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Explicit resolution of three dimensional terminal
singularities

Jungkai Alfred Chen
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Abstract.

We prove that any three dimensional terminal singularity P € X
can be resolved by a sequence of divisorial extractions with minimal
discrepancies which are weighted blowups over points.

81. Introduction

Terminal singularities are the smallest category that minimal model
program could work in higher dimension. In fact, the development of
minimal model program in dimension three was built on the understand-
ing of three dimensional terminal singularities: Reid set up some funda-
mental results on canonical and terminal singularities (cf. [20, 21, 22]),
Mori classified three dimensional terminal singularities explicitly (cf.
[18]) and then Kolldr and Mori proved the existence of flips by clas-
sifying ”extremal neighborhood” (cf. [19, 13]), which is essentially the
classification of singularities on a rational curve representing extremal
ray. Together with the termination of flips of Shokurov (cf. [23]), one
has the minimal model program in dimension three.

It is interesting, and perhaps of fundamental importance, to know
those birational maps explicitly in minimal model program. For exam-
ple, if X is a non-singular threefold and X — W is a divisorial con-
traction to a point then W could have simple singularities like (22 +
vP+ 22 +u? =0), (22 +y? + 22+ u? = 0), or a quotient singularity
2(1,1,1) (cf. [17]). It is expected that the singularities get worse by
further contractions.
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On the other way around, given a germ of three-dimensional termi-
nal singularity P € X, it is expected that one can have a resolution by
successive divisorial extractions. For example, given a terminal quotient
singularity P € X, one has the ”"economical resolution” by Kawamata
blowups successively. In [5], Hayakawa shows the following

Theorem 1. For a terminal singularity P € X of index v > 1,
there exists a partial resolution

X,—..>0X1—>Xg=X3P

such that X,, is Gorenstein and each f; : X;11 — X; is a divisorial
contraction to a point P; € X; of index r; > 1 with minimal discrepancy
1/r;. All these maps f; are weighted blowups.

It is natural to ask whether one can resolve terminal singularities
of index 1 in a similar manner, after Markushevich’s result that there
exists a divisorial contraction with discrepancy 1 over any cDV point
which is a weighted blowup (cf. [16]).

Definition 1.1. Given a three-dimensional terminal singularity P €
X. We say that there exists a feasible resolution for P € X if there is a
sequence
X, =X 1—>...0 X1 =>Xg=X3P

such that X, is non-singular and each X;11 — X; is a divisorial con-
traction to a point with minimal discrepancy, i.e. a contraction to a
point P; € X; of index r; > 1 with discrepancy 1/r;.

The purpose of this note is prove that a feasible resolution exists for
three dimensional terminal singularities.

Theorem 2 (Main Theorem). Given a three-dimensional terminal
singularity P € X. There exists a feasible resolution for P € X.

One might expect to construct such resolution by finding a divisorial
contraction with discrepancy 1 over a terminal singularity of index 1
and combining with Theorem 1. However, there are some technical
difficulties.

First of all, given a divisorial contraction Y — X > P with discrep-
ancy 1 over a terminal singularity P € X of index 1, then Y usually have
singularities of higher indexes. Resolving these higher index points by
Hayakawa’s result, one might pickup some extra singularities of index 1
in the process. However, the studies of singularities of index 1 was not
there in Hayakaya’s work.

Another difficulty is that singular Riemann-Roch is not sensitive
to Gorenstein points. Therefore, the powerful technique introduced by
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Kawakita (cf. [8, 9, 10]) to study singularities and divisorial contraction
by using singular Riemann-Roch formula is not valid.

What we did in this note is basically pick convenient weighted
blowups, keep good track of terminal singularities, and put them into
a right hierarchy. The hierarchy is as following: 1. terminal quotient
singularities; 2. c¢A points; 3. ¢A/r points; 4. ¢D and cAxz/2 poitns; 5.
cAx/4, ¢D/2, and ¢D/3 points ; 6. cEg points; 7. ¢E/2 points; 8. cEy
points; 9. cFEg points.

These involves careful elaborative case-by-case studies. The reader
might find that the structure is very similar to part of Kollar work
in [14]. Indeed, a lots of materials can be found in the preprints of
Hayakawa [6, 7], in which he tried to classified all divisorial contractions
with discrepancy 1 over a ¢D or c¢E point. Many of our choices of
resolutions are inspired by his works. This work can not be done without
his work in [6, 7]. For reader’s convenience and for the sake of self-
contained, we choose to reproduce the proofs that we needed here. The
existence of divisorial contractions and explicit descriptions are already
given by Hayakawa in his series of works. What is really new in this
article is that we choose those convenient weighted blowups and work
out the inductive process.

Acknowledgement. This work was done during the author’s visit
to RIMS as Visiting Professor. The author would like thank the hospi-
tality of RIMS. We would like to thank Prof. Shigefumi Mori for the in-
vitation and encouraging discussion during the preparation of the work.
We are indebted to Hayakawa, Kawakita, Kawamata, Kollar, Matsuki
for helpful discussions. The author would also like to thank Kolldr for
showing his work [14].

§2. Preliminaries

2.1. weighted blowups

We will need weighted blowup which are divisorial extraction with
minimal discrepancy. For this purpose, we first fix some notations.

Let N =Z"™ and vy = %(al, vy Q) € %Z”. We write N := N + Zuy.
Let o be the cone of first quadrant, i.e. the cone generated by the stan-
dard basis eq, ..., e, and 3 be the fan consists of o and all the subcones
of . We have that X := SpecCls" N M] is a quotient variety of C* by
the cyclic group Z/rZ, which we denote it as C" /vy or C"/21(ay, ..., an).

For any primitive vector v = %(bl, b, ...,b,) € N with b; > 0, we can
consider the weighted blowup X} — Ap := C"/vg with weight v, which
is the toric variety obtained by subdivision along v. More concretely, let
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o; be the cone generated by {ey,...,€;-1,v1,€;41,..., €}, then
Xl = U?:1u1‘7

where U; = SpecCla} N M]. We always denote the origin of U; by Q;
and the exceptional divisor & = P((by, be, ..., b,)) by P(v).

For any semi-invariant ¢ = Y «, x?...xf{l, and for any vector
v = %(bl,bg, ..yby) € N we define

..... in

o byi;
wiy(p) = mm{z %\az‘l,...,z’n # 0}
j=1

Let X € Ay be a complete intersection defined by semi-invariants

(1 = ... = . =0). Let Y be its proper transform in X;. By abuse the

notation, we also call the induced map f : Y — X the weighted blowups

of X with weight v, or denote it as wBl, : Y — X. Notice that Y N U;
is defined by ¢1 = ... = ¢, = 0 with

by bi—1 b; bit1 bn

™ T

T Tip1 T yee ey Ind

Q) =p(T12,” ..., T,
for each j. Let E := £€NY C P(v) denote the exceptional divisor and
U,:=U;NY.

Let X = (o1 = 92 = ... = . = 0) C C" /vy be an irreducible variety
such that o = P € X is the only singularities. Let Y — X > P be a
weighted blowup with weight v and exceptional divisor E = ENY C
P(v). We are interesting in Sing(Y"). We may decompose it into

Sing(Y) = Sing(Y )ina=1 U Sing(Y )ina>1,

where Sing(Y )inga=1 (resp. Sing(Y )ina>1) denotes the locus of singulari-
ties of index = 1 (resp. > 1). Clearly, the locus of points of index > 1
in X; coincide with Sing(P(v)). Hence we have

Sing(Y )inas>1 = Y N Sing(P(v)) = E N Sing(P(v)).

We will need the following Lemma to determine singularities on Y’
of index 1.

Lemma 3. Keep the notation as above. Consider wBl, : Y — X.
(1) IfU; = C™, then Sing(Y)NU; C Sing(E) NU;.

(2) IfY is a terminal threefold, then Sing(Y )ina—1 C Sing(FE)
Proof.  For each i, we may write ¢; = @; p, + @5 r, Where ¢; 5 (resp.

©i,r) denotes the homogeneous part (remaining part) of ¢; with weight
equals to wt, (@;).
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In order to prove (2), it suffices to check that Sing(Y )ina=1 NU; C
Sing(E) N U, for cach j. Without loss of generality, we work on U,,. For
simplicity on notations, we also assume that X is a hypersurface.

Let p, : C*" — U, = C"/u, be the canonical projection. On C",
p 1(Y) is defined by semi-invariant

Qb = th + &T = @h(xh sy In—1, 1) + SZM

with ,|@, and p; 1 (E) C p;*(U,) is defined by @), = x,, = 0.

Note that Sing(Y) € E for f : Y — X is isomorphic away from
p € X. Also note that a quotient of a three dimensional smooth point
can not be terminal singularity of index 1. Therefore,

Py (SIng(Y)ina=1 NU,) = p, ' (Sing(Y)ina=1 N Uy N E)
= p, ' (Sing(Y N Up)ina=1) N p;, ' (E)
C Sing(p,, ' (Y N U)) N py, ' (E)
=0 =Qpe. =Py, =Ty =0

CP=Qg, = ... =Py, , =Ty =0
= @h = @h,azl = ... = @h,xn,l =0
= Sing(p,, ' (E N Uy)),

where @, denotes g—i.

Since p,, is étale, therefore, p,(Sing(p, ' (ENU,))) C Sing(ENU,,).
The statement follows for hypersurface. The same argument works for
higher codimension as well.

The proof for (1) also follows from the similar argument. Q.E.D.

Corollary 4. LetY be a terminal threefold obtained by wBl, : Y —
X with weight v. Suppose that E is a quasi-smooth weighted complete
intersection in P(v), then Sing(Y )ina=1 = 0.

Proof. If E is a quasi-smooth weighted complete intersection in
P(v), then Sing(F) = E N Sing(P(v)). Therefore,
Sing(Y )ina=1 C Sing(E) C Sing(P(v)).

However, Sing(IP(v)) consists of quotient singularities of index > 1. This
implies in particular that Sing(Y )inq—1 = 0. Q.E.D.

2.2. weighted blowup of threefolds

Given a threefold terminal singularity P € X = (¢ = 0) C C*/vg
of index r, we usually consider weighted blowup wBl, : ¥ — X with
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weight v = 1(ay1, a2, a3,a4) and a; € Z=o . It worths to determine when
a weighted blowup is a divisorial contraction.

