CHAPTER 8
Expression of local solutions

Fix m = (mj’,,)jzo,..,,p € Pp+1. Suppose m is monotone and irreducibly real-
1<v<n;

izable. Let Py, be the universal operator with the Riemann scheme (4.15), which is
given in Theorem 6.14. Suppose ¢; = 0 and my ,, = 1. We give expressions of the

local solution of Pnhu = 0 at = 0 corresponding to the characteristic exponent
A ong -

THEOREM 8.1. Retain the notation above and in Definition 5.12. Suppose A; .,
are generic. Let

oo
(8.1) v(x) = ZCUJCA(K)L"“”’
v=0
be the local solution of (0K, Pm)v =0 at x = 0 with the condition Cy = 1. Put
(8.2) A(K)jmaz = AK)jech),
Note that if m is rigid, then

p .
(8.3) v(z) = A1, H(l B E)A(K)J,mw.

=29
The function
Ihl (A(k)l,nl - )\(k)l,max + 1)
k=0 F 1 n1 )\(k)l,maz + /"L(k) + 1)F<_M(k))
s K—1
/ (5 — spya) 01
(8.4) 0 0 k=0
K- 1( )/\ 1,maz ﬁ( 1-— C Sk ))\(k);j,nu}.w)
E—0 5k+1 =2 ¢; $k+1
cv(sk)dsk -+ - dsy
So=x
is the solution of Pmu = 0 so normalized that u(z) = 2 =1 mod a1 +10,.
Here we note that
Iﬁl << Sg ))\(k)l,'max ﬁ( 1-— C )A(k)j,'rrLa:E)
o Sk+1 = 1-— cj 3k+1

s()J‘(O)l,vnaz p (1 _ c‘;lso))‘(o)jﬂnaz

8.5 = - ;
( ) s;\((K_l)l,m,am =1 (]_ _ Cj 1SK))\(K—1)J,m,aw

K—-1
H ( AE)1,maz—A(k=1)1, maz
. sy

P
k=1 j=

(1-— cj—lsk)A(k)j‘mm—)\(k—l)j‘mam) )
2
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When m 1is rigid,

wmen(fi0-")

=2 (VJ k) a<j<p €28, VT
1<k<K
(8 6) K—1 (A(Z)l ni A(Z)l mazx T 1)21;72 EtK—L+1 Vst

) Zp ZK i+1 Vst
(A= s maz = A0)s.maz)

p K
’ Vs,i H ( x )Zi:1 Vs,i
Vs,i! ; Cs

When m is not rigid

u(zx) = M <

—
—~
\
QQ‘H
N——
>
°

2

8
N———
[~]e

~
Il
)

i

()\(i)lanl - A(i)l,nmw + 1)
(A(i)l,nl - /\(i)l,maz + M( ) +
()\(K - ]-)s maz) K—-1

0+ 0o it1 Vst
1
)V +Z§:2 Zf;prl Vs,t

—

(8.7) i

— L

(A(Z - ]-)s,maI - A(Z‘)Svmam)us,i

p
’ Vs, K . I |
! .

5 Vs,K-
p K
Yo T\ i1 Vs
-Cyx H — .
C
s=2 s

Fiz j and k and suppose

.|
Vs ;!

w
||

(8.8) Uk —1); =4(k), whenm is rigid or k < K,

) Uk —1); = when m is not rigid and k = K.
Then the terms satisfying v > 0 vanish because (O),,j),c = Sou,;, for vjp =
0,1,2,....

PROOF. The theorem follows from (5.26), (5.27), (5.28), (3.2) and (3.6) by the
induction on K. Note that the integral representation of the normalized solution

of (OmazP)v = 0 corresponding to the exponent A(1),, equals

F()\(k)l,nl - A(k')l,maw + 1)
lruwnm—Awnmw+mm+wr@mm)

S1 SK — K
k)—1
/ H (51— s01) )

0

! (( Sk )A(k)l,mw ﬁ( 1— ci )/\(’f)j,maw>
0 Sk+1 ) 1— c

~v(sg)dsg -+ - dsy

ES
Il

—

=

k

S1=x

= :Lv)‘(l)lﬂq mod I’)‘(l)l,"1+100
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by the induction hypothesis and the normalized solution of Pu = 0 corresponding
to the exponent A ,,, equals

F(/\(O)l,nl - /\(O)l,maw + 1)
L(A0) 1m0 — A0)1maz + p(0) + 1)T (—1(0))

