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Abstract.

We propose a unified approach to transformation and summation
formulas for multiple basic hypergeometric series of type A on the basis
of balanced duality transformations. We study two classes of transfor-
mations, one between an n-ple sum and an m-ple sum, and the other
between two n-ple sums. Though the latter are not simple special cases
of the former, we can still derive them from the former in a systematic
way. Our derivation utilizes the fact that some multiple basic hyperge-
ometric series have hidden symmetry which originates from the relation
to basic hypergeometric series in one variable. We also give remarks
on the related summation formulas.

§1. Introduction

In this paper we propose a unified approach to transformation and
summation formulas for multiple basic hypergeometric series of type A
on the basis of duality transformations that relate n-ple sums and m-
ple sums. This work can be considered as an extension of our previous
works [10] and [15].

In a series of papers [18, 20, 22, 24], S.C. Milne and his collaborators
developed the theory of SU(n) (or A,_1) basic hypergeometric series,
and proposed various transformation and summation formulas for them,
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using a rational function identity which is called as Milne’s fundamen-
tal lemma (see final section of [20]) and multiple generalizations of the
Bailey lemma (see the exposition [23] and the references therein).

On the other hand, we derived in [10] a multiple generalization of
the Euler transformation for the basic hypergeometric series ¢, from
a kernel identity of Cauchy type for Macdonald’s g-difference operators.
Interpreting the multiple Euler transformation as a generating series, we
further obtained several types of multiple hypergeometric summations
and transformations [11, 12], as well as some multiple elliptic hypergeo-
metric transformations [15].

The balanced duality transformation formula (2.9), generalizing the
10Wy transformation (2.10), is one of the most important results of [10],
from which various multiple basic hypergeometric transformations be-
tween n-ple sums and m-ple sums are obtained by limiting procedures
(degenerations). In this paper we propose an approach to understanding
a variety of multiple basic hypergeometric transformations and summa-
tions of A type, on the basis of the balanced duality transformation
(2.9).

We remark that there exist a number of multiple basic hypergeomet-
ric identities between two n-ple sums that cannot be obtained simply by
putting m = n in the balanced duality transformations and their de-
generations. There is, however, a method to obtain such identities by
the balanced duality transformations: first transform the n-ple sum to
a single sum by a balanced duality transformation, utilize the symme-
try in the single sum, and then go back to the n-ple sum [9, 15]. The
main purpose of this paper is to give a systematic derivation of multiple
basic hypergeometric identities of type A, taking full advantage of this
method.

The contents of this paper are as follows. In the next section, after
recalling some definitions and notations, we present the balanced duality
transformation (2.9) for multiple hypergeometric series of type A.

In Section 3, by certain limiting procedures we derive from (2.9)
various useful transformations for multiple basic hypergeometric series
that relate n-ple sums and m-ple sums. They include most of the results
in [10] and two new transformations generalizing W7 transformations.
An interesting feature of the results in this section is the equivalence of
four transformations (2.9), (3.2), (3.6) and (3.14). This equivalence is
explained in Subsection 3.3.

In Section 4, we employ the method mentioned above to obtain
several multiple basic hypergeometric transformations of type A between
n-ple sums which generalize Watson, Sears and nonterminating Wy
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transformations. Some of them are new; others are known ([24], [9]) but
the derivation here seems to be simpler.

In Section 5, we give remarks on summation formulas which are
obtained as special cases of the transformations studied in Section 3.
We also give a new proof of the basic analogue of the Minton—Karlsson
summation due to Gasper [6].

§2. Preliminaries: ® series and W series

In this section, we introduce two types of A,_; multiple basic hy-
pergeometric series, @7, . series and W™™ series. We also recall from
[10] a transformation between W™™*2 and W™ "2 gseries, called the
balanced duality transformation (2.9) (Proposition 2.1). This identity
can be regarded as the master identity for various transformations we
are going to investigate in this paper. Throughout this paper, we fix
once for all a complex number ¢ such that 0 < |g| < 1. We denote by

N =1{0,1,2,...} the set of all nonnegative integers.

2.1. &} | series and W™™ series
:

Recall that the basic hypergeometric series ,11¢, and the very well-
poised basic hypergeometric series ,3W,. 1o are defined by

(21) r+1¢r |:a07{al}ra% :|
{citr
ag, A1y ..., Qp ap,a1,...,0
= r+1¢r l: OC ! ¢ §QaU:| = Z Huk
17"‘77‘ kEN q7 17"‘77‘k
and
(22) r+3W’r‘+2 [57 {ai}r; q, U}

= rrabren [S qf q\[f {s{qa/j:}r’q’ }

1-—
_ Z Sq (570'17 7aT)/<: U/k7

1—s (q,sq/a1,...,sq/a )k

keN
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where
(@)oo = (a:0)00 = [ (1 — ag™),
neN
(@)oo
= (a3 = for ke C
(@ = () = T for ke,
(ar,az,...,an)k = (a1)r(a2)r - (an)r-
In these formulas, the symbol {a;}, stands for the sequence ay,...,a,

with ¢ regarded as the running index. (For the standard notations of

basic hypergeometric series, we refer the reader to Gasper—Rahman [7].)
We generalize these basic hypergeometric series ,41¢, and ,,.3Ws to
®7, n series for n,m,r € N by
q,u
{‘rl}'n {dk}’m {es}r >
_ Z ul A( qu'y H (ajzi/x5)~,
) o
(€s)inl
oo e (!
1<k<m 1<1<n 1<s<r

A,—1 multiple basic hypergeometric series as follows. We define the
03 o ({ai}n (B} | {eshs
~ENn 1<i,j<n (q‘rl/x])FYi

and the W™™ series for n,m € N by

A(zq”
=y IRy I

yENm 1<i<j<n 1<i<n

(2.4) W”’m< laitn 5;{Uk}7n;{vk}rn;Q7Z>

1— Sq"\/‘+7ixi

1— sx;

< 11 (s25) 4] (ajzi/x5)y,

(V)1 (upi)~,
W ey W Gaeens |

1<k<m 7 i<i<n

where v = (1, ,7) €N, |y =714 -+ + 7, and

Az) = H (z; — xj) and A(zq”) = H (zig" — qu"/j).

1<i<j<n 1<i<j<n
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We remark that, when n = 1 and z; = 1, the ®!  series reduces to

m,r

m~+r+1 ¢m+r as
)

(2.5) oL, (‘IL
a, {bk}m7 {CS}T. :| ,

= m+r+1¢m+r |: {dk}ma{es}r 34, U

{dk}m

{eshr
{es}r

and the W™ series to o1 4Wom 3 as

(2.6) whm ( Cll ’ s {uk tmi {vk}tmi @, Z)
- 2m+4W2m+3 [87 a, {uk}’r'a {Uk}7-; q, Z] 5

respectively. When n = 0, both ®) . and W™ are understood as the
constant 1.

Remark 2.1. The very well-poised multiple series W™™ was intro-
duced in our previous work [15]. It can also be regarded as a special case
of the [H|™ series introduced by S.C. Milne [20, Definition 1.10].

The following variants W™ (I € Z) of W™™ = W™ will also play
auxiliary roles in this paper:

(2.7) Wl"’m( g%:

_ eqlvI Vi
= 3 ol gl e i A(zq) I 1— g7,

1— sx;

s;{ur bm—1; {vr 43 ¢ Z)

A(x)

yeENn 1<i<n

< 11 (s2) 1) 11 (ajTi/T))~,

1<j<n ((sq/aj)xj)v Zien (qzi/xj)~,

H (u xi)’h‘
y H 15i<n g H (Uk)\v\ ’

1<k<m—1  (8q/Ur)|y|  1<k<m-+l H ((sq/vk)Ti):
1<i<n

where es(y) = Z vi7y; denotes the elementary symmetric function
1<i<j<n

of degree 2. We remark that these W,"™ series are obtained formally

from the W™ *l!l series through a limiting procedure.
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2.2. Balanced duality transformation for W series

The following proposition provides the key identity of this paper,
from which all the transformations in the next section will be derived.

Proposition 2.1. ([10], Corollary 6.3) Under the balancing con-
dition

(2.8) amt2gmtItN — BCdef™g, N €N,

where B =10y ---b, and C = ¢y - ¢, the following identity holds:

7 bz n — _
(2.9) W“’””( \Ex]i a; {cxtitm, dye; {fy, Fms 9, q N;q,q)

_ (udf/a,pef/a)n ((uerf/a)yr, fyp )n
(ag/d,aq/e)n | 2, (nay, (aa/er)y; v

(agzi, (pbif/a)x; Yn
X1<];£n ((aq/bi)zs, (uf/a)z; ') n

cwmenss (AT | g/ buf)ad o/, aafer

{(uf/a)wil}n,g,q‘N;q,q)

where i = a™+2¢mH /BCdefmt = ¢ Ng/f.

When m = n =1 and x; = y; = 1, the balanced duality transfor-
mation (2.9) reduces to the following terminating balanced 19Wy trans-
formation:

(210) 10W9 [CL; b7 C, d7 €, f7 /j,qu7 q_N; q, Q]
_ (ubf/a,pcf/a, pdf /a, pef/a, aq, f)n
(aq/b, aq/cv aq/dv GQ/G, Hq, /u’f/a’)N
X 10W9 [Ma aq/bf, GJQ/Cfv aq/df, CLQ/e.ﬂ Mf/aﬂ quNv q_N; q, Q] )
where u = a®q?/bedef? ([7, Exercise 2.19]). We also remark that, in

[15], a direct proof of Proposition 2.1 is given on the basis of the Cauchy
determinant.
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We remark that, when m = 1 and y; = 1, (2.9) implies the trans-
formation

(2.11) wn? ( {bi}}"

ase,de; foufa™,qa Vg, q>
{xi n

_ (MCf/CL Mdf/a7 Mef/a’ f)N H (aqxh (Mbif/a)le)N
(1g; ag/c,aq/d,aq/e)n 22 ((aq/bi)zi, (uf /a)a; " )n
X 2n+8W2n+7 [/J, CLQ/Cf, GQ/dfv QQ/efv 9, q_N7
{(ag/bif )i}, {(nf/a)xi Yas 4 a],

between a multiple sum and a single sum, where p = a®q?/Bcdef?.
Also, when m = 0, it gives the summation formula

(2.12) w2 ( gi’;

_ Odfade/a)y o (agm Obo)e
(ag/d,aq/e)n | 2.2 ((aq/bi)as, (\a)z; )N

a;d,e; A\g™ a7V, q)

where \ = a?q/Bde.
Remark 2.2. Fquality (2.9) is equivalent to the transformation

A(zq7) (ajTi/T))~, (briyr)~,

A(z) 1<£[<n (qwi /)~ 1<1:£n (cTiYk )

lv|=N - 1<k<m

_ Z Ayq°) H ((c/bp)yr/yr)s,, H ((C/ai)fiyk)ék’

o AW o (aw/wse 2z, (cmive)s,
|§]=N 1Zm 1Zk<m

(2.13)

under the condition ay ---apby -+ by = ¢™ ([10, Proposition 6.2]). In
fact, Proposition 2.1 is obtained by rewriting the both sides of (2.13) in
terms of W series.

83. Transformations between n-ple sums and m-ple sums

As the preparation for the next section, we derive below several
types of balanced duality transformations among ® series and W series
from the balanced duality transformation (2.9) through limiting pro-
cedures. They include two new transformations that generalize sWr
transformations (Propositions 3.4 and 3.5).
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3.1. Transformation between W series and ® series

First, we present a transformation between W™™+! series and Dol
series. It generalizes the following transformation between terminating
sWr series and terminating balanced 4¢3 series:

a2qN+2
bede

_ (@’ fbede,e,aq)y  Tq~, aqfbe ag/ce,aq/de,

= (aq/b,ag/c,aq/d)n " |4~V e, a?q? [bede, ag/e’ D]

Proposition 3.1. ([10] Proposition 6.1) We have

(31) 8W7 Cl;b, ¢, d7eaq_N;Q7

(3.2)

(b

- (am+1qm+1/BcDem)N (aqwi)N (eylzl)N
B (ag/c)n 1§1:£n ((ag/bi)zi)n 13111771 ((agq/di)y; )n

<o <{aq/dke}m ((aq/bse)s b, aqce M) |

{yetm [ {(ag/e)zi}tn,q' " /e
where B=0by---b, and D =dy---d,,.

Proof. 1In (2.9), setting g = pufq”, take the limit e — oo and change
the parameter as f — e. Q.E.D.

as e, {dpyrtm; N {eyy i g

Clm—&-1qN+7n+1
BceDe™

q—N

a1 BeDe™

We remark that, when m =1 and y; = 1, (3.2) reduces to
b} aZgN+?
3.3 e e
(3.3) ( {zi}tn Bede

_ (a%q*/Bcde, e) v H (aqx;) N
(ag/c,aq/d)n ((aq/bi)xi)n

. N .
a,c,d,q €14,

1<i<n

% ¢ q_N7 {(GQ/bie)ZCi}n, aq/ce, GQ/de. q,q
n+3¥Pn-+2 ql_N/e,{(aq/e)xi}n,az(f/Bcde,’ 9
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Also, when n =1 and x; = 1, (3.2) reduces to

am+ 1 qN+m+1
bC'de™

(34) 2m6Wames [a; b {cryrtm: d {ey Ymsa N5 a,

(am+1qm+1/deem,aq)N H (eylzl)N
(ag/b,aq/d)n (e ((aa/er)yy )N

m {aq/dke}m aq/bev aq/ce
d .
e ( {uekm | aafe,q" =" /e o

When m = n =1 and z; = y; = 1, (3.2) reduces to (3.1). Special
transformations like (3.3) and (3.4), where one side is a single sum, will
be crucial in the argument of the next section.

Remark 3.1. In [10], (3.2) was proved by taking the coefficient
of uN in the both side of the multiple Euler transformation (3.14) be-
low. In [27] Rosengren gave another proof using his reduction formula
of Karlsson-Minton type. As is mentioned in [27], the balanced duality
transformation (2.9) itself can also be considered as a special case of
(3.2).

q—N

am“bcDe’”

3.2. Two transformations among ¢ series

We now propose a transformation between terminating balanced
P, o series and terminating balanced @', series. It generalizes the
Sears transformation for terminating balanced 4¢3 series:

q7N7a, b?C }

(35) 4¢3 |:d,e,ab6q1N/d€;q,q

_ (e/a,de/bc)n s g N, a,d/b,d/c
= (esdejabe)y P |d,aq" N fe,defbc DI

Proposition 3.2. ([10, Proposition 7.1]) We have

n {bitn | {eryrtm
(36) m,2 ({xz}n {(dyk}m q, Q>

—N
a, q

e, aBCq'=N /d™e

(e/a,d™e/BC)n
(e,dme/aBC)n

<o, ({d/ck}m ‘ {(d/b)}

a, q -

{Yk}m {dzi}n d™e/BC, ¢'Na/e

Q>(1>-
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Proof. In (2.9), replace the parameters d,e and f by aq/d,aq/e
and aq/f respectively, and take the limit @ — 0. Then change the
parameters again as f — d and d — aBCq' ™ /def™. Q.E.D.

When m =1 and y; = 1, (3.6) reduces to

(3.7) o7, <{bi}n ‘ q,q>

(¢/a,de/Bc)n ¢ N, a,{(d/bi)wi}n, d/c

(e7de/ch)N n+3¢n+2 |:q1—Na/e’ {dl’i}n,de/BC;%q .

—N
a,q

e,aBeq N /de

When m =n =1 and z; = y; = 1, (3.6) reduces to (3.5). (Further
information on the multiple Sears transformation (3.6) can be found in
9.

We next derive a transformation between terminating balanced
@7 41 series and terminating balanced ®7°, ., series. It generalizes the
following transformation formula for terminating balanced 4¢3 series:

-N
q ) bv C,
(38) 4¢3 |: d,e, f aq7Q:|

(ef/abvef/ac’a)N ¢ q_N,ef/abc,e/a,f/a .
(e, fef fabe)y *7% |def/a?be,ef jab,ef fac D1
(abeg' =N = def).

We remark that (3.8) is obtained by reversing the order of summation
in the Sears transformation (3.5), or alternatively by iterating the Sears
transformation twice.

Proposition 3.3. ([10, Proposition 7.2])  Under the balancing
condition a™Beq' N = dEf, we have

(3.9)
A )
R R W
ot (S | (S ),

where z; = bj/Bx; (1 <i<n) andwy =y, " (1 <k <m) respectively.
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Proof. In (2.9), change the parameters as ¢, — ag/c (1 <k <m)
and e — ag/e, and put a = 0. Next change the parameters again as
f—a, d—=c cpg—e (1<k<m), e— f. Q.E.D.

When m =1 and y; = 1, (3.9) reduces to
-N

(3.10) T2 <{bi}” @ q,q>

c

{zi}n | d e, f

_ (ef/aB,a)n I ((ef Jac)zi) N
(e, f)n ((ef/aBc)zi)n

1<i<n
% d) qiNve/avf/av{(ef/abic)zi}n .
3002 \def Ja®Be,ef faB, {(ef fac)zi}, DY

under the condition aBcg' ™" = def, where z; = b;/Bx; (1 < i < n).
When m =n =1 and z; = y; =1, (3.9) reduces to (3.8).

3.3. Passage to the multiple basic Euler transformation

Let N tend to infinity in the multiple Sears transformation (3.6).
Then we obtain a transformation between @7, | series and @7, series
which generalizes the transformation

a,b,c de}  (e/a,de/be)s a,d/b,d/c e]

A1 — = —
(3 ) 3¢2 |: d,e ’ ’abc (e,de/abc)oo 3¢2 |: d, de/bc 14, a

for nonterminating 3¢, series.

Lemma 3.1 ([9]). We have

n {bl}n {Ckyk}m
(3.12) (I)m,l <{xl}n (dys}m

(e/a,d™e/BC)
(e,d™e/aBC)

m {d/ck}m e
X (I)n,l ( {yk}m q, (1)

under the convergence condition max(|d™e/aBC|,le/al) < 1.

a

e

d™e
& BC

{(d/bi)zi}n

a
dme/BC
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For the convergence of multiple series, see Milne-Newcomb [25, 26]
and Milne [22]. When m =1 and y; = 1, (3.12) reduces to

{bz’}n d™e
©uBC

_ (e/a,de/Bc)s s [d/c,a,{(d/bi)xi}n_ e
(e,de/aBc)s n 2Pt de/Be, {dxi}n 4

c
d

a

e

(3.13) o7 (

under the convergence condition max(|d™e/aBC], le/a|]) < 1. When
m=mn=1and z; =y =1, (3.12) reduces to (3.11).

