
CHAPTER 8

Expression of local solutions

Fix m =
(
mj,ν

)
j=0,...,p
1≤ν≤nj

∈ Pp+1. Suppose m is monotone and irreducibly real-

izable. Let Pm be the universal operator with the Riemann scheme (4.15), which is
given in Theorem 6.14. Suppose c1 = 0 and m1,n1 = 1. We give expressions of the
local solution of Pmu = 0 at x = 0 corresponding to the characteristic exponent
λ1,n1 .

Theorem 8.1. Retain the notation above and in Definition 5.12. Suppose λj,ν
are generic. Let

(8.1) v(x) =

∞∑
ν=0

Cνx
λ(K)1,n1+ν

be the local solution of
(
∂KmaxPm

)
v = 0 at x = 0 with the condition C0 = 1. Put

(8.2) λ(k)j,max = λ(k)j,ℓ(k)j .

Note that if m is rigid, then

(8.3) v(x) = xλ(K)1,n1

p∏
j=2

(
1− x

cj

)λ(K)j,max

.

The function

u(x) :=
K−1∏
k=0

Γ
(
λ(k)1,n1 − λ(k)1,max + 1

)
Γ
(
λ(k)1,n1

− λ(k)1,max + µ(k) + 1
)
Γ
(
−µ(k)

)
∫ s0

0

· · ·
∫ sK−1

0

K−1∏
k=0

(sk − sk+1)
−µ(k)−1

·
K−1∏
k=0

(( sk
sk+1

)λ(k)1,max
p∏

j=2

( 1− c−1
j sk

1− c−1
j sk+1

)λ(k)j,max
)

· v(sK)dsK · · · ds1
∣∣∣
s0=x

(8.4)

is the solution of Pmu = 0 so normalized that u(x) ≡ xλ1,n1 mod xλ1,n1+1O0.
Here we note that

K−1∏
k=0

(( sk
sk+1

)λ(k)1,max
p∏

j=2

( 1− c−1
j sk

1− c−1
j sk+1

)λ(k)j,max
)

=
s
λ(0)1,max

0

s
λ(K−1)1,max

K

p∏
j=1

(1− c−1
j s0)

λ(0)j,max

(1− c−1
j sK)λ(K−1)j,max

·
K−1∏
k=1

(
s
λ(k)1,max−λ(k−1)1,max

k

p∏
j=2

(1− c−1
j sk)

λ(k)j,max−λ(k−1)j,max

)
.

(8.5)
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When m is rigid,

u(x) = xλ1,n1

( p∏
j=2

(
1− x

cj

)λ(0)j,max
) ∑(

νj,k

)
2≤j≤p
1≤k≤K

∈Z(p−1)K
≥0

K−1∏
i=0

(
λ(i)1,n1 − λ(i)1,max + 1

)∑p
s=2

∑K
t=i+1 νs,t(

λ(i)1,n1 − λ(i)1,max + µ(i) + 1
)∑p

s=2

∑K
t=i+1 νs,t

·
K∏
i=1

p∏
s=2

(
λ(i− 1)s,max − λ(i)s,max

)
νs,i

νs,i!
·

p∏
s=2

( x
cs

)∑K
i=1 νs,i

.

(8.6)

When m is not rigid

u(x) = xλ1,n1

( p∏
j=2

(
1− x

cj

)λ(0)j,max
) ∞∑

ν0=0

∑(
νj,k

)
2≤j≤p
1≤k≤K

∈Z(p−1)K
≥0

K−1∏
i=0

(
λ(i)1,n1 − λ(i)1,max + 1

)
ν0+

∑p
s=2

∑K
t=i+1 νs,t(

λ(i)1,n1 − λ(i)1,max + µ(i) + 1
)
ν0+

∑p
s=2

∑K
t=i+1 νs,t

·
p∏

s=2

(
λ(K − 1)s,max

)
νs,K

νs,K !
·
K−1∏
i=1

p∏
s=2

(
λ(i− 1)s,max − λ(i)s,max

)
νs,i

νs,i!

