CHAPTER 4

Fuchsian differential equation and generalized
Riemann scheme

In this chapter we introduce generalized characteristic exponents at every singu-
lar point of a Fuchsian differential equation which are refinements of characteristic
exponents and then we have the generalized Riemann scheme as the corresponding
refinement of the Riemann scheme of the equation. We define the spectral type
of the equation by the generalized Riemann scheme, which equals the multiplicity
data of eigenvalues of the local monodromies when they are semisimple.

4.1. Generalized characteristic exponents
We examine the Fuchsian differential equations
n mn—1
(4.1) P=ay,(z)L +a,_1(z) L=+ +ao(z)

with given local monodromies at regular singular points. For this purpose we first
study the condition so that monodromy generators of the solutions of a Fuchsian
differential equation is semisimple even when its exponents are not free of multi-
plicity.

LEMMA 4.1. Suppose that the operator (4.1) defined in a neighborhood of the
origin has a reqular singularity at the origin. We may assume a,(x) are holomor-

phic at 0 and a,(0) = a,(0) = --- = a,(ln_l)(O) =0 and a” (0) # 0. Then the
following conditions are equivalent for a positive integer k.
(4.2) P=zFR with a suitable holomorphic differential operator R
at the origin,

(4.3)  Pz” =o(z*1) for v=0,... k-1,
(4.4) Pu=0 has a solution z¥ + o(z*~1) forv=0,... k-1,
(4.5) P= Z z/p;(¥9)  with polynomials p; satisfying p;(v) = 0

720 for 0<v<k—j and j=0,...,k—1.

PROOF. (4.2) = (4.3) < (4.4) is clear.
Assume (4.3). Then Pz¥ = o(z*~1) for v = 0,...,k—1 implies a;(z) = 2*b; ()

for j =0,...,k—1. Since P has a regular singularity at the origin, a;(z) = z7¢;(z)
for j =0,...,n. Hence we have (4.2).
Since Pa” = Y77° 2" p;(v), the equivalence (4.3) < (4.5) is clear. O

DEFINITION 4.2. Suppose P in (4.1) has a regular singularity at = 0. Under

the notation (1.57) we define that P has a (generalized) characteristic exponent
A at 2 =0 if 2" Ad(z™)(ay (z) 7' P) € Wz].

Note that Lemma 4.1 shows that P has a characteristic exponent [A] () at z =0
if and only if

(4.6) z"an, () 1P = Z 7 q;(9) H (9—X—1)
3>0 0<i<k—j
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with polynomials ¢;(t). By a coordinate transformation we can define generalized
characteristic exponents for any regular singular point as follows.

DEFINITION 4.3 (generalized characteristic exponents). Suppose P in (4.1) has
regular singularity at x = ¢. Let n = my 4+ --- + my be a partition of the positive
integer n and let Aq1,..., Ay be complex numbers. We define that P has the (set
of generalized) characteristic exponents {[A1](m,);---,[AN](my)} and the spectral
type {ma,...,mn} at = c € CU {oo} if there exist polynomials g¢(s) such that

(4.7) (x—c)"an(z) P = Z(Jc—c)zqz((x—c)a) H H ((z =)0 =\, —1)

£>0 v=1 0<i<m, —¢

in the case when ¢ # oo and

(4.8) ", (x) " P = Zx_zqg (19) H H (19 + A+ z)

>0 v=1 0<i<m, ¥4

in the case when ¢ = oo. Here if m; = 1, [\;](;,,) may be simply written as \;.

REMARK 4.4. i) In Definition 4.3 we may replace the left hand side of (4.7) by
é(x)a, () ~LP where ¢ is analytic function in a neighborhood of z = ¢ such that
p(c) = --- = ¢ V(c) = 0 and ¢ (c) # 0. In particular when a,(c) = --- =
al (¢) =0 and a,(c) # 0, P is said to be normalized at the singular point z = ¢
and the left hand side of (4.7) can be replaced by P.

