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Three sides of the geometric Langlands
correspondence for gly Gaudin model
and Bethe vector averaging maps

Eugene Mukhin, Vitaly Tarasov and Alexander Varchenko

Abstract.

We consider the gl Gaudin model of a tensor power of the stan-
dard vector representation. The geometric Langlands correspondence
in the Gaudin model relates the Bethe algebra of the commuting Gaudin
Hamiltonians and the algebra of functions on a suitable space of N-th
order differential operators. In this paper we introduce a third side of
the correspondence: the algebra of functions on the critical set of a
master function. We construct isomorphisms of the third algebra and
the first two. Our main technical tool is the Bethe vector averaging
maps, which is a new object.

§1. Introduction

We consider the gl Gaudin model associated with a tensor power
of the standard vector representation. The geometric Langlands corre-
spondence identifies the Bethe algebra of the commuting Gaudin Hamil-
tonians and the algebra of functions on a suitable space of N-th order
differential operators. In this paper we introduce a third ingredient of
the correspondence: the algebra of functions on the critical set of a
master function. We construct isomorphisms of the three algebras.

Master functions were introduced in [16] to construct hypergeomet-
ric integral solutions of the KZ equations,

or
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where H,(z) are the Gaudin Hamiltonians, