
Chapter 5

Homogeneous quasilinear

hyperbolic systems

In Chapter 3 and Chapter 4 we systematically study the global existence and the
blow-up phenomenon of $C^{1}$ solutions to Cauchy problem for general quasilinear

hyperbolic system with small and decay initial data. However, the whole discus-
sion is based on the existence of the normalized coordinates. Unfortunately, for
the non-strictly hyperbolic case, in general we do not know if there exist the nor-
malized coordinates, and even if the normalized coordinates exist, it is still very
hard to check the hypotheses given in the normalized coordinates. Therefore, a
consideration without the normalized coordinates is needed. Such a discussion for
homogeneous quasilinear $hype_{-}\cdot bolic$ systems is carried out in this Chapter. Es-
sentially restricting our system in such a way that each characteristic is either
genuinely nonlinear or linearly {legenerate in the sense of P.D.Lax, we only require

the assumption that $\overline{\theta}$ (see (1.14)) is small instead of the hypothesis that $\theta$ (see

(1.13)) is small, eliminate the lse of the normalized coordinates and obtain more
results including a sharp estimate on life span of $C^{1}sol\iota ltions$ . In particular, we
give a lower bound of life span of the $C^{1}$ solution to the Cauchy problem (1.1)

and (1.7) for the small initial data with certain monotone properties. Moreover,

125



126 $Hom$ogeneous quasilinear hyperbolic systems

by construct $s()me$ examples, we illustrate two mechanisms of breakdown of the $C^{1}$

solutions to the homogeneous quasilinear hyperbolic systems, and the difference

between diagonalizable and non-diagonalizable systems.

\S 5.1. Basic assumptions and preliminaries

Consider the following quasilinear hyperbolic system

$\frac{\partial u}{\partial t}+A(u)\frac{\partial u}{\partial x}=0$ , (5.1.1)

where $u=$ $(u_{1}, \cdots , u_{?1})^{T}$ is the unknown vector function and $A(u)=(a_{\iota\gamma}(u))$ is

an $n\times n$ matrix with $C^{2}$ elements $a_{tj}(u)(i,j=1, \cdots, n)$ .

By hyperbolicity, for any given $u$ on the domain under consideration, $A(u)$ has

$n$ real eigenvalues $\lambda_{1}(\tau\iota),$
$\cdots,$

$\lambda_{l}(u)$ and a complete system of left (resp. right)

eigenvectors. For $i=1,$ $\cdots,$ $n$ . let $l_{\iota}(u)=(l_{l}1(u), \cdots, l_{\iota n}(u))$ (resp. $r_{\iota}(u)=$

$(r_{\iota 1}(u), \cdots , r_{\iota\gamma 1}(u))^{T})$ be a left (resp. right) eigenvector corresponding to $\lambda_{\iota}(u)$ :

$l_{l}(u)A(u)=\lambda_{\iota}(u)l_{\iota}(u)$ (resp. $A(u)r_{\iota}(u)=\lambda_{\iota}(u)r_{\iota}(v)$ ). (5.1.2)

We have
$\det|l_{\iota\gamma}(u)|\neq 0$ (equivalently, $\det|r_{\iota\gamma}(u)|\neq 0$ ). (5.1.3)

All $\lambda_{\iota}(u),$ $l_{\iota\gamma}(u)$ and $r_{?)}(u)$ ( $i,$ $j=1,$ $\cdots$ , n) are supposed to $1\iota ave$ the same

regularity as $a_{\iota g}(u)$ $(i, j=1, \cdots 7\iota)$ .

Without lo, $s$ of generality, we suppose that on the domain under consideration

$1_{\iota}(u)r_{j}(n)\equiv\delta_{\iota\gamma}$ ( $i,$ $j=1,$ $\cdots$ , n) (5.1.4)

and
$r_{\iota}^{T}(u)r_{\iota}(u)\equiv 1$ $(i=1, \cdots, n)$ , (5.1.5)

where $\delta_{\iota_{j}}$ stands for the Kronecker’s symbol.

In this Chapter, we suppose that on the domain under consideration, each

eigenvalue of $A(u)$ has a constant multiplicity. Without loss of generality, we may

suppose that

$\lambda(u)=\triangle\lambda_{1}(u)\equiv\cdots\equiv\lambda_{p}(u)<\lambda_{p+1}(u)<\cdots<\lambda_{n}(u)$ , (5.1.6)
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where $1\leq p\leq n$ . When $p=1$ , system (5.1.1) is strictly hyperbolic; while, when

$p>1,$ $(5.1.1)$ is a non-strictly hyperbolic system with characteristics with constant
multiplicity.

We suppose furthermore that on the domain under consideration each multiple

characteristic is linearly degenerate in the sense of P.D.Lax. Then, by (5.1.6), when

$p>1$ we have

$\nabla\lambda(u)r_{\iota}(u)\equiv 0$ $(i=1, \cdots,p)$ . (5.1.7)

Remark 5.1. If system (5.1.1) can be written in the form of conservation laws

$\frac{\partial u}{\partial t}+\frac{\partial f(u)}{\partial x}=0$ ,

where $f(u)=(f_{1}(u), \cdots, f_{n}(u))^{T}$ , then (5.1.6) implies (5.1.7) (see [Bo] or [Fr]). $\square $

In the present situation, (2.2.9) simply reduces to

$\frac{dv_{i}}{d_{i}t}=\sum_{g,k=I}^{n}\beta_{\iota\gamma k}(u)v_{j}w_{k}$ $(i=1, \cdots, n)$ , (5.1.8)

where

$\beta_{\iota_{J}k}(u)=(\lambda_{\lambda}(u)-\lambda_{\iota}(z\iota))l_{x}(u)\nabla r_{\gamma}(u)r_{k}(u)$ . (5.1.9)

Hence, we have

$\beta_{\iota jk}(u)\equiv 0$ , $\forall i,$ $k\in\{1, \cdots,p\}$ , $\forall j$ , (5.1.10)

$\beta_{i)t}(u)\equiv 0$ , $\forall i\in\{p+1, \cdots, n\}$ , $\forall j$ . (5.1.11)

On the other hand, (2.2.19) becomes

$\frac{dw_{i}}{d_{i}t}=\sum_{\gamma,k=1}^{n}\gamma_{\iota jk}(\prime u)w_{g}w_{k}$ $(i=1, \cdots, n)$ , (5.1.12)

where

$\gamma_{\iota gk}(u)=\frac{1}{2}\{(\lambda_{j}(u)-\lambda_{k}(u))l_{i}(u)\nabla r_{k}(u)r_{j}(u)-\nabla\lambda_{k}(u)r_{j}(u)\delta_{ik}+(j|k)\}$ ,

(5.1.13)
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in which $(j|k)$ denotes all the terms obtained by changing $j$ and $k$ in the previous

terms. Hence, noting $(5.1.6)-(5.1.7)$ , we have

$\gamma_{\iota\gamma k}(u)\equiv 0$ , $\forall i$ , $\forall j,$ $k\in\{1, \cdots,p\}$ , (5.1.14)

$\gamma_{\iota g)}(u)\equiv 0$ , $\forall i$ , $\forall j\neq i$ , $j\in\{p+1, \cdots, n\}$ (5.1.15)

and

$\gamma_{\iota\iota x}(u)=-\nabla\lambda_{i}(u)r_{\iota}(u)$ , $\forall i\in\{p+1, \cdots , n\}$ . (5.1.16)

For $i=p+1,$ $\cdots,$ $n$ , when the i-th characteristic $\lambda_{i}(u)$ is linearly degenerate in the

sense of P.D.Lix, we have
$\gamma_{\iota\iota\iota}(u)\equiv 0$ . (5.1.17)

Moreover, we have (see (2.2.25)-(2.2.26))

$d[w_{\iota}(dx-\lambda_{\iota}(u)dt)]=\sum_{\gamma,k=1}^{n}\Gamma_{\iota\gamma k}(u)u_{g}\}w_{k}dt\wedge dx$ , (5.1.18)

where

$\Gamma_{\iota\gamma k}(u)=\frac{1}{2}(\lambda, (u)-\lambda_{k}(u))l_{\iota}(u)[\nabla\uparrow k(u)r_{\gamma}(u)-\nabla r_{I}(u)r_{\Lambda}(u)]$ . (5.1.19)

By (5.1.6), we have

$\Gamma_{\iota\gamma k}(u)\equiv 0$ , $\forall i$ , $\forall j,$ $k\in\{1, \cdots,p\}$ (5.1.20)

and
$\Gamma_{ig\gamma}(u)\equiv 0$ , $\forall i,j$ . (5.1.21)

On the other hand, by (5.1.18) we have

$\frac{\partial w_{i}}{\partial t}+\frac{\partial(\lambda_{i}(u)w_{l})}{\partial x}=\sum_{j,k=1}^{n}\Gamma_{ijk}(u)w_{j}w_{k}$ $(i=1, \cdots, n)$ . (5.1.22)

Similar to $\rightarrow\{\lrcorner emma2.3$ , we have

Lemma 5.1. Suppose that $u=u(t, x)$ is a $C^{1}$ solution to system (5.1.1), $\tau_{1}$ and
$\tau_{2}$ are two $C^{1}$ arcs which are never tangent to the i-th characteristic direction, and
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$D$ is the domain bounded by $\tau_{\rfloor},$ $\tau_{2}$ and two i-th characteristic curves $L_{\iota}^{-}$ and $L_{x}^{+}$ ,

see Figure 1. Then we have

$\int_{\tau_{1}}|w_{\iota}(dx-\lambda_{i}(u)dt)|\leq\int_{\tau_{2}}|lv_{\iota}(dx-\lambda_{t}(u)dt)|+\int_{D}\int|\sum_{\gamma,k=1}^{n}\Gamma_{\iota gk}(u)w_{g}w_{k}|dtdx$ ,

(5.1.23)

where $w_{\iota}$ and $\Gamma_{\iota\gamma A}(u)$ are defined by (2.2.2) and (5.1.19) respectively. $\square $

\S 5.2. Main results

Consider the Cauchy problem for system (5.1.1) with the initial data (1.7), i.e.,

$t=0$ : $u=\varphi(x)$ . (5.2.0)

The main results of the Chapter are the following four Theorems.