· Cν0x
ν0

p∏
s=2

( x
cs

)∑K
i=1 νs,i

.

(8.7)

Fix j and k and suppose

(8.8)

{
ℓ(k − 1)j = ℓ(k)ν when m is rigid or k < K,

ℓ(k − 1)j = 0 when m is not rigid and k = K.

Then the terms satisfying νj,k > 0 vanish because (0)νj,k
= δ0,νj,k

for νj,k =
0, 1, 2, . . ..

Proof. The theorem follows from (5.26), (5.27), (5.28), (3.2) and (3.6) by the
induction on K. Note that the integral representation of the normalized solution
of
(
∂maxP

)
v = 0 corresponding to the exponent λ(1)n1 equals

v(x) :=

K−1∏
k=1

Γ
(
λ(k)1,n1

− λ(k)1,max + 1
)

Γ
(
λ(k)1,n1 − λ(k)1,max + µ(k) + 1

)
Γ
(
−µ(k)

)
·
∫ s1

0

· · ·
∫ sK−1

0

K−1∏
k=0

(sk − sk+1)
−µ(k)−1

·
K−1∏
k=0

(( sk
sk+1

)λ(k)1,max
p∏

j=2

( 1− c−1
j sk

1− c−1
j sk+1

)λ(k)j,max
)

· v(sK)dsK · · · ds1
∣∣∣
s1=x

≡ xλ(1)1,n1 mod xλ(1)1,n1+1O0
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by the induction hypothesis and the normalized solution of Pu = 0 corresponding
to the exponent λ1,n1 equals

Γ
(
λ(0)1,n1 − λ(0)1,max + 1

)
Γ
(
λ(0)1,n1 − λ(0)1,max + µ(0) + 1

)
Γ
(
−µ(0)

)
·
∫ x

0

(x− s0)−µ(0)−1x
−λ(0)1,max

s
−λ(0)1,max

0

p∏
j=2

( 1− c−1
j x

1− c−1
j s0

)−λ(0)j,max

v(s0)ds0

and hence we have (8.4). Then the integral expression (8.4) with (8.5), (3.2) and
(3.6) inductively proves (8.6) and (8.7). □

Example 8.2 (Gauss hypergeometric equation). The reduction (10.54) shows

λ(0)j,ν = λj,ν , m(0)j,ν = 1 (0 ≤ j ≤ 2, 1 ≤ ν ≤ 2), µ(0) = −λ0,2 − λ1,2 − λ2,2,
m(1)j,1 = 0, m(1)j,2 = 1 (j = 0, 1, 2),

λ(1)0,1 = λ0,1 + 2λ0,2 + 2λ1,2 + 2λ2,2, λ(1)1,1 = λ1,1, λ(1)2,1 = λ2,1,

λ(1)0,2 = 2λ0,2 + λ1,2 + λ2,2, λ(1)1,2 = −λ0,2 − λ2,2, λ(1)2,2 = −λ0,2 − λ1,2
and therefore

λ(0)1,n1 − λ(0)1,max + µ(0) + 1 = λ1,2 − λ1,1 − (λ0,2 + λ1,2 + λ2,2) + 1

= λ0,1 + λ1,2 + λ2,1,

λ(0)2,max − λ(1)2,max = λ(0)2,1 − λ(1)2,2 = λ2,1 + λ0,2 + λ1,2.

Hence (8.4) says that the normalized local solution corresponding to the character-
istic exponent λ1,2 with c1 = 0 and c2 = 1 equals

u(x) =
Γ
(
λ1,2 − λ1,1 + 1

)
xλ1,1(1− x)λ2,1

Γ
(
λ0,1 + λ1,2 + λ2,1

)
Γ
(
λ0,2 + λ1,2 + λ2,2

)∫ x

0

(x− s)λ0,2+λ1,2+λ2,2−1s−λ0,2−λ1,1−λ2,2(1− s)−λ0,2−λ1,2−λ2,1ds

(8.9)

and moreover (8.6) says

u(x) = xλ1,2(1− x)λ2,1

∞∑
ν=0

(λ0,1 + λ1,2 + λ2,1)ν(λ0,2 + λ1,2 + λ2,1)ν
(λ1,2 − λ1,1 + 1)νν!

xν .(8.10)

Note that u(x) = F (a, b, c;x) when

(8.11)

x =∞ 0 1
λ0,1 λ1,1 λ2,1
λ0,2 λ1,2 λ2,2

 =

x =∞ 0 1
a 1− c 0
b 0 c− a− b

 .