Theorem 5. Let P € X = (¢ = 0) C C* be a germ of three
dimensional terminal singularity and f = wBl, : Y — X with weight
v = 1(ay,as,as,1) with exceptional divisor E C P(v). Suppose that
e F is irreducible;
o 13 a;—wty(p)—1=1;
e cither Y NUy is terminal or E has Du Val singularities on Uy.
Then'Y — X is a diwisorial contraction.
Moreover, Sing(Y )ina=1NU4 C Sing(E)NUy. For any R € Sing(Y);nq=1N
Uy, R is at worst of type cA (resp. ¢D,cEg,cE7,cEg) if R € Sing(E) is
of type A (resp. D, Eg, E7, Eg).

Proof. Suppose that F is irreducible, then Ky = f*Kx+a(F,X)E
with a(E, X) = £ 3 a; — wt,(¢) — 1. Let D = (x4 = 0) C Div(X) and
Dy be its proper transform in Y. One has f*D = Dy + %E Hence
1 =1%"a;,—1—wt,(p) implies that

f"(Kx + D)= Ky + Dy

and hence Dy ~x —Ky.

Let g : Z — Y be a resolution of Y. For any exceptional divisor
F in Z such that g(Z) C Dy. One has ¢*Dy = Dz + mF + ... for
some m > 0. It follows that a(F,Y) = m > 0. Hence Y is terminal if
Y — Dy =Y NUy, is terminal.

In fact, by Lemma 3.(1), one sees that Sing(Y)NUy C Sing(E)NUsy.
If ENU, is DuVal, then Sing(F)NUy is isolated hence so is Sing(Y)NUj.
More precisely, for R € Sing(E) N Uy with local equation

Y= on(w1, . Ta)oy=1
of type A (resp. D, E), the local equation for R € Y NUy is of the form
1;[} + I’4g(I1, a3} I4),

which is a compound DuVal equation. Therefore, if R is singular in
Y, then R is a at worst isolated cDV of type cA (resp. ¢D,cE) 2. By
results of Reid [20], Kolldr and Shephard-Barron [15], an isolated ¢cDV

'Divisorial contractions to a point of index r > 1 have been studied exten-
sively by Hayakawa and are known to be weighted blowups

2If there are lower degree terms appearing in g, then the singularity R could
be simpler or even non-singular
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singularity is terminal. Hence Y is terminal and therefore f :Y — X is
a divisorial contraction. Q.E.D.

In the sequel, all weighted blowups with discrepancy 1/r over a
terminal singularity of index r can easily checked to be divisorial con-
tractions with minimal discrepancy 1/r by the above Theorem 5 or by
direct computation.

We will need some further easy but handy Lemmas.

Lemma 6. Let wBl, : Y — X be a divisorial contraction. If
wt, (2?) = wt, (@), then Sing(Y)NU; = 0.

Proof. Now E is defined by (® : x% + f(y,z,u) = 0) C P(v).
It is clear that Sing(Y)ina=1 N U1 C Sing(EF) N U; = (. Notice also
that @i is the only point in U; with index > 1 and @; ¢ Y. Hence

Sing(Y)NU; = 0. Q.E.D.
Lemma 7. Let wBl, : Y — X be a divisorial contraction. If
'z € ¢ with wt,(z]z;) = wt,() or " € ¢ with wt,(z]*) =

wty(p) + 1, then Y NU; is non-singular away from Q; and Q; is ei-
ther non-singular or a terminal quotient singularity of index wt,(x;).
In particular, Sing(Y )ina=1 NU; = 0.

Proof. On U;, Y NUj is given by (¢ = 0) C C*/Z,, with
5o xj + others, if wt,(x]"x;) = wt,(¢);
x; + others, if wt, (z") = wt,(¢) + 1.
Hence Y NU; = C?/Z,, and the statement follws. Q.E.D.

Lemma 8. Consider X = (¢ = 0) C C*. Suppose that R € X is an
isolated singularity and xy € ¢ or > +y? € ¢. Then R is of cA-type.

Proof. Up to a unit, we may assume that ¢ = xy + zg(z, z,u) +

yh(y, z,u) + ¢(z.u). Since ;;gy (R) =1 # 0, the local expansion near

R is of the form 7y + f(2,1) where T = = — x(R) respectively. Also
mult, f > 2. Hence it is a cA point. Q.E.D.

Corollary 9. Consider X = (¢ = 0) C C*/Z,. Suppose that R €
Sing(X )inq=1 is an isolated singularity and either xy € p or x> +y? € .
Then R is of cA-type.

Proof. Let : C* — C*/Z, is the quotient map. Since R is a index
1 point, m7~}(R) does not intersects the fixed locus of the Z, action.
This implies in particular that Z, acts on 7~ 1(R) freely and each point
of @ € 7~ 1(R) is singular in 771(X). By Lemma 8, Q is of type cA and
hence so is R. Q.E.D.
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By the similar argument, one can also see the following

Lemma 10. Consider X = (p = 0) C C*/Z, with r = 1,2,3.
Suppose that ¢ = 2% + f(y, z,u) with f3, the 3-jet of f, is nonzero and
not a cube. Let R € Sing(X) be an isolated singularity. Then R could
only be of type cA,cA/r,cD,cD/r or a terminal quotient singularity.

§3. resolution of cA and cA/r points

Lemma 11. Let f : Y — X be the economic resolution of a terminal
quotient singularity P € X. Then this is a feasible resolution for P € X.

Proof. Given a terminal quotient singularity P € X of type %(s, r—

s,1) with s < r and (s,7) = 1, we start by considering the Kawa-
mata blowup ¥ — X (cf. [11]), i.e. weighted blowup with weight
v o= %(3,7“ —s,1) over P. Tt is clearly a divisorial contraction with

minimal discrepancy %

Note that Sing(Y") consists of at most two points @1, Q2 of index
s, — s respectively. By induction on r, we get a resolution ¥ =Y, —
...—=>Y — X 5 P. It is easy to see that this is the economic resolution.

Q.E.D.

Theorem 12. There is a feasible resolution for any cA points.

Proof. For any cA point p € X, there is an embedding j : X c C*
such that P € X is defined by (¢ : zy + f(z,u) = 0) C C*. We fix this
embedding once and for all and define

7(P) := min{i + j|z'u’ € f(z,u)}.

We may and do assume that z7 € f. We write f = f; + f~,, where f;
denote the homogeneous part of weight 7.
We need to introduce

#(P) := min{i 4 j|z'v € f(z,u),i <1}

Since P € X is isolated, one has that f contains a term of the type
zuP~! or uP for some p. Hence 74(P) is well-defined. Notice also that
7(P) < 74(P).

We shall prove by induction on 7 and 7¥.

Case 1. 7 =2.

By easy change of coordinates, we may and do assume that f(z,u) =
22 +ub. We take Y — X to be the weighted blowup with weights
(1,1,1,1) (or the usual blowup over P). It is clear that Sing(Y) = {Q4},
which is defined by

(p:ay+ 22 +ub"2=0)cC
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By induction on b, we are done.
Case 2. 7> 2.
We may write f, = [[(z — aqu)'t since 27 € f. We take wBl, : Y1 — X
with weights v = (1,7 — 1,1,1). It is clear that Sing(Y )ina>1 = {Q2},
which is a terminal quotient singularity of index 7 — 1. Hence it remains
to consider index 1 points.

We have that

E=(xy+[[(z— o)l =0) cP(1,7 - 1,1,1).

Now Sing(E) = {R; = (0,0,a¢,1)};,>2. In fact, for any R, with
Iy > 2, one sees that R; C F is a singularity of A-type, it follows that if
R, is singular in Y, then it is of type cA with 7(R;) < ;.
Subcase 2-1. f, factored into more than one factors.
Then 7(R;) <, < 7, then we are done by induction on .
Subcase 2-2. If f, factored into only one factor.
We may assume f. = z” by changing coordinates. It is easy to see that
7(Q4) < 74(Q4) < 7#(P) hence

7(Q4) + 78(Q4) < 7(P) + F(P).
Then we are done by induction on 7 + 7. Q.E.D.

Corollary 13. There is a feasible resolution for any cA/r point.

Proof. Given P € X defined by

i i 1
(pray+ f(z"u) = J;y—|—Zaijz”u3 =0)C (C4/;(s,r—s,l,r).

Let
{ kH(p) := min{k|u” € f}
k(p) == min{i + j|z""u’ € f}.

We shall prove by induction on &f + k. Note that there is some u* € f
otherwise P is not isolated. Thus ! + & is finite and k < k¥.
1. kf=1,k=1.
Then P € X is a terminal quotient singularity. We are done.
2. kP4 k> 2
We always consider Y — X the weighted blowup with weights %(s, Kr —
s,1,r), which is a divisorial contraction by [4]. Computation on each
charts similarly, one sees the following:
(1) Y NU;p is singular only at @7, which is a terminal quotient
singularity of index s (non-singular on U; if s = 1).
(2) Y N U, is singular only at @2, which is a terminal quotient
singularity of index xkr — s (non-singular on Us if kr — s = 1).
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(3) Y N U;s is defined by xy + f(z,uz)z=" = 0 C C* Hence
Sing(Y") N Us must be of type cA by Lemma 8. There exists a
feasible resolution over these points.

(4) it remains to consider @4, which is locally defined by

o 1
~ . wr, i+j—Kk __ 4
(go.xy—&—Zaijz u't —O)CC/;(sm—s,l,r).
In fact, one sees that x#(Q4) = k#(P) — k(P) and x(Q4) < x(P).
By induction on kf + k, we have a feasible resolution over Q4. To-
gether with feasible resolution over other singularities on Y, we have a
feasible resolution over Y and hence over X. Q.E.D.

§4. resolution of ¢D and cAz/2 points

Given a c¢D,, point P € X which is defined by (¢ : 22 +y?2z+2""1 +
ug(z,y, z,u) = 0) C C* for some n > 4. We start by considering the
normal form of ¢D singularities.

Definition 4.1. We say that a ¢D point P € X admits a normal
form if there is an embedding

(p:a®+y*z+  yu! + f(z,u) =0) c C*

with the following properties:

(1) 1>2. (We adapt the convention thatl = oo if A =0.)

(2) zuP~l e foruf e f for somep>0if A=0.

(3) z97lu e f orz?e f for someq> 0.

An isolated singularity P € X given by this form (with 1 > 0 and
possibly not of ¢D type) is called a cD-like singularity, which is terminal.

For a cD-like singularity P € X, we define

pH(P € X) :=min{2i + jlz'u) € p,i =0 or 1};
(P € X) := min{2i + j|z'uw’ € ¢};

(P € X) :=min{u(P € X),2l —2};

(P € X) := min{i + j|z'v/ € ¢,i =0 or 1}.

Clearly, one has p” < pu < pt < co. Also pf, 7% < oo if A = 0.
Lemma 14. Given a cD-like point P € X defined by
(o: 2% + 322 + Myul + f(z,u) = 0) C C*,

with 1i° < 3. Then there exists a feasible resolution for P € X.
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Proof. If there is a linear or quadratic term in f, then P is non-
singular or of cA-type by Lemma 8. In particular, feasible resolution
exists. We thus assume that [ > 2 and we may write

f(z,u) = f3(z7u) + f24(z,u),

where f3(z,u) (resp. f>a(z,u)) is the 3-jet (resp. 4 and higher jets) of
F ()’
Case 1. [ > 3.
If © < 2, then P is at worst of type cA. Thus we may and do assume
that ¢ = 3 and hence u? € f3 # 0. Clearly, @3 = y%2z + f3 is irreducible.
Subcase 1-1. fs is factored into more than one factors.
We consider wBl, : Y — X with weight v = (2,1,1,1). One can verify
that £ = (y?z + f3(z,u) = 0) C P(2,1,1,1) is irreducible. By Lemma
7, one has that Sing(Y') N U; is non-singular away from Q; for i = 1, 2.
In fact, Y is non-singular at Q5. Therefore, ¥ — X is a divisorial
contraction by Theorem 5.

Since Q4 € Y, it remains to consider Y N Us, which is defined by

¢ wtey? A A f(zu) + foa
=22z +y? + My 2l + [T(u — o)t + fsa,

where f3(z,u) (resp. fs4(z,u) ) denotes the proper transform of
fa(z,u) (resp. fsa(z,u)). More explicitly, f3(z,u) = f3(z, zu)z =2 (#),

Let R be a singular point in Sing(Y)NUs. If f3 is factored into more
than one factors, then [, < 2 for all t. It follows that R is at worst of
cA type by Lemma 8. Notice also that Sing(Y )ina>1 = {Q1} which is a
quotient singularity of index 2. Thus feasible resolution exists.
Subcase 1-2. fs is factored into one factor.
We thus assume that f3 = (u — az)®. Change coordinate by

U=1u— Qzg;
J=y+452 5 Cladzl a7,
then we have
o =22 + 722 + A\ + @ + fou(z,0).

Therefore, we may and do assume that f3 = u® in the normal form.
We consider again wBl, : Y — X with weight v = (2,1,1,1). Since

E=(y’z+u®=0)CcP21,1,1),

therefore Y — X is a divisorial contraction by Theorem 5 (where Uy is
replaced by Us). Moreover, Sing(E) C (y = u = 0), hence Sing(F) C
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Uy UUs. Together with Lemma 7, it remains to consider @3, which is a
cD point given by

G 22z + y2 + )\yulzl_2 +ud + f24.

Change coordinate by § := z,z := y + %)\ul = 2!72 one sees that
Q3 is ¢D-like given by

- ; 1 .
Q: 2 4 3?22 +ud + foa— Z)\2u2l2’2l 4,

Clearly, Qs is still in Subcase 1-2 and 7(Q3) < 7(P) — 2. By induc-
tion on 7, we conclude that feasible resolution exists for this case.

Case 2. [ = 2.
Subcase 2-1. f3 =0.
We consider wBl, : Y — X with weight v = (2,2,1,1). Now

E = (x* + Ayu? + f4(z,u) = 0) C P(2,2,1,1)

is clearly irreducible. By considering Y N Uy, which is nonsingular, one

has that Y — X is a divisorial contraction by Lemma 7 and Theorem 5.
One sees that Sing(E) C (x = u = 0), hence Sing(E) C Us U Us.

Notice also that Q1 ¢ Y and Q2 € Y is a cA/2 point. Together with

Lemma 8, it remains to consider 03, which is a c¢D-like point and still in

Subcase 2-1. Clearly, 7(Q3) < 7(P)—2. By induction on 7, we conclude

that feasible resolution exists for this case.

Subcase 2-2. f3 # 0 and 3 = y*>2 + \yu? + f3 is irreducible.

We consider wBl, : Y — X with weights v = (2,1,1,1). Now

E = (y*z+ Ayu® + f3(z,u) = 0) C P(2,1,1,1).

One has that Y — X is a divisorial contraction by the same reason. By
Lemma 7, it’s clear that Sing(Y) N (U UUy; U Uy) = {Q1}, which is a
quotient singularity of index 2.

It remains to consider Q3. If f3 is factored into more than one
factors then the same argument in Subcase 1-1 works. We thus assume
that f3 = (Bu + az)3. In fact, one sees that Q3 is singular only when
fs = u3. Argue as in Subcase 1-2. We have a feasible resolution for
PeX.

Subcase 2-3. f3 # 0 and p3 = y?z + A\yu? + f3 is reducible.
In this situation, y?z + Ayu® + f3 = (y + (2, u))(zy + Au? — (2, u)z) for
some linear form I(z,u) # 0. Let § = y + (2, u), then we have

03 = §22 + Mju® — 2521z, u).
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We consider weighted blowup Y — X with weights (2,2,1,1). Now
E = (x* + \yu? — 2yzl(z,u) + fi(z,u) =0) C P(2,2,1,1),

is clearly irreducible. By considering Y N Uy, which is nonsingular by
Lemma 7, one has that Y — X is a divisorial contraction by Theorem
5. Since I(z,u) # 0, one sees that Y NUs; has at worst cA/2 singularities
and Y N Uz has at worst cA singularities. Therefore feasible resolution
exists. Q.E.D.

By [16, Proposition 1.3], we have that
(1) if P € X is cDy, then ¢ = 2% + ¢3(y, 2,u) + ©>4(y, 2, u) with
©3(y, z,u) is not divisible by a square of a linear form;
(2) if P € X is ¢D,, with n > 5, then p = 2% + y?2 + p>4(y, 2, u).
Therefore, the plan is as following: for ¢D,4 points, the parallel argu-
ment as in Lemma 14 works. For ¢D,, > 5 points, which always admits
normal forms, we prove by induction on x”. We will need to consider
cAx /2 points simultaneously in the induction.

Proposition 15. There is a feasible resolution for any cD4 singu-
larity.

Proof. We have y?z, 2% € ¢3. Replacing z by z+u and completing
square, we may and do assume that @3 = y?z + Ayu? + f3(z,u), with
2% € f3 and

p= 22 + vz + dyu® + fa(z,u) + o>aly, z,u).

Case 1. A =0 and 3 is irreducible.

We can work as in Subcase 1-1 and 1-2 of Lemma 14.

Case 2. A =0 and 3 is reducible.

In this situation, y?z + f3 = 2z(y? + q(z,u)) for some quadratic form
q(z,u) # 0. We consider weighted blowup ¥ — X with weights v =
(2,1,2,1). Now

E = (x* + y*z + possibly others = 0) Cc P(2,2,1,1),

is clearly irreducible. By considering Y N Us, which is nonsingular by
Lemma 7, one has that Y — X is a divisorial contraction by Theorem
5.

Since 23 € 3, one sees that Y N Us define by

1
(¢ : 2® +y? + 2% + others = 0) C C4/§(27 1,1,1),

which has at worst cA/2 singularities.
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It remains to consider Q4. Since P € X is isolated, one sees that
there exists yu?, zuP or uP € ¢ for some p. It follows that there exists
yuP~ 1, zuP=2 or uP~3 € ¢ in Y N U,. Hence feasible resolution exists by
induction on p.

Case 3. A # 0. We can work as in Subcase 2-2 and 2-3 of Lemma 14.
Note that 2% € f3 hence Subcase 2-1 can not happen. Q.E.D.

Lemma 16. A singularity P € X of type cDy>5 admits a normal
form with | > 3.

Proof. 1t is straightforward to solve for formal power series § =
y+yos+ys+...and Z=z+ 2o + 23 + ... satisfying

2+ 727+ Mgl + f(Zu) = 22 + 922 + gsaly, 2, ),

where yr = yr(z,u) and z = zi(y,z,u) are the k-th jets and | =
min{k|yu* € g>4(y, z,u)}. By Artin’s Approximation Theorem [1], this
gives an embedding as desired.

Observe that ¢ = 0 is singular along the line (z = y = z = 0) if
22| f(z,u). Similarly, ¢ = 0 is singular along the line (z = y = u = 0)
if u?|f(z,u). Since P € X is isolated, it follows that 29 'u € ¢ or
29 € ¢ for some ¢ > 0 and zuP~! € ¢ or uP? € ¢ for some p > 0 if
A=0. Q.E.D.

In order to obtain a feasible resolution for c¢D,,>5 points in general,
we will need to consider cAz/2 point as well. Given a cAx/2 point
P e X, with an embedding

1
(o: 2® + 9% + f(z,u) =0) C ((34/5(1,0, 1,1),
we define o
T(P € X) := min{i + j|z'v’ € f}.

Note that f(z,u) is Zs-invariant and hence consists of even degree terms
only. We set 7/ :=17/2 € Z.
For inductive purpose, we start by considering points with 7 small.

Lemma 17. Given a cAx/2-like point P defined by
1
(p: 2”4 y” + f(z,u) = 0) € CY/(1,0,1,1),

with T < 2. Suppose that P is terminal. Then P is non-singular or
cA/2. In any case, feasible resolutions exist for such points.
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Proof. If 7 = 0, then P is clearly non-singular. If 7 = 2, then we
may assume that 22 € f(z,u). Hence it is a ¢A/2 point. By Corollary
13, feasible resolution exists. Q.E.D.

We are now ready to handle cAx/2 and ¢D points.

Proposition 18. Given a cAz/2 point P € X with 7(P € X) =
To > 4. Suppose that feasible resolutions exist for cD-like point with
1’ < 19 and feasible resolutions exist for cAx/2-like point with T < 9.
Then there is a feasible resolution for P € X.

Proof. Let fr(z,u) = 32, ;. ai;zu?. It can be factored into
[I;cr(ciz + Beu)™t, where my denotes the multiplicities with ), m; =
T0-

Case 1. f;,(z,u) is not a perfect square.
Depending on the parity of 79/2, we first consider wBl, : Y — X with
weights v = %(%, T+ 1,1,1) or %(% +1,%,1,1). It is a divisorial
contraction with minimal discrepancy % (cf. [4, Theorem 8.4]). Without
loss of generality, we study the first case.

Now E = (x*+ f;,(z,u) = 0) C P(%, 2+1,1,1). Easy computation
yields the following:

(1) YNU; is non-singular and Y NUs is singular only at @2, which

is a terminal quotient singularity of index 3 + 1.