In particular when ¢ = 0 and P is normalized at the regular singular point
x = 0, the condition (4.7) is equivalent to

N

@9 [T TII G-»-ilpis) (=0,1,... . max{my,...,my}—1)
v=10<i<m, —£

under the expression P = > 2% x7p;(0).

ii) In Definition 4.3 the condition that the operator P has a set of generalized
characteristic exponents {A1,...,A,} is equivalent to the condition that it is the
set of the usual characteristic exponents.

iii) Any one of {\, A+ 1, A+ 2}, {[N(2), A + 2} and {\, [A + 1](9)} is the set of
characteristic exponents of

P=W-N0-A=10 - A=2+x)+2*0 - A+1)

at = 0 but {[A]¢)} is not.
iv) Suppose P has a holomorphic parameter ¢ € By(0) (cf. (2.7)) and P has
regular singularity at x = ¢. Suppose the set of the corresponding characteristic ex-

ponents is {[A1(t)](m1)s - - -, [AN(E)](ma) } for ¢t € B1(0)\ {0} with A, (t) € O(B1(0)).
Then this is also valid in the case ¢t = 0, which clearly follows from the definition.

‘When

pP= Zw‘zcn((x —¢)0) ﬁ H (z =)0 =X, — 1),

>0 v=1 0<i<m, ¢

we put

N
P, = Zafzqtg((x—c)a) H H (x =)0 =X, — vt —i).

£>0 v=1 0<i<m, —{

Here A\, € C, gg #0 and ord P = mj +---+my. Then the set of the characteristic
exponents of P is {[A1(2)](my)s - -5 [AN(E)]my) } With Aj(t) = Aj +jt. Since Ai(t) —
S\j(t) ¢ Z for 0 < [|t| < 1, we can reduce certain claims to the case when the
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values of characteristic exponents are generic. Note that we can construct local
independent solutions which holomorphically depend on ¢ (cf. [O4]).

LEMMA 4.5. 1) Let A be a complex number and let p(t) be a polynomial such
that p(A\) # 0. Then for non-negative integers k and m we have the exact sequence

Wk
p(9)(9-X)

0 — Oo(\k —1) — Og(A,m +k — 1) Oo(\,m—1) — 0

under the notation (2.5).
ii) Let my,...,my be non-negative integers. Let P be a differential operator
of order n whose coefficients are in Oy such that

(4.10) P= i ] I @-#k)
£=0

v=1 0<k<m,—¥¢

with polynomials rp. Put Myae = max{my,...,my} and suppose ro(v) # 0 for
v=0,...,Mmaez — 1.

Let mY = (my,...,my, ) be the dual partition of m := (my,...,my),
namely,
(4.11) my = #{j; m; > v}
Then fori=0,...,Mmaz — 1 and j =0,... 7miv+1 — 1 we have the functions

) Mmaz—1 J
(4.12) (@) =a'logle+ 7 D i atlog
p=it+1 v=0

such that ¢}y’ € C and Pu; j € Og(Mmaz, J)-
iii) Let mf,...,m/y be non-negative integers and let P’ be a differential oper-
ator of order n' whose coefficients are in Oy such that

(4.13) P':ixe H 11 (ﬁ—m,,—k)
£=0

v=1 0<k<m/, —

with polynomials qy. Then for a differential operator P of the form (4.10) we have

(4.14) P’P:i_o: (Zrel,ﬂ—l—url, )H I @-».

v=1 0<k<m,+m],—£

PROOF. i) The claim is easy if (p,k) = (1,1) or (¢ — p,0) with p # A. Then
the general case follows from induction on degp(t) + k.

ii) Put P =Y ,o,2pe(9) and m/ = 0 if v > Mynas. Then for a non-negative
integer v, the multiplicity of the root v of the equation py(t) = 0 is equal or larger
than myMJrl for £ =1,2,.... If 0 < v < Mmypqee — 1, the multiplicity of the root v
of the equation py(t) = 0 equals m,_ ;.