Theorem 5.1. Suppose that in a neighbourhood of $u=0,$ $A(u)\in C^{2},$ $(5.1.1)$ is
a hyperbolic system and $(5.1.4)-(5.1.7)$ hold. Suppose furthermore that in a neigh-
bourhood of $u=0$ , system (5.1.1) is linearly degenerate, namely, all characteristics
are linearly degenerate in the sense of P.D.Lax. Suppose finally that $\varphi(x)$ is a $C^{1}$

vector function satisfying that there exists a constant $\mu>0$ such that

$\theta=\triangle\sup_{x\in R}\{(1+|x|)^{1+\mu}|\varphi^{\prime}(x)|\}<\infty$ . (5.2.1)

Then there exists $\theta_{0}>0$ so small that for any given $\theta\in[0, \theta_{0}]$ , the Cauchy problem

(5.1.1) and (5.2.0) admits a $un\lfloor que$ global $C^{1}$ solution $u=\tau\iota(f, x)$ on $R\times R$ . $\square $

Theorem 5.2. Suppose that in a neighbourhood of $u=0$ , A $(u)\in C^{2},$ $(5.1.1)$

is a hyperbolic system and $(5.1.4)-(5.1.7)$ hold. Suppose furthermore that in a
neighbourhood of $u=0$ ,

$\gamma_{igk}(u)\equiv 0$ , $\forall i\in I$ , $\forall j,$ $k\not\in I$ , (5.2.2)

where $\gamma_{tj}k$ is defined by (5.1.13) and $I\subseteq\{1, \cdots, n\}$ is an index set such that $\lambda_{i}(u)$

is not linearly degenerate if and only if $i\in I$ . If $\varphi(x)$ satisfies (5.2.1) and

$l_{\iota}(\varphi(x))\varphi^{\prime}(x)\equiv 0$ , $\forall x\in R$ , $\forall i\in I$ , (5.2.3)
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where $l_{l}(u)$ denotes the i-th left eigenvector, thcn the conclusion of Theorem 5.1

holds. $\square $

Remark 5.2. (5.2.2) is essentially T.P.Liu’s hypothesis that (linear waves do not

generate nonlinear waves” (see [Lu]), however, we do not ask $\lambda_{\iota}(u)$ to be genuinely

nonlinear for $i\in I$ . $\square $

Remark 5.3. Noting (5.1.14)-(5.1.15), we have

$\gamma_{\iota\gamma k}(u)\equiv 0$ , $\forall i\in I$ , $\forall j,$ $k\not\in I$ and $\lambda_{g}(u)\equiv\lambda_{k}(u)$ . (5.2.4)

Hence, in order to have (5.2.2), it suffices to check

$\gamma_{\iota\gamma k}(\tau\iota)\equiv 0$ , $\forall i\in I$ , $\forall j,$ $k\not\in I$ and $\lambda_{j}(u)\not\equiv\lambda_{k}(u)$ . (5.2.5)

For $i\in I,$ $j,$ $k\not\in I$ with $\lambda_{\gamma}(u)\not\equiv\lambda_{k}(u)$ , by (5.1.13) we have

$\gamma_{\iota\gamma k}(u)=\frac{1}{2}(\lambda_{\gamma}(u)-\lambda_{k}(u))l_{\iota}(u)[\nabla 7_{k}(u)r_{\gamma}(u)-\nabla r_{J}(\tau\iota)r_{k}(u)]$ . (5.2.6)

It follows frorr (5.2.6) that if all the right eigenvectors corresponding to linearly

degenerate $ch\iota$ racteristics can be chosen to be constant vectors, then (5.2.2) is

automatically satisfied. $\square $

Tlleorem 5.3. Suppose that in a neighbourhood of $u=0,$ $A(u)\in C^{2},$ $(5.1.1)$ is a
$hvpc^{J}rb$olic system and $(5.1.4)-(5.1.7)$ hold. Suppose furthermore that there exists

a nonempty index set $ J\subseteq\{1, \cdots, n\}sucl\iota$ that in a neighbourhood of zt $=0$ , when

$i\in J.$ $\lambda_{\iota}(u)$ is genuinely $noll$ ]$inear$ ; while, when $i\not\in J,$ $\lambda_{\iota}(u)$ is linearly degenerate.

Suppose finally that ($b(x)=\epsilon\psi(x)$ , where $\epsilon>0$ is a small parameter and $\psi(x)$ is

a $C^{1}$ vector function satisfying that there exists a constant $\mu>0$ such that

$\sup_{x\in R}\{(1+|x|)^{1+\mu}|\psi^{\prime}(x)|\}<\infty$ . (5.2.7)

If there exist $i_{0}\in J$ and $x_{0}\in R$ such that

sgn $(\nabla\lambda_{\iota_{()}}(0)r_{i_{()}}(0))\cdot l_{\iota_{()}}(0)\psi^{\prime}(x_{0})<0$ , (5.2.8)

where $l_{\iota_{()}}(u)$ (resp. $r_{\iota_{()}}(u)$ ) stands for the $i_{0}$ -th left (resp. right) eigenvector cor-

responding to the eigenvalue $\lambda_{\iota_{()}}(u)$ , then there exists $\epsilon_{0}>0$ so small that for any
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fixed $\epsilon\in(0, \epsilon_{0}$ ] the first order derivatives of the $C^{1}$ solution $u=u(t, x)$ to the

Cauchy problem (5.1.1) and (5.2.0) must blow up in a finite time and the life span
$\tilde{T}(\epsilon)$ of $u=u(t, x)$ satisfies

$\lim_{\epsilon\rightarrow 0}(\epsilon\tilde{T}(\epsilon))=[\max_{l\in J}\sup_{x\in R}\{-\nabla\lambda_{x}(0)r_{i}(0)\cdot l_{\iota}(0)\psi_{i}^{\prime}(x)\}]^{-1}$ (5.2.9)

$\square $

Remark 5.4. Obviously, if $\psi(x)$ satisfies

$|\psi(x)|\rightarrow const$ . as $|x|\rightarrow\infty$ , (5.2.10)

then the condition that there exists $i_{0}\in J$ such that

$l_{\iota_{()}}(O)\psi(x)\not\equiv const$ . (5.2.11)

implies that there exists $x_{0}\in R$ such that (5.2.8) holds. In this case, the hypothesis

(5.2.8) can be replaced by (5.2.11). In particular, if the system (5.1.1) is strictly

hyperbolic and $\psi(x)$ has a compact support, Theorem 5.3 gives the same result

as in [Jo], [Lu] and [Hol], but we only ask the $C^{1}$ regularity for the solution and

the initial data; moreover, T.P.Liu’s hypothesis that “linear waves do not generate

nonlinear waves” is not required. $\square $

Theorem 5.4. Suppose that in a neighbourhood of $u=0,$ $A(u)\in C^{2},$ $(5.1.1)$

is a hyperbolic system and $(5.1.4)-(5.1.7)$ hold. Suppose furthermore that there

exists an index set $J\subseteq\{1, \cdots, n\}$ such that in a neighbourhood of $u=0,$ $\lambda_{i}(u)$ is

genuinely nonlinear if and only if $i\in J$ . Suppose finally that $\varphi(x)=\epsilon\psi(x)$ , where
$\epsilon>0$ is a srnall parameter and $\psi(x)$ is a $C^{1}$ vector function satisfying (5.2.7). If

sgn $(\nabla\lambda_{i}(0)r_{i}(0))\cdot l_{\iota}(O)\psi^{\prime}(x)\geq 0$ , $\forall x\in R$ , $\forall i\in J$, (5.2.12)

then tllere exists $\epsilon_{0}>0$ so small that for any fixed $\epsilon\in[0, \epsilon_{0}]$ , the life span $\overline{T}(\epsilon)$ of

the $C^{1}$ solution $u=u(t, x)$ to the Cauchy problem (5.1.1) and (5.2.0) satisfies

$\tilde{T}(\epsilon)\geq C_{*}\epsilon^{-2}$ , (5.2.13)

where C. is a positive constant independent of $\epsilon$ . $\square $
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Remark 5.5. In Theorem 5.4, the index set $J$ might be empty, in which case
(5.2.12) is eliminated. On the other hand, when $i\not\in J,$ $\lambda_{i}(u)$ might be neither

genuinely nonlinear nor linearly degenerate, or might be linearly degenerate. $\square $

Remark 5.6. Under the hypotheses of Theorem 5.4, by (5.2.13), we have

$\lim_{\epsilon\rightarrow 0}(\epsilon\tilde{T}(\epsilon))^{-1}=0$ , (5.2.14)

namely,

$\lim_{\epsilon\rightarrow 0}(\epsilon\overline{T}(\epsilon))=\infty$ . (5.2.15)

This is compatible with (5.2.9) because (5.2.12) holds. $\square $

\S 5.3. Two mechanisms of breakdown of $C^{1}$ solutions

In this section, by constructing some quasilinear hyperbolic systems with con-
stant characteristics, we illustrate two mechanisms of breakdown of the classical

solutions to $t$ he homogeneous quasilinear hyperbolic systems, and the difference

between diagonalizable and non-diagonalizable quasilinear hyperbolic systems.

It is well-known that Cauchy problem for a hyperbolic system of linear par-

tial differential equations with smooth coefficients always admits a unique global

classical solution on the whole domain, provided that the initial data is suitably

smooth. This situation is due to the “linearity” of system. However, the situation
for quasilinear hyperbolic equations is quite different. Generally speaking, in the

quasilinear case the classical solution to the Cauchy problem exists only locally in

time and singularities may occur after a finite time, even for the sufficiently smooth

and small initi tl data.

Consi($ler$ the following Cauchy problem for quasilinear hyperbolic system in

diagonal form
$\frac{\partial u_{\iota}}{\partial t}+\lambda_{\iota}(u)\frac{\partial u_{x}}{\partial x}=0$ $(i=1, \cdots, n)$ , (5.3.1)

$t=0$ : $u=\varphi(x)$ , (5.3.2)
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where $\lambda_{2}(u)(i=1, \cdots, 7l)$ are (1 function satisfying

$\lambda_{1}(u)<\cdots<\lambda_{n}(u)$ , (5.3.3)

and $\varphi(x)$ is a $C^{1}$ vector function with bounded $C^{1}$ norm.

B.L.Rozdesstvenskii and A.P.Sidorenko [RS] and D.Hoff [Hf] proved

Proposition 5.1. If

$\ovalbox{\tt\small REJECT}_{\partial\alpha_{i}}\partial\lambda_{b}(\varphi_{1}(\alpha_{1}), \cdots, \varphi_{i-1}(\alpha_{\iota-1}),\varphi, (\alpha_{\iota}), \varphi_{x+1}(\alpha_{x+1}), \cdots, \varphi_{n}(\alpha_{n}))\geq 0$ $(i=1, \cdots, n)$ ,

(5.3.4)

where $\alpha_{j}(j= 1, )$ $n$ ) satisfying $\alpha_{1}\geq\cdots\geq\alpha_{n}$ , then the Cauchy problem (5.3.1)

and (5.3.2) admits a unique global $C^{1}$ solution on $t\geq 0$ . $\square $

Corollary 5.1. In particular, if system (5.3.1) is linear degenerate in the sense of
P.D.Lax, i.e.,

$\frac{\partial\lambda_{l}(u)}{\partial\tau\iota_{l}}\equiv 0$ $(i=1, \cdots, n)$ , (5.3.5)

then the Cauchy problem (5.3.1) and (5.3.2) always has a unique global $C^{1}$ solution

on $t\geq 0$ . $\square $

On the other han $d$ , if sysl em (5.3.1) is genuinely nonlinear in the sense of

P.D.Lax, i.e.,

$\frac{\partial\lambda_{?}(u)}{\partial\uparrow\iota_{x}}\neq 0$ $(i=1, \cdots, n)$ , (5.3.6)

then (5.3.4) is necessary to guarantee the global existence on $t\geq 0$ of the $C^{1}$

solution to the Cauchy problem (5.3.1) and (5.3.2) (see [K4]).

By the argument mentioned above, we observe that the breakdown of the $C^{1}$

solution to the Cauchy problem (5.3.1) and (5.3.2) is due to the “non-constant” of

eigenvalues $\lambda_{x}(u)(i=1, \cdots, n)$ of system (5.3.1), because in this case, eigenvectors

of system (5.3.1) can be chosen as constant vectors, i.e., left eigenvectors are

$l_{i}(u)=(0,$ $\cdots,$ $0,$
$(1x)0,$

$\cdots,$ $0)$ $(i=1, )n)$ (5.3.7)

and the right eigenvectors read

$r_{x}(u)=(0,$ $\cdots,$
$0,$

$(\iota)$
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They ( $10$ not produce the singularity of solutions. The situation for non-diagonal

systems is quite different, the conclusion of Proposition 5.1 might be false.

Example 5.1. Consider the following quasilinear system1

$\tau\iota_{t}+A(u)u_{x}=0$ , (5.3.9)

where

$A(u)=\left(\begin{array}{lll}-l & 0 & 0\\-e^{u\underline{\circ}} & 0 & 0\\-2e^{-u_{Y}}\sim & 0 & 1\end{array}\right)$ , (5.3.10)

It is easy to see that (5.3.9) is a strictly hyperbolic system with three distinct real

eigenvalues:
$\lambda_{1}(u)\equiv-1$ , $\lambda_{2}(u)\equiv 0$ , $\lambda_{3}(u)\equiv 1$ . (5.3.11)

Clearly, $\lambda_{\iota}(u)(i=1,2,3)$ are linearly degenerate in the sense of P.D.Lax. Right

eigenvectors can be chosen as follows

$r_{1}(u)=\left(\begin{array}{l}l\\c^{\iota\iota)}\sim\\ e^{-u_{\vee}}\urcorner\end{array}\right)$ , $r_{2}(u)=\left(\begin{array}{l}0\\l\\0\end{array}\right)$ , $r_{3}(\prime n)=\left(\begin{array}{l}0\\0\\1\end{array}\right)$ . (5.3.12)

Consider the Cauchy problem(5.3.9) and (5.3.2). The solution is given by

$\left\{\begin{array}{l}u_{1}(t, x\cdot)=\varphi_{1}(x+t),\\u\underline{\supset}(t, J^{\cdot})=-\ln(e^{-j(x)}\wedge+\varphi_{1}(x)-\varphi_{1}(x+t)),\\\tau\iota_{3}(t, x)=\varphi_{3}(x-t)+G(t, x),\end{array}\right.$ (5.3.13)

where

$G(t, x)=2\int_{0}^{t}[e$
‘

$\varphi_{2}(\tau+x-t)+\varphi_{1}(\tau+x-t)-\varphi_{1}(x+\tau)]\varphi_{1}^{\prime}(x+\tau)d\tau$ . (5.3.14)

In particular, $\backslash .ve$ take

$\varphi_{1}(x)=\sin x$ , $\varphi_{2}(x)\equiv\varphi_{3}(x)\equiv 0$ , (5.3.15)

1Examples 5.1-5.2 are provided by Ta-tsien Li and Fa-gui Liu.
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then, it follows from (5.3.13) that

$u_{2}(t, x)=-\ln(1+\sin x-\sin(x+t))$ . (5.3.16)

From (5.3.16), we see that

$ u_{2}(t, x)\rightarrow\infty$ as $(t, x)\rightarrow(\frac{\pi}{2},0)$ . (5.3.17)

(5.3.17) implies that the $Cau(hy$ problem (5.3.9) and (5.3.2) with (5.3.10) and
(5.3.15) does not have any $C^{1}$ solution on $t\geq 0$ . $\square $

Example 5.2. In system (5.3.9), we take

$A(u)=\left(\begin{array}{llll}-1 & & 0 & 0\\-(1+ & u_{2}^{2}) & 0 & 0\\u_{2} & & 0 & 1\end{array}\right)$ . (5.3.18)

In this case, (5.3.9) is still a strictly hyperbolic system with three distinct real

eigenvalues:

$\lambda_{1}(u)\equiv-1$ , $\lambda_{2}(u)\equiv 0$ , $\lambda_{3}(u)\equiv 1$ . (5.3.19)

Moreover, right eigenvectors can be taken as follows

$7^{\cdot}1(u)=\left(\begin{array}{l}1\\u_{2}^{2}1+\\-\frac{1}{2}u_{2}\end{array}\right)$ , $r_{2}(u)=\left(\begin{array}{l}0\\1\\0\end{array}\right)$ , $r_{3}(u)=\left(\begin{array}{l}0\\0\\1\end{array}\right)$ . (5.3.20)

In the present situation, $th\in$ solution to the Cauchy problem (5.3.9) and (5.3.2)

is given by

$\left\{\begin{array}{l}u_{1}(t, x)=\varphi_{1}(x+t),\\u_{2}(t, x)=tg(\varphi_{1}(x+t)-\varphi_{1}(x)),\\u_{3}(t, x)=-\int_{0}^{t}\varphi_{1}^{\prime}(\tau+x)tg(\varphi_{1}(\tau+x-t)-\varphi_{1}(\tau+x))d\tau.\end{array}\right.$ (5.3.21)

A discussion similar to Example 5.1 can be carried out, and a result on the break-

down of the $C^{1}$ solution (5.3.21) can be obtained. $\square $
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Example 5.3 (Jeffrey’s model). As in [Je], we consider system (5.3.9) with

$A(u)=\left\{\begin{array}{lll}-cosh(2u_{2}) & 0 & -sinh(2u_{2})\\coshu_{2} & 0 & sinhu_{2}\\sinh(2\tau\iota_{2}) & 0 & cosh(2u_{2})\end{array}\right\}$ (5.3.22)

For this model, we can discuss similarly and obtain the corresponding conclusion. $\square $

