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On the computation of algebraic local cohomology
classes associated with semi-quasihomogeneous
singularities

Katsusuke Nabeshima and Shinichi Tajima

Abstract.

In this paper, a new effective algorithm for computing algebraic
local cohomology classes associated with semi-quasihomogeneous sin-
gularities, is presented. The key ingredients of the proposed algorithm
are weighted-degrees and Poincaré polynomials for algebraic local co-
homology. An extension of the algorithm to parametric cases is also
discussed.

81. Introduction

A new algorithm for computing algebraic local cohomology associ-
ated with semi-quasihomogeneous singularities is proposed. Local co-
homology is key ingredients in algebraic geometry and commutative al-
gebra, and hence provides fundamental tools for applications in several
fields both inside and outside mathematics [2}, [7], [10]. For isolated
singularity cases, the concept of algebraic local cohomology is also use-
ful to analyze properties of singularities [4], [17], [25]. Therefore, it
is meaningful to provide an efficient algorithm for computing algebraic
local cohomology classes. In the previous works [18], [21], the com-
putational methods for computing algebraic local cohomology classes
associated with isolated singularities, were introduced. As a byproduct,
a new efficient method to compute standard bases of zero-dimensional
ideals was constructed [21]. These algorithms have also been used to
analyze holonomic Dx-modules attached to hypersurface isolate singu-
larities [13], [19], [20].
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In this paper, we consider a computation method for the cases of
semi-quasihomogeneous singularities. There are close relations between
properties of semi-quasihomogeneous singularities and their quasihomo-
geneous parts [1], [16], [23]. Some of properties of semi-quasihomogeneous
singularities are determined by only their quasihomogeneous parts [5], [26].
However, a lot of analytic properties of semi-quasihomogeneous singular-
ities are not decided by only their quasihomogeneous parts [3], [6], [8], [9].
In order to analyze such subtle phenomena, it is desirable to construct
an algorithm of computing algebraic local cohomology classes with re-
spect to a monomial order compatible with a weight filtration. For
semi-quasihomogeneous singularities, the list of weighted-degrees of a
basis of algebraic local cohomology classes, is completely determined by
a Poincaré polynomial associated with a weight vector. By exploiting
this result, we are able to construct an efficient and simple algorithm
for computing algebraic local cohomology classes. In 1996, Traverso [22]
gave, among other results, an algorithm of computing standard bases
that utilize Poincaré polynomials to detect unnecessary computation of
S-polynomials. In contrast, the proposed algorithm that is based on the
Grothendieck local duality theorem, utilize Poincaré polynomial more
directly to construct algebraic local cohomology classes.

The proposed algorithm has been implemented in a computer al-
gebra system. Computational experiments in this paper suggest that
the proposed algorithm is superior in practice in comparison to other
existing algorithm.

The paper organized as follows. Section 2 briefly reviews alge-
braic local cohomology, and gives notations and definitions that used
in this paper. Section 3 is the discussion of the new algorithm for semi-
quasihomogeneous singularities. Section 4 illustrates the possibility to
generalize the new algorithm to the parametric cases.

§2. Preliminaries

In this section, first we briefly review a Cech cohomology represen-
tation of algebraic local cohomology classes. We introduce “polynomial
representation” to treat, on computer, Cech cohomology classes suit-
ably.  Second, we introduce notions of weighted degrees and Poincaré
polynomials, which will be exploited several times in this paper.

2.1. Algebraic local cohomology

We use the notation x as the abbreviation of n variables z1,..., z,.
The set of natural numbers N includes zero. K is the field of rational
numbers Q or the field of complex numbers C.
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Let Hig, (K|z]) denote the set of algebraic local cohomology classes,
defined by

Hip)(K[z]) := lim Ewty, (K[z]/ (21,22, ..., 2n)*, K[z])

where (z1,Z3, ..., 2Zp) is the maximal ideal generated by x1, 2, ..., Zn.