For non-negative integers i and j, we have

I'Epg(ﬁ)xi log/ x = ' t* Z ¢ g log” x

0<v<j—mY iet1

with suitable ¢; j,, € C. In particular, py(J)x’ log/ 2 =01if j < my. If £ >0 and
1+ £ < Mmpax, there exist functions

J
_ it v
Vi =T E i log” x
v=0
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with suitable a; j ¢, € C such that po(d)v; ;¢ = xpy(9)z log’ z and we define a
C-linear map @ by

Mmaz—1—1 Mmaz—1i—1 J
Qz'log’ x = — Z Vije = — Z Zai,jﬂzyyx”z log” z,
(=1 =1 v=0
which implies po (¢ )Qxi log x = — Y tmes™ Tty (9)ailog? and QMmer = 0.

Putting Tu := Yo~ QVu for u € Y 7mes™ Zj;Ol Cx'log’ x, we have
PTu = po Tu + Z x pe mod 00<mmazaj)
0(19)( Q) mod Oy (mmawaj)
=po()(1 - Q)L +Q+---+ Q™= u mod Op(Mimaz, J)

= po(V)u.

Hence if j < m), PTx" log’ 2 =0 mod Oo(Mmaz, j) and u; j(x) == Tzilog’ x are
required functions.
ili) Since

, N N
2r,0) [ ] (0 —my, — k) - a're) [ | (9 — k)

v=1 0<k’/<m/ —¢' v=1 0<k<m, —¢
N

=2, 0+ Or() [ ] @—m, -k +0 J[ @-k
v=10<k'<m/, —¢' 0<k<m, —¢

N
2 0+ Ore(0) ] II (0 — k),

v=10<k<m,+m, —£—L'

we have the claim. O

DEFINITION 4.6 (generalized Riemann scheme). Let P € W{z]. Then we call
P is Fuchsian in this paper when P has at most regular singularities in C U {o0}.

Suppose P is Fuchsian with regular singularities at £ = ¢y = o0, ¢i,..., ¢, and

the functions ZJL((?) are holomorphic on C\ {c1,...,¢,} for j =0,...,n. Moreover

suppose P has the set of characteristic exponents {[Aj 1](m; 1)s- -+ [Njn;l(m,... )} at
’ ’ R

x = ¢;. Then we define the Riemann scheme of P or the equation Pu = 0 by

T =Cy=00 c1 .. cp
(4.15) [onl}'(mo,n [Al’l]le’l) - [/\p,ﬂ'(m,,,l)
Ponoltmong) PMimliminy = Ponplimyay)

REMARK 4.7. The Riemann scheme (4.15) always satisfies the Fuchs relation
(cf. (2.21)):

n; mj,—1

(4.16) zp: (Njw +1) = MQ(”_D.
j=0v=1 =0

DEFINITION 4.8 (spectral type). In Definition 4.6 we put
m = (110,15, M0,n0; M1,1, -5 Mp 15+, Mpny ),

which will be also written as mg 11m0,2 * - M0,ng, M1,1°** ,Mp 1+ * = My p, for simplic-
ity. Then m is a (p+ 1)-tuple of partitions of n and we define that m is the spectral
type of P.
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If the set of (usual) characteristic exponents
(4.17) Aj={\,+1;0<i<m;,—landv=1,...,n,}

of the Fuchsian differential operator P at every regular singular point x = c¢; are n
different complex numbers, P is said to have distinct exponents.

REMARK 4.9. We remark that the Fuchsian differential equation M : Pu =0
is irreducible (cf. Definition 1.12) if and only if the monodromy of the equation is
irreducible.

If P=QR with Q and R € W(z; &), the solution space of the equation Qu =0
is a subspace of that of M and closed under the monodromy and therefore the
monodromy is reducible. Suppose the space spanned by certain linearly indepen-
dent solutions uq, ..., u,, is invariant under the monodromy. ‘We have a non-trivial
simultaneous solutlon of the linear relations bmu(m) 4+ o+ by u(-l) + bou; = 0 for
j=1,...,m. Then are single-valued holomorphic functions on CU{oo} exclud-
ing ﬁnlte number of smgular points. In view of the local behavior of solutions, the
singularities of _ are at most poles and hence they are rational functions. Then
we may assume R =0, 0™+ -+ bg € W(x;&) and P € W(z; )R

Here we note that R is Fuchsian but R may have a singularity which is not a
singularity of P and is an apparent singularity. For example, we have

(4.18) 2(1—2)0*+(y—ax)0+a = (l—sc)71 (x(l—m)@—i—(v—am)) ((l—x)a—l—l).

