CHAPTER 9

Monodromy

The transformation of monodromy generators for irreducible Fuchsian systems
of Schlesinger canonical form under the middle convolution or the addition is stud-
ied by [Kz] and [DR, DR2] etc. A non-zero homomorphism of an irreducible single
Fuchsian differential equation to an irreducible system of Schlesinger canonical form
induces the isomorphism of their monodromies of the solutions (cf. Remark 1.14).
In particular since any rigid local system is realized by a single Fuchsian differen-
tial equation, their monodromies naturally coincide with each other through the
correspondence of their monodromy generators. The correspondence between the
local monodromies and the global monodromies is described by [DR2], which we
will review.

9.1. Middle convolution of monodromies

For given matrices A; € M(n,C) for j =1,...,p the Fuchsian system

dv PLA;
1 — = 1
(9.1) 17 > v

‘T*Cj

J=1

of Schlesinger canonical form (SCF) is defined. Put A9 = —4; —--- — A, and
A = (Ao, A1,...,A,) which is an element of

(9.2) M(n,C)P* = {(Cy,...,Cp) € M(n,C)P*; Cy+--- + C, = 0},

The Riemann scheme of (9.1) is defined by
(9.3)
r =Ccyp =X C1 R Cp
[onl]mo,l [)‘1,1]7"/1,1 e [)\p71]mp,1

[/\O,no]mo,no [/\l,nl]ml,nl e [)‘p,np]mp,l
if
Aj~ LM, .. ,Mjn i N, Njm;) (G=0,...,p)
under the notation (4.33). Here the Fuchs relation equals

p Ny
(9'4) Z Z mij\j,y =0.

j=0v=1

We define that A is irreducible if a subspace V' of C" satisfies A;V C A; for
j=20,...,p, then V= {0} or V. = C". In general, A = (Ao,...,4p), A" =
(Ah, ..., A)) € M(n,C)P*!, we denote by A ~ A’ if there exists U € GL(n,C)
such that A} = UA;U" for j =0,...,p.

For (po, . . ., pip) € CPT with puo+- - -+p, = 0, the addition A" = (4p, ..., A,) €
M(n,C)5*" of A with respect to (uo,...,u,) is defined by AL = Aj + py for
7=0,...,p.
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86 9. MONODROMY

For a complex number y the middle convolution A :=mcy(A) of A is defined
by A; = A;(p) for j =1,...,p and A9 = —A; —--- — A, under the notation in
§1.5. Then we have the following theorem.

THEOREM 9.1 ([DR, DR2]). Suppose that A satisfies the conditions

(9.5) (] kerA; Nker(Ag —7) = {0} (i=1,...,p, V1 €C),
1<j<p
J#i
(9.6) ﬂ ker'A; Nker(*Ag — 7) = {0} (i=1,...,p, VT €C).
1<j<p
i
i) The tuple me,(A) = (Ao, ..., Ap) also satisfies the same conditions as above
with replacing A, by A, forv=0,...,p, respectively. Moreover we have
(9.7) me, (A) ~me,(A') if A~A/
(9.8) mey 0o mey,(A) ~ meyq 0 (A),
(9.9) meo(A) ~ A

and me, (A) is irreducible if and only if A is irreducible.
ii) (cf. [06, Theorem 5.2]) Assume

(9.10) p=2Xx,1#0 and X\j1 =0 for j=1,...,p
and
(9.11) /\j,y = )\j71 implies mj;v S mj1

forj=0,...,p andv =2,...,n;. Then the Riemann scheme of mc,(A) equals

Tr=0o0 Cl o Cp
[_:u]ﬁbo,l—d [O]ml‘l_d e [O]mpJ—d
(9.12) P‘O»Q - Mmoz [)‘1,2 + :U']m1,2 te [>\p,2 + ,LL]mp,2
[Ao,ne — ﬂ}mo,no Ang + .U]ml,nl T [/\pmp + H]mp‘l
with
(9.13) d:=mo1+---+mp1—(p—1)ordm.