(2) Sing(Y)ina=1 NUs C {Rt}m,>2,(ar,8)#(1,0)- Bach R; is defined
by 22 + y%z + unit - @™ + fZTO(z,ﬂ) =0 c C* where @ :=
u~+ /By, This is a ¢D point with ub(Rt) < my.

(3) Similarly, Sing(Y )ina=1 N Us C {Rt}m,>2,(ar,8.)#(0,1)- Bach Ry
is defined by 2 4 y?u+unit- 2™ + f>.,(2,u) = 0 C C*, where
Z:=z+ fB¢/a;. This is a ¢D point with M’(Rt) < my.

As a summary, one sees that Sing(Y) C {Q2, Ry }m,>2. Notice |T| =
1 would implies that f;, is a perfect square, which is a contradiction.
Hence we may assume that |T'| > 1 and therefore m; < 7y for all t. We
can take a feasible resolution for each R; and ()5 to obtain the required
feasible resolution for P € X.
Case 2. fr,(z,u) = (hyy/2(2,u))? is a perfect square.
We need to make a coordinate change so that P € X is rewritten as

(‘Z‘Q + 2xh’ro/Z(Za u) + y2 + f‘ro-i-l(zvu) + f>‘ro+1 (Zau) = O) C (C4'

Depending on the parity of 7y, we consider wBl,, : Y7 — X with weights
v=5(2+2,2+1,1,1) or 5(+1,%+21,1). Without loss of
generality, we study the first case. Now E = (y?+2xh., o+ fr,11(2,u) =
0)CP(R+2,73+1,1,1).
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Easy computation yields the following;:
(1) YNUs, is non-singular and Y7 NU; is singular only at ¢y, which
is a terminal quotient singularity of index 7 + 2.
(2) Y NUs is defined by

(p: a2+ 2zh,, j2(1,u) + Y2 + for41 =0) C CL

For any singularity R € Sing(Y )ina=1 N Us, we write R =
(0,0, a, B) and consider that coordinate change that z := y, § :=
T,z :=z—qa,u:=u—f. Then R is at worst a c¢D-like point
and 1’ (R) < 79 — 2.
(3) The same holds for singularity in Sing(Y )ina=1 N Us.

As a summary, one sees that Sing(Y’) consist of a terminal quotient
singularity @, and possibly some cD-like points R, with p’(R;) < 7o.
We can take a feasible resolution for each R; and (Q; to obtain the
required feasible resolution for P € X. Q.E.D.

Proposition 19. Given a cD-like point with (P € X) = po.
Suppose that feasible resolutions exist for cAx/2-like point with 7 < g
and feasible resolutions exist for cD-like point with p° < uy. Then there
1s a feasible resolution for P € X.

Proof. We always fix a normal form once and for all. By Lemma
14, we may assume that pg > 4. We set ' := [£]. We consider
divisorial contraction Y — X with weights (', ' — 1,2,1). Recall that
P € X is given by

(o :a? + 922+ Myu! + Zaijziuj =0).

We may write fo,r := 0, i o, aij2" ) = [ (anz + Bru?)™.

Case 1. A =0.

It is straightforward to see that only singularity on U; UUs is (Q2, which
is a terminal quotient singularity. On Us U Uy, for any singularity R €
Sing(Y)ina—1 C Sing(E), then R correspond to a factor (ayz + Byu®)™
with m; > 2. We distinguishes the following three subcases.

1-1. R # Qs,Qu.

By changing coordinates z := z + g—i, one sees that R is a cA point.
Hence feasible resolution over R exists.
1-2. R = Q3.

Since Y N Us is defined by

. . !’ . 1
(@:2®+y2+ ) a2l =0) C <c4/§(170, 1,1).



Ezxplicit resolution of 3-fold terminal singularities 339

One sees that Q3 is a cAx/2-like point with

7(Q4) = min{2i + j — 2" + jlay; # 0} < jo < p(P) = 1’ (P) = po.
Feasible resolution over 3 exists by our hypothesis.

1-3. R= Q..
Since Y N Uy is defined by

(@ . mQ +y22 + Zaijziu2i+j—2ul _ O) C C4~

Then Q4 is a c¢D-like point with A = 0 as well. Since p(P) = 2ig + jo
for some zioudo € , one sees that

(Qa) = min{2i + j — 24" + 2ila;; # 0} < pu(P) — 24"+ 2ip < p(P), (1)

where the last inequality follows from p/ = 4| > |20 ],
One can easily check that

12(Qu) = u(Qq) < u(P) = p(P);
pH(Qq) < pF(P) +2 = 2p/ < p#(P).

By inductively on pf, there exist feasible resolution for P € X.
Case 2. A\ # 0.
Subcase 2-1. 2] — 2 = u(P).
We proceed as in Case 1 and see that Sing(Y) = {Q2, @3}, where Q- is
a terminal quotient singularity and Q3 € Y N Us is given by

1 o 1
(@:a®+y* - 1/\2u21 + Zaijzzzﬂ*m‘ w =0)C C4/§(1,07 1,1),
after completing the square. One sees that Q3 is a cAx/2-like point with

7(Q4) < min{2i + j — 24’ + jlay; # 0} < u(P) = 1’ (P) = po.

Feasible resolution over @3 exists by our hypothesis.

Subcase 2-2. 2] — 2 > u(P).

We can proceed as in Case 1 all the way to equation {. Therefore,
(Qq4) =1(P)—p/ —1 and

12 (Qq) = min{2l — 24" — 4, u(Q4)} < min{2l — 2, u(P)} = 1’ (P).

Inductively, we are reduced to either p” < pg or 21 — 2 = p. Hence
feasible resolution exists.
Subcase 2-3. 2] — 2 < u(P).
For any z'u/ € f, one has 2i +j > 2] — 2 and hence i +j > I. We
consider wBl, : Y — X with v = ([,1,1,1) instead.
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By Lemma 7, Y NUy is nonsingular and hence Y — X is a divisorial
contraction by Theorem 5. One sees that Sing(Y) = {Q2,Q3}, where
@2 is a terminal quotient singularity and Q3 € Y N Us is given by

(@ :2? + 9%+ gl + Zaijziﬂfmuj =0)cC?,
which is a ¢D-like point. For a c¢D-like point, we introduce
p*(P € X) :=min{i + j|z'u’ € ¢,j =0 or 1},

which is finite and %,u < pt < p. Compare Q4 with P, we have p(Q4) <
p#(P) + 1 — 2I. Repeat the process t-times, we have Q4 € Y; — ... —
Y1 =Y — X > P such that for ¢ sufficiently large

1(Qra) < 2(u(P) + (1 = 21)) < po(P).

Hence we are reduced to the situation ub(QtA) < w(Qpa) < o, or
Subcase 2-1, or Subcase 2-2 in finite steps and feasible resolution over
P € X exists by our hypothesis.

Q.E.D.

Combining all the above results in this section, we have the follow-
ing:

Theorem 20. There is a feasible resolution for any singularity of
type cD or cAxz/2.

§5. resolution of cAxz/4,¢D/2,¢D/3 points
In [5], Hayakawa shows that there is a partial resolution
X, —.—- X1 —>X3P

for a point P € X of index r > 1 such that X,, has only terminal
singularities of index 1 and each map is a divisorial contraction with
minimal discrepancies. If Sing(X),)ina=1 is either of type cA or ¢D, then
feasible resolution exists by the result of previous sections.

In fact, the partial resolution was constructed by picking any divi-
sorial contraction with minimal discrepancy at each step. Therefore, for
our purpose, it suffices to pick one divisorial contraction ¥ — X over
a given higher index point P € X of type cAxz/4, ¢D/2, ¢D/3, or cE/2
and verify that Sing(Y )ina=1 is either of type cA or ¢D.

Lemma 21. Given P € X of type cAx/4, there is a divisorial

contraction Y — X with discrepancy i such that Sing(Y )ina=1 s of type
cA orcD.



Ezxplicit resolution of 3-fold terminal singularities 341
Proof. We may write P € X as

o 1
(¢ 2 +yP+f(z,u) =a®+y°+ D ayz¥e’ =0) CCY/(1,3,1,2).
i+j=21+1>3

Let o(P € X) := min{i + jla;; # 0}, then we may write f(z,u) =
fo(z,u) + foo(z,u).
Case 1. f,(z,u) is not a perfect square.
Depending on parity of 07—17 we consider wBl, : Y — X with weights
v = i(a +2,0,1,2) or i(a,a +2,1,2). By [4, Theorem 7.4], this is the
only divisorial contraction.

Without loss of generality, we study the first weight. By Lemma 7,
8, we have Sing(Y )ina=1 N U; is empty for i« = 1,2. Moreover, Q4 is a
¢D/2-like point of index 2. Tt suffices to consider Us.

In Us, Y NUj is defined by

(@: 222+ 9> + f(z,u) = 0) C C..

Therefore, it is immediate to see that Sing(Y") N Us is either of type cA
or cD.

Case 2. f,(z,u) = —h(z,u)? is a perfect square.

Depending on parity of ”51, we need to make a coordinate change so
that P € X is written as

1
(¢ 2 +22h(z,u) + 47 + f>4(2,u) = 0) € C*/(1,3,1,2),

or
1
(94 + 20h(z,0) + 2 + fop(s) = 0) € C1/(1,3,1,2)

We consider weighted blowup ¥ — X with weights i(o +4,0 +
2,1,2) or i(a + 2,0 +4,1,2) respectively. By [4, Theorem 7.4], this is
a divisorial contraction.

Without loss of generality, we study the first weight. By Lemma 7,
we have Sing(Y)ina=1 N U; is empty for ¢ = 1,2. Then R # Q4 for Q4 is
a ¢D/2-like point of index 2. It suffices to consider Us. Indeed, Y N Us
is defined by

(¢ : 222+ 2zhy (1,u) + v + f(z,u) = 0) c CL

Therefore, it is immediate to see that Sing(Y") N Us is either of type cA
or cD. Q.E.D.
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Lemma 22. Given P € X of type ¢D/2, there is a divisorial con-
traction Y — X with discrepancy % such that Sing(Y )ina=1 is of type cA
orcD.

Proof. By Mori’s classification [17, 22|, one has that P € X is given
by (¢ =0) C (C4/%(17 1,0, 1) with ¢ being one the following

2 + yzu + 2 + u? + 2°, a>b>2c>3
z2+y2z+)\yu2l+1—|—f(z,u2).

Case 1. ¢ = 22 + yzu + 32 + u?® + 2.