@
We also note that the equation 0?u = zu is irreducible and the monodromy of its
solutions is reducible.

2. Tuples of partitions

For our purpose it will be better to allow some m;, equal 0 and we generalize
the notation of tuples of partitions as in [O6].

DEFINITION 4.10. Let m = (m;;, ,,)J =0,1,... be an ordered set of infinite number
25

of non-negative integers indexed by non—negatlve integers j and positive integers v.
Then m is called a (p + 1)-tuple of partitions of n if the following two conditions
are satisfied.

(4.19) > mjy=n  (j=0,1,..)
=1

(4.20) mi1=n (V§ > p).

A (p+ 1)-tuple of partition m is called monotone if

(4.21) M, >mi (=01, v=12_.)

and called trivial if m;, = 0 for j = 0,1,... and v = 2,3,.... Moreover m is
called standard if m is monotone and m;> > 0 for j = 0,...,p. The greatest
common divisor of {m;,;j=0,1,..., v=1,2,...} is denoted by gcdm and m is

called divisible (resp. indivisible) if gcdm > 2 (resp. gcdm = 1). The totality of
(p + 1)-tuples of partitions of n are denoted by 731()?1 and we put

(4.22) Ppi : U M, P = U ", P—UPPH,

p=0
(4.23) ordm:=n if meP™,
(424) 1:= (]., 1, .. ) = (ij = (51,11)j

. ePW,

0,1,
12..
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p oo
(4.25) idx(m, m’) := Z mj,m}, —(p—1)ordm-ordm’,
j=0v=1
P oo
(4.26) idxm := idx(m, m) = Z Z miy — (p—1)ordm?,
j=0v=1
id
(4.27) Pidxm =1 - ~——

Here ord m is called the order of m. For m, m’ € P and a non-negative integer
k, m + km’ € P is naturally defined. Note that

(4.28) idx(m + m’) = idxm + idx m’ + 2idx(m, m’),
(4.29) Pidx(m + m’) = Pidx m + Pidx m’ — idx(m, m’) — 1.
For m € P(H we choose integers ng,...,n, so that m;, = 0 for v > n; and
7 =0,...,p and we will sometimes express m as
m = (m07m13"'amp)

=MoL, MOngs -3 M1y -0y Mp oy,

=Mmo,1 - MOng, M1,1 " Mlingy- -, ME1" " mp,np
if there is no confusion. Similarly m = (mg1,...,Moxn,) if m € P;. Here

m; = (mj1,...,Mjn,) and ordm =m;; +---+mj,, (05 <p).

For example m = (m;,) € P(4) with my 1 = 3 and mp, = mg, = m1 2 =1 for
v=1,...,4 will be expressed by

m=1,1,1,1;3,1;1,1,1,1 = 1111,31, 1111 = 14,31, 1*

and mostly we use the notation 1111,31,1111 in the above. To avoid the confusion
for the number larger than 10, we sometimes use the convention given in §13.1.3.

Let G be the restricted permutation group of the set of indices Z>¢ =
{0,1,2,3,...}, which is generated by the transpositions (j,7 + 1) with j € Z>¢.
Put 6 = {0 € 64 ; 0(0) = 0}, which is isomorphic to S

DEFINITION 4.11. The transformation groups S, and S’ of P are defined by

Seo:=H xS,
(4.30) Sl i =A{(0d)i=0,1,..; 0: €S, oy =1 (i>1)}, H~6,
m;’yzmg(j)yaj(y) (jZO,l,..., VvV = 1,27...)

for g = (0,01,...) € Soo, m = (m;,) € P and m" = gm. A tuple m € P is
isomorphic to a tuple m’ € P if there exists g € S, such that m’ = gm. We
denote by sm the unique monotone element in S’ _m