ExXAMPLE 9.2. The addition of
MC_xg 1 —A12—Aa2({A0,2 = Ao, Aot + A1 + Aoj2, Aot + Ao + Aai})

with respect to (—A12 — A2,2, A1,2, A22) give the Fuchsian system of Schlesinger
canonical form

du éu+ A2

dr  w x—1"
A1 Ao+ A2+ A A2.2
A= ’ ’ ’ ’ d Ay = ’ .
! ( A12 an 2 Ao+ A+ A2 Aga
with the Riemann scheme
Tr =00 0 1
Ao,1 A1 A2 (Aot F o2+ A1+ A2+ A2+ A2 =0).

Aoz A2 A2

The system is invariant as W(z; A;,)-modules under the transformation \;, —
Ajs—p for 7 =0,1,2 and v =1, 2.

Suppose J;, are generic complex numbers under the condition Ao + A1 2 +
A21 = Ap2+A1,1+A22 = 0. Then A; and A, have a unique simultaneous eigenspace.
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In fact, A, ((1)) = A12 ((1)) and A, ((1)) = A1 ((1)) Hence the system is not invariant
as W (z)-modules under the transformation above and A is not irreducible in this
case.

To describe the monodromies, we review the multiplicative version of these
operations.
Let M = (M, ..., M,) be an element of

(9.14) GL(n,C)y™ := {(Go,...,G,) € GL(n,C)P*; G, --- Gy = 1.}

For (po, ..., pp) € CPT! satisfying po - - - pp, = 1, the multiplication of M with respect
to p is defined by (poMo, . .., ppMp).

For a given p € C*, we define M; = (ij,,,y/) 1<v<n € GL(pn,C) by

1<v'<p
6V,V’In (V i ])a
~ M, —1 =4, 1<V <j—-1
Ny = (v 1SV );
pM; (v=v'=j),
p(My —1) (v=j, j+1<V <p)
Let M; denote the quotient ]\;[j\(cpn/v of
I,
(9.15) Mj=|M —1 - pM; --- p(M,—1)| €GL(pn,C)
I,

for j=1,....pand My = (M,,...M;)~'. The tuple MC,(M) = (My, ..., M,) is
called (the multiplicative version of) the middle convolution of M with respect to
p. Here V= ker(M — 1) + (]_, ker(M; — 1) with

M,
M :=
M,
Then we have the following theorem.

THEOREM 9.3 ([DR, DR2]). Let M = (M, ..., M,) € GL(n,C)?**. Suppose

(9.16) ﬂ ker(M, — 1) Nker(M; — ) = {0} (1<i<p, VreCX),

1<v<p
v<i

(9.17) m ker("M,, — 1) Nker("M; — 1) = {0} (1<i<p, VreC).

1<v<p
v<i

i) The tuple MC,(M) = (Moy,...,M,) also satisfies the same conditions as
above with replacing M, by M, forv=20,...,p, respectively. Moreover we have

(9.18) MC,(M) ~ MC,(M’) if M~ M/,
(9.19) MC, o MC,(M) ~ MC,,,, (M),
(9.20) MC; (M) ~ M

and MC,(M) is irreducible if and only if M is irreducible.
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ii) Assume
(9.21) My~ L(mj1, ..oy Mjns Py Piny) for j=0,....p,
(9.22) p=poa1#1l and pj1 =1 for j=1,...,p
and
(9.23) Pjv = pj1 implies mj, < mjq
forj=0,...,pandv =2,...,n;. In this case, we say that M has a spectral type
m := (mg,...,my) with m; = (m;1,...,Mjn,).
Putting (Mo, ..., M,) = MC,(Mo, ..., M,), we have
(9.24)

W~ L(moy —d,moa,. .., mone; p~ Y5 p  po2, - p~  pom,)  (5=0),
P\ Lmja —dimyas. o My L ppioy . pping) (G=1,....p).