Let X be a neighbourhood of the origin O of C™. Consider the
pair (X, X — O) and its relative Cech covering. Then, any section of
Hjg, (K[z]) can be represented as an element of relative Cech cohomol-

ogy. We use the notation Y cx [z—}g] for representing algebraic local
cohomology classes in H, (K[z]) where ¢y € K, g+t = ghTlgletl .
zpn Tt with A = (Mg, Ag,...,An) € N Note that the multiplication is

defined as

1 .

al: 1 :| [m:l )\i_>_ai,z:1,...,n,

€T =
A+l

0 otherwise,

where o = (a1, ..., 0) € NTand AM-1—a = (A1 +1—aq,..., Ap+1—ay).

We represent an algebraic local cohomology class Y- cx x| asan
variables polynomial 3~ cxé* to manipulate algebraic local cohomology
classes efficiently (on computer), where £ = (&1,&2,...,&,). We call
this representation “polynomial representation”. For example, let

W= [w34y4] + [525—1/3] be an algebraic local cohomology class where z,y

are variables. Then, the polynomial representation of 1, is 46203 + 5¢n?
where variables (£, 7) are corresponding to variables (x,y). That is, we
have the following table for n variables:

Cech representation polynomial representation
>en : — Yo
182
m{\1+1x§\2+1 . w%nﬁ—l .

where ¢, € K. The multiplication for polynomial representation is de-
fined as follows:

g)\—a )\izaiai:]-’-"an>
% & =
0 otherwise,
where @ = (a1,...,a,) EN" A= (A1,...,Ap) e N"and A —a =
(M —aig,...; A\ —ap). (We use “ %7 for polynomial representation.)

After here, we adapt polynomial representation to repre-
sent an algebraic local cohomology class.
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2.2. Weighted-degrees and Poincaré polynomials

Let us fix a weight vector w = (w1, ws,...,w,) in N” for a fixed
coordinate system z = (z1,...,Z,).

Definition 2.1 ([1]). (1) We define a weighted degree of
the monomial z® = z'z5? - - - 24", with respect to w by
2w = 300 wick.

(2) A nonzero polynomial f € K[z] is quasihomogeneous of
type (d; w) if all monomials of f have the same weighted degree
d with respect to w, i.e., f = Z cor® where ¢, € K. Also,

|z |w=d

we define a weighted degree of f by
deg,, (f) := max{|z®|w : % is a monomial of f}.

(3) Let f € K|[z] be a polynomial. We define ordy (f) = min{|z*|w
: 2% a monomial of f} (ordw(0) := —1). The polynomial f is
called semi-quasihomogeneous of type (d;w) if f is of the
form f = fo + g where fy is a quasihomogeneous polynomials
of type (d; w) with an isolated singularity at the origin, f = fo
or ordw (f — fo) > d.

In the next definition, we recall a Poincaré polynomial for the Jacobi
ideal of qusihomogeneous function f,, which plays a key role in our
algorithm.

Definition 2.2 ([1],[15]). The Poincaré polynomial of type (d; w)
is defined by
td—'wl -1 tdéwg —1 td*wn -1
tor — 1 qwa—1  gwa—1

Plagw)(t) =

The Poincaré polynomial of type (d; w) is a polynomial over N. We
give an example of a Poincaré polynomial. A polynomial f = 23y+azy? is
a quasihomogeneous polynomial of type (11;(3,2)). Then, the Poincaré
polynomial of type (11;(3,2)) is

t11A3 ~1 t1172 —1

t3 —1 t2 -1
= 142+t P+ 25 417+ #8110 412,

Pi1(3,2))(t)

Throughout this paper, we use the following monomial order to
compute algebraic local cohomology classes.
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Definition 2.3 (a weighted monomial order). For two multi-indices
A= (A1, 2,0, A) and N = (A, M, ..., \) in N, we denote

N <ror N <A
if |y < |Mw, or if [€¥]w = |€*|w and there exists j € N so that
A= for i < jand \j < Ay

For a given algebraic local cohomology class h of the form (in poly-
nomial representation),

h =& + Z ex&, en £0

AT<A

we call £* the head monomial and ¢ X X < ) the lower monomials.
We denote the head monomial of a cohomology class h by hm(h). For a
given algebraic local cohomology class of the form

o et Y e

[EXN w=a |§AI lw<a

we call Z exé? the head part and Z cxﬁx the lower part.