DEFINITION 4.12. For a tuple of partitions m = (mj,,,)1<u<”j € Pp4+1 and

0<j<p
A= (i) 12p<n, With Ay € C, we define
0<j<p
G 1dxm
(4.31) [{Am}| ::szﬂ” ;v —ordm + 5
j=0v=1

We note that the Fuchs relation (4.16) is equivalent to
(4.32) {Am}| =0
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because
p n; my,—1 1 p Ny 1 p ny
> i=52 D mivlmiy =1 =53 > mj, —sp+1)n
j=0v=1 =0 j=0v=1 j=0v=1
1/. 9 1
:5(1dxm+(p71)n fi(erl)n
1 —1 -1
:§idxm—n+w2(n)

4.3. Conjugacy classes of matrices

Now we review on the conjugacy classes of matrices. For m = (my,...,my) €
P and A = (A1, ..., Av) € CY we define a matrix L(m;\) € M(n, C) as follows,
which is introduced and effectively used by [O2] and [O6]:

If m is monotone, then

LmiN) = (Aig) iy Aig € M(miym;, C),

1<j<N
Ailm, 1=73),
(4.33) 7 ( 7
Aij = Imi,mj = (6HV)1§,U,§mi = ( 75”) (i=j-1),
1<v<mj;

Here I,,, denote the identity matrix of size m; and M (m;, m;,C) means the set of
matrices of size m; x m; with components in C and M (m,C) := M(m,m,C).
For example

A 001
0 A 0
L(2,1, 13 A0, A2, Ag) = SV
A3
Suppose m is not monotone. Then we fix a permutation o of {1,..., N} so that

(Mg(1), - - - Me(n)) is monotone and put
L(m7 )‘) = L(mo'(l)7 sy Ma(N); )‘0(1)7 EERE) AU(N))

When \; = -+ = Ay = g, L(m; \) may be simply denoted by L(m, u).

We denote A ~ B for A, B € M(n,C) if and only if there exists g € GL(n,C)
with B = gAg~".

When A ~ L(m;\), m is called the spectral type of A and denoted by spc A
with a monotone m.

REMARK 4.13. i) If m = (my,...,mn) € an) is monotone, we have

J
A~ Lm;\) & rank [[(A=A)=n—(mi+---+m;) (j=0,1,...,N).

v=1
ii) For p € C, put

Then we have

(4:35) Lm; ) ~ €D L((m; 1)),

pneC



38 4. FUCHSIAN DIFFERENTIAL EQUATION AND GENERALIZED RIEMANN SCHEME

ili) Suppose m is monotone. Then for p € C

my

(4.36) L(m, p) ~ jGj J(max{v; my, > j}, n),

J(k,p) := L(1*, ) € M(k,C).

iv) For A € M(n,C), we put Z(A) = Zync)(A) :={X € M(n,C); AX =
XA}. Then

dim Zys(nc) (L(m, \)) =m? +m3 + - --

v) (cf. [O8, Lemma 3.1]). Let A(t) : [0,1) — M(n,C) be a continuous
function. Suppose there exist a continuous function A = (A1,...,Ay): [0,1) — CV
such that A(t) ~ L(m; A(t)) for ¢ € (0,1). Then

(4.37)  A(0) ~ L(m;\(0)) if and only if dim Z(A(0)) =m] + -+ mi.

Note that the Jordan canonical form of L(m;\) is easily obtained by (4.35)
and (4.36). For example, L(2,1,1; p) ~ J(3, 1) & J(1, ).

4.4. Realizable tuples of partitions

PROPOSITION 4.14. Let Pu = 0 be a differential equation of order n which has
a regular singularity at 0. Let {[A1](m,), -, [AN](mn)} be the corresponding set of
the characteristic exponents. Here m = (my,...,my) a partition of n.

i) Suppose there exists k such that

AL =g == Ay,
mp > mg 20 2 My,
N-MEZ  (G=k+1,...,N).