By these examples mentioned above, we see that the breakdown of the $C^{1}$ solu-

tions to the Cauchy problem (5.3.9) and (5.3.2) is due to “non-constant” eigenvec-

tors instead of eigenvalues, because in this case, eigenvalues are constants, certainly,

they are linearly degenerate in the sense of P.D.Lax. Thus, we have

Conclusion 5.1. There exist two kinds of mechanisms to produce the singularity

of $C^{1}$ solutions to quasilinear hyperbolic systems. One is due to the “non-constant”

of eigenvalues. This case generally corresponds to the formation of envelope of

characteristics of the same family (see \S 3.8 and [K4]). The other is owing to the

non-constant“ of eigenvectors. For this case, the envelope of characteristics of

the same family might never appear (for instance, see Example 5.1-5.3). It is very

possible that the two mechanisms occur simultaneously. $\square $

Conclusion 5.2. The $C^{1}$ solutions to non-diagonalizable quasilinear hyperbolic

systems with $1\downarrow nearly$ degenerate characteristics (even for constant characteristics)

may blow up in a finite time. This is quite different from quasilinear hyperbolic

systems in diagonal form. $\square $

\S 5.4. Global existence of $C^{1}$ solution
–Proof of Theorems 5.1-5.2

For simplicity and without loss of generality, we may suppose that

$\varphi(0)=0$ ,
(5.4.1)

$0<\lambda(0)<\lambda_{p+1}(0)<\cdots<\lambda_{n}(0)$ ,



$Glof)al$ exis tence $of$ $solu$ tion 137

where $\lambda(u)=\triangle\lambda_{1}(u)\equiv\cdots\equiv\lambda_{p}(u)$ .

By the existence and uniqueness of local $C^{1}$ solution to the Cauchy $proble\ln$

(see Chapter 1 in [LY]), in order to prove Theorem 5.1 it suffices to establish a
uniform a priori estimate on the $C^{0}$ norm of $u$ and $u_{Ij}$ on the existence domain of

tlle $C^{1}$ solution $u=u(t, x)$ .

By (5.4.1), there exist positive constants $\delta$ and $\delta_{0}$ so small that

$\lambda(0)>\delta_{0}$ ,

$\lambda_{p+1}(u)-\lambda_{\iota}(v)\geq 4\delta_{0}$ , $\forall|u|,$ $|v|\leq\delta$ $(i=1, \cdots,p)$ , (5.4.2)

$\lambda_{2+1}(u)-\lambda_{\gamma}(v)\geq 4\delta_{0}$ , $\forall|u|,$ $|v|\leq\delta$ $(j=p+1, \cdots, n-1)$ ,

and
$|\lambda_{\iota}(u)-\lambda_{\iota}(v)|\leq\frac{\delta_{0}}{2}$ $\forall|u|,$ $|v|\leq\delta$ $(i=1, \cdots, n)$ . (5.4.3)

For the time being, we assume that on the existence domain of the $C^{1}$ solution

$u=u(t, x)$

$|u(t, x)|\leq\delta$ . (5.4.4)

After Lemma 5.4, we will explc in that this hypothesis is reasonable.

By (5.4.1) and (5.4.4), on the existence domain of $C^{1}$ solution we have

$0<\lambda(\prime u)=\lambda_{1}(u)\triangle\equiv\cdots\equiv\lambda_{p}(u)<\lambda_{p+1}(u)<\cdots<\lambda_{n}(u)$ , (5.4.5)

provided that $\delta>0$ is suitably small.

Similar to \S 4.4, for any fixed $T>0$ , let

$D_{-}^{T}=\{(t, x)|0\leq t\leq T, x\leq-t\}$ , (5.4.6)

$D_{0}^{T}=\{(t, x)|0\leq t\leq T, -t\leq x\leq(\lambda(0)-\delta_{0})t\}$ , (5.4.7)

$D^{T}=\{(t, x)|0\leq t\leq T, (\lambda(0)-\delta_{0})t\leq x\leq(\lambda_{n}(0)+\delta_{0})t\}$ , (5.4.8)

$D_{+}^{T}=\{(t, x)|0\leq t\leq T, x\geq(\lambda_{71}(0)+\delta_{0})t\}$ (5.4.9)

and for $i=1,$ $\cdots,$ $n$ ,

$D_{i}^{T}=\{(t, x)|0\leq t\leq T$ ,

$-[\delta_{0}+\eta(\lambda_{\iota}(0)-\lambda(0))]t\leq x-\lambda_{i}(0)t\leq[\delta_{0}+\eta(\lambda_{?1}(0)-\lambda_{i}0))]t\}$ ,
(5.4.10)
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where $\eta>0$ is suitably small.

Noting $(5.4.1)-(5.4.2)$ , when $\eta>0$ is suitably small, we have

$D_{1}^{T}\equiv D_{2}^{T}\equiv\cdots\equiv D_{p}^{T}=\triangle D_{n\iota}^{T}$ , (5.4.11)

$ D_{l}^{T}\cap D_{J}^{T}=\emptyset$ , $\forall i\neq j$ , $i,$ $j\in\{m,p+1, \cdots, n\}$ (5.4.12)

and

$D_{m}^{T}\cup\bigcup_{\iota=p+1}^{n}D_{\iota}^{T}\subset D^{T}$ . (5.4.13)

Let

VV $(D_{\pm}^{T})=\max_{\iota=1,\cdots n},||(1+|x|)^{1+\mu}vf\iota(t, x)||_{L}\propto(D_{\pm}^{T})$ ’ (5.4.14)

$W(D_{0}^{T})=\iota=1,\cdots n\max_{\backslash }||(1+t)^{1+\mu}w_{\iota}(t, x)||_{L^{\infty}(D_{()}^{T})}$ , (5.4.15)

$\iota\eta_{\infty}^{\gamma}/c(T)=\max_{?=1,\tau\iota},\sup_{(t.x)\in D^{T}\backslash D^{T}},$

$(1+|x-\lambda_{\iota}(0)t|)^{1+l^{\iota}}|w_{\iota}(t, x)|$ (5.4.16)

and

$iV_{\infty}(T)=\max_{\iota=1,\cdots\eta},0\leq t\leq T\sup_{x\in R}|w_{x}(t, x)|$

, (5.4.17)

where $D_{\iota}^{T}(t)(t\geq 0)$ denotes the t-section of $D_{l}^{T}$ :

$D_{l}^{T}(t)=\{(\tau, x)|\tau=t, (\tau, x)\in D_{\iota}^{T}\}$ . (5.4.18)

Noting (5.4.11), we get

$ D_{1}^{T}(t)\equiv D_{2}^{T}(t)\equiv\cdot$ . $\equiv D_{p}^{T}(t)=\triangle D_{m}^{T}(t)$ . (5.4.19)

Therefore, by 5.4.1) and (5.4.11) we have

$W_{\infty}^{c}(T)==$
$\max\{\max_{\iota=1},\sup_{p_{(t,x)\in D^{T}}\backslash D^{T}},,,$

$(1+|x-\lambda(0)t|)^{1+\mu}|w_{\iota}(t, x)|$ ,

$\max_{\iota=p}..,\sup_{+1,\cdot n_{(t,x)\in D^{T}}\backslash D^{T}},$

$(1+|x-\lambda_{\iota}(0)t|)^{1+\mu}|w_{\iota}(t, x)|$ }.

(5.4.20)

By the definition of $D_{\iota}^{T}$ and $D^{T}$ , it is easy to get the following
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Lemma 5.2. For each $i=1,$ $\cdots,$ $n$ , on the domain $D^{T}\backslash D_{i}^{T}$ we have

$ci\leq|x-\lambda_{x}(0)t|\leq Ct$ , (5.4.21)

$cx\leq|x-\lambda_{i}(0)t|\leq Cx$ , (5.4.22)

where $c$ and $C$ are positive constants independent of T. $\square $

Similar to Lemma 3.3, we have

Lemma 5.3. Suppose that in a neighbourhood of $u=0,$ $A(u)\in C^{2}$ and (5.1.1)

is a hyperbolic system. Suppose furthermore that $\varphi(x)$ is a $C^{1}$ vector function

satisfying (5.2.1) and the first equality in (5.4.1). There exists $\theta_{0}>0$ so small

that for any fixed $\theta\in[0, \theta_{0}]$ , on any given existence domain $0\leq t\leq T$ of the $C^{1}$

solution $u=u(t, x)$ to the Cauchy problem (5.1.1) and (5.2.0) there exist positive

constants $k_{1}$ and $k_{2}$ independent of $\theta$ and $T$ , such that the following uniform $a$

priori estimates hold:
$ W(D_{\pm}^{T})\leq k_{1}\theta$ (5.4.23)

and
$ W(D_{0}^{T})\leq k_{2}\theta$ . (5.4.24)

$\square $

Remark 5.7. By the definiticn of $D_{0}^{T}$ , for any given $(t, x)\in D_{0}^{T}$ we have

$|x|\leq\max\{1, \lambda(0)-\delta_{0}\}$ t. (5.4.25)

Introduce

$W(D_{-}^{T}\cup D_{0}^{T})=\max_{\iota=1,\cdots n},||(1+|x|)^{1+\mu}w_{\iota}(t, x)||_{L^{\infty}(D_{-}^{T}\cup D_{()}^{T})}$ . (5.4.26)

By (5.4.23)-(5.4.25), we obtain

$ W(D_{-}^{T}\cup D_{0}^{T})\leq k_{3}\theta$ , (5.4.27)

where $k_{3}$ is a positive constant independent of $\theta$ and $T$ . Thus, under the hypotheses

of Lemma 5.3, on any given existence domain $0\leq t\leq T$ of the $C^{1}$ solution
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$u=u(t, x)$ to rhe Cauchy problem (5.1.1) and (5.2.0), for any fixed $t\in[0, T]$ ,

$|u)(t, x)|\rightarrow 0$ as $|x|\rightarrow\infty$ . (5.4.28)

INIoreover, $u’(t..\tau)$ is integrable in space, i.e.,

$\int_{-\infty}^{\infty}|w_{\iota}(t, x)|d\alpha$
. $(i=1, \cdots , n)$ (5.4.29)

make sense for any fixed $t\in[0, T]$ . $\square $

The following Lemma can be found in Appendix 3.