X w=a [N |w<a

83. Computation of algebraic local cohomology

Let f := fo 4+ g be a semi-quasihomogeneous polynomial of type
(d; w) where fy is a quasihomogeneous polynomial of type (d;w) and
defines an isolated singularity at the origin.

We define a vector space Hy to be the set of algebraic local cohomol-
ogy classes, in polynomial representation, in K[€] that are annihilated
by Jacobi ideal (g—gfl(a:), ce %(x)),

of . _ Of

_ . _of _

Hy = {ne Kid

In this section we describe an algorithm for computing a basis of the
vector space Hy.
The new algorithm consists of the following two parts.

(1) Compute a basis @ of Hy, by using a Poincaré polynomial.

(2) Compute a basis of Hy by using the result Q.
First, we consider how to obtain a basis @) of a vector space Hy,. In
order to construct an algorithm for computing the basis ), we require
two lemmas.
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Let us recall the following lemma which follows from the fact that
if he€ Hy,,soisx;%h € Hy, foreachi=1,2,...,n.

Lemma 1 ([21]). Let Apg, denote the set of exponents of head mono-

mials in Hy, and Ag‘g denote a subset of Apy:

Am, = {} € N*[3h € Hy, such that hm(h) = £} and AY) = {X €
AN < AL

Let A = (A1,..., An) € N*. (C): “If X € Ap,, then, for each j = 1,2,
ol (AL Az A L A =L A, Ag) s in A;}\), provided \; > 1.7

The condition above, denoted by (C), is used in Algorithm 1 to
select candidates of hzead monomials.

Let Plaw)(t) = Z m;t% be the Poincaré polynomial of type (d; w)
i=1
where m; € N and @ be a set in K[{]. We introduce the set Dp of
weighted-degrees as

‘
_Dp = U{d“d“ ey dl}
=1 m; elements
For a subset ) in K[¢], we define D¢ to be the set of weighted-degrees
of elements of Q:

Dgq := {degy(q) € Njg € Q}.

The vector space Hy, is the dual space of K[[x]]/Jo, where K[[z]]
stands for the space of formal power series with coefficients in K and
Jo = (—g—g—‘;, e —g{%). The duality is induced by the Grothendieck local
residue paring K[[z]]/Jo x Hy, — K. The following lemma, given in [12],
follows immediately from the non-degenerateness of the Grothendieck

local residue paring.

Lemma 2 ([12]). There exists a basis Q of Hy, which satisfies the
following conditions

(1) Q consists of quasithomogeneous polynomials.
(2) Dg=Dp.

Lemma 2 together with Lemma 1 allows us to design an efficient
algorithm to compute a basis @ of Hy,.

As a Poincaré polynomial gives us the set Dg by Lemma 2, we only
select monomials whose weighted-degrees belong to Dg, to construct a
basis of Hy,. Namely, a number of selecting monomials becomes less
than our previous algorithm’s one [21] (non-special cases). In Algorithm
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1, LL means the set of these selected monomials. Since all monomial
elements of the basis are found first in Algorithm 1, every element in
LL is not a monomial element of the basis. Therefore, we must find an
element whose form is >~ cxé*. As the head monomial is not known, we
must check whether every monomial in LL is the head monomial or not.

Now, we are ready to introduce a new algorithm for computing a
basis of Hy,.

Theorem 3. The following algorithm outputs a basis of Hy, and
terminates.

Algorithm 1. (a basis of H¢ ).
r g ( fo) \

Input: fo: a quasihomogeneous polynomial, w, <,
Output: Q: a basis of Hy, (in polynomial representation).
BEGIN
G + {z®| a monomial of %x%? foreach 1 <i < n}; G + {£¥|z> € G}
Q + Compute the monomial basis of K[¢]/{(G’). (x1)
Dq + {deg (9)lg € Q}
Dp «+ Compute a set Dp (of Lemma 2 (2)). ; D <~ Dp\Dg
While D # § Do
N « All minimal elements of D ; D <— D\N ; k < Select an element from N.
LL - {€)deg,, (€)= k A € ¢ Q}
L < Select the lowest and second lowest elements in LL w.r.t. <.
LL +~ LL\L ; j < N (cardinality of N)
while j # 0 do
&* « Take the highest element in L w.r.t <
If X satisfies the condition (C) then
u 4 Set £ + Z c>\/§>‘/ where ¢y is an undetermined coefficient. (*2)

N ELV{EX], M <A

Make a system of s linear equations from the condition

— 9f

%*u_ zz*u:---:%%*U:O,andsolvethesystem. (+3)

if the solution exists then
g < Substitute the solution into cy/s of u. ; Q + QU{g}; L+ I\{e*};j « j—1
end-if
end-If
¢« Take the lowest element in LT w.r.t. <. ; L+ LU{eX'}; LL « LL\{¢}'}
end-while
end-While
return

kEND J

(Termination) As fo defines isolated singularity at the origin, the Jacobi
ideal (g—ﬁ, ey ng2> is zero-dimensional. Hence, Dg and Dp have finte
elements. By this fact and Lemma 2 (2), D is a finite set. Theorefore,
obviously, two while-loops must be terminated. This implies that this

algorithm terminates.
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(Corectness) At (x1), every element of () is monomial whose degree is
lower than an arbitrary element of G’. This means that for all ¢ € Q,
gQ x g = 0 for each ¢ = 1,...,n, which yields that @ is included in a
basis of Hy,. At (x3), an each proper linear form of an algebraic local
cohomology class, is determined. Hence, by Lemma 2, this algorithm

outputs a basis of Hy,.

In [21] we have already intoroduced conditions of head monomials
and lower monomials. In order to keep the presentation simple, we
have deliberately avoided tricks and optimizations such as applying the
conditions at (*2). All the tricks suggested in [21] can be used here as
well. In fact, our implementations fully incorporate these optimizations.

We give an example to illustrate Algorithm 1.

Example 4. A polynomial f = x3y + 2%y° + 97 + 24® € K[z, 9]
is semi-quasihomogeneous polynomial of type (7;(2,1)). Set fo = x5y +
2%y3 + y” which is quasihomogeneous, and g = 2y®. Consider a basis
of Hy,. The partial derivatives of fo are % = 3z2%y + 2zy® and aa—fy“ =
22 +32%y%+7y5. Then, the monomial basis of K|[£,n]/{€2n, &n?, €3, 202,
n®) is given by the following ten monomials

Q = {L,n,n*, &, 0% n,n", 0%, €, 1%}
where variables (£,7) are corresponding to variables (z,y). These mono-
mials can be easily computed from the reduced Grébner basis of (€21, &nd,
£3,6%n?,n5%). Fig. 1 means the set of weighted-degrees of @, i.e., Dg =
{0,1,2,2,3,3,4,4,4,5}. Since the Poincaré polynomial of type (7;(2,1))
18

-1 -1 2 L o431 asd | 015 L 046 4T | 48
Pasap(t) = g g = L2428 43 42474 20045,

we obtain Dp ={0,1,2,2,3,3,4,4,4,5,5,6,6,7,8}. As D= Dp\Dg =
{5,6,6,7,8}, we only need to consider monomials whose weighted degrees
belong to D, for obtaining five more elements of the basis.

The minimal element in D is 5. N = {5} and D = D\{5} =
{6,6,7,8}. In Fig. 2, ¢ means an element in Q and a number means
its weighted-degree which is lower than 8. We must select monomials
whose weighted degree is 5. (We do not need to consider monomials in
Q.) Then, LL = {&n®,2n} and L = {£n3,£%n}. (By Lemma 2, we
need only quasihomogeneous polynomials as elements of the basis.) As
En® < €3 and &%n satisfies the condition (C), set u = &0 + ¢y 3&n°
and check % *u = 3+2¢,3) =0, 8—];] xu = 0. Then, we get the solution

c1,3) = —%. Therefore, £%n — %5773 15 a member of the basis.
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n 8
) ”
n° n°
7|5 n°
n*|4 n*
733 Uk
n?|2 4 n?
nil 3 7 |e
110 2 4 1 e
1e e @ 1¢ 2@
Fig. 1 Fig. 2