- A O max P ] — T g\ —A0) max
Ry

_A(O)l,max _ '_1
S0 i 1 ¢80

and hence we have (8.4). Then the integral expression (8.4) with (8.5), (3.2) and
(3.6) inductively proves (8.6) and (8.7). O
EXAMPLE 8.2 (Gauss hypergeometric equation). The reduction (10.54) shows
A0)jw = Ajw, m(0);, =1 (0<5<2, 1<v<2), u(0)=—-Xo2— A2~ A2,
m(l)j71 =0, m(l)j72 =1 (j=0,1,2),
AD)o1 = Ao +2Xx0,2 +2X12+2X22, A(L)11 =11, A(D)21 = Aa1,
A(Do2 =2X02 + A1z + A22, A(1)12=—Xo2 — A22, A(L)22=—Xo2— 12
and therefore
AM0) 1 = A0)1mae F1(0) +1=X12—A11— (Ao2+ A2+ Ag2) +1
=Xo,1 T A2+ A1,
A0)2,maz — A(1)2,maz = A(0)21 — A(1)22 = A2 1 + A2 + A1 2.

Hence (8.4) says that the normalized local solution corresponding to the character-
istic exponent A 2 with ¢; = 0 and ca = 1 equals

F(/\l,2 — A1+ 1)x’\1,1(1 — g)ten
I'(Xoj + A2 + A21) T Aoz + A2 + Ag2)

x
/ (:C _ S)>\0.2+>\1.2+/\2.2—1S—>\0,2—>\1.1—)\2,2(1 _ 8)—)\0,2—/\1,2—>\2,1d8
0

u(z) =

(8.9)

and moreover (8.6) says

oo
Mo+ A2+ A21)u(Xo2 + A2 + A2y
_ (] ) (Ao,1 1,2 2,1 0,2 1,2 21)v o
(8.10) w(z)=a"2(1—x) ;O o= Ait Do zv.
Note that u(z) = F(a,b, c;x) when
r=o00 0 1 T = 00 0 1
(811) )\0,1 )\1’1 )\271 = a 1—c¢ 0
Ao,2 A2 A2 b 0 c—a—>b

The integral expression (8.9) is based on the minimal expression w = $g,151,151,250
e 2 .
satisfying way, = ag. Here aym = 2ap + ijo oj1. When we replace w and its
minimal expression by w’ = $¢,151,151,28080,1 O W” = $0,151,181,25082,1, we get the

different integral expressions
F()\LQ — )\1)1 -+ 1)35)‘1’1(1 — QC)A2’1
Aoz + A2+ A21)T(Aog + Ar2 + A22)

u(x) = F(

xr
/ (1‘ _ S)>\0,1+)\1,2+)\2,2*18*)\0,1*A1,1*A2,2(1 _ 3)*>\0,1*>\1,2*>\2,1ds
0

. F()\LQ — )\1,1 + 1)35)\1’1(1 — x)A“
B (Aot + Ar2 + A22)T (X0 + Arz + A21)

xr
/ (.73 _ S)>\0,2+)\1,2+)\2,1*18*>\0,2*>\1,1*)\2,1(1 _ 3)*>\0,2*>\1,2*>\2,2ds_
0

(8.12)
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These give different integral expressions of F(a,b, c;x) under (8.11).
Since Sag+ag1+ao,.%m = Om, We have

T =00 0 1 oy T =00 0 1
a 1—c¢ 0 Z sla—-c+1 0 0
b 0 c—a—2>b b—c+1 ¢c—1 c—a—0»
ge—d T =00 0 1 g [T=00 0 1
“—<Sa—-d+1 0 0 R a 1—d 0
b—d+1 d—1 d—a-—0 b 0 d—a—>b

and hence (cf. (3.6))

1-d x
(8.13) F(a,b,d;z) = [(d)z )/ (z — 5)47 1L F(a,b, ¢; 5)ds.
0

L(e)T'(d — ¢

REMARK 8.3. The integral expression of the local solution u(z) as is given in
Theorem 8.1 is obtained from the expression of the element w of W, satisfying
wam € BU{ag} as a product of simple reflections and therefore the integral
expression depends on such element w and the expression of w as such product. The
dependence on w seems non-trivial as in the preceding example but the dependence
on the expression of w as a product of simple reflections is understood as follows.

First note that the integral expression doesn’t depend on the coordinate trans-
formations x — ax and x +— x + b with a € C* and b € C. Since

x

/Cx(ac — ) Lo(t)dt = _/i(x _ %)#_1¢(%)S_2ds

— _(_1)#—1$u—1 [;(% _ S)“_l(%)“+1q§(%)ds,

we have C
(1) 146 = (1) (1 @), )|

which corresponds to (5.11). Here the value (—1)*~! depends on the branch of the
value of (z — 1)#~! and that of z#~1z?=# (L — s)»~1.

Hence the argument as in the proof of Theorem 7.5 shows that the dependence
on the expression of w by a product of simple reflections can be understood by the

identities (8.14) and I#1[H2 = JF1thz (cf. (3.4)) ete.
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