We take weighted blowup ¥ — X with weights v = 1(3,1,2,1) (resp.
1(3,1,2,3)) if a = b =2 (resp. a > 3), which is a divisorial contraction
by [5]. Note that wt,(yzu) = wt,(p). Hence uz (resp. yu,yz) appears
in the equation of Y N Uz (resp. Us,Uy). By Corollary 9, we conclude
that Sing(Y )ina=1NU; is of type c¢A for i = 2, 3,4. Together with Lemma
6, then we are done with this case.

Case 2. ¢ = 22 +y%z + My T + f(z,u?).

We may write f(z,u?) = a;;2'u? € (23, 22u?, u*)C{z,u?}. We define

o = min{2i + 2j|2'u%¥ € f};
0’ :=min{2l — 1,0}

Note that we have { > 1 and o > 2 for P € X is a ¢D/2 point.
Subcase 2-1. [ = 1.

We consider weighted blowup Y — X with weight v = %(2,1,271),
which is a divisorial contraction by [5]. Now

E = (x*+y%z+ Ayu® + fur,—o =0) CP(2,1,2,1).

By Lemma 6, 7, one sees that Sing(Y )ina=1 NU; is empty for i = 1,2, 4.
Since Q3 is at worst of type cAx/2. We are done.

Subcase 2-2. [ > 2 and 0 = 2.

One has f,—p = u*, in particular, u* € f. We consider weighted blowup
Y — X with weight v = %(2, 1,2,1) again. Now

E=(x*+y’z+u'=0)cCP(21,21).

We thus have Sing(Y )ina=1 C Sing(E) C {Q3}. However, Q3 is a point
of index 2. We are done.

Subcase 2-3. o” > 3.

Let

o =2]

Ub_lJ—I—l—{Ub if 0” is odd;

o’ —1 if o’ is even;
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We consider weighted blowup Y — X with weight v = 1(o/,0’ —
2,4,1), which is a divisorial contraction by [5]. Clearly, by Lemma 6, 7,
one sees that Sing(Y )ina=1 NU; is empty for i = 1,2. Since Q3 is a point

of index 4, it remains to consider Uy. Now Y N Uy is given by
(@:2® + 9%z + AyuZ=1=00/2 4§ = 0) c C*.
It follows that Y N Uy, is at worst of type cD. We are done. Q.E.D.

Lemma 23. Given P € X of type ¢D/3, there is a divisorial con-
traction Y — X with discrepancy % such that Sing(Y )ina=1 s of type cA
orcD.

Proof. By Mori’s classification [17, 22], one has that P € X is given
as (p=0) C C4/%(O, 2,1,1) with ¢ being one of the following:

22 + 1% + zu(z + u);
w? +y° + zu® +yg(z,u) + h(z,u); gem? hems
2?2+ 3 + 22 +yg(z,u) + hiz,u); g€ m* hemb.

Case 1. ¢ is one of the first two cases.
By [4, Theorem 9.9, 9.14, 9.20], the weighted blowup Y — X with weight
%(3, 2,4,1) is a divisorial contraction. Now

2 3 2 _

B={ 3t oot yus o | CRG.24)

for some A, X' respectively. It is easy to check that Sing(F) = Q3 and
hence Sing(Y )ina—1 is empty for the first two cases.

Case 2. ¢ = 22 + 3> + 22 + yg(z,u) + h(z,u).

Subcase 2-1. Either u* € g or u% € h.

Then we consider the weighted blowup with weight %(3, 2,4,1) again,
which is a divisorial contraction (cf. [4, Theorem 9.20]. Now

E=x2+y>+ ) yut + Nu =0) cP(3,2,4,1),

for some (\,\') # (0,0). One sees that Sing(E) = Q3 and hence
Sing(Y )ind=1 is empty.

Subcase 2-2. u* € g, u® € h and either zu® € h or v’ € h.

Then we consider the weighted blowup with weight %(3, 2,4,1) which is
a divisorial contraction. Now

E=(x*+y>=0)CP(3,241).

One sees that Sing(E) C Us U Uy. However, the equation of Y N U,
contains the term zu or u and hence contains at worst cA points by
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Lemma 8. Together with the fact that Q3 is a cAx/4 point, we are done
with this case.
Subcase 2-3. u* € g, all zu®, ub,u® & h.
Then we consider the weighted blowup Y — X with weight %(6, 5,4,1),
which is a divisorial contraction by [4, Theorem 9.25].

By Lemma 7, YNU, is nonsingular away from )o, which is a quotient
singularity of index 5. Together with Sing(Y)NU; = and Q3 €Y, it
remains to check Y N Uy, which is defined by

(¢ : 2 + yPu + 23 + others = 0) c C*.

which is at worst of type cFEg. In fact, this corresponds to Case 1
and 2 of the proof of Theorem 34. Notice that in the proof, we use
weighted blowups wBl, with v = (2,2,1,1),(3,2,1,1) or (3,2,2,1). Af-
ter weighted blowup, there could have singularities of type cA, cD,cA/2,
cAx/2, and terminal quotients. We thus concludes that feasible resolu-
tion exists for this case. Q.E.D.

We thus conclude the section by the following:

Theorem 24. There is a feasible resolution for any singularity of
type cAx/4, ¢D/3, or ¢D/2.

§6. resolution of cF and cF/2 points
Recall that a ¢cE point has the following description.
(p:2® +y°+ fy,z,u) = 22 +y° + yg(z,u) + h(z,u) = 0) C C*.

An isolated singularity with the above desription is called a cE-like sin-
gularity.

For a polynomial ( resp. formal power series) G(z,u) € C[z, u] (resp.
Cllz,u]]), we define

7(G) == min{j + k|z7u" € G}.

For cE singularity, one has 7(g) > 3 and 7(h) > 4. Moreover, either
7(g9) = 3 or 7(h) < 5. More precisely,
(1) Tt is cEg if 7(h) = 4 and 7(g) > 3.
(2) Tt is cE7 if 7(h) > 5 and 7(g) = 3.
(3) It is cEg if 7(h) =5 and 7(g) > 4.
Remark 25. An isolated cFE-like singularity is at worst of type ¢D

(resp. cEg, cE7, cEg) if 7(9) <2 or 7(h) < 3 (resp. 7(h) <4, 7(g) < 3,
7(h) <5).
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26. Notations and Conventions

1. We fix the notation that g3(z,u) := gr=3(z,u), ha(z,u) := hr—4(2z,u)
and hs(z,u) := hr—5(z,u). In the case of cEg, T7(h) = 4. By replacing
z,u and up to a constant, we may and do assume that

hy € {z4, 2+ z?’u, 24 223u+ zzuz, 2+ z2u2, 2+ zu3}.
In particular, z* € hy.
In the case of cE7, 7(g) = 3. We may and do assume that

g3 € {23, 2% + 2%u, 2% + 2u?}.

In particular, 23 € gs.
In the case of cEg, 7(h) = 5. We may and do assume that

hs € {25, 25 + 24w, 25 + 22%u + 2302, 25 + 232,
25+ 220 — 23u? — 22203, 25 + 22u3, 20 + zu4}.

In particular, z° € hs.
2. We define

() := min{ply’ 27w’ € ¢ with i+ j < 1}.

Since P € X is isolated, there is a term yu?, zu? or u? in p otherwise
P is singular along a line (x =y = z = 0). Hence 7*(y) is a well-defined
integer.

3. For a weight v = (a, b, k, 1), we denote it v; with l = a+b+k—1.
In our discussion, we always consider weight v; such that v;(¢) = 1.

4. Fix a weight v = %(a, b,k,1) with r = 1,2, we write

© =2+ y® +ygs + Ygus1 + Y9 + hy + Vg1 + R,

where g, (resp. ¢,+1) is the homogeneous part of g(z,u) such that
wty (ygy) = wty (@) (resp. wty(ygy) = wty (@) +1) and g is the remain-
ing part with greater weight, and h,, (resp. h,y1) is the homogeneous
part of h(z,u) with v-weight equal to wt, () (resp. wt,(p)+ 1) and h~
is the remaining part with greater weight.

5. For simplicity of notation, sometime we may denote by g,, or h,,
for the v-homogeneous part with v-weight equal to m. This notation
should not be confused with gs nor g,.

6.1. Some preparation

The general strategy is as following. For a given c¢FE or ¢E/2 sin-
gularity P € X. We consider weighted blowup ¥ — X with weight
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v=1(a,b,k,1) and r = 1,2 such that £ (a+b+k+1)—wt,(p) =1+ 1.
This is a weighted blowup with discrepancy % if F is irreducible. We
check that Sing(Y) N Uy is isolated and each R € Sing(Y) N Uy is termi-
nal. Then the weighted blowup Y — X is a divisorial contraction with
discrepancy % by Theorem 5.

Moreover, we check that each singular point R € Sing(Y )ina—1 is
"milder” than P € X in the sense that either it is of milder type, or it
can only admit smaller weight. We can prove the existence of feasible
resolution by induction on types and weights.

27. We work on Y N Uy.
Now Y N U, is defined by ¢, which can be written as

@ = x2u7~Ut'U (5”2)771”51) () + y?’UWt'u (y3)771’tv ()

+ygv(zv 1) + yugv—‘rl(za 1) + y.&; + hv(zv 1) + Uhv+1(z, 1) + },L\;,

such that u?|g> and u2|f;>vv

Lemma 28. Suppose that wt,(z?) = wt,(p) or wt,(p) + 1 and
wt,(y3) = wty(p). Then Sing(Y) N Uy is isolated UNLESS:

gv = _3S(Zvu)27
There is s(z,u) such that{ h, = 2s(z,u)3, b
hyot1 = —5(2,u)gut1-

Proof.  If 2wt,(xz) = wt,(p), we have @, = 2z. If 2wt,(x) =
wt, (p)+1, then YNU; is non-singular away from (7 by Lemma 7. Hence
we have Sing(Y)NUy C (x = 0) in both cases. Moreover, Sing(Y') C E,
hence we have Sing(Y) N Uy C (u=0).

Therefore, we have

SingY)NUs C(x=u=0)N(¢=¢y =@, =0)
Clx=u=0)Nx,

where X is defined as

y3+ygv+hv =0,
3y2 + 90 =0,
Ygu+1 + thrl =0.

If g, is not a perfect square, then 3y? + g, is irreducible and hence
¥ is finite. If g, is a perfect square, then we write it as g, = —3s2.
One sees that X is finite unless y — s or y + s divides the above three
polynomials. The statement now follows. Q.E.D.
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Lemma 29. Suppose more generally that

o =2+ "+ 5(2,0)0% + Y90 + Ygor1 + Yg> + by + hyp1 + b
Suppose that wt,(x?) = wt,(¢) and wt,(y>) = wt,(p) + 1. Then
Sing(Y') N Uy is isolated UNLESS ¢, = hy, = hy41 = 0.