Changing the parameter e — aBCu/d™ and taking limit as a — oo
in (3.12), we obtain the following multiple basic Euler transformation.

Theorem 3.1. ([10, Theorem 1.1]) Under the convergence condi-
tion max(|u|, |[ABu/c™|) < 1, we have

n {al}n {bkyk}m
(3.14) @7, <{xz}n (cvtm q,u)

(ABu/) oo o ({/bi}m
O L S

where A=aq---a, and B="5b1---b,,.

{(c/a;)zi}n
{cxi}n

Note that, when n =m =1 and 21 = y; = 1, (3.14) reduces to the
basic Euler transformation formula for o¢1-series: :

a,cb;q’u} = (CL(EZ)/:})C 201 {C/b’ C/a;q,abu/c] .

c
Remark 3.2. We have investigated so far the following four typical
transformations for multiple basic hypergeometric series of type A.

(3.15) 201 {

a) Balanced duality transformation (2.9) (terminating 10Wy)

b) Watson type transformation (3.2) (terminating sW7 and 4¢3)

¢) Multiple Sears transformation (3.6) (terminanting 4¢3 )

d) Multiple basic Euler transformation (3.14) (nonterminating 2¢1)

We have shown in fact the implications a) = b) and a) = ¢) = d),
regarding a) as the master identity. We also have gaven a remark on
b) = a) in Remark 3.1. Note that the multiple basic Euler transfor-
mation (3.14) itself is the main theorem of our paper [10, Theorem 1.1],
from which we have deduced the other three transformations. This means
that these four transformations are equivalent to each other, and that any
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of them can play the part of a master identity for multiple basic hyperge-
ometric transformations of type A. This fact could be considered as one
of the most remarkable features of multiple basic hypergeometric series
and their transformations.

Remark 3.3. In our previous work [11], we derived some multiple
generalizations, as well as their applications, of other Heine transforma-
tions and a basic Pfaff transformation from (3.6) and (3.9) in a similar
way as in this paper.

3.4. Transformations for W series

Here we present two types of new transformations for W series which
are derived from the balanced duality transformation (2.9)

1
We first give a transformation between nonterminating W™ se-

ries and nonterminating Wl"ln'H series. It generalizes the following

transformation formula for nonterminating gW7 series:

(3.16) sWo [a;b7 c, d,e,f;q,aqu/bcdef]
_ (ubf/a,pcf/a, pdf /a, pef/a, ag, f)oo
(aq/b,aq/c,aq/d,aq/e, pq, pf/a)so
x sWr [p;aq/bf,aq/cf,aq/df, aq/ef,ufasq, f],

where p = a3¢?/bede f2, under the condition max(|a?q?/bedef|,|f|) < 1.

Proposition 3.4. Assume that |am+1qm+1/BCdefmxi| < 1 for all
i=1,---,n and |fy,;1| <1 forallk=1,--- ,m. Then we have

(3.17)
n,m+1 {bz}n a qu
W—l + < {xl}n BCd@fm )
_ (udf/a, pef/a)o 11 ((uerf [a)yr, Fyi oo
(ag/d,aq/€)oc | i<, (Layk, (ag/cx)y; oo

(agzs (ubsf ;o
H ((ag/bs)ws, (1nf /@) oo

mont1 [ {aq/ckfm _{aq } aq aq {uf 1}. )
8 Wil ( {yk}m K f df .f v n7q,f ’

where p = a™2qmt /BOdefm L.

Proof. Setting g = ufq" in (2.9), let N tend to infinity. Q.E.D.

1 m—+1
a; {cryrtm.d.e; {fyr tmiq,
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When m =1 and y; = 1, (3.17) can be stated as

(3.18) W ( {zf}”

 (ucf/a, pdf Ja, pef /a, f)oo (aqzi, (ubif/a)z; ) oo
(ag/c,aq/d,agfe. pq)oe 22 ((aq/bi)as, (uf fa)z; o
X 2n+aWanys (15 {(aq/b, f)xi}n, aq/cf, aq/df,
ag/ef {(nf/a)z;  Ynia. f],

where 1 = a®¢?/Bedef?. When m =n =1 and 7 = y; = 1, (3.17)
reduces to (3.16).

. . . . 1 .
We next give a transformation between terminating Wf’ler series

and terminating W_Tf"“ series. It generalizes the following transforma-

tion formula for terminating sW7 series:

a2qN+2

bede

(3.19) sWr {a;b, c,d,e,q Vg,

_ (GJQ/be7 aq/ce, aq, d)N
(aq/b,aq/c,aq/e,d/e)n

b
x gWr [q‘Ne/d; aq/bd,q Ne/a,aq/cd,e,q " q, —c] :
a

Proposition 3.5. The following identity holds:

(3.20)
n,m+1 {bz}n . . —1 —N . am+1qN+m+1
W+1 ( {mz}n a; {Ckyk}ma {dyk }ma €, q 54, BCdme

_ H ((ag/cre)y ' dyy )N H ((ag/bie)w;,aqri) N
AL Gagles b @ewi D AL Taafbom. @aforwon
mont1({aq/ckdym g Ne aqg | g Ne _n. Bed™!
(| ) A e ).
Proof. In (2.9), write e = a™+2¢™TN*+1/BCdf™g and let d tend

to infinity. Then change the parameters as f — d and ¢ — e to get
(3.20). Q.E.D.
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When m =1 and y; = 1, (3.20) can be stated as:

b} 3 a2qN+2
s21) w2 (L | 4cq N
( ) +1 ( {xz}n a;cia, e, q 54, Bede

_ (ag/ce,d)n H ((ag/bie)xi, aqr;) N
(ag/c,d/e)n | 22, ((ag/bi)zi, (ag/e)zi)n

X ony6Wants [¢ N e/d; {(ag/bid)zi}n, {(a Ve/a)z; ",
aq/cd,e,q N5 q,Be/a) .

When m =n =1 and z; = y; = 1, (3.20) reduces to (3.19).