Let mY = (mY,...,mY) be the dual partition of (m1,...,my) (cf. (4.11)). Then
fori=0,....m—1and j=0,... ,m;/+1 — 1 the equation has the solutions
j .
(4.38) u; () = ZLUMH log” @ - i j.u ().
v=0
Here ¢; ;. (x) € Oy and ¢;,,;(0) =9, forv=0,...,5—1.
i) Suppose

(4.39) N—N£Z\{0}  (0<i<j<N).

In this case we say that the set of characteristic exponents {[A1](m,)s- - [AN](mn)}
is distinguished. Then the monodromy generator of the solutions of the equation at
0 s conjugate to

L(m; (ezm/jh, o ,e2WﬁAN)).

PROOF. Lemma 4.5 ii) shows that there exist u; j(x) of the form stated in i)
which satisfy Pu; j(z) € Og(A1 +m, j) and then we have v; j(x) € Og(A +m1, j)
such that Pu, ;(x) = Puv; j(z) because of (2.6). Thus we have only to replace u; ;(z)
by w; j(z) —v; ;(x) to get the claim in i). The claim in ii) follows from that of i). O

REMARK 4.15. i) Suppose P is a Fuchsian differential operator with regular
singularities at * = ¢9 = 00, ¢1,..., ¢, and moreover suppose P has distinct expo-
nents. Then the Riemann scheme of P is (4.15) if and only if Pu = 0 has local
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solutions w; , ;(x) of the form
(= )M (14 o(|z — ¢;™v—'7h)

(x —¢j, i=0,...,mj,—1, j=1,...,p),
xf)\o,p*i(l +O($*m0,u+i+1))

(x =00, 1=0,...,m0,).

(440) u]‘,l,,i(l') =

Moreover suppose Aj, —Aj,» ¢ Zfor 1 <v <v' <mjand j=0,...,p. Then

e () = S @) e @) (1< G <p)
(441) Lu,z( ) {x_’\o’”_igbo’y,i(x) (] _ O)

with ¢;,.(z) € O, satisfying ¢;,i(c;) = 1. In this case P has the Riemann
scheme (4.15) if and only if at the each singular point = = ¢;, the set of characteristic
exponents of the equation Pu = 0 equals A; in (4.17) and the monodromy generator
of its solutions is semisimple.

ii) Suppose P has the Riemann scheme (4.15) and Ay = -+ = Ay ;. Then
the monodromy generator of the solutions of Pu = 0 at x = ¢; has the eigenvalue
e2™V=IALL with multiplicity n. Moreover the monodromy generator is conjugate to
the matrix L((ml’l, ey M), 62‘“—\/?1)‘1*1), which is also conjugate to

T, ¥ VTN & J(mY g 2 T,

Here (myq, ... ,mlvny) is the dual partition of (mq1,...,m1,,). A little weaker
condition for )\;, assuring the same conclusion is given in Proposition 9.9.

DEFINITION 4.16 (realizable spectral type). Let m = (my,...,m,) be a (p+1)-
tuple of partitions of a positive integer n. Here m; = (my1,...,m; ;) and n =
mj 1+ +mjy, for j =0,...,pand m;, are non-negative numbers. Fix p different
points ¢; (j =1,...,p) in C and put ¢y = co.

Then m is a realizable spectral type if there exists a Fuchsian operator P with
the Riemann scheme (4.15) for generic \;, satisfying the Fuchs relation (4.16).
Moreover in this case if there exists such P so that the equation Pu = 0 is ir-
reducible, which is equivalent to say that the monodromy of the equation is irre-
ducible, then m is irreducibly realizable.

REMARK 4.17. i) In the above definition {);,} are generic if, for example,
0 <mg1 <ordm and {)\;,; (j,v) # (0,1), j =0,...,p, 1 <wv <n;}U{l} are
linearly independent over Q.

ii) It follows from the facts (cf. (2.22)) in §2.1 that if m € P satisfies
a2 HAm } € Z<o ={0,—-1,-2,...} for any m’, m"” € P
(442) satisfying m = m’ +m” and 0 < ordm’ < ord m,

the Fuchsian differential equation with the Riemann scheme (4.15) is irreducible.
Hence if m is indivisible and realizable, m is irreducibly realizable.