Proof.  Since wt,(y3) = wt,(p) + 1, then Y N Uy is non-singular
away from Q2. Hence we have Sing(Y) N Uy C (z =y = 0). Moreover,
Sing(Y) C E, hence we have Sing(Y) N Uy C (u = 0).

Therefore, we have

SinyY)NUy Cz=y=u=0)N(¢=@, =@, =0)
Cl=y=u=0)N(hy(z,1) = gu(2,1) = P, = 0)
Clea=y=u=0)N(hy(2,1) = gu(2,1) = hypr1(2,1) = 0).

The statement now follows. Q.E.D.

30. We study the most common case that
wty(2?) = wt, (y®) = wt, ().

Suppose furthermore that § does not hold, then Sing(Y) N Uy is
isolated. We now study the possible type of these singularities.

Notice that we have at least one of g,, h,, hy11 is non-zero, otherwise
g holds.
Case 1. h, # 0.
We write

ho(z,u) = Az™ u" H(z — aguF)he,

Then
k- m(h) > wty(hy) > wty(p) =n' + k(m' +>_1)). th

In particular,
T(h) >m' + Z .
Then ENU, is defined by

(22 + 4* + ygo(2,1) + ho(2,1) = 0)
= (22 + 9>+ ygu(z,1) + Nzm' 11z = a;)li =0)Cc U, =C4,

which is irreducible.
It is easy to see that
o if m’'+ > 1} <2 then ENU, is at worst Du Val of A-type and
hence Sing(Y') N Uy is at worst of cA type;
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o if m' 4+ > 1, =3 then ENUy is at worst Du Val of D-type and
hence Sing(Y) N Uy is at worst of ¢D type;
o if m'+> 1} =4 then ENUy is at worst Du Val of Eg-type and
hence Sing(Y) N Uy is at worst of cEg type;
o if m'+> 1, =5 then ENUy is at worst Du Val of Eg-type and
hence Sing(Y') N Uy is at worst of cEg type;
Notice also that if P € X is of type c¢Eg (resp. ¢Esg), then Sing(Y) N
U, is at worst of cEg (resp. cEg).
In any event, Y N Uy is terminal. By Theorem 5, ¥ — X is a
divisorial contraction with discrepancy 1.
Case 2. g, # 0.
We write
go(z,u) = AzMu” H(z — au®)le,

Then
k-7(9) = why(gr) > wty(9) —=b=n+k(m+ Y 1. t,

In particular,
T(g) = m+ Z lg.
Then F N Uy is defined by

(@ +y° +ygo(2,1) + hy(2,1) = 0)
= (@2 4+ + A\yz" [[(z — ap) + hy(2,1) = 0) C Uy = C4,

which is irreducible.
It is easy to see that
o if m+ > I; <1then ENU, is at worst Du Val of A-type and
hence Sing(Y') N Uy is at worst of cA type;
o if m+ > 1y =2 then ENUy is at worst Du Val of D-type and
hence Sing(Y') N Uy is at worst of ¢D type;
e if m+> 1, =3 then ENUy is at worst Du Val of E7-type and
hence Sing(Y") N Uy is at worst of cE7 type.
Notice also that if P € X is of type cFEr, then Sing(Y) N Uy is at
worst of cF.
Case 3. hy, =0, hy41 # 0.
We write
hos1(z,u) = N2 w” H(z — au™) .

Then

k-7(h) > wt,(hy) > wty(¢) =n" + k(m” + Zl,’:’) -1 h
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In particular, if £ > 1, then we still have
T(h)=m" +) 1.

The same conclusion as in Case 1 still holds.

In any event, Y N Uy is terminal. By Theorem 5, ¥ — X is a
divisorial contraction.

As a summary, we conclude that

Theorem 31. Given P € X a cE point defined by (¢ : 2% + y> +
yg(z,u) + h(z,u) = 0). Let Y — X be a weight blowup with weight
v = (a,b,k,1) that k > 1. Suppose that wt,(x?) = wt,(y>) = wt,(p)
and § does not hold. ThenY — X is a divisorial contraction. Also, any
singularity on'Y NUy is at worst of type cEg (resp. cE7,cEs) if P € X
is of type cEg (resp. cEr,cEsg).

Remark 32. Consider the case that P € X is of type cEg. Suppose
the worst case that Y has a singularity R of type cEg. This happens only
when h, = 2% or h, = (z — au)* for m’ + 3 1} < 4. If h,, = (2 — ajuk)™.
By considering the weight-invariant coordinate change that z = z—aju*,
we may and do assume that R = Q4 and @4 is the unique singularity in
U,.

We can make the same assumption if P € X is of type cE7, cFs.

Proposition 33. Let Y — X be a weighted blowup of a cE point
with weight v = (a,b,k,1). Suppose that wt,(x?) = wt,(y>) = wt,(p).
If any one of g, =0, hy =0, n >0, or n’ > 0 holds, then Sing(FE) N
Uy — Uy = 0.

In particular, if § does not hold and v = vsg, Vg, V18, V12, then Y —
X is a divisorial contraction and Sing(Y )ina=1 C Us.

Proof. In affine coordinate Us, E is defined by
é | + gu(z,u) 4+ hy(z,u) =0,

with g,(z,u) (resp. h,(z,u)) being homogeneous with respect to the
weight v of weight wt, () — b (resp. wt,(p)). It follows that

fp2u(E) o OhelE) — pp (o) - hy(u, v)

z

{ 202§y 222 = (wty(p) — D) - gu(u,v),

It follows that

1 = why(9)) — Ay — k2. — upy = wiy () + bgu (u, v),
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where g, (u,v) = A\z™u" [[(z—a;u®)". Note that 1), must be satisfied at
any singular point Sing(FE) NUs. If A = 0, then one sees that Sing(E) N
Uy =1.

If n > 0, then Sing(F) N Uy ¢ Uy otherwise u = 0 will leads to a
contradiction.

If we consider

o 1= (wtv(@) - b)(g - (a - b/2)xq~595 - kzéz - uq;u

= (wty(p) = b) = bhy(2,u),

where hy(u,v) = N2 [](z — ofuF)%. Then one sees similarly that
Sing(E)N Uy =0 if ' =0 and Sing(E)NUs ¢ Uy if n' > 0.

We now prove the second statement. Since § does not hold, hence
Y — X is a divisorial contraction. Therefore, Sing(Y )ina—1 C Sing(FE).
We have that Sing(E) N U; = 0. Notice that either g, = 0 or n > 0 for
V12, V24, V39. Also one has either h, = 0 or n’ > 0 for vig. Therefore,
Sing(Y )ina=1 N (U1 U U3 UUy) C Uy. Finally Q3 is of index > 1. This
completes the proof. Q.E.D.

6.2. Resolution of cFs points
In this subsection, we shall prove that

Theorem 34. There is a feasible resolution for any cEg singularity.

Proof. We will need to consider weighted blowup Y — X with the
following weights v1o = (6,4,3,1), vs = (4,3,2,1), v¢ = (3,2,2,1), v4 =
(2,2,1,1) and v = (3,2,1,1). It is sufficient to show that Sing(Y )ina>1
is not of type cE/2 and there exists feasible resolution on Sing(Y )inq—1.
Case 1. wiy,,(f) < 12, wt,(f) < 8 and wi,, (f) < 6.

Subcase 1-1. hy is not a perfect square.

We consider the weighted blowup Y — X with weight vy = (2,2, 1,1).
It is clear that F is irreducible if hy is not a perfect square.

Since wt,, (f) < 6, we must have a term 6 € f such that wt,(0) < 6.
One has that 6 = yu? or 6 = u’.

Claim. Y — X is a divisorial contraction.

To see this, if # = u°, then it follows that Y N U, is nonsingular and
thus Y — X is a divisorial contraction by Theorem 5. If § = yu?, then
g does not hold and hence Y N Uy has at worst singularities of type cA.
Therefore, Y — X is a divisorial contraction by Theorem 5.

Clearly, Y N Uy is nonsingular. Moreover, Y N Us has singularity
of type cAx/2 at Q2 and at worst of type cA for points other than Q.
Since z* € hy, we have Q3 € Y. Therefore, feasible resolution exists for
this case.
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Subcase 1-2. hy is a perfect square, i.e. hy = 2% or 2% + 223u + 22u2.
Since wt,(f) < 6, we have either yu® or w® in f. Write hy =
—q(z,u)?. Consider the coordinate change 7 := x — q(z,u), we have

=1 +22q(2,u) +y° +yg(z,u) + hrxs(2,u).

We consider weighted blowup with weight vs = (3,2, 1,1) instead. Note
that we still have either yu® or u® € @.

By Lemma 7, Y NU; is nonsingular away from @Q; for i = 1,2,4 and
@1, Q2 are terminal quotient singularity of index 3,2 respectively. By
Theorem 5, Y — X is a divisorial contraction. It remains to consider
Q3. Since z* € hy, we have 722 € @. Hence Y N Us is also non-
singular by Lemma 7. We thus conclude that Sing(Y) = Sing(Y )ind>1
consists of @1, @2, which are terminal quotient singularities of index 3,2
respectively.
Case 2 wity,, (f) < 12, wt, (f) < 8 and wit,, (f) > 6.
We consider the weighted blowup Y — X with weight vg = (3,2,2,1).
It is clear that E is irreducible. There is a term 6 € f with wt,,(6) <8
and wt,, (0) > 6. One sees that

0 € {yzu?, yu?, 22u, 2%u?, 22u3, 2ut, 2u® ub U’}

It follows in particular that at least one of gy, hy, hyy1 is non-zero.
Claim. Y — X is a divisorial contraction.
To see this, suppose first that § holds, then g, = —3s(z,u)? for some
s(z,u) # 0. We may assume that s(z,u) = u? and hence yu* € . Then
Y N Uy is nonsingular by Lemma 7 and hence ¥ — X is a divisorial
contraction by Theorem 5.

Suppose that fj does not hold. Then Sing(Y") N Uy is isolated. In Uy,
the corresponding term ¢ of 6 in ¢ is

0 e {yzy,2 22, 2%u, 2, zu, 1, u}.

Hence Sing(Y) NUy is at worst of type ¢D. By Theorem 5, Y — X is a
divisorial contraction. This proved the Claim.