§4. Transformations of n-ple sums

We have shown in Section 3 that the balanced duality transforma-
tion (2.9) gives rise to various transformations between n-ple sums and
m-ple sums. In the case of a transformation that relate a multiple sum
to a single sum, it is a common feature that the single-sum side has
bigger symmetry which is not apparent in the multiple-sum side. In
this section, we use this symmetry of single sums for constructing vari-
ous transformations between multiple series within an equal number of
running indices. They include a number of transformations previously
known by Milne-Lilly [24] and our paper [9], as well as new transforma-
tions.

We remark that this method of symmetry, based on transformations
from multiple sums to single sums, was first used in our previous work
[9], and was developed by [15] in the study of multiple elliptic hyperge-
ometric transformations.

4.1. Watson transformations between W™? and 7 5 series

In this subsection and the next, we derive two A,,_1 generalizations
of the Watson transformation between terminating W series and ter-
minating balanced 4¢3 series ([7, (2.5.1)]):

a~q
bede

_ (agaq/de)y g N,de aq/bc
(aq/d,aq/e)n *** |aa/b,aq/c,deg™™ ja’ P9

2 24N
(4.1) sWr [a;lh c.dye,q Vg, ]
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Proposition 4.1. We have

a;c,d;e,q 5 q, Bede

(4.2) w2 ( g’:i’;

_ (ag/Bd)y 11 (azi)n
((

(ag/d)N 1<i<n aq/bi)r;) N

N a2qN+2>

d N

aq/e

aq/ce, q~

{zi}n ag/c, Bdg'~" /a

Proof. In (3.6), set n = 1 and change m to n to get

x ®F ( {bi}n

)

Voo fufe 1 (e eV/ac)y
(43) n+3¢n+2 |:e’ {,Ui}n7ach1—N/eV7Q7q:| = (E/G,BV/CU)N

<o, ({vi Juite | 1/c . q) .

—-N
a, q

{vitn 1 | eV/eU, agt=N /e

Equation (4.2) is obtained by identifying the terminating balanced ,,13¢,+2
series appearing in (4.3) and (3.3). In view of the set of variables

(4.4) ({(aq/bie)x;}n,aq/ce,aq/de, a*q* ) Bede, {(aq/e)w }n)

in the ,,43¢n+2 series in (3.3), apply the change of variables

(4.5) a — aq/ce, ¢ — aq/de, e — a?q®/Bede,
. u; — (ag/bje)x;, v; — (ag/e)x; (i=1,---,n).

to (4.3). Then the left-hand side of the resulting formula coincides with
the ,,13¢,+0-series in (3.3). Q.E.D.

Note that both the W series and the ® series in (4.2) terminate with
respect to the length of multi-indices (by confining the running multi-
indices to those with length < N); we call such terminating multiple se-
ries triangular. As compared with those triangular cases, we call a finite
multiple series rectangular if it terminates with respect to a fixed multi-
index M = (my,...,my,) € N® as a sum over v = (y1,...,7,) € N”
such that v; <m; (i =1,...,n). Using a general recipe, one can trans-
late identities for triangular multiple series into those for rectangular
multiple series, and vice versa.
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Corollary 4.1. (S.C. Milne and G.M. Lilly [24, Theorem 6.1])
The following identity holds:

wo e (T

_ (GQ/bd)\M| H (aqxi)mi
((

(aa/d)pr) |25, ((@a/D)i)m,

2 | M|+2
a
a;c,d; b, e; q, q>

bede

d
aq/e

agq/ce, b
aq/c,bdg' =™ /a

X O, (%;:;jn q,q) .

Proof. We first write the prefactor in the right-hand side of (4.2)
as a quotient of infinite products. Set b, = ¢~ in (4.2), and notice
that (4.6) is true for b = ¢~ for all nonnegative integer N. Clear the
denominators in (4.6). Then we find that it is a polynomial identity in
b~! with an infinite number of roots. Thus, (4.6) is true for arbitrary
b. Q.E.D.

We remark that all the corollaries of rectangular type in this sec-
tion can be proved from the triangular versions by similar polynomial
arguments. For this reason we omit proofs for the corollaires below.

The next proposition is a variant of (4.2) which is obtained by com-
bining (3.3) and (3.9) with n = 1.

Proposition 4.2. We have

o e

_ (axy, (aq/bie)z;) N
- 1l ((ag/b;)x;, (ag/e)z;)n

2 N+2
a
a;e,die,q Vg, chde>

1<i<n

<o ({2

where z; = b;/Bx; for 1 <i<mn.

aq/cd N

Beq N /a

e, ¢
ag/c, agq/d

qu)a
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Proof. In (3.9), set n = 1 and change m to n:

-N
q ,a, C, {ul}n .
(48) n+3¢n+2 |:e’ {vi}n,achl_N/eV’ qvq:|

_ (eV/aU,eV/cU)y (wi)n
o (eV/acU,e)n H

(&
—N

eV/acU,q~N

qt eV/alU,eV/cU

x @7, ({E);{_lfi" q,q> :

Equation (4.7) is obtained by identifying the terminating balanced ,,1+3¢,+2
series appearing in (4.8) and (3.3) through the change of variables (4.5).
Q.ED.

Corollary 4.2.

T 2| M|+2
49 e (A" g e, L
) < {zitn 1TOCPCD e
— H (aqzia (aq/bE)ZEZ)mZ
1<i<n ((aq/b)zi, (aq/e)Ti)m,
{bi}n aq/cd e, ¢ N
@n
P12 ({Z’L}n Beq_N/a aq/ec, aq/d q,9 |,
where z; = ¢ Mgt fori =1, n.

Remark 4.1. The transformation (4.7) can also be proved by a lim-

iting procedure from the multiple Bailey transformation for W™3 series
([15, (4.36)]):

it 3 a\ 1+N
(4.10) W“(%{ii a;b,e,diq N, f, %f ;q,q>

-] (agzi, (ag/eif)xi, (Ag/ei)zis (Ag/ f)zi)n
1\ Zien ((ag/ei)zi, (aq/ )i, Mgz, (Aq/eif)zi)n

<we (G

where X\ = a®q/bed and z; = e;/FEx; for 1 <i < n.

aq aq aq _y f arg' ™
7Cd7bd7 bc7q b) b Ef 7q7q b
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4.2. Watson transformation between Wff and &3, series

We next present Watson transformations between terminating W_tf
series and terminating balanced ®4 ; series. They are proved by com-
bining (3.21) and (3.4) through terminating o,,46Wapn+5 series.