The minimal elements in D are 6. N = {6,6} and D = D\{6,6} =
{7,8}. We must select monomials whose weighted degree is 6. Then,
LL = {n% &n*, 202, €3} and L = {n®,&n*}. In this case, &n* does not
satisfy the condition (C). Thus, we renew the set L as {n®, én*}u{€2n?}.
Set u = &0 + c,0én* + c0,6yn° and check %’;9 *u =30+ 2cq,4n =

0, %%‘3 xu =3+ Tcpe =0. The system of linear equations

3+ 26(1’4) = 0, 3+ 26(0,6) =0

has the solution {c(14) = —%,0(1,7) = —%} Hence, £2n° — —3-57]4 - %nfi
is a member of the basis. We need one more element whose weighted de-
gree of the head monomial is 6. We also renew L as (L\{&?n?}) U {€3}.
As & satisfies the condition (C), set u = & + caq1én* + co,6n°® and
check %;Q *u = 2¢,4n =0, %fyﬂ *u =1+ Tcqe) = 0. Then, we obtain

the solution {ca 4y = 0,c(0,6) = —%}, and &3 — 215 is a member of the
basis.

The minimal element in D is 7. N = {7} and D = D\{7} =
{8}. We must select monomials whose weighted degree is 7. Then,
LL = {n%,&n, 203,630} and L = {n7,&n*}. As &n® does not sal-
isfy the condition (C), we renew the set L as {n",&n®,&2n3}. In this
case, £2n3 does not satisfy the condition (C), again. Renew the set
L as {n7,&n°, 202,630}, Since, £3n satisfies the condition (C), set
u = &0+ conn® + cusén® + conn’ and check G2 xu = 3¢ +
3c(2,3)0° + 2¢(2,3)€ + 2¢(1,5m° = 0, aa_,;) *u =1+ 3ce,3n + Tconn =0.
The solution of the system of linear equations

3+ 20(273) =0, 30(2’3) -+ 20(175) =0, 1+ 30(273) + 70(0’7) =0
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is {c(2,3) = —%,0(175) = —%,6(077) = 1}. Thus, a member of the basis is
€ — 36%0° + §€n° + 30"

The minimal element in D is 8. N = {8} and D = D\{8} = §.
We must select monomials whose weighted degree is 8. Then, LL =
{nB, &b, 2n* 302 €4}, As the monomials n®,£n%,&2n* do not satisfy
the condition (C), set L = {n8 &nb, &0}, u = €% + 0(274)527]4 +
c(176)§n6 + 0(0,8)7]8 and check %];—0 *u =0, %’;ﬂ xu = 0. In this case, u is
not a member of the basis. We renew L as {n,&n%,&2n*, €30}, Then,
we obtain £ — £&n3 + Z &t — 2¢20° — Zn® which is a member of
the basis. As D =, the computation terminates.

Conclusively, we obtain a basis of Hy, as follows:
{1,702, €,m°,n,n*, &n%, €2,0°, €0 — S&n°, &% — Sén* — 0,
€ =10, 0— 36+ 3P+ 17, €4 — AP+ 20— 2800 — o).

Next, we consider semi-quasihomogeneous cases. The following the-
orem shows the relation between a basis of Hy, and a basis of Hy.

Theorem 5 ([12] Proposition 3.2.). Let Q = {¢1,42,...,q,} be a
basis of Hy, which is given as an output of Algorithm 1. Then, for each
t=1,..., 1, there uniquely exists r; such that deg,,(¢;) > deg, (r;) and
hi = q; +7; is an element of Hy. Namely, the set {h1,...,h,} is a basis
Of Hf.

Since Algorithm 1 outputs head parts of Hy, we only need to com-
pute their lower parts. By this theorem, we can construct an algorithm
for computing a basis of Hy, which is the following.

Theorem 6. The following algorithm outputs a basis of Hy and
terminates.