Fix distinct p points ci, ..., ¢, in C and put cg = co. The Fuchsian differential
operator P with regular singularities at © = ¢; for j = 1,...,n has the normal form
P
(4.43) P= (H(m - cj)”)a" tan_1(2)0" 4+ + a1 (2)0 + ao(x),
j=1

where a;(z) € C[z] satisfy
(4.44) dega;(z) < (p—1)n+1,

(445) (8”&1‘)(0]‘) =0 (0 <v<i— 1)
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fori=0,...,n—1.
Note that the condition (4.44) (resp. (4.45)) corresponds to the fact that P has
regular singularities at x = c] for j=1,...,p (resp. at x = 0).

Since a;(z) = bi(x) [[}_,(x — ¢;)" with bi(z) = Zi’:ol)("fi) bira” € Wiz

satisfying degb;(z) < (p — 1)n+i — pi = (p — 1)(n — i), the operator P has the
parameters {b; ,}. The numbers of the parameters equals

n—1

) m+p—n+1)n
S (- 10— i) 1) = LEFEZRED
i=0
The condition (z — ¢;)"*P € W{z] implies (0%a;)(c;) = 0 for 0 < ¢ < k — 1 and
0 < i < n, which equals (8Ebi)(cj) =0for0</V<k—-1-—-dand0<:<k-—1.
Therefore the condition

(4.46) (z —c;)"™ Ad((z — ¢;) M) P € Wla]

. . . . . =1
gives independent linear equations for {b, .} since > ;%" (mj, —

N (myutl)my,
1) = 5

(myj,v+1)mj,,
2

. If all these equations have a simultaneous solution and they are
independent except for the relation caused by the Fuchs relation, the number of
the parameters of the solution equals

(pn+p—n+1 szjymjy+1) 1

j=0v=1
(pn+p_n+1 v
(4.47) ZZ M )§+1
j=0v=1
1 PNy
=_((p—1)n? - m?, 4 1) = Pidxm.
2 v
j=0v=1

REMARK 4.18 (cf. [O6, 85]). Katz [Kz] introduced the index of rigidity of
an irreducible local system by the number idx m whose spectral type equals m =
(mj) J=0.p and proves idx m < 2, if the local system is irreducible.

,,,,,

Assume the local system is irreducible. Then Katz [Kz] shows that the local
system is uniquely determined by the local monodromies if and only if idxm = 2
and in this case the local system and the tuple of partition m are called rigid. If
idxm > 2, the corresponding system of differential equations of Schleginger normal
form

(4.48) @:Z A,

has 2 Pidx m parameters which are independent from the characteristic exponents
and local monodromies. They are called accessory parameters. Here A; are con-
stant square matrices of size n. The number of accessory parameters of the single
Fuchsian differential operator without apparent singularities will be the half of this
number 2 Pidxm (cf. Theorem 6.14 and [Sz]).

Lastly in this section we calculate the Riemann scheme of the products and the
dual of Fuchsian differential operators.

THEOREM 4.19. Let P be a Fuchsian differential operator with the Riemann
scheme (4.15). Suppose P has the normal form (4.43).



4.4. REALIZABLE TUPLES OF PARTITIONS 41

i) Let P’ be a Fuchsian differential operator with reqular singularities also at

T =cy=00,C1,...,¢p. Then if P' has the Riemann scheme
T =cy=00 ci (J=1,...,p)
[Aoa +mox — (p— 1) ordm](yy ) N1+ mja]m )
(4.49) : : ,

[)\O,ng + Mo ny — (p - ]-) ord m](?n{,‘no) P‘j,nj + mj,nj](7rL',.

i)

the Fuchsian operator P'P has the spectral type m + m’ and the Riemann scheme

T = Co =00 C1 ce Cp
[Ao,1)(mo 1 4+my 1) Moalomems 0 Pealmpatmy )
(4.50) . . .
ool (mo ngtmip ) Amalmay4ms ) Pomplmg wytme )