Proposition 4.3. We have

n2 ( bitn | N
(411) W+1 ( {xi}n avcvdaeaq 54, Bcde
_ (ag/Bo)n 11 (agzi)n
(ag/)n | 22, ((ag/bi)z:)n
n {bl}n c, aq/de qu
o ({xi}n ag/d, agfe | ¢V Befa | T7)

Proof. 'We combine (3.21) and (3.4). Changing the parameteriza-
tion, (3.4) can be rewritten as

(412) 2n+6W2n+5 |:(l; b, {Uz}n7 d, {Ui}nv q_N; q, bdUV
(a"t1g" L /bdUV, aq) n H (vi)N
(aq/b,aq/d)n (aq/ui)N

g, ) 1),

The very well-poised balanced 2,,4+6Wap 15 series in (3.21) and (4.12) are
identified through the change of variables

an-l—qu-l—n-l—l :|

1<i<n

q—N

a™ gt /bdUV

aq/b, aq/d
ag, ¢*N

(4.13) —ate/d, b= ag/cd, d— e,
. u; — (ag/bid)zi, v — (¢ Ne/a)z; " (i=1,--,n)
in (4.12). Q.ED.
Corollary 4.3. The following identity holds:
—m; 2 |M|+2
g1 we (T G e g @Y
( ) +1 ( {xz}n a;c;o,a,e;q, bcde

_ (ag/bc)iny _(agi)m,
~ (ag/c)m 1}; ((aq/b)ai)m,

n q—mi "
X (I)z,l <{{x}}

¢, aq/de
agq/d, ag/e

an)-

g Mlbe/a
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4.3. Sears transformations for ®7, series

In this subsection and the next, we present two @7 5 generalizations
of the Sears transformation formula for terminating balanced 4¢3 series
(3.5). They are derived by using special cases of (3.6) and (3.9) through
terminating balanced , 43¢, +2 series.

q, Q>

dfe, g N
de/ac, Bq*~N /e

Proposition 4.4. We have

(4.15) @7, ({bi}"

c N

d

a, q-
{xl}n €, aBqu_N/de
_ (¢/Bydefac)n o, [ {bi}n

" (edefaBoy <{xi}n q7q>~

Proof. We combine (3.10) and (4.8). The terminating balanced
n+30nt2 series in these formulas are identified through the change of
variables

d/a
d

a—e/a, c— fla, e— def/a®Be,
4.16
( ) ui—>efzi, Ui%gzi (1<i<n).
ac

abie
Q.E.D.
Corollary 4.4. The following identity holds:

(417) @7, <{q_mi}" q, q)

C

d

a, b
e, abeq'~M!/de

{xi}n

_ (e/b,de/ac) o {q_ml}n d/a d/C,b
(edefabe)ary 12\ L1 d | de/ac, bg*~ 1Ml /e Ga)-
Proposition 4.5. We have
{bi}n c avqiN
4.1 o
(4.18) 1,2 ({xz}n d | e,aBcq' = /de &4

_ _(de/ac)y 11 ((d/bi)wi) N

(de/aBc)n Zien (dzi)N
n {bi}ﬂ/ 6/C 6/”‘7 qu
X 012 <{Zl}n ¢ NB/d | de/ac, e ©q)>

where z; = b;/Bx; for 1 <i<n.
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Proof. Combine (3.7) and (4.8) through the change of variables

a— a, ¢c—d/e, e— de/Bec,

(4.19) d
u; —> 5L Ui —dz; (1<i<n).

Q.E.D.

Corollary 4.5. (S.C. Milne and G.M. Lilly [24, Theorem 6.5])
The following identity holds:
q7Q>

{a=™
e/a, b

a,b

4.20 oF ’
( ) 1,2< {zi}n

de/ac, e

e,abeq M /de

c
d

_ (de/ac) ((d/b)zi)m,
a (de/abc)\M\ 131:£n (dz)m,

N R U efc
X P < {zi}n g ™Mlb/d

QaQ> )
where z; = quiHM‘xi_l for1 <i<n.
Remark 4.2. FEquations (4.15) and (4.17) can be proved by the
iteration of (4.18) and (4.20), respectively. Including this fact, in our

previous work [12] we gave a description of the transformation properties
of ®F 5 series in the limit ¢ — 1.

Remark 4.3. The two Watson transformations (4.2) and (4.7)
transforms to each other by the Sears transformation (4.18). Similarly,
(4.6) and (4.9) transform to each other by (4.20).

4.4. Sears transformation for ®7, series
:

Here we propose the Sears transformation for ®% , series. It is proved
by using two special cases of (3.2) through terminating o, 4.6 Way, 5 series.

Q;q>

q—N

d

Proposition 4.6. We have

n {al}ﬂ ba c
(4.21) ®21 ({xi}n e, Abcq'=N /de

((de/be)z, (e/ai)xi) N

19I£n ((de/aibc)z;, exi)n
% n {az}n
Q)Q,l ( {27}71

where z; :ai/Ag;i fgri:LQ’... M.

qu

d

d/b, d/c
de/be, Aqg*—N /e

QaQ>a
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Proof. Rewriting (3.4) as

‘ -N
(4.22) 3, GZ? ‘ Ablc):fc*N/de ' q’q>
_ (de/Ac,de/Ab)N H ((dea;/Abc)z; ) N
© (de?/Abe,d)n Zien ((de/Abo)zi )y
X on+6Wants [de*q™" JAbe; {(e/ai)zitn,
{(deq™" /Abe)z; " Yu /b efe,q™ N q,dg™]
combine (4.22) and (4.12). The very well-poised balanced 2,1+6Wapt5
series in these formulas are identified through change of variables:

dqu—l
(423) aéw, b—>e/b, d—>e/c,

w; — (deq_l/Abc)xi_l, v; = (efai)x; (i=1,---,n).
Q.E.D.

Corollary 4.6. (S.C. Milne and G.M. Lilly [24, Theorem 6.8])
The following identity holds:
Q7Q>

(4.24) o7, <{qmi}"
q’ q) )

I ((de/bc)zi, (e/a)zi)m,
((defab)ze, ez:)m,

Remark 4.4. In the original work of Milne-Lilly [24], (4.24) is
referred to as the C, Sears transformation. The equation (4.21) can be
obtained from the multiple Bailey transformation (4.10) in the following
way: First replace the parameters as d — aq/d and f — aq/f in (4.10),
and then let a tends to infinity in the resulting formula.

a
d

b, ¢
e, abeq =Ml /de

1<i<n

can (1

d/b, d/c
de/be, aqt~1Ml /e

a

d

where z; = qmi_‘M|x;1 fori=1,2,--- n.
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4.5. Transformation for nonterminating Wff series

. . . . 2 .
Here we derive a transformation for nonterminating W";" series
which generalizes the nonterminating gW; transformation

b a?q?
(425) 8W7 a;o,c, 7eafaq7 bcdef:|
(ag,aq/ef, Nq/e; 7\q/ f)oo [ aq
We A\ Ab/a, Ac/a, Ad/a, e, fiq,—. |,
(aq/e,aq/f A, Mafef)os” fa;hefa, Mdfa,e, | ef

for where A = a?q/bed. 1t is proved by using (3.18) through nontermi-
nating 9, +6Wan45 series.

Proposition 4.7. We have

2.2
4.9 n,2 {ei}n . L. a~q
( 6) W—l ( {xz}n a; b7 C, dafyqv deEf

_ (agxi, (aq/e; f)zi, (Aa/ei)zi, (M) f)zi)oo
1<i<n ((ag/ei)zs, (aq/ fzi, (Aq/eif)zi, Agzi) oo

v

where A = a®q/bed and z; =

A;aq/cd, aq/bd, aq/be; f;q, %) ,

S

%x;l.

Proof. In the g9,16Wan15 series appearing in (3.18), interchange
the parameters (aq/b; f)z; and (uf /a)z;* (i = 1,--- ,n) simultaneously.
Q.ED.

Remark 4.5. Equation (4.26) can also be obtained by taking the
limit N — oo in the multiple Bailey transformation (4.10).

§5. Summation formulas

In this final section, we give some remarks on summation formulas
which are obtained as special cases of multiple basic hypergeometric
transformations in Section 3. We also give a new proof of the basic
analogue of the Minton—Karlsson summation due to Gasper [6].

5.1. Summation formulas for W series
The transformation (3.2) with m = 0 implies Milne’s generalization
of Rogers’ summation formula [7, (2.4.2)]

Nt (G/Q7 aQ/bC)N

be | (aq/bagq/o)n

(5.1) W |aib,c,q g, L
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to terminating W™! series.
Corollary 5.1. (S.C. Milne [22, Theorem 2.1]) We have
b‘} B an—H
2 n,l { 1yn . N .
(aq/Bc)y I (agzi)n
((

(ag/c)n 1<i<n aq/b;)x;) N .

Remark 5.1. The summation (5.2) is equivalent to the A,_1 mul-
tiple q-binomial theorem

A(zq") (a;mi/x5)y, _ (AN
>3 2 aw AL Gamp. T x
YEN™ |y|=N 1<ij<n THTIIE
From this formula, it follows that the @7, . series with m = 0 essentially
reduce to ,11¢, Series as

(54) @, (Eg: ' | }Zﬁ: qm) = r10; [A{’e{sc}sjr;q;ﬂ :

The transformation (3.20) with m = 0 gives a generalization of
) . . . n.,1 .
Rogers’ summation formula to terminating W'} series.

Corollary 5.2. The following identity holds:

N a2qN+2>

a;5 6,4 54, Be

55 wit (g

_ ((ag/bic)zi, aqz;) N
a H ((aq/bi)zs, (ag/c)xi)n

1<i<n

As the special case of (3.17) with m = 0, we obtain Milne’s gener-
alization of Jackson’s ¢-Dougall summation [7]

aq1  (ag,aq/cd,aq/bd,aq/bc)s

. beodig, L] =
(5:6)  oWs|asbe.diapoa] = (ag/bed, agb, age,aq)d)ne

. . 1 .
to nonterminating W";" series.
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Corollary 5.3. (S.C. Milne [21, Theorem 4.27]) Assume that

Bd x; ’<1f0rallzf1 -+ ,n. Then we have
n,1 {bz}n a2q2
. W’ d;-
(5 7) —1 ( {xi}n a;C,as- 5 q, 5 Bcd

(aq/Bc,aq/Bd) s H (agzi, (agb;/Bed)x; ") oo
(ag/c,aq/d)os 22 ((aq/bi)i, (aq/Bed)r; Voo’

5.2. Summation formulas for ® series

A multiple generalization of the Pfaff-Saalschiitz summation formula
[7, (1.7.2)]

655 s [ ST o] - Lot

c,abg'~ N/c’q’q ~ (¢,c/ab)y
is obtained as the special case of (3.2) with m = 0.

Corollary 5.4. (S.C. Milne [22, Theorem 4.15]) We have

Ajfn -N
(5.9) q)?,l <%Ij‘n Ab;]l N/C Q>
(¢/b)N ((c/ai)xi)n
(c/Ab) N H (cxi)n

1<i<n

By the general recipe as in the proof of Corollary 4.1, from the
multiple summation (5.9) of triangular type we obtain the following
rectangular version.

Corollary 5.5. (S.C. Milne [22, Theorem 2.2]) We have

(5.10) T, <{q_mi}" ‘ q, q)

{zi}n abg* =Ml /¢

(c/b)iu| ((c/a)xi)m,
(¢/ab)|n| L\ 2ien (cxi)m

We now apply the transformation (3.13) to rewrite the left-hand side

of (5.10) into an 420,11 series. Then, the resulting formula turns out

to be Gasper’s g-analogue of the Minton—Karlsson summation.

b
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Corollary 5.6. (G. Gasper [6, Equation (19)])

a,b,{cq™ wi}y, a~lgl—IMI
(511) n+2¢n+1 |: bq, {sz} 7(17 q
— Ml q,bq/a H C/b
(bg,q/a)oo 1Zien (@),

This means that Gasper’s g-analogue of the Minton—Karlsson sum-
mation (5.11) for ,i2¢,4+1 series and the multiple g-Pfaff-Saalschiitz
summation (5.10) transform into each other through the multiple 3¢9
transformation (3.12).

We have shown that various A,_; multiple hypergeometric sum-
mation formulas due to Milne and his collaborators are interpreted as
special cases of the transformations discussed in Section 3. (For their se-
ries of works, see the references cited in Milne [23] and Milne-Newcomb
26))

In view of the results in Section 4 and this section, we may say that
our multiple basic hypergeometric transformations in Section 3 recover
a large extent of previously known results on A,_; multiple summa-
tions and transformations as special cases. Also, we have clarified in
this paper that a variety of identities that characterize A, _; multiple
basic hypergeometric series arise from the symmetry hidden behind the
transformations between multiple sums and single sums.

Acknowledgments

I would like to express my sincere thanks to Professor Etsuro Date
and especially to my former adviser Professor Masatoshi Noumi for their
encouragements. I also thank Professor S.C. Milne for valuable com-
ments. Finally, my thanks go to one of the editors and the referees for
their suggestions and criticisms for the improvement of this paper.

References

[1] W.N. Bailey: Some identities involving generalized hypergeometric series.
Proc. London Math. Soc. (2), 29(1929), 503-516.

[2] W.N. Bailey: An extension of Whipple’s theorem on well-poised hypergeo-
metric series. Proc. London Math. Soc. (2) 31 (1930), 505-511.

[3] W.N. Bailey: Transformations of well-poised hypergeometric series. Proc.
London Math. Soc. (2) 36 (1934), 235-240.



Multiple basic hypergeometric transformations 273

[4] W.N. Bailey: Generalized hypergeometric series. Cambridge Tracts in
Mathematics and Mathematical Physics, no. 32, (1935).

[5] LB. Frenkel, V.G. Turaev: Elliptic solution of Yang-Bazter equation
and modular hypergeometric functions. The Arnold-Gelfand seminars,
Birkhauser Boston 1997, 171-204.

[6] G. Gasper: Summation formulas for basic hypergeometric series. STAM
J. Math. Anal. 12 (1981), no. 2, 196-200.

[7] G. Gasper, M. Rahman: Basic hypergeometric series. (2nd. ed.) Encyclope-
dia of Mathematics and Its Applications, (G.C.Rota, ed.), vol. 35, Cam-
bridge Univ. press, Cambridge, 2004.

[8] J. Horn: Ueber die Convergenz der hypergeometrische Reihen zweier und
dreier Vednderlichen. Math. Ann 34 (1889), 544-600.

[9] Y. Kajihara: Some remarks on multiple Sears transformation formula. Con-
temp. Math 291 (2001), 139-45.

[10] Y. Kajihara: Euler transformation formula for multiple basic hypergeomet-
ric series of type A and some applications. Adv in Math 187 (2004),
53-97.

[11] Y.Kajihara: Multiple Generalizations of g-Series Identities and Related
Formulas. in "Partition, g-series and Modular form. (ed. K. Alladi and
F. Garvan)” Development of Math. 23 (2012), 159-180.

[12] Y. Kajihara: Symmetry groups of A, hypergeometric series. SIGMA 10
(2014), no. 026. 29 pages.

[13] Y.Kajihara: Transformation formulas for bilinear sums of basic hypergeo-
metric series. Can. Math. Bull. 59 (2016), 136-143.

[14] Y. Kajihara, M. Noumi,: Raising operators of row type for Macdonald poly-
nomials. Compositio Math. 120 (2000), 119-136.

[15] Y. Kajihara, M. Noumi: Multiple elliptic hypergeometric series — An ap-
proach from the Cauchy determinant — Indag. Math. New Ser. 14 (2003),
395-421.

[16] P.W. Karlsson: Hypergeometric functions with integral parameter differ-
ences. J. Math. Phys. 12 (1971), 270-271.

[17] S.C. Milne: An elementary proof of Macdonald identities for Al(l). Adv. in
Math. 57, (1985), 34-70.

[18] S.C. Milne: A g-analogue of hypergeometric series well-poised in SU(n) and
invariant G-functions. Adv. in Math. 58 (1985), 1-60.

[19] S.C. Milne: Basic hypergeometric series very well-poised in U(n). J. Math.
Anal. Appl. 122 (1987), no. 1, 223-256.

[20] S.C. Milne: A g-analogue of the Gauss summation theorem for hypergeo-
metric series in U(n). Adv. in Math. 72 (1988), 59-131.

[21] S.C. Milne: A g-analogue of a Whipple’s transformation of hypergeometric
series in U(n). Adv. in Math. 108, (1994), 1-76.

[22] S.C. Milne: Balanced 3¢o summation formulas for U(n) basic hypergeomet-
ric series. Adv. in Math. 131, (1997), 93-187.



274 Y. Kajihara

[23] S.C. Milne: Transformations of U(n + 1) multiple basic hypergeometric se-
ries. in ”Physics and combinatorics 1999 (Nagoya)”, 201-243, World Sci.
publishing, River Edge, NJ, 2001.

[24] S.C. Milne, G. Lilly: Consequences of the A, and C, Bailey transform and
Bailey lemma. Discrete Math 139, (1995), 319-345.

[25] S.C. Milne, J.W. Newcomb: U(n) very-well-poised 19¢9 transformations.
J. Comput. Appl. Math. 68 (1996), no. 1-2, 239-285.

[26] S.C. Milne, J.W. Newcomb: Nonterminating q- Whipple transformation for
basic hypergeometric series in U(n). in ”Partition, ¢-series and Modular
form. (ed. K. Alladi and F. Garvan),” Development of Math. 23 (2012),
181-224.

[27] H. Rosengren: Reduction formulas for Karlsson-Minton-type hypergeomet-
ric function. Constr. Approx. 20 (2004), 525-548.

[28] H. Rosengren: Elliptic hypergeometric series on root systems. Adv. Math.
181 (2004), 417-447.

[29] F.J.W. Whipple: A group of generalized hypergeometric series: relations be-
tween 120 allied series of the type Fla, b, c;d, e]. Proc. London Math.Soc.
(2) 23 (1925), 104-114.

Department of Mathematics, Kobe University, Rokko, Kobe 657-8501, Japan

E-mail address: kajihara@math.kobe-u.ac.jp