Here d is given by (9.13).

REMARK 9.4. i) We note that some m;; may be zero in Theorem 9.1 and
Theorem 9.3.

ii) It follows from Theorem 9.1 (resp. Theorem 9.3) and Scott’s lemma that any
irreducible tuple A € M(n, C)2™ (resp. M € GL(n,C)?*") can be connected by
successive applications of middle convolutions and additions (resp. multiplications)
to an irreducible tuple whose spectral type m satisfies ordm = 1 or dpax(m) < 0.
Moreover the spectral type of an irreducible tuple M or A is irreducibly realizable
in the sense in Definition 4.16 (cf. [Ko], [CB], [06]),

DEFINITION 9.5. Let M = (Mj, ..., M,) € GL(n,C)?™. Suppose (9.21). Fix
0= (ly,...,¢,) € Zg{l and define 9;M as follows.

. {pj,ej (0<j<p 1<t;<n)
any complex number (0 <j <p, n; <¥{;),
p = pop1-- - Pp,
(Mg, .., My) :=MCp(p1 - - ppMo, py "My, p5 ' Mo, ..., p, ' M),
oM := (p7'-- .pglMc’), p1 My, paMa,)' ... ppM)).
Here we note that if £ = (1,...,1) and p;; =1 for j =2,...,p, 9M = MC,(M).

Let u(1),...,u(n) be independent solutions of (9.1) at a generic point q. Let
v; be a closed path around c¢; as in the following figure. Denoting the result of
the analytic continuation of @ := (u(1),...,u(n)) along v; by 7;(@), we have a
monodromy generator M; € GL(n,C) such that v;(@) = aM;. We call the tuple
M = (My, ..., M,) the monodromy of (9.1) with respect to & and o, ...,7,. The
connecting path first going along 7; and then going along ; is denoted by v; o ;.

Yi 0 (@) = v;(ah;)

= ;(@) M;

= uM; M,
MpyM,_y--- MMy = 1I,.
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The following theorem says that the monodromy of solutions of the system
obtained by a middle convolution of the system (9.1) is a multiplicative middle
convolution of that of the original system (9.1).

THEOREM 9.6 ([DR2]). Let Mon(A) denote the monodromy of the equation
(9.1). Put M = Mon(A). Suppose M satisfies (9.16) and (9.17) and

(9.26) rank(Ag — p) = rank(My — 2™V"1#),
(9.27) rank(A;) = rank(M; — 1)
forj=1,...,p, then
(9.28) Mon (mc,(A)) ~ MC,2ry=1, (Mon(A)).
Let F be a space of (multi-valued) holomorphic functions on C\ {c1,...,¢p}

valued in C™ such that F satisfies (2.15), (2.16) and (2.17). For example the
solutions of the equation (9.1) defines F. Fixing a base u = (u(1),...,u(n)) of
F(U) with U 5 ¢, we can define monodromy generators (My,...,M,). Fix u € C
and put p = e2™V =11 and

(z+,cj+,x—,c5—) u(t)(z—t p—1
I (a=tr gy

vj(z) = and v(z) = (vi(),...,vp(x)).
z+,cj+,x—,c;—) w(t)(z—t)* !
f( . ) u( )(_Cp) dt

Then v(z) is a holomorphic function valued in M (pn, C) and the pn column vectors
of v(z) define a convolution F of F and the following facts are shown by [DR2].

The monodromy generators of F with respect to the base v(z) equals the
convolution M = (MO, ceey Ml) of M given by (9.15) and if F corresponds to the
space of solutions of (1.79), F corresponds to that of the system of Schlesinger
canonical form defined by (AO(M), cee AP(M)) in (1.81), which we denote by M4.