-~ Algorithm 2. (a basis of H;). ~

Input: f:= fo + g: a semi-quasihomogeneous polynomial of (d; w), w, <
Output: H: a basis of a vector space Hy.
BEGIN

G + {z%| a monomial of g—ﬁ‘g foreach 1 <i <n}; G + {£%z* € G}

H « Compute the monomial basis of K[£]/(G'). (x1)

@ + Compute a basis of Hy, by Algorithm 1. ; Q < Q\H
while Q # 0 do

g + Select the minimal polynomial in @ w.r.t. <.; Q@+ Q\{g}

L {€)] degy, (6)) < degy,(g) A € ¢ {hm(B)|h € H}} (s2)

h <+ Set u=q+ Z c>\/§>‘,, check i%% *u =0 and determine ¢cy/. (*3)

ANeL

H+ HU{h}
end-while

return H
END
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(Termination) At (x1), by the same reason of Algorithm 1, H is a finite
set. As Algorithm 1 outputs a finite set, Q\H is a finite or empty set.
Theorefore, the while-loop must be terminated. This algorithm termi-
nates.

(Corestness) As all head parts are known by Algorithm 1, the algorithm
determines their lower parts at (*3). Hence, by Theorem 5, this algo-
rithm outputs a basis of Hy.

Note that we compute the set L whose elements are lower mono-
mials of ¢ at (¥2). In order to keep the presentation simple, we have
deliberately avoided tricks and optimizations such as applying the con-
dition of lower monomials at (*2). All the tricks suggested in [21] can be
used here as well. In fact, our implementations fully incorporate these
optimizations.

We give an example to illustrate Algorithm 2.

Example 7. Let consider Example 4, again. A polynomial f :=
fo+g € Klz,y] is semi-quasihomogeneous of type (7;(2,1)) where fo =
23y + 2%y3 +y7 and g = 2y®. In Exzample 4, we obtained a basis of a
vector space Hy,. Here, we follow Algorithm 2 to obtain a basis of Hy.

The partial derivatives of [ are % = 322y + 2zy® and %5— =23+
3z%y% 4+ Ty® + 16y”. Then, the monomial bais of K[¢,n]/(&2n,n3, €3,
€2n% 0% n") is the same as the case of Hy,, i.e., H = {1,n,n%,&%,1n3,&n,
n*, &n?,€2,n°}. By Algorithm 1, we obtain a set Q@ which is a basis of
Hj,. The set Q is already known in Ezample 4, so Q = Q\H = {¢*n —
Sen®, &0 = 5en* =30, €3 —30°, =3P+ JenP + g0, 87 = 520"~
3¢n® + 3n}. As an each element of Q is a head part, we have to decide
an each lower part.

The minimal element in Q is ¢ = £2n— %5173 whose weighted degree is
5 Q= Q\{an—%fng’}. Next, we must select monomials whose weighted
degree are lower than deg,,(q) (except for elements in {hm(h)|h € H}).
In this case, there is no monomial. Thus, £2n — %{n‘o’ is a member of
the basis and H = H U {£2n — %fn?’}.

The minimal element in Q is ¢ = £2n? — 2én* — 2n® whose weighted
degree is 6, and Q = Q\{§27}2—%§n4—%n6}. Then, L = {&*| deg,, (£*) <
6 A & ¢ {hm(h)|h € H}} = {€n} and set h = g + ca 3)&n®. Solve a
system of linear equations which is from the condition g—i-*h = g—i*h =0.
The solution is c(1,3) = 0. Thus, £2n? — %§n4 - %776 is @ member of the
basis and H = H U {&2n? — 2¢&n* — 20}

Nezt, we consider €3 — 1n®. Q = Q\{&® — $n°}. Repeat the same
procedure. Then, we obtain &3 — 2n° as a member of the basis and
H=HU{g -~ 1n°).
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The minimal element in Q is g = £3n — %527]3 + %5775 + %777 whose
weighted degree is 7, and renew the set Q as Q\{q}. Then, L = {&*]
degy (6%) <7 A & ¢ {hm(h)|h € H}} = {&n°,én*,1°} and set h =
g+ c,3)n® + ca,aén* + co,6n°. By checking the condition % x h =
—% * h = 0, we obtain the solution {c(1,3) = c,a) = 0,¢0,6) = —% .
Thus, q — %nﬁ is a member of the basis and H = HU {q — %nﬁ}.

Finally, we consider the last element ¢ = &* — £&2n° + Z&%n* —
220 — Zn® whose weighted degree is 8. Then, L = {¢*|deg,, (£*) <
8 A & ¢ {hm(h)|h € H}Y} = {&n,én*, 0% 0 &n°, 0"} and set h =
q+ ca,3E° + ca,nén* + co.sn® + @38 + ca5En® + conn’- By
checking the condition % x h = %5 x h = 0, we obtain the solution
{cas) = caa = c@y = cas = 0,¢06) = — 3555, ¢, = 555} Thus,
g+ 20" — 2208 is a member of the basis.

Conclusively, we obtain o basis of Hy as follows:

{17 7, 772’ §2a 773> 52775 7747 57725 627 7757 6277 - %57737 52 2 - %5774 - %7767 €3 -
218,83 — 36%0% 1 §én® + gn” = 3nS, €4 — €0 + £t - 5 En°
w1+ o~ g’}

In semi-quasihomogeneous cases, as a Poincaré polynomial tells us
candidates of head monomials and number of elements of a basis, the
computation cost of selecting candidates of head monomials and lower
monomials, becomes smaller than the our previous one. In this point,
our new algorithm is more efficient than the our previous one.

We have implemented Algorithm 1 and Algorithm 2 in the com-
puter algebra system Risa/Asir' version 20091015 (Kobe Distribution)
and have executed some computation.

Here, we give the results of benchmark tests. The Table 1 shows
a comparison of the implemantation of Algorithm 1 with our previous
implementation (non-special cases) [21]. That is, in Table 1, quasihomo-
heneous polynomials are computed. (z,y, z are variables.) The Table 2
shows a comparison of the implemantation of Algorithm 2 with our pre-
vious implementation (non-special cases) [21]. In Table 2, proper semi-
quasihomoheneous polynomials are computed. (f1,..., fio are from Ta-
ble 1.)

'Risa/Asir is an open source general computer algebra system [14]. Kobe
distribution is being developed by OpenXM committers. The original Risa/Asir
is developed at Fujitsu Labs LTD.
http://www.math.kobe-u.ac.jp/Asir/asir.html
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Quasihomogeneous Milnor no. | Algorithm | cpu time
fii=(z* + o8 + 22y%)? 7 Algorithm 1 0.031

+az?y® [21] 0.936
fo = (2% +y")2 + 3yt 117 Algorithm 1 0.015

21] 1.56
far= (Y13 +2)? +ab 125 Algorithm 1 0.016
1] 1.669
fa= (2% + 9% + 224%)3 187 Algorithm 1 0.171

+28y8 [21] 22.09
fs = (222 +y2? + 3 +y32)? 204 Algorithm 1 3.135

+2° + 28y [21] 941.4
fo = (2%y + 2* +¢y°)2 + 2° 252 Algorithm 1 0.983

+yBzt [21] 1014.4
fr= (Wt +22® + %) 280 Algorithm 1 0.718

+y® + 2° [21] 1151.5
fo = (2%y +y7 +2%y3)* 351 Algorithm 1 1.217

+z'4 [21] 285.1
fo = (z* +y°)* + 3¢ 525 Algorithm 1 0.577

1] 378.6
fio = (2% + 222 + 2y® + 29°)3 800 Algorithm 1 | 1.619 x 10*
+28 4+ 2y'? [21] 1.987 x 10°
Table 1: Timings
Semi-quasihomo. Milnor no. | Algorithm | cpu time
fi + 3238 77 Algorithm 2 0.359
1] 1.263
fa + x0y5 4 xy4 117 Algorithm 2 0.905
1] 1.607
fa — 223y 125 Algorithm 2 0.827
1] 1.544
fa + 2xty? 187 Algorithm 2 7.94
[21] 38.63
fs + 2%y22? 204 Algorithm 2 143.2
[21] 2023.6
fo +x%y323 252 Algorithm 2 356.1
2] 13938
fr+zy” 280 Algorithm 2 415.9
1] 1876.3
o + 2% 351 Algorithm 2 | 93.85
1] 8933
fo+ x5y 525 Algorithm 2 287.8
1] 1244
fro +42%y*02 800 Algorithm 2 | 1.003 x 10°
[21] 3.167 x 10°

Table 2: Timings
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We used a PC [OS: Windows 7 (64bit), CPU: Intel(R) Xeon(R)
CPU X5650@ 2.67 GHz 2.66 GHz, RAM: 64 GB]. The time is given in
second.