Lemma 5.4. Suppose that in a neighbourhood of $u=0,$ $A(u)\in C^{2},$ $(5.1.1)$

is a hyperbolic system and $(5.1.4)-(5.1.6)$ hold. Suppose furthermore that $\varphi(x)$

is a $C^{1}$ vector function satisfying (5.2.1) and the first equality in (5.4.1). There

exists $\theta_{0}>0$ so small that for any fixed $\theta\in[0, \theta_{0}]$ , on any given existence domain
$0\leq t\leq T$ of $tl\iota eC^{1}$ solution $u=u(t, x)$ to the Cauchy problem (5.1.1) and (5.2.0)

there exist positive constants $k_{4}$ and $k_{5}$ independent of $\theta$ and $T$ , such that the

following unifc rm a priori estimates hold:

$||u(t, x)||_{C^{()}([0,T]\times R)}\leq k_{4}\theta$ (5.4.30)

and

$\int_{L},$ $|w_{i}(t, x)|dx\leq k_{5}\theta$ , (5.4.31)

where $L_{\gamma}$ stands for arbitrary j-th characteristic: $x=x_{\gamma}(t)(t\in[0, T])$ defined by

$\frac{dx}{dt}=\lambda,$ $(\prime u(t, x(t)))$ , (5.4.32)

in which $j\in\{p+1, \cdots, n\}$ if $i\in\{1, \cdots, p\}$ ; while $j\neq i$ if $i\in\{p+1, \cdots, n\}$ ;

moreover, $k_{5}$ is independent of $L_{\gamma}$ . $\square $

When system is quasilinear strictly hyperbolic, Lemma 5.4 is due to [Sc] and

[Ho2].

Taking $\theta_{0}$ so small that
$k_{4}\theta_{0}\leq\frac{\delta}{2}$ (5.4.33)
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we obtain from (5.4.30) $t$ hat

$||u(t, x)||_{(([0,T]\times R)}()\leq k_{4}\theta\leq k_{4}\theta_{0}\leq\frac{\delta}{2}$ (5.4.34)

This implies that the hypothesis (5.4.4) is reasonable.

Lemma 5.5. Suppose that in a neighbourhood of $u=0,$ $A(u)\in C^{2},$ $(5.1.1)$

is a hyperbolic system and $(5.1.4)-(5.1.7)$ hold. Suppose furthermore that $\varphi(x)$

is a $C^{1}$ vector function satisfying (5.2.1) and the first equality in (5.4.1). There
exists $\theta_{0}>0$ so small that for any fixed $\theta\in[0, \theta_{0}]$ , on any given existence domain
$0\leq t\leq T$ of the $C^{1}$ solution $u=u(t.x)$ to the Cauchy problem (5.1.1) and (5.2.0)

there exists a positive constant $k_{6}$ independent of $\theta$ and $T$ , such that the following
uniform a priori estimate holds:

$ W_{\infty}^{c}(T)\leq k_{6}\theta$ . (5.4.35)

$\square $

Proof. Let

$T/\tilde{V}_{1}(T)$ $=\max\{n\iota ax$$\max_{\prime=1,\cdots p\gamma\in\{p+1,\cdot n\}}..,\sup_{\overline{c},}.\prime_{\overline{C},}|w_{x}(t, x)|dt$ ,

$\max_{z=p+}..,\max_{1,\cdot n_{J\neq}i}\sup_{\overline{c},}\int_{\tilde{C},}|w_{i}(t, x)|dt\}$ ,
(5.4.36)

where, when $i\in\{1, \cdots,p\},\tilde{C}_{g}$ denotes any given j-th characteristic in $D_{m}^{T}$ (where

$j\in\{p+1, \cdots, n\})$ ; while, when $7\in\{p+1, \cdots 7\iota\},\tilde{C}_{j}$ stands for any given j-th

characteristic in $D_{\iota}^{T}$ (where $j\neq i$ ).

By (5.4.31) we have
$\tilde{W}_{1}(T)\leq k_{5}\theta$ . (5.4.37)

Using (5.4.37) an $d$ repeating the proof of (5.4.26) in [LK], we get (5.4.35) directly.
Q.E.D.

As in [LK], we have

Lemma 5.6. Under the assumptions of Lemma 5.5, suppose furthermore that
in a neighbourhood of $u=0$ , system (5.1.1) is linearly degenerate. Then there
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exists $\theta_{0}>0$ so small that for any fixed $\theta\in[0, \theta_{0}]$ , on any given existence domain

$0\leq t\leq T$ of $tl\iota eC^{1}$ solution $u=u(t, x)$ to the Cauchy problern (5.1.1) and (5.2.0),

there exists a positive constant $k_{7}$ independent of $\theta$ and $T$ , such that the following

uniform a $p$riori estimate holds:

$it_{\infty}^{7}(T)\leq k_{7}\theta$ . (5.4.38)

$\square $

Using Lemmas 5.3-5.6 and completely repeating the proof of Theorems 3.1-

3.2 in [LK], we can easily obtain Theorem 5.1 and Theorem 5.2. The details are

omitted.

\S 5.5. Blow-up phenomenon and life span of $C^{1}$ solution
–Proof of Theorems 5.3-5.4

Under the hypotheses of Theorem 5.3, Lemma 5.3-5.5 are still valid and can be

stated as the following three lemmas.

Lemma 5.7. $S$ uppose that in a neighbourhood of $u=0,$ $A(\tau\iota)\in C^{2}$ and (5.1.1)

is a hyperbolit system. Suppose furthermore that $\varphi(x)=\epsilon\psi(x)$ , where $\epsilon>0$ is a

small paramet($\supset r$ and $\psi(x)$ is a $C^{1}$ vector function satisfying (5.2.7). There exists
$\epsilon_{0}>0$ so small that for anv fixed $\epsilon\in(0, \epsilon_{0}$ ], on any given existence domain $0\leq t$

$\leq T$ of the $C^{1}\dot{>}olutionu=u(t, x)$ to the Cauchy problem (5.1.1) and (5.2.0) there

exist positive (onstants $k_{1}$ and $k_{2}$ independent of $\epsilon$ and $T$ , such that the following

uniform $a$ $p7^{\cdot}iori$ estimates hold:

IV $(D_{\pm}^{T})\leq k_{1}\epsilon$ (5.5.1)

an $(1$

VV $(D_{0}^{T})\leq k_{2}\epsilon$ . (5.5.2)

$\square $
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Lemma 5.8. Suppose that in a neighbourhood of $u=0,$ $A(u)\in C^{2},$ $(5.1.1)$ is a
hyperbolic system and $(5.1.4)-(5.1.6)$ hold. Suppose furthermore that $\varphi=\epsilon\psi(x)$ ,

where $\epsilon>0$ is a small parameter and $\psi(x)$ is a $C^{1}$ vector function safisfying (5.2.7).

There exists $\epsilon_{0}>0$ so small that for any fixed $\epsilon\in(0, \epsilon_{0}$ ], on any given existence
domain $0\leq t\leq T$ of the $C^{1}$ solution $u=u(t, x)$ to the Cauchy problem (5.1.1)
and (5.2.0) there exist positive constants $k_{3}$ and $k_{4}$ independent of $\epsilon$ and $T$ , such
that the following uniform a prion estimates hol $d$ :

$||u(t, x)||_{C^{0}([0,T]\times R)}\leq k_{3}\epsilon$ (5.5.3)

and

$\int_{L_{J}}|w_{i}(t, x)|dt\leq k_{4}\epsilon$ , (5.5.4)

where $L_{j}$ stan $ds$ for arbitrary j-th characteristic, in which $j\in\{p+1, \cdots, n\}$ if
$i\in\{1, \cdot . , p\}$ ; while $\gamma\neq i$ if $i\in\{p+1, \cdots , n\}$ ; moreover, $k_{4}$ is independent of $L_{j}$ .
$\square $

Lemma 5.9. Suppose that il a neighbourhood of $u=0,$ $A(u)\in C^{2},$ $(5.1.1)$ is
a hyperbolic system and $(5.1.4)-(5.1.7)$ hold. Suppose furthermore that $\varphi(x)=$

$\epsilon\psi(x)$ , where $\epsilon>0$ is a small parameter and $\psi(x)$ is a $C^{1}$ vector function safisfying
(5.2.7). There exists $\epsilon_{0}>0$ so small that for any fixed $\epsilon\in(0, \epsilon_{0}$ ], on any given
existence domain $0\leq t\leq T$ of the $C^{1}$ solution $u=u(t, x)$ to the Cauchy problem
(5.1.1) and (5.2.0) there exist positive constants $k_{5}$ and $k_{6}$ independent of $\epsilon$ and
$T$ , such that the following uniform a priori estilnates hold:

$ W_{\infty}^{c}(T)\leq k_{5}\epsilon$ (5.5.5)

and

$\tilde{W}_{1}(T)\leq k_{6}\epsilon$ . (5.5.6)

$\square $

Proof of Theorem 5.3. It suffices to prove (5.2.9). Obviously, it follows from
(5.2.8) that the right-hand side of (5.2.9) is a positive number. We denote this
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number by $M_{1)}$ . Noting the fact that $\lambda_{\iota}(u)$ is linear degenerate when $i\not\in J$ , we
have

$M_{0}$
$=\triangle$

$[\max_{\iota\in J}\sup_{x\in R}\{-\nabla\lambda_{\iota}(0)r_{\iota}(0)l_{\iota}(0)\psi^{\prime}(x)\}]^{-1}$

$=$ $[\max_{\iota\in\{1,\cdots,n\}}\sup_{x\in R}\{-\nabla\lambda_{l}(O)r_{\iota}(O)l_{\iota}(0)\psi^{\prime}(x)\}]^{-1}$

(5.5.7)

Moreover, it follows from $(5.2.7)-(5.2.8)$ that there exist an index $i_{*}\in J$ and a

point $x_{*}\in R$ such that

$M_{0}=[-\nabla\lambda_{\uparrow*}(0)r_{\iota_{*}}(0)l_{\iota_{*}}(0)\psi^{\prime}(x_{*})]^{-1}$ (5.5.8)

We first esl imate $w_{\iota}(t, x)(i=1, \cdots,p)$ .

Let

$W_{\infty}^{m}(T)=\max_{\iota=1,\cdots p},0\leq t\leq T\sup_{x\in R}|w_{i}(t, x)|$

. (5.5.9)

For each $i=1,$ $\cdots$ , $p$ , integrating (5.1.12) along the i-th characteristic, noting

(5.1.7) and (5.1.14)-(5.1.16), and using Lemma 5.2, we get

$|u\prime_{\iota}(t, x)|$ $\leq$ $c_{1}\{W(D_{\pm}^{T})+\dagger V(D_{0}^{T})+(W_{\infty}^{c}(T))^{2}+$

(5.5.10)
$\tilde{W}_{1}(T)W_{\infty}^{c}(T)+\iota\tau_{\infty}^{r_{C}}(T)W_{\infty^{l}}^{\prime\prime}(T)\}$ ,

henceforth $c_{\gamma}(j=1,2)$ will denote positive constants independent of $\epsilon,$ $(t, x)$ and
$T$ . Then, using $($ 5.5. $J)-(5.5.2)$ and $(5.5.5)-(5.5.6)$ , from (5.5.10) we obtain

$ W_{\infty}^{m}(T)\leq c_{2}\epsilon$ . (5.5.11)

(5.5.11) gives an estiInate of $w_{\iota}(t, x)(i=1, \cdots , p)$ . This estimate implies that

$w_{\iota}(t, x)(i=1, \cdots,p)$ remain bounded on any given existence domain $0\leq t\leq T$ of

the $C^{1}$ solution to the Cauchy problem (5.1.1) and (5.2.0).

Hence in what follows, it suffices to consider $w_{\iota}(t, x)(i=p+1, \cdots, n)$ .

On any given existence domain $0\leq t\leq T$ of the $C^{1}$ solution $u=u(t, x)$ to the

Cauchy problem (5.1.1) and (5.2.0), we consider equation (5.1.12) again along the

i-th $characteri\backslash \backslash ticx=x_{i}(t, y)(i=p+1, \cdots, n)$ passing through an arbitrary fixed

point $(0, y)$ on x-axis. Noting (5.1.14)-(5.1.15), we may write (5.1.12) as

$\frac{dw_{\iota}}{d_{\iota}t}=a_{0}(t;i, y)w_{i}^{2}+a_{1}(t:i, y)w_{i}+a_{2}(t;i, y)$ , $\forall i\in\{p+1, \cdots, n\}$ , (5.5.12)
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where

$a_{0}(t;i, y)=\gamma_{\iota\iota\iota}(u)$ ,
$a_{t}(t;i, y)=\sum_{\neq J\iota}(\gamma_{x\iota\gamma}(u)+\gamma_{\iota_{jl}}(u))w_{\gamma}$

,

(5.5.13)
$a_{2}(t,\cdot i, y)=\sum_{J^{k\neq x}}\downarrow \mathcal{J}$ ’

in which $u=u(t, x_{t}(t, y))$ an $dw_{\gamma}=w_{\gamma}(t, x_{x}(t, y))(j=1, \cdots, n)$ .

Noting (5.1.14)-(5.1.16) and the fact that $i\in\{p+1, \cdots, n\}$ , and using Lemma
5.2 and Lemma 5.7-5.9, by (5.5.13) we have

$a_{0}(t;i, y)=\gamma_{\iota\iota\iota}(0)+O(\epsilon)=-\nabla\lambda_{i}(0)r_{\iota}(0)+O(\epsilon)$ , $\forall t\in[0, T]$ , (5.5.14)

$\int_{0}^{T}|a_{1}(t;i, y)|dt\leq C_{1}\{W(D_{\pm}^{T})+W(D_{0}^{T})+W_{\infty}^{c}(T)+\tilde{W}_{1}(T)\}\leq C_{2}\epsilon$ (5.5.15)

and

$\int_{0}^{T}|a_{2}(t;i, y)|dt\leq C_{3}\{(W(D_{\pm}^{T})+W(D_{0}^{T}))^{2}+(W_{\infty}^{c}(T))^{2}+W_{\infty}^{c}(T)\tilde{W}_{1}(T)\}$

$\leq C_{4}\epsilon^{2}$ ,
(5.5.16)

provided that $\epsilon>0$ is small enough, henceforth $C_{J}(j=1,2, \cdots)$ will denote positive

constants independent of $\epsilon,$ $y$ and $T$ . Hence,

$K(i, y)=\triangle\int_{0}^{T}|a_{2}(t;i, y)|ds\cdot\exp(\int_{0}^{T}|a_{1}(t;i, y)|dt)\leq C_{5}\epsilon^{2}$ , (5.5.17)

provided that $\epsilon>0$ is small enough.

(I) Upper bound of the life span –Estimate on $\varlimsup_{\epsilon\rightarrow 0}(\epsilon\tilde{T}(\epsilon))$

Without loss of generality, we may suppose that

-V $\lambda_{\iota_{*}}(0)r_{x_{*}}(0)>0$ . (5.5.18)

Otherwise, replacing $u$ by $-u$ we can always realize (5.5.18).

By (5.1.7) we observe that $ J\cap\{1, \cdots,p\}=\emptyset$ , and then we see that $ i_{*}\in$

$\{p+1, \cdots, n\}$ . Thus, it follows from (5.5.14) that

$a_{0}(t;i_{*}, x_{*})>0$ , $\forall t\in[0, T]$ , (5.5.19)
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provided that $\epsilon>0$ is small. Noting (5.5.8) and (5.5.18), we have

$w_{\iota_{*}}(0, x_{*})$ $=$ $\epsilon l_{\iota_{*}}(\epsilon\psi(x_{*}))\psi^{\prime}(x_{*})$

(5.5.20)
$=$ $\epsilon l_{\iota_{*}}(0)\psi^{\prime}(x_{*})+O(\epsilon^{2})>0$ ,

provided that $\epsilon>0$ is suitably small. Then it follows from (5.5.17) and (5.5.20)

that
$w_{\iota_{*}}(O, x_{\star})>K(i_{*}, x_{*})$ , (5.5.21)

provided that $_{\vee}^{\overline{\llcorner}}>0$ is suitably small. We now consider equation (5.5.12) along the

characteristic $x=x_{\iota_{*}}(t, x_{*})$ . Noting (5.5.19)-(5.5.21), we observe that Lemma 2.1

can be applied to the initial value problem for (5.5.12) with the initial condition

$t=0:w_{\iota_{*}}=w_{i_{*}}(0, x_{*})$ . (5.5.22)

It follows from (2.1.4) that

$(w_{l}. (0, x_{+})-K(i_{*}, x_{*}))\int_{0}^{T}a_{0}(t;i_{*}, x_{*})dt\cdot\exp(-\int_{0}^{T}|a_{1}(t;i_{*}, x_{*})|dt)<1$ ,

(5.5.23)

provided that $:\wedge>0$ is suitably small.

Taking $T=\tilde{T}(\epsilon)-1$ in (5.5.23) and noting (5.5.14)-(5.5.15), (5.5.17), (5.5.20)

and (5.5.8), from (5.5.23) we obtain

$\varlimsup_{\epsilon\rightarrow 0}(\epsilon\tilde{T}(\epsilon))\leq M_{0}$ . (5.5.24)

This gives an upper bound of the life span $\tilde{T}(\epsilon)$ .

(II) Lower bound of the life span –Estimate on $\varliminf_{\epsilon\rightarrow 0}(\epsilon\tilde{T}(\epsilon))$

By (5.5.24), in order to prove (5.2.9) it remains to show

$\varliminf_{\epsilon\rightarrow 0}(\epsilon\tilde{T}(\epsilon))\geq ilI_{0}$ . (5.5.25)

To prove (5.5.25), it suffices to show that, for any given constant $M$ satisfying that

$0<M<M_{0}$ (5.5.26)
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we have

$\tilde{T}(\epsilon)>M\epsilon^{-1}$ (5.5.27)

for small $\epsilon>0$ , where $M_{0}$ is defined by (5.5.7).

To $do$ so, it suffices to establish a uniform a priori estimate on the $C^{1}$ norm of the
$C^{1}$ solution $u=u(t, x)$ on any given existence domain $[0, T]\times R$ with $T\leq M\epsilon^{-1}$ .
A uniform a priori estimate on the $C^{0}$ norm of $u=u(t, x)$ has been established

in Lemma 5.8, hence it remains to establish a uniform a priori estimate on the $C^{0}$

norm of the first derivatives of $u=u(t, x)$ , namely, a uniform a priori estimate
on the $C^{0}$ norm of $w_{i}=w_{i}(t,:\iota\cdot)(i=1, \cdots, n)$ . By (5.5.11), it suffices to estimate
$w_{x}(i=p+1, \cdots, n)$ . To estimate $w_{i}(i=p+1, \cdots, n)$ , we still consider equation

(5.5.12) along the i-th characteristic $x=x_{i}(t, y)$ passing through an arbitrary fixed
point $(0, y)$ on x-axis. However we will make use of Lemma 2.2 instead of Lemma
2.1.

Without loss of generality, we may assume that

$w_{i}(0, y)=\epsilon l_{\iota}(\epsilon\psi(y))\psi^{\prime}(y)\geq 0$ . (5.5.28)

Otherwise, replacing $w_{\iota}$ by $-yf\iota$ we can draw the same conclusion. Noting (5.5.3),

(5.1.16), (5.5.7) and (5.5.26), $\backslash \backslash $ hen $\epsilon>0$ is small enough we have

$\gamma_{iii}(u)w_{i}(0, y)<\frac{M_{0}^{-1}+M^{-1}}{2}\epsilon$ (5.5.29)

on the i-th characteristic $x=\alpha_{\iota}(t, y)$ . Thus we get

$w_{\iota}(0, y)\int_{0}^{T}a_{0}^{+}(t;i, y)dt\leq\frac{\wedge W_{0}^{-1}+M^{-1}}{2}T\epsilon\leq\frac{M_{0}^{-1}+M^{-1}}{2}M<1$ , (5.5.30)

where $a_{0}^{+}(t;i, y)=\max\{a_{0}(t;l, y), 0\}$ . In (5.5.30) we have made use of the fact
that $T\leq M\epsilon^{-1}$ . Noting (5.5.14) and the fact that $T\leq M\epsilon^{-1}$ , we obtain

$\int_{0}^{T}|a_{0}(t;i, y)|dt\leq C_{6}T\leq C_{6}M\epsilon^{-1}\leq C_{7}\epsilon^{-1}$ . (5.5.31)

By (5.5.15) and (5.5.17), it follows from (5.5.30)-(5.5.31) that $(2.1.7)-(2.1.8)$ hold
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for small $\epsilon>0$ . Therefore, using Lemma 2.2 we get

$(w_{\iota}(T, x_{\iota}(T, y)))^{-1}\geq$ $(w_{\iota}(O, y)+K(i, y))^{-1}-.1_{0}^{T}a_{0}^{+}(t;i, y)dt\times$

$\exp(\int_{0}^{T}|a_{1}(t;i, y)|dt)$ , if $w_{\iota}(T, x_{i}(T, y))>0$

(5.5.32)

and

$|w_{i}(T, x_{\iota}(T, y))|^{-1}\geq(K(i, y))^{-1}-$ $\int_{0}^{T}|a_{0}(t;i, y)|dt\cdot\exp(\int_{0}^{T}|a_{1}(t;i, y)|dt)$ ,

if $w_{\iota}(T, x_{\iota}(T, y))>0$ .
(5.5.33)

Noting (5.5.15), (5.5.17) and (5.5.30)-(5.5.31), from (5.5.32)-(5.5.33) we obtain

$(w_{\iota}(T, x_{i}(T, y)))^{-1}$ $\geq$ $\frac{1}{2}(w_{i}(0, y)+K(i, y))^{-1}(1-\frac{M_{()}^{-\iota}+M^{-1}}{2}M)$ ,
(5.5.34)

if $w_{i}(T, x_{\iota}(T, y))>0$

and

$|w_{\iota}(T, x_{\iota}(T, y))|^{-1}\geq\frac{1}{2}(K(i, y))^{-1}$ , if $w_{\iota}(T, x_{\iota}(T, y))<0$ , (5.5.35)

provided that $\epsilon>0$ is small enough. For $w_{\iota}(t, x_{\iota}(t, y))(\forall t\in[0, T])$ we have the

same estimate. Thus, on the strip $0\leq t\leq T$ we get the following uniform a priori

estimate

$|w_{\iota}(t, x)|\leq C_{8}\epsilon$ $(i=p+1, \cdots, n)$ , $\forall t\in[0, T]$ , $\forall x\in R$ , (5.5.36)

where $T\leq M\epsilon^{-1}$ . Combining (5.5.11) and (5.5.36), we obtain

$||w(t, x)||_{C^{()}[0,T]\times R}\leq C_{9}\epsilon$ , (5.5.37)

where $T\leq M\epsilon^{-1}$ . (5.5.37) implies that (5.5.27) holds for small $\epsilon>0$ , and then

(5.5.25) holds. (5.5.25) gives a lower bound of the life span $\tilde{T}(\epsilon)$ .

Combining (5.5.24) and (5.5.25) yields (5.2.9). The proof is completed.

Q.E.D.

Proof of Theorem 5.4. Theorem 5.4 can be proved in a way similar to the proof

of (5.5.27). In what follows, we only point out the essentially different part in the

proof.
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Under the hypotheses of Theorem 5.4, Lemma 5.7-5.9 are still valid. Moreover,

on any given existence domain $0\leq t\leq T$ of the $C^{1}$ solution $u=u(t, x)$ , (5.5.11)

and (5.5.14)-(5.5.17) (in which $i=p+1,$ $\cdots,$ $n$ ) also hold when $\epsilon_{0}>0$ is suitably

small. In order to prove Theorem 5.4, it suffices to show that there exist a small

constant $\epsilon_{0}>0$ and a positive constant C. independent of $\epsilon$ such that for any given
$\epsilon\in[0, \epsilon_{0}]$ , the Cauchy problem (5.1.1) and (5.2.0) admits a unique $C^{1}$ solution

$u=u(t, x)$ on the strip $0\leq t\leq C.\epsilon^{-2}$ . To $do$ so, by (5.5.3) and (5.5.11), it suffices

to establish a uniform a priori estimate on the $C^{0}$ norm of $w_{i}(i=p+1, \cdots, n)$

on any given existence domain $0\leq t\leq T$ with $T\leq C_{*}\epsilon^{-2}$ . In order to estimate

$w_{i}$ $(i=p+1, \cdots , n)$ , we still use equation (5.5.12) satisfied by $w_{\iota}$ along the i-th

characteristic $x=x_{i}(t, y)$ .

Noting that
$w_{t}(0, y)=\llcorner\prime l_{\iota}(\epsilon\psi(y))\psi^{\prime}(y)$ $(i=1, \cdots, n)$ , (5.5.38)

we have

$|w_{\iota}(0, y)-\epsilon l_{\iota}(0)\psi^{\prime}(y)|\leq C_{10}\epsilon^{2}$ $(i=1, \cdots, n)$ , $\forall y\in R$ . (5.5.39)

We first ask the positive $co$ .tstant $C_{*}$ to satisfy

$0<C_{*}\leq[2(C_{5}+2C_{10})\max_{x\in\dot{J}}|\nabla\lambda_{?}\cdot(0)7_{i}(0)|]^{-1}=\triangle\overline{C}$ , (5.5.40)

where $C_{5}$ and $C_{10}$ are two positive constants given by (5.5.17) and (5.5.39) respec-

tively.

Case I: $ i\in J_{L}=\Lambda$ {$j\in\{p+1,$ $\cdot\cdot$ . $n\}|\lambda_{j}(u)$ is linearly degenerate}. In this

case, $\lambda_{t}(u)$ is linearly degenerate. Let

$W_{L}(T)=tnax\sup_{x\in R}|w_{\iota}(t, x)|i\in J_{L}0\leq t\leq T$

(5.5.41)

Integrating (5.1.12) along \dagger he i-th characteristic and noting (5.1.14)-(5.1.15) and

(5.1.17), we have

$|u)_{0}(t, x)|$ $\leq$ $C_{11}\{W(D_{\pm}^{T})+W(D_{0}^{T})+(W_{\infty}^{c}(T))^{2}+\tilde{W}_{1}(T)W_{\infty}^{c}(T)+$

$W_{\infty}^{c}(T)W_{L}(T)\}$ , $\forall(t, x)\in[0, T]\times R$ , $\forall i\in J_{L}$ .
(5.5.42)
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Using $(5.5.1)-(5.5.2)$ and $(5.5.5)-(5.5.6)$ , on any given existence domain $0\leq t\leq T$

of the $C^{1}$ solution $?\iota=u(t, x)$ we obtain from (5.5.42) that

$ W_{L}(T)\leq C_{12}\epsilon$ . (5.5.43)

Case II: $i\in J$ . In this case, $\lambda_{\iota}(u)$ is genuinely nonlinear. As before, without

loss of generality, we may suppose that

$\nabla\lambda_{\iota}(0)r_{\iota}(0)>0$ . (5.5.44)

Otherwise, replacing $u$ by $-u$ , we can always realize (5.5.44).

In this $cas\in$ , by (5.2.12) we have

$l_{\iota}(0)\psi^{\prime}(y)\geq 0$ , $\forall y\in R$ . (5.5.45)

Moreover, $i\dagger$ follows from (5.5.14) that

$a_{0}^{+}(t;i, y)=\triangle\max\{a_{0}(t;i, y), 0\}\equiv 0$ , (5.5.46)

providcd that $\epsilon_{0}>0$ is suitably small.

If
$w_{p}(0, y)=\epsilon l_{\iota}(\epsilon\psi(y))\psi^{\prime}(y)\geq 0$ , (5.5.47)

then (2.1.7) always holds. On the other hand, noting (5.5.14)-(5.5.15), (5.5.17),

(5.5.40) and tlle fact that $T\leq C_{*}\epsilon^{-2}$ , we see that, when $\epsilon_{0}>0$ is small enough,

(2.1.8) holds. Tllen, using (5.5.46), (5.5.14)-(5.5.15), (5.5.17) and (5.5.40), by

Lemma 2.2 we get

$(w_{\iota}(T, x_{x}(T, y)))^{-1}\geq(w_{\iota}(O, y)+K(i, y))^{-1}$ , if $w_{\iota}(T, x_{\iota}(T, y))>0$ (5.5.48)

and

$|\uparrow v_{\iota}(T, x,(T, y))|^{-1}\geq\frac{1}{2}(K(i, y))^{-1}$ , if $w_{\iota}(T, x_{\iota}(T, y))<0$ , (5.5.49)

provided that $\epsilon_{0}>0$ is small enough, where we have made use of the fact that
$T\leq C_{*}\epsilon^{-2}$ .
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If

$w_{i}(0, y)=\epsilon l_{i}(\epsilon\psi(y))\psi^{\prime}(y)<0$ , (5.5.50)

then, by (5.5.39) and (5.5.45) rve have

$|w_{i}(0, y)|\leq 2C_{10}\epsilon^{2}$ . (5.5.51)

Let

$\overline{w}_{t}(t)=-w_{\iota}(t, x_{\iota}(t, y))$ . (5.5.52)

It follows from (5.5.12) that

$\frac{d\tilde{w}_{x}(t)}{dt}=-a_{0}(t;i, y)\tilde{w}_{i}^{2}+a_{1}(t;i, y)\tilde{w}_{i}-a_{2}(t;i, y)$ . (5.5.53)

Noting (5.5.14), (5.5.44), (5.5.50) and (5.5.51), we get

$\tilde{a}_{0}^{+}(t;i, y)=\max\{-a_{0}(t;i, y), 0\}=\nabla\lambda_{i}(u)r_{\iota}(u)>0$ , (5.5.54)

$\overline{w}_{\iota}(0)=-w_{\iota}(0, y)>0$ (5.5.55)

and
$\tilde{w}_{\iota}(0)<2C_{10}\epsilon^{2}$ , (5.5.56)

provided that $\epsilon_{0}>0$ is small enough. On the other hand, using (5.5.14)-(5.5.17),

(5.5.40), (5.5.56) and the fact that $T\leq C_{*}\epsilon^{-2}$ , we observe that, when $\epsilon_{0}>0$ is

suitably small, $(2.1.7)-(2.1.8)1$ old. Then, we can apply Lemma 2.2 to the initial
value problem (5.5.53) and $(5_{\iota}^{\triangleright}.55)$ . It follows from (2.1.9) and (2.1.10) that

$(\tilde{u})\iota(T))^{-1}\geq\frac{1}{4}(\tilde{w}_{i}(O)+K(i, y))^{-1}$ , if $\tilde{w}_{i}(T)>0$ (5.5.57)

and
$|\tilde{w}_{\iota}(T)|^{-1}\geq\frac{1}{2}(K(i, y))^{-1}$ , if $\tilde{w}_{\iota}(T)<0$ , (5.5.58)

provided that $\epsilon_{0}>0$ is small enough, where we have made use of (5.5.40) and the

fact that $T\leq C_{*}\epsilon^{-2}$ . Thus, noting (5.5.17) and (5.5.38), from (5.5.48)-(5.5.49)

and (5.5.57)-(5.5.58) we get immediately

$|w_{i}(T, x_{i}(T, y))|\leq C_{13}\epsilon$ , $\forall i\in J$,
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where $T\leq C_{*}\epsilon^{-2}$ .

Similarly, for $w_{x}(t, x_{\iota}(t, y))(\forall t\in[0, T], \forall i\in J)$ we have the same estimate

$|w_{\iota}(t, x_{\iota}(t, y))|\leq C_{14}\epsilon$ , $\forall t\in[0, T]$ , $\forall i\in J$, (5.5.59)

where $T\leq C_{*}\epsilon^{-2}$ .

Let

$W_{G}(T)=\max_{\iota\in J}\sup_{0\leq t\leq T}|w_{\iota}(t, x)|$
.

Noting the fact that $(0, y)$ is an arbitrary point on x-axis, by (5.5.59) we have

$ W_{G}(T)\leq C_{14}\epsilon$ , (5.5.60)

where $T\leq C_{*}\epsilon^{-2}$ .

Case III: $i\in J_{0}=\triangle\{p+1, \cdots , n\}\backslash (J\cup J_{L})$ . In this case, it follows that

$\nabla\lambda_{\iota}(0)r_{\iota}(0)=0$ , $\forall i\in J_{0}$ . (5.5.61)

On any given existence domain of the $C^{1}$ solution $u=u(t, x)$ , by (5.5.3) we have

$|\gamma_{iii}(u)|\leq C_{15}\epsilon$ . (5.5.62)

Integrating (5.5.12) along the i-th characteristic $x=x_{\iota}(t, y)$ and noting (5.5.62)

and (5.5.38), we obtain

$|u_{\iota}(t, x_{p}(t, y))|$ $\leq$ $|w_{i}(0, y)|+C_{15}\epsilon\int_{0}^{t}w_{i}^{2}d\tau+$

$\int_{0}^{t}|a_{1}(t;i, y)||w_{\iota}|dt+\int_{0}^{t}|a_{2}(t;i, y)|dt$

(5.5.63)
$\leq$ $C_{16}\epsilon+C_{15}\epsilon\int_{0}^{t}w_{i}^{2}d\tau+$

$\int_{0}^{t}|a_{1}(t;i, y)||w_{\iota}|dt+\int_{0}^{t}|a_{2}(t;i, y)|dt$ .

Let

$W_{0}^{l}(t)=\sup_{0\leq\tau\leq t,y\in R}|w_{\iota}(\tau, x_{i}(\tau, y))|$

. (5.5.64)
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It follows from (5.5.59) that

$|w,(t, x_{\iota}(t, y))|$ $\leq$ $C_{16}\epsilon+C_{15}\epsilon\int_{0}^{t}(7V_{0}^{l}(\tau))^{2}d\tau+$

(5.5.65)
$ W_{0}^{?}(t)\int_{0}^{t}|a_{1}(\tau;i, y)|d\tau+\int_{0}^{t}|a_{2}(\tau,\cdot i, y)|d\tau$ .

Noting the fact that $(0, y)$ is an arbitrary point on x-axis and using (5.5.15)-(5.5.16),

we get

$ W_{0}^{i}(t)\leq C_{17}\epsilon+C_{18}\epsilon\int_{0}^{t}(W_{0}^{i}(\tau))^{2}d\tau$ . (5.5.66)

It follows from (5.5.66) that

$ W_{0}^{\iota}(t)\leq 2C_{L7}\epsilon$ , $\forall t\in[0,$ $(2C_{17}C_{18}\epsilon^{2})^{-1}]$ . (5.5.67)

Let

$Tt_{0}^{\prime^{\tau}}(t)=\max_{\iota\in J_{\{)}}\{W_{0}^{I}(t)\}$ . (5.5.68)

It follows from (5.5.67) that

$ W_{0}(T)\leq C_{19}\epsilon$ , (5.5.69)

where $T$ satisfies that $T\leq C^{*}\epsilon^{-2}$ , in which $C^{*}=(2C_{17}C_{18})^{-l}$ .
Furthermore, the constant $C_{*}$ is required to satisfy

$0<C_{*}\leq C^{*}$

Then, from (5.5.11), (5.5.43), (5.5.60) and (5.5.69) it follows that

$ W_{\infty}(T)\leq W_{\infty}^{m}(T)+lV_{L}(T)+W_{G}(T)+W_{0}(T)\leq C_{20}\epsilon$ , (5.5.70)

where $T$ satisfies that $T\leq C_{*}\epsilon^{-2}$ , in which $C_{*}$ satisfies that $0<C_{*}\leq\min\{\overline{C}, C^{*}\}$ .

Thus, (5.5.70) gives a uniform a priori estimate on $w=w(t, x)$ on any given

existence domain $0\leq t\leq T$ of the $C^{1}$ solution $u=u(t, x)$ , where $T$ satisfies that
$T\leq C_{*}\epsilon^{-2}$ . Hence, the proof of Theorem 5.4 is finished. Q.E.D.