The middle convolution MC,(M) of M is the induced monodromy generators
on the quotient space of CP"/V where V is the maximal invariant subspace such the

restriction of M on V is a direct sum of finite copies of 1-dimensional spaces with
J

the actions (p~1,1,...,1,p,1,...,1) € GL(1,C)*™ (j =1,...,p) and (1,1,...,1).
The system defined by the middle convolution mc,(A) is the quotient of the system
M4 by the maximal submodule such that the submodule is a direct sum of finite
copies of the equations (z — cj)% =pw (j=1,...,p) and ’é—’;’ =0.

Suppose M and MC,(M) are irreducible and p # 1. Assume ¢(x) is a function
belonging to F such that it is defined around x = c¢; and corresponds to the
eigenvector of the monodromy matrix M; with the eigenvalue different from 1.

Then the holomorphic continuation of ®(x) = f(z+’cj+’x7’cr) 20E=2)" 14 defines

t—cj
the monodromy isomorphic to MC,(M). ’

REMARK 9.7. We can define the monodromy M = (My,...,M,) of the uni-
versal model Ppu = 0 (cf. Theorem 6.14) so that M is entire holomorphic with
respect to the spectral parameters )\;, and the accessory parameters g; under the
normalization u(j)*~Y(q) =4, for j, v=1,...,nand ¢ € C\ {cy,...,c,}. Here
u(1),...,u(n) are solutions of Puu = 0.

DEFINITION 9.8. Let P be a Fuchsian differential operator with the Riemann
scheme (4.15) and the spectral type m = (m;,) o<j<p . We define that P is Io-

1<v<n;
cally non-degenerate if the tuple of the monodromy generators M := (Mo, ..., M,)
satisfies

(9.29) My~ L(mya,. .. myp,; @™ 2V (=0, p),
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which is equivalent to the condition that
(9.30) dim Z(M;) =m5, +---+m3, (j=0,....p).

Suppose m is irreducibly realizable. Let P, be the universal operator with the
Riemann scheme (4.15). We say that the parameters A;, and g; are locally non-
degenerate if the corresponding operator is locally non-degenerate.

Note that the parameters are locally non-degenerate if
)\j:V_)\]'7V'¢Z (j:O7"'ap71§V<V/§nj)-

Define P; as in Remark 4.4 iv). Then we can define monodromy generator M;
of P, at = ¢; so that M; holomorphically depend on ¢ (cf. Remark 9.7). Then
Remark 4.13 v) proves that (9.30) implies (9.29) for every j.

The following proposition gives a sufficient condition such that an operator is
locally non-degenerate.

PRrROPOSITION 9.9. Let P be a Fuchsian differential operator with the Riemann
scheme (4.15) and let M; be the monodromy generator at x = c;. Fiz an integer j
with 0 < j < p. Then the condition

Ajw = X @ L or (Njw = Ajw ) (N + My — Ao —my) <0

9.31
(9:31) for 1<v<n; and 1<v <nj

implies dim Z(M;) = mil +-- 4 m?ynj. In particular, P is locally non-degenerate
if (9.31) is valid for j =0,...,p.

Here we remark that the following condition implies (9.31).
(9.32) Njiw—Njwr § Z\{0} for 1<v<mn; and 1<V <nj.

Proor. For p € C we put

N, = {V; 1<v<ng, pe{N,Njp+1,...,0, +mj, — 1}}

If N, > 0, we have a local solution w,, ., (x) of the equation Pu = 0 such that
(9.33) wpp(z) = (z —c;)"log"(x —¢;) + O (p+1,L,) for v=0,...,N, — 1.
Here L, are positive integers and if j = 0, then = and = — ¢; should be replaced by
Yy = % and y, respectively.

Suppose (9.31). Put p = €*™, m/ = {m;,; \j, —p € Z} and m/, =

!/
p
My, Y with my,  >mj o >+ >mj > 1. Then (9.31) implies

{m p,2 =

/
FRERRE

myy+-o+ml e (L<k<ny,),
m,q+-+m, (n, < k).

