assumption (12.61) implies that {uλ0,ν+k
0 } and {uλ1,ν+k

1 } define sets
of basis of local solutions of the equation Pmu = 0. Hence the claim i) is clear from
the definition of c(λ).

Suppose c(λ) = 0 and Rm(ϵ, λ) is bijective. Then applying the claim i) to
Rm(ϵ, λ)v, we have c(λ + ϵ) = 0. If Rm(ϵ, λ) is bijective, so is Rm(−ϵ, λ + ϵ) and
c(λ+ ϵ) = 0 implies c(λ) = 0. □

Corollary 12.22. Let m = m′⊕m′′ be a rigid decomposition of m such that

(12.62)
∑

ν∈{ν0
1 ,...,ν

0
L}

m′
0,ν >

∑
ν∈{ν1

1 ,...,ν
1
L′}

m′
1,ν .

Then Γ(|{λm′}|) · c(λ) is holomorphic under the condition (12.61).

Proof. When |{λm′}|=0, we have the decomposition Pm = Pm′′Pm′ and
hence c(λ) = 0. There exists a shift ϵ compatible to m such that

p∑
j=0

nj∑
ν=1

m′
j,νϵj,ν = 1.

Let λ be generic under |{λm}| = 0 and |{λm′}| ∈ Z \ {0}. Then Theorem 11.9) ii)
assures cm(ϵ;λ) ̸= 0 and Proposition 12.21 proves the corollary. □

Remark 12.23. Suppose that Remark 12.19 (1) is established. Then Proposi-
tion 12.12 and Proposition 12.21 with Theorem 11.8 assure that the denominator

and the numerator of the rational function which equals c(λ)
c(λ+ϵ̄) are products of cer-

tain linear functions of λ and therefore (12.57) is valid with suitable linear functions

bi(λ) and ci(λ) of λ satisfying
∑N

i=1 bi(λ) =
∑N

i=1 ci(λ).

Example 12.24 (generalized hypergeometric function). The generalized hy-
pergeometric series (0.7) satisfies the equation Pn(α;β)u = 0 given by (13.21) and
[Kh, §4.1.2 Example 9] shows that the equation is isomorphic to the system of
Okubo normal form

(
x−


1
0

. . .
. . .

0

)dũ
dx

=


−βn 1
α2,1 0 1
α3,1 1 1
...

. . .
. . .

αn−1,1 n−3 1
αn,1 −cn−1 −cn−2 ··· −c2 −c1+(n−2)

 ũ(12.63)

with

u =

u1...
un

 , u = u1 and
n∑

ν=1

αν =
n∑

ν=1

βν .

Let us calculate the connection coefficient

c(0 :0⇝ 1:−βn) = lim
x→1−0

(1−x)βn
nFn−1(α1, . . . , αn;β1, . . . , βn−1;x) (Reβn > 0).

Applying Theorem 12.10 to the system of Schlesinger canonical form satisfied by
Ad
(
(1 − x)βn

)
, the connection coefficient satisfies Remark 12.19 i) with c̄(λ) = 1,

namely,

(12.64) lim
k→+∞

c(0 :0⇝ 1:−βn)|αj 7→αj+k, βj 7→βj+k (1≤j≤n) = 1.
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Then Remark 12.19 ii) shows that
∏n

j=1 Γ(βj)
−1 ·c(0 :0⇝ 1:−βn) is a holomorphic

function of (α, β) ∈ Cn+(n−1).
Corresponding to the Riemann scheme (0.8), the existence of rigid decomposi-

tions
n︷ ︸︸ ︷

1 · · · 1;n− 11;

n︷ ︸︸ ︷
1 · · · 1 =

n−1︷ ︸︸ ︷
0 · · · 0 1; 10; 0 · · ·

i
⌣
1 · · · 0⊕

n−1︷ ︸︸ ︷
1 · · · 1 0;n− 11; 1 · · ·

i
⌣
0 · · · 1

for i = 1, . . . , n proves that
∏n

i=1 Γ(αi) ·
∏n

j=1 Γ(βj)
−1 · c(0 : 0 ⇝ 1 :−βn) is also

entire holomorphic. Then the procedure given in Remark 12.19 assures

(12.65) c(0 :0⇝ 1:−βn) =
∏n

i=1 Γ(βi)∏n
i=1 Γ(αi)

.

We can also prove (12.65) as in the following way. Since

d

dx
F (α;β;x) =

α1 · · ·αn

β1 · · ·βn−1
F (α1 + 1, . . . , αn + 1;β1 + 1, . . . , βn−1 + 1;x)

and
d

dx

(
1− x

)−βn
(
1 + (1− x)O1

)
= βn

(
1− x

)−βn−1(
1 + (1− x)O1

)
,

we have
c(0 :0⇝ 1:−βn)

c(0 :0⇝ 1:−βn)|αj 7→αj+1, βj 7→βj+1
=
α1 . . . αn

β1 . . . βn
,

which proves (12.65) because of (12.64).

A further study of generalized connection coefficients will be developed in an-
other paper. In this paper we will only give some examples in §13.5 and §13.7.5.