The integral expression (8.9) is based on the minimal expression w = s0,1s1,1s1,2s0
satisfying wαm = α0. Here αm = 2α0 +

∑2
j=0 αj,1. When we replace w and its

minimal expression by w′ = s0,1s1,1s1,2s0s0,1 or w′′ = s0,1s1,1s1,2s0s2,1, we get the
different integral expressions

u(x) =
Γ
(
λ1,2 − λ1,1 + 1

)
xλ1,1(1− x)λ2,1

Γ
(
λ0,2 + λ1,2 + λ2,1

)
Γ
(
λ0,1 + λ1,2 + λ2,2

)∫ x

0

(x− s)λ0,1+λ1,2+λ2,2−1s−λ0,1−λ1,1−λ2,2(1− s)−λ0,1−λ1,2−λ2,1ds

=
Γ
(
λ1,2 − λ1,1 + 1

)
xλ1,1(1− x)λ2,2

Γ
(
λ0,1 + λ1,2 + λ2,2

)
Γ
(
λ0,2 + λ1,2 + λ2,1

)∫ x

0

(x− s)λ0,2+λ1,2+λ2,1−1s−λ0,2−λ1,1−λ2,1(1− s)−λ0,2−λ1,2−λ2,2ds.

(8.12)
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These give different integral expressions of F (a, b, c;x) under (8.11).
Since sα0+α0,1+α0,2αm = αm, we havex =∞ 0 1

a 1− c 0
b 0 c− a− b

 xc−1

−−−→

 x =∞ 0 1
a− c+ 1 0 0
b− c+ 1 c− 1 c− a− b


∂c−d

−−−→

 x =∞ 0 1
a− d+ 1 0 0
b− d+ 1 d− 1 d− a− b

 x1−d

−−−→

x =∞ 0 1
a 1− d 0
b 0 d− a− b


and hence (cf. (3.6))

(8.13) F (a, b, d;x) =
Γ(d)x1−d

Γ(c)Γ(d− c)

∫ x

0

(x− s)d−c−1sc−1F (a, b, c; s)ds.

Remark 8.3. The integral expression of the local solution u(x) as is given in
Theorem 8.1 is obtained from the expression of the element w of W∞ satisfying
wαm ∈ B ∪ {α0} as a product of simple reflections and therefore the integral
expression depends on such element w and the expression of w as such product. The
dependence on w seems non-trivial as in the preceding example but the dependence
on the expression of w as a product of simple reflections is understood as follows.

First note that the integral expression doesn’t depend on the coordinate trans-
formations x 7→ ax and x 7→ x+ b with a ∈ C× and b ∈ C. Since∫ x

c

(x− t)µ−1ϕ(t)dt = −
∫ 1

x

1
c

(x− 1
s )

µ−1ϕ( 1s )s
−2ds

= −(−1)µ−1xµ−1

∫ 1
x

1
c

( 1x − s)
µ−1( 1s )

µ+1ϕ( 1s )ds,

we have

(8.14) Iµc (ϕ) = −(−1)µ−1xµ−1
(
Ix1

c

(
xµ+1ϕ(x)

)∣∣
x 7→ 1

x

)∣∣∣
x→ 1

x

,

which corresponds to (5.11). Here the value (−1)µ−1 depends on the branch of the
value of (x− 1

s )
µ−1 and that of xµ−1x1−µ( 1x − s)

µ−1.
Hence the argument as in the proof of Theorem 7.5 shows that the dependence

on the expression of w by a product of simple reflections can be understood by the
identities (8.14) and Iµ1

c Iµ2
c = Iµ1+µ2

c (cf. (3.4)) etc.