PsNp

(9.34) n — rank(M; — p)* < {
The above argument proving (9.29) under the condition (9.30) shows that the left
hand side of (9.34) is not smaller than the right hand side of (9.34). Hence we have
the equality in (9.34). Thus we have (9.30) and we can assume that L, = v in
(9.33). O

Theorem 9.3, Theorem 9.6 and Proposition 3.1 show the following corollary.
One can also prove it by the same way as in the proof of [DR2, Theorem 4.7].

COROLLARY 9.10. Let P be a Fuchsian differential operator with the Riemann
scheme (4.15). Let Mon(P) denote the monodromy of the equation Pu = 0. Put
Mon(P) = (Mo, ..., M,). Suppose

(9.35)  Mj ~ L(mj,...,mjn,; 2V eQﬂﬁA-f'"j) for 7=0,...,p.
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In this case, P is said to be locally non-degenerate. Under the notation in Defini-
tion 5.7, we fix £ € Z?{l and suppose (5.24). Assume moreover

(9.36) w2,
(9.37) mj, <My, or Njo, —ANju €2 (j=0,...,p, v=1,...,n5).
Then we have

(9.38) Mon(9yP) ~ ¢ Mon(P).

In particular, Mon(P) is irreducible if and only if Mon(9,P) is irreducible.

9.2. Scott’s lemma and Katz’s rigidity

The results in this section are known but we will review them with their proof
for the completeness of this paper.

LEMMA 9.11 (Scott [Sc]). Let M € GL(n,C)?™ and A € M(n,C)2™" under
the notation (9.2) and (9.14). Then

P
(9.39) Zcodim ker(M; — 1) > codim ﬂ ker(M; — 1) + codim ﬂ ker(‘M; — 1),
7=0 7=0 7=0
P P P
(9.40) Z codimker A; > codim ﬂ ker A; 4+ codim m ker ‘A
§=0 3=0 §=0

In particular, if M and A are irreducible, then

p
(9.41) > dimker(M; — 1) < (p— 1)n,
=0
p
(9.42) > dimker A; < (p — 1)n.
7=0

ProOOF. Consider the following linear maps:
V =Im(My—1) x --- x Im(M,, — 1) ¢ C"P+D]
B:C*"=V, v (My—1ov,...,(M,— 1)),
0: V—=0C" (vo,...,0p) = My Myvg+ My --- Movy + - - - + Mpvp_1 + vy
Since My, --- My(Mo—1)+-- -+ My(Mp_1 —1)+ (Mp,—1) = M,--- M1 My—1=0,
we have § o § = 0. Moreover we have

p p

ZM My (M = oy =7 (14 D0 (My = )Moy - My ) (M = Dy
Jj=0 v=j+1
p v—1
= —1UJ+Z o M (M — 1)y
j=0 v=1 i= 0
D Jj—1
= (M, - 1)(”1‘ + ) My My (M; — 1) )

=0

<
I
=)

and therefore Im ¢ = Z?:o Im(M; —1). Hence
My —1
dimIm ¢ =rank(My —1,..., M, — 1) =rank :
‘M, —1
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and
P
Z codimker(M; — 1) = dimV = dimker § + dimIm §
3=0
> dimIm g + dimImé
P P
= codim ﬂ ker(M; — 1) 4+ codim m ker("M; — 1).
j=0 §=0
Putting

VZIonX---XImApc((I"(P'*‘l)’
B: C" =V, v (A,...,Apw),
(SIV—)C”, (1}0,...,’1]1,)*—)UO+U1_|-..._|_UP’

we have the claims for A € M(n,C)P*! in the same way as in the proof for M €
GL(n,C)P* O

COROLLARY 9.12 (Katz [Kz] and [SV]). Let M € GL(n,C)?™" and put

(9.43) Vi:={H e GL(n,C)’"'; H ~ M},
(9.44) Vo:={H e GL(n,C"""  Hj~M; (j=0,...,p)}.
Suppose M is a generic point of the algebraic variety V. Then
(9.45) dim V; = codim Z(M),
P
(9.46) dimV, = codim Z(M;) — codim Z(M).
j=0