As is evident from Table 1, Algorithm 1 generates head parts effi-
ciently, which results the better performance of Algorithm 2 in contrast
to our previous algorithm.

§4. Algebraic local cohomology with parameters

Here, we consider how to generalize Algorithm 2 to manipulate
the parametric cases. Let fy be a quasihomogeneous polynomial type
(d; w) with parameters and generically define an isolated singularity
at the origin. If fy has the isolated singularity, then let us fix the form
f = fo + ¢ as a semi-quasihomogeneous polynomials of type (d;w).
(A parameter means that a parameter can take an arbitrary value from
C and parameters are in cofficients.) In parametric cases, there is a
possibility that fo have a non-isolated singularity for some values of pa-
rameters. In order to generalize Algorithm 2, we have to take away
these values of parametes because Algorithm 2 assumes that fy has the
isolated singularity.

How do we compute these values of parameters?

This classification is possible by computing a comprehensive Grébner
system of the Jacobi ideal of fo [24]. There is a computer algebra tech-
nique “classification of dimensions for parametric ideals.” By using this
technique, one can detect and discard unnecessary values of parametes.

After the classification, we follow Algorithm 2 to obtain bases of Hy.
In Algorithm 2, systems of parametric linear equations apper. There
are also computer algebra techniques and implementations for solving
systems of parametric linear equations. Therefore, it is possible to
generalize Algorithm 2 to the parametric cases. The detail of the
algorithm is described in our preprint [11].

Concluding this section, we give an example for a parametric case.

Example 8. A polynomial f = z* 4+ 4% + tz?y® + ay” is semi-
quasihomogeneous polynomial of type (12;(3,2)) where x,y are variables
and t, a are parameters. Set fo = x* + y® + tx?y® which is quasihomo-
geneous, and g = ay’. First, take away unnecessary values by using a
comprehensive Grébner system of <%%, %—];0). Then, we obtain t = 2, —2.
We take away the cases t = 2 and t = —2. Next, we follow Algorithm
2 which needs techniques for sloving systems of parametric linear equa-
tions. We can obtain the following bases for Hy,. (Variables (&,n) are

corresponding to variables (x,y).)
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e Ift=0, then a basis of Hy, is
{Ln,n*,n%, 0% & n,&n?, €2, 620, &0, €20, &n*, 207, €0}
o Ift3—4t+£0, then a basis of Hy, is
{Ln,n?, 00", & En,&n*, €2,6%n, % — 260, &% — 360" + 0,
€ = 3nPe + 10,65 — 2ent, 27 — 3t}
By using these parametric bases, the generalized Algorithm 2 outputs the
following.
o Ift=0, then a basis of Hy is
{10 0% n* & &n, &n?, €, €0, 80, 0%, én*, €%, €}
o Ift3—4t #0, then a basis of Hy is
{L,n,m% 0% 0%, & én,én*, €2, 620, € — 263, &4 = 260 + 07 —
§an®+ 3an®, €4 = 2823 40 — Lan, En— 2en*, €20% — Stn°).
The method in [21] that utilize a basis of Hy for computing standard bases
s also applicable to parametric cases. One obtains, by this method, a
parametric standard bais of J = (%, g_z);> w.r.t. the local weighted degree
reverse lexicographic order as follows:
o [ft =0, then a standard basis of J is
{z?,9°}.
o Ift3 — 4t #0, then a standard basis of J is

5 .3,2 ,5_ 49 2 4, . 7 4 1,22 .3 2.3
{x°,2%y%,y° — ga’x*y + faz* + stxy®, 2y’ + $2°}.

85. Conclusion

A new effective method that utilize Poincaré polynomials for con-
structing algebraic local cohomology classes associated with semiquasi-
homogeneous isolated singularities, is proposed. The resulting algo-
rithms efficiently compute algebraic local cohomology classes with re-
spect to a weighted monomial order. Computer experiments show that
the algorithms are superior in practice in comparison to our previous
algorithms.

A generalization of the proposed method to parametric cases is dis-
cussed. It is shown that the algorithms can be also extendable to handle
parametric cases.
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