We consider YNUs. We have that z* € hy and hence Q3 is at worst of
type cA/2. By Corollary 9, Sing(Y )ina=1 NUs is at worst of cA type. By
Lemma 6, Sing(Y )ina=1 N U1 = 0. Together with Q2 € Y, we concludes
that Sing(Y )ina=1 is at worst of type ¢D and Sing(Y )ina>1 = {Q3}, of
type cA/2. Feasible resolution exists for this case.

Case 3 wity,,(f) < 12 and wt,, (f) > 8.
We consider the weighted blowup Y — X with weight vs = (4, 3,2,1).

1. Note that 7(h) = 4 and wt,,(h) > 8, we thus have hy = 2% €
h, # 0. By Lemma 29, Sing(Y') N Uy is isolated. Also, one has Q3 ¢ Y.
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2. Since wt,,,(f) < 12 and wt,(f) > 8, there is a term 6 =
yiziuF € f with wt,,,(0) < 12 and wt,,(§) > 8. Hence the correspond-
k

ing term 6 = yiziuk € & satisfying

i+j+k =i+j+3i+2j+k—8)<3.

One can verify that Sing(Y") N Uy is at worst of type ¢Eg with hy has at
least two factors. Hence if there is a cEg points then it is in Case 1 or
2. By Theorem 5, Y — X is a divisorial contraction.

3. By Lemma 7, Sing(Y)NUsz = {@Q2} and Q3 is a terminal quotient
singularity of index 3. Also Sing(Y )ina=1 N U7 = @ by Lemma 6.

4. We summarize that Sing(Y)inq>1 consists of Q2, which is a quo-
tient singularity of index 3 and two terminal quotient singularities of
index 2 in the line (y = u = 0) C F and Sing(Y )ina=1 C Uy are at worst
of type cEg in Case 1 or 2.

Case 4. wi,,,(f) > 12.
We consider Y — X the weighted blowup with weight v12 = (6,4, 3,1).

1. Since wt,,,(h) > 12 and 7(h) = 4, we have 2* € h,. It follows
that Qs € Y, h, # 25, and thus f does not holds. By Theorem 31 and
Proposition 33, the weighted blowup ¥ — X is a divisorial contraction
with discrepancy 1. Moreover, Sing(Y )ina=1 C Uy are at worst of type
cD or there is only a unique point R € Y of type of type cEg.

2. It follows that feasible resolution exists for P € X unless that
Sing(Y)ina=1 = R € Y is of type cEg. In fact, if it is of type cEg, we
may assume that R = Q4 (cf. Remark 32).

Clearly,
{ (@) <7 (),
Wiy, (P) < whay, ()
The existence of feasible resolution is thus reduced to cFEg singular-
ities with wt,,, < 12 by induction on 7*.
3. We remark that Sing(Y )inq>1 consists of terminal quotient singu-
larities on the line (z = u = 0) and (y = u = 0) of index 2, 3 respectively.
This exhausts all cases of type cEg. We thus conclude that for a
given P € X of type cEg, there is a feasible partial resolution Yy — ... —
Y1 =Y — X such that Sing(Y})ina=1 are at worst ¢D and Sing(Ys)ind>1
can only be of type cA/2,cA/2 or terminal quotient. Hence feasible
resolution exists for Yy and hence for P € X. Q.E.D.

6.3. Resolution of cE/2 points

It is convenient to consider c¢E/2 points before we move into the cEr
and cEyg singularities. Given a ¢F/2 point P € X, which is given by

. . 1
(e=a>+1"+ > ayyz/u + > bjedut =0) C <C4/§(1,0, 1,1),
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with hy 1= Ej+k:4 bjkzjuk # 0.
We will consider weighted blowup with weights v; = %(3,2,3, 1)
or vy = 3(5,4,3,1). Note that wt,, (2) = wty,(2), wty, (u) = wty, (u).

Hence may simply denote it as wts 1(G) for G € C[[z, u]].

Theorem 35. There is a feasible resolution for any cE /2 singular-
ty.

Proof. We first consider weighted blowup Y — X with weight v =
1(3,2,3,1). As before, we can rewrite ¢ as

© =2+ Y° +Ygo + Ygut1 + Yg> + hy + hog1 + hs.

Notice that Lemma 28 still holds in the current situation.
Case 1. wizq(hs) = 3, ie. u* & hy, zu® € hy.
It is straightforward to see that E is irreducible and Y'NUy is nonsingular,
hence Y — X is a divisorial contraction. Also Y N Us has singularity
Q3 of type ¢D/3, might have terminal quotient singularity of index 3
along the line y = u = 0 and might have singularity at worst of type
cD. There is no other singularity.
Case 2. wt371(h4) = 4, i.e. u4,zu3 ¢ h4,Z2U2 € h4.
Since z%u? € hyy1, one sees that fj does not hold and hence Y N Uy has
only isolated singularities.

It is straightforward to see that Y N U, might have singularities at
worst of type ¢D, hence Y — X is a divisorial contraction. On Y N Us,
there are a singularity Q3 of type ¢D/3, possibly terminal quotient sin-
gularities of index 3 along the line (y = u = 0) and possibly singularities
at worst of type ¢D. There is no other singularity outside Us U Uy.
Case 3. wts 1(hy) > 5 and 7 does not hold.

The similar argument works. Indeed, there is a term 6 € ¢ among
{yut, yzu?, yu®, 2u’,ub u®}. The corresponding term in @ the equation
of YNUy is among {y, yzu, yu, zu, 1,u}. It is easy to see that singularities
are at worst of type ¢D or ¢D/3 as in Case 2.

Case 4. wts 1(hg) > 5 and f holds.

We then consider a coordinate change that § := y — \u? for some \ so
that we may rewrite P € X as

¢ =2 +§° + 355" + Ygv+1 + Ygvr2 + §9> + hoto + huys + hs

similarly.

Since wtg 1(hs) > 5, one has either z3u or 2% € . Tt follows that
either z3u or z* € .
Subcase 4-1. Suppose that there is a term 6 = y'z/u* € @ such that
6i + 57 + k < 16. We consider weighted blowup Y — X with weight
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%(5, 4,3, 1) instead. By Lemma 29, Y'NUy is isolated. The corresponding
term 0 = y'ziu* in Y N Uy satisfying

i+j+k =7+ @3j+k—10)/2<3.

One sees that Y N U, has at worst cEjg singularities. Hence Y — X is a
divisorial contraction.

Moreover, Sing(Y) NU; = {Q;} for i = 2,3, which is a terminal

quotient singularity of index 4 and 3. Also Y N Uy is non-singular.
Therefore feasible resolutions exist.
Subcase 4-2. Suppose that there is no term 6 = 3’27u* € @ such that
6i + 55 + k < 16. We consider weighted blowup Y — X with weight
vy = %(9,6,5,1) instead. Note that in this situation, wt,,@ = 9 and
24 € p. Tt is easy to see that Sing(Y') N Uy is isolated by Lemma 28 or
by direct computation. Indeed, Y NU,4 has at worst singularities of type
cFg. Hence Y — X is a divisorial contraction.

Moreover, Sing(Y )ina>1 = {@3} which is of index 5. Another higher
index point is a point R € (z = u = 0), which is terminal quotient of
index 3. We thus conclude that a feasible resolution exists for any cE/2
point by Theorem 34 and results in previous sections. Q.E.D.

6.4. Resolution of cE; points
In this subsection, we consider cE; points.

Theorem 36. There is a feasible resolution for any cEr; singularity.

Proof. 'We shall consider weights v1g = (9,6,4,1), v14 = (7,5, 3,1),
via = (6,4,3,1), vo = (5,3,2,1), vs = (4,3,2,1), v = (3,2,2,1), v5 =
(3,2,1,1) and discuss as in cEg case.

Case 1. wity, (f) < 18,... wit,(f) < 6.
We consider weighted blowup with weight vs = (3,2, 1,1).

Since 23 € g,, we have that yz? € f, F is irreducible, and Y N U3 is
non-singular. Hence, Y — X is a divisorial contraction by Theorem 5.

By Lemma 7, Y N U; is non-singular away from @Q; for i = 1,2, 3.
Notice that there is a term 6 with wt,,(0) < 6 and wt, () > 5. It
follows that 6 is yu® or u®. Hence @y is either non-singular or Q4 ¢ Y.
Therefore, Sing(Y) = Sing(Y)inas>1 = {@1,Q2}, which are terminal
quotient points of index 3 and 2 respectively.

Case 2.wty, () < 18,...,wty (f) < 8, wiy, (f) > 6.

We consider weighted blowup with weight vg = (3,2,2,1) and proceed
as in Case 2 of cEg, then wBl,, : Y — X is a divisorial contraction and
Sing(Y') N Uy is at worst of type ¢D.

We consider Y N Us. Since yz> € ¢, one sees that Qs is at worst of
type ¢D/2. By Corollary 10, Sing(Y )inq=1 N Us is at worst of type ¢D.
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By Lemma 6, Sing(Y )ing=1NU; = 0. Together with Q2 ¢ Y, we conclude
that Sing(Y )inda=1 is at worst of type ¢D and Sing(Y )inas1 = {Q3}, of
type ¢D/2. Feasible resolution exists for this case.

Case 3. Wiy, (f) < 18,... why, (f) <9, wt,(f) > 8.

We consider weighted blowup with weight vs = (4,3,2,1).

There is a term 6 = y'z7u” satisfying wt,,(0) < 9 and wt,,(0) >
8. Hence either g, or h, contains 6 and is non-zero. By Lemma 29,
Sing(Y) N Uy is isolated.

By the same argument as in Case 3 of c¢Eg, one sees that Sing(Y)NU,
is at worst of type cFg. This implies in particular that ¥ — X is a
divisorial contraction.

Since both 3, yz> are in ¢, by Lemma 7, one has Y N U; is nonsin-
gular away from Q; for i = 2,3. Together with Sing(Y )ina=1 N Uy = 0,
we are done.

Case 4. wiy, (f) < 18,...,wty,(f) < 12, wi,, (f) > 9.

We consider weighted blowup with weight vg = (5,3,2,1). One has
2% € g, # —3s%. Hence f§ does not hold and Sing(Y") N Uy is isolated by
Lemma 28.

We consider Y N Uy. Since wi,,,(0) < 12 and wt,, (0) > 9 for some
0 = y'ziuF € p, we have 0 = yiziuF € @ with i+j+k = 4i+3j+k—9 <
2. It follows easily that Y N Uy has at worst singularity of type cA by
Lemma 8. Therefore, Y — X is a divisorial contraction with discrepancy
1.

By Lemma 7, one sees that Y NU; is non-singular away from @; for
i =1,3. Moreover, Q2 ¢ Y. Feasible resolution exists for this case.
Case 5.wty,, (f) < 18, wity,, (f) < 14, wit,, (f) > 12.

We consider the weighted blowup with weight v15 = (6,4, 3,1). One has
2% e Gu+1 7& 0.

Subcase 5-1. Suppose that f does not hold.

Then ¥ — X is a divisorial contraction and Sing(Y)ina=1 C Us by
Proposition 33.

Indeed, by the discussion in 30, we may assume that Sing(Y)ind=1
singularities at worst of type ¢D or a singularity of type cE; at Q4.
Clearly, we have

(@) <7 (),
wtvls (@) S wtvls (QO),
Wty (P) < wty, ().

By induction on 7%, we are reduced to the case that wt,,, < 12.
Subcase 5-2. Suppose that f hold.

Notice that there is 6 € ¢ with ¢,,,(0) < 14,¢,,,(0) > 12, it is easy
to see that 0 € yg, , hy, or in h,yq. This implies in particular that



356 J. A. Chen

s # 0. We consider a coordinate change that § := y — s(z,u) for some
s = azu + Bu* so that we may write P € X as

@ = 2%+ §° + 357 + Ygos1 + YG> + h>

similarly.

We consider weighted blowup with weight v14 = (7,5, 3, 1) instead in
this situation. Since 723 € @, by Lemma 29, one sees that Sing(Y) N Uy
is isolated. One can check that Sing(Y) N Uy has at worst singularity of
type ¢D for s # 0. Therefore, Y — X is a divisorial contraction.

One can easily check that for i = 2,3, Sing(Y) N U; = {Q;}, which
is terminal quotient of index 5 and 3 respectively. Moreover, Q1 € Y
and hence there exists a feasible resolution.

Case 6. wi,,,(f) < 18, wt,,, (f) > 14.

We consider the weighted blowup with weight v14 = (7,5,3,1). Simi-
larly, one has g3 = 2% and 2* € g, # 0. By Lemma 29, Sing(Y)NUy is iso-
lated. Since wt,,,(0) < 18 and wt,,, () > 14 for some 0 = yiziu* € ¢,
we have 0 = yiziuF' € G withi+j+ k' = 6i +4j + k — 14 < 3. One
can verify that any R € Sing(Y) N U, is at worst of type ¢Eg. Therefore
Y — X is a divisorial contraction.

By Lemma 7, we have that Y N U; is nonsingular away from Q; for
i =2,3. Moreover 1 ¢ Y, hence feasible resolution exists for this case.
Case 7. wt,, (f) > 18
We consider the weighted blowup with weight v1s = (9,6,4,1). Since
wty,(g) > 18 and 7(g) = 3, we have g3 = 23 and 2% € g, # —3s2. It is
clear that fj does not holds. By Proposition 33, Y — X is a divisorial
contraction and Sing(Y )ina=1 C Us.

Sing(Y) N Uy is at worst of type cE;. If there is a singularity of type
cE7, then we proceed by induction in 7*. Then it can be reduced to the
cases with wt,,, < 18.

This completes the proof that a feasible resolution exist for cFE7
singularity. Q.E.D.

6.5. Resolution of cEs points
In this subsection, we shall prove that

Theorem 37. There is a feasible resolution for any cEg singularity.

Proof. We will need to consider weights vz = (15,10,6,1), vog =
(12,8,5,1),...etc.
Case 1.wty,, (f) <30,...,wt,(f) <8.
We consider weighted blowup with weight vg = (3,2,2,1). By 6.2, we
have that wt,,(f) > 6 always holds and 2°> € h. We consider weighted
blowup with weight vg = (3,2,2,1) and proceed as in Case 2 of cFg,
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then wBl,, : Y — X is a divisorial contraction and Sing(Y) N Uy is at
worst of type ¢D.

We consider Y N Us. We have that 2z € . Hence Q3 is at worst of
type ¢E/2 and Sing(Y )ina=1 N Us is at worst of type ¢Eg. By Lemma 6,
Sing(Y )ina=1 NU; = 0. Together with Q2 € Y, we conclude that feasible
resolution exists for this case.

Case 2.wty,, (f) < 30,..., Wty (f) <9, wiy, (f) > 8
We consider weighted blowup with weight vg = (4, 3,2,1). By the same
argument as in Case 3 of cFEy, one has that ¥ — X is a divisorial
contraction with Sing(Y) N Uy at worst of type cFs.

Since g2 is in ¢, by Lemma 7, one has that Y N Uy is nonsingular
away from Qq. Together with Sing(Y )ina=1 N U1 = () and Q3 is of type
cAx/2, we are done.

Case 3. wtvso (f) < 30 1)12 (f) < 12? wtvg (f) Z 9

We consider weighted blowup with weight v = (5,3,2,1). Since hs # 0,
we have either z%u or z° € h. Now the same argument as in Case 4 of
cE; goes through.

Case 4.wty,, (f) < 30,...,wty,, (f) < 14, wt,,(f) > 12.

We consider weighted blowup with weight vis = (6,4,3,1). The
proof is essentially parallel to Case 5 of cE7. Note that we have hs = 2°
or z'u € f.

Subcase 4-1. Suppose f does not hold.

Then Y — X is a divisorial contraction and Sing(Y )ina=1 C Uy by
Theorem 31 and Proposition 33.

Indeed by the discussion in 30, we know that either Sing(Y)ina=1
consists of singularities at worst of type cEg or we may assume that Q4,
the only singularity in Uy, is of type cFs.

Clearly, we have

{ (P) < T*(p),

T
wtﬂz (95) S wt'UI (90)

for all [ > 12. By induction on 7%, we are done.
Subcase 4-2. Suppose that f hold.
As in Subcase 5-2 of ¢Fr, we consider a coordinate change and then the
weighted blowup with weight v14 = (7,5, 3,1) instead in this situation.
Since 2° € @, by Lemma 29, one sees that Sing(Y') N Uy is isolated. One
can check that Sing(Y)NU, has at worst singularity of type ¢D for s # 0.
Therefore, Y — X is a divisorial contraction.

One can easily check that for i = 2,3, Sing(Y) NU; = {Q;}, which
is terminal quotient of index 5 and 3 respectively. Moreover, Q1 € Y
and hence there exists a feasible resolution.
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Case 5.wty,, (f) <30, ..., wt, (f) < 18, wt,,, (f) > 14
We can proceed as in Subcase 6 of cE7. Since 2° € h,1 # 0, we still
have that Sing(Y") N Uy has isolated singularities by Lemma 29. Thus
the same conclusion holds.
Case 6.wty,, (f) < 30, wty,, () < 24, wty,, (f) < 20, wty,, (f) > 18
We consider weighted blowup with weight v1g = (9,6,4,1).

Since there is a term 6 € f with wt,,,(0) < 20 and wt,,,(0) > 18.
This implies 0 is in Guyhy O hyi.
Subcase 6-1. Suppose f does not hold.
Then Y — X is a divisorial contraction by Theorem 31.

One sees that Y N Us is given by (¢ : 22 + 3® + 22 + other terms =
0) C C*/4(1,2,3,1). Therefore, Sing(Y) N Us is type cAz/4 or cA. We
also have Sing(Y )ina=1 NU; =0, and Q2 € Y.

It remains to consider Y N Uy. Notice that the corresponding term
0 =yiziur hasi+j+k <4unless =243, 0 = 24u. Ifi+j+k <4,
then Y N U, has singularities at worst of type cFr; and hence feasible
resolution exists. Suppose that 0=z%e . Hence

Wiy, (@) <1,

for [ = 30,24, 20, 18. Therefore, Y NU, has singularities at worst of type
cFs in Subcase 1-4.

Subcase 6-2. Suppose that f hold.

We first consider a coordinate change that g := y—s(z, u) with s(z,u) #
0 since there is € in yg,, hy or hyy1. Now P € X is defined as

¢ =2+ §° + 355" + g1 + Yg> + h>

and we consider weighted blowup with weight vog = (10, 7,4, 1) instead
in this situation.

Since 2° € p and hence 2° € @, one sees that Sing(Y)NU, is isolated,
by Lemma 29. Since s = (azu? + Bub) # 0, we have either y%zu? or
7?ub € ¢. One can check that Y N U, has at worst singularities of type
c¢D and thus Y — X is a divisorial contraction.

Together with the fact that Sing(Y)ina=1 N Uy is empty, Y N Us
is non-singular away from Q2 and Q3 € Sing(Y )ina>1, one sees that a
feasible resolution exists.

Case 7. v3o(f) < 30, wty,, (f) < 24, wty,, (f) > 20
We consider the weighted blowup with weight veo = (10,7,4,1). Since
2° € hy, we have Q3 ¢ Y and Sing(Y') N Uy is isolated by Lemma 29.

We work on Uy. There is a term 0 = y'2/u” € f with wt,,, (0) < 24
and wt,,, (0) > 20. Hence 0 = y'z/u* with i +j + k' < 3. Tt follows
that Sing(Y) N Uy is at worst of type cFs.
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Therefore, Y — X is a divisorial contraction. Together with the

fact that Sing(Y )ina=1 N U; is empty, Y N Us is non-singular away from
Q2 and Q3 € Sing(Y )ina>1, one sees that a feasible resolution exists.
Case 8.wty,, () < 30, wiy,, (f) > 24.
We consider the weighted blowup with weight voy = (12,8,5,1). One
notices that 7(h) = 5 implies that 2° € h,11. Since wty,, (gy+1) = 17
and hence u?|g, 1. It follows that 25 & s(2,u)g,+1 and § does not hold.
Therefore Y — X is a divisorial contraction and Sing(Y )ina=1 C Uy by
Theorem 31 and Proposition 33.

Unless Sing(Y) N Uy = {Q4} is of type cEs, we have feasible resolu-
tion of Y. If Sing(Y) N Uy = {Q4} is of type cEs, then we have

() <77 (p);
Wy, (9?) < Wiy, (90);
Wty (P) < Whyy, (¢).

By induction on 7%, the existence of feasible resolution is thus re-
duced to the existence of feasible resolution of milder singularity or to

the existence of feasible resolution of cFy singularities with wt,,, < 24.

Case 9. wit,,, (f) > 30.
We consider the weighted blowup with weight vsg = (15,10,6,1). The
similar argument as in Case 8 works.

This completes the proof. Q.E.D.

Proof of Main Theorem. This follows from Theorem 12, 13, 20, 24,

34, 35, 36, 37. Q.E.D.
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