Here Z(M) := ?:0 Z(M;) and Z(M;) ={X € M(n,C); XM; = M;X}.
Suppose moreover that M is irreducible. Then codim Z(M) = n? — 1 and

P
(9.47) Zcodim Z(M;) > 2n* — 2.
=0

P
Moreover M is rigid, namely, V1 = Vs if and only if Zcodim Z(M;) = 2n? — 2.
§=0

PROOF. The group GL(n,C) transitively acts on V] as simultaneous conjuga-
tions and the Lie algebra of the isotropy group with respect to M is identified with
Z(M) and hence dim V; = codim Z(M).

The group GL(n,C)P*! naturally acts on GL(n, C)P*! by conjugations. Putting
L = {(g;) € GL(n,C)**'; g, Mpg ' -+~ goMogy " = M,--- My}, V3 is identified
with L/Z(My) x --- x Z(M,), which is a subset of the homogeneous space

{He M(n,C)P**; H; ~ M; (j=0,...,p)} ~ GL(n,C)P*/Z (M) x - - x Z(M,).

Denoting g; = exp(tX;) with X; € M(n,C) and t € R with |¢| < 1 and defining
A; € End(M(n,C)) by A4;X = MjXMj*l7 we can prove that the dimension of L
equals the dimension of the kernel of the map
P
v M(n,(C)p+1 > (XQ,.. .,Xp) — ZAP'”Aj‘f‘l(Aj — 1)XJ
§=0
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by looking at the tangent space of L at the identity element because
exp(tXp) My exp(—tXp) - - - exp(tXo) Mo(—tXo) — Mp--- My

14
= —t(z Ap .. 'Aj+1(Aj — ].)XJ)MP c. 'M() =+ O(t)
7=0

We have obtained in the proof of Lemma 9.11 that codimkery = dimIm~y =
dim »7_ Im(A; —1) = codim (;_, ker(*A; —1). We will see that (}_, ker(*4; —1)
is identified with Z(M) and hence codim ker v = codim Z(M) and

P P
dim V3 = dimkery — Y _dim Z(M;) =) _ codim Z(M;) — codim Z(M).
§=0 §=0
In general, fix H € V5 and define A; € End(M(n,C)) by X — MjXH;1 for
j=0,...,p. Note that A,A,_1--- Ay is the identity map. If we identify M (n,C)
with its dual by the inner product trace XY for X, Y € M(n,C), 'A; are identified
with the map Y — H i 1YMj, respectively.
Fix P; € GL(n,C) such that H; = P;M;P;". Then
Aj(X)=X & M;XH;' =X & M;X = XP;M;P;" < M;XP; = XP;M;,
'"Aj(X)=X & H;'XM; = X & XM; = P,M;P;'X & P, 'XM; = M;P; ' X
and codimker(A; — 1) = codim Z(M;).
In particular, we have (;_, ker(*A; — 1) ~ Z(M) if H; = M; for j =0,...,p.
Suppose M is irreducible. Then codim Z(M) = n? — 1 and the inequality

(9.47) follows from Vi C Va. Moreover suppose Y f_,codim Z(M;) = 2n* — 2.
Then Scott’s lemma proves

P
2% -2 = Zcodim ker(A; — 1)
§=0

p
> n? —dim (|{X € M(n,C); M;X = XH;}

Jj=0

P
+n? —dim (|{X € M(n,C); H; X = XM;}.
j=0
Hence there exists a non-zero matrix X such that M;X = XH; (j =0,...,p) or
H;X=XM; (j=0,...,p). I M\;X = XH, (resp. H;X = XM;) for j =0,...,p,
Im X (resp. ker X) is Mj-stable for j = 0,...,p and hence X € GL(n,C) because M
is irreducible. Thus we have V; = V5 and we get all the claims in the corollary. [