Suppose the Fuchs relation (4.32) for (4.15). Then the Fuchs relation for (4.49) is
valid if and only if so is the Fuchs relation for (4.50).
ii) For Q = Zkzo qx(2)0% € W (x), we define the formal adjoint Q* of Q by

(4.51) Q=Y (-0 u(x)

E>0
and the dual operator PV of P by
(4.52) PV = a,(x)(an(z) tP)*
when P =Y, _, ap(z)0". Then the Riemann scheme of PV equals

T =cCcy= 00 CJ‘ (]:17.,1))
[2—=n—mo1 = A01](me.) [n—mj1 = Ajalm;.)
(4.53) ,

2—=n—=mone = Aonol(mong) [0 =M = Xjinslim; )

PROOF. i) It is clear that P'P is a Fuchsian differential operator of the nor-
mal form if so is P’ and Lemma 4.5 iii) shows that the characteristic exponents
of PPP at © = ¢j for j = 1,...,p are just as given in the Riemann scheme
(4.50). Put n = ordm and n’ = m’. We can also apply Lemma 4.5 iii) to
z=P=Dnp and z=@=D7" P’ ynder the coordinate transformation z — %, we have
the set of characteristic exponents as is given in (4.50) because z~®~D(+7) p/p —
(Ad(x—(p—l)n)m—(p—l)n/p/) (z==Dm)p,

The Fuchs relation for (4.49) equals

P& idx m’
Z Z mf;, (A + mj, —850(p —1)ordm) = ordm’ —

j=0rv=1

Since
p Ny
Z Z mj,, (mj., — 80(p — 1) ordm) = idx(m, m’),
j=0v=1
the condition is equivalent to

p oy

(4.54) Z Z m); ,Ajy = ordm’ — 1d);m — idx(m, m")
j=0v=1
and also to
P .
d li
(459) 33 )i = ord(en +m') - e
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under the condition (4.32).
ii) We may suppose ¢; = 0. Then

an(x) P =Y "a""q) J[ -, —i).

£>0 1<v<ng
0<i<my,, —¢
an(x) ' PY =D "q(-0-1) [ (-0-A,—i-Datm
£>0 1<v<
- ogizm_lzl—é
=> 2""sW) [ @W+Mu+itl+l-n)
£>0 1<v<ng
0<i<my,, —4
— ZmeinSg(’lg) H (’19 —+ )\1,1/ —j + mL,, — TL)
£>0 1<v<ng

0<j<my,,—¥£

with suitable polynomials ¢y and sy such that qg, sp € C*. Hence the set of
characteristic exponents of PV at ¢y is {[n —my, — Moulmi)iv=1,...,m}.
At infinity we have

an(z)™'P = meefnqg(ﬂ) H (9 4+ Ao, +1),

>0 1<v<n;
0<i<mo,, £
(an(z)"tP)* = Zm%*"se(ﬁ) H (0 —Xop—i+1—0—n)
>0 1<v<ng
0<i<mo,, —£
=> 2 s(W) [ W= XowFi+2-n—mg,)
£>0 1<v<n,

0<j<mo,, —£
with suitable polynomials g, and s, with o, s € C* and the set of characteristic
exponents of PV at ¢y is {[2 —n — Mo, — Aowlme,); ¥ =1,---, 70} O

EXAMPLE 4.20. i) The Riemann scheme of the dual Py
Pochhammer operator Py, .. x,,. given in Example 1.8 iii) is

A, Of the Jordan-

.....

[H(p—l) [1](17—1) [272p+,u](p—1)
M—p+p—=1 - =XAp—p+p-1 M+-+A+p-—p+1

i) (Okubo type) Suppose Pm(A) € Wla] is of the form (11.34). Moreover sup-
pose Pp(A) has the the Riemann scheme (11.34) with (11.33). Then the Riemann
scheme of Py, (A\)* equals

Tr =00 £E:CJ(]:].,,p)
(2 —m0,1 — X0,1](mo,1) [0l(m,.1)
(4.56) (2 —mo2 — A0,2)(mo ) [mj1 —mj2 — Ajolim, )

2= m0.mo = Aomol(mong) M1 = Mijin; = Ajms Lm0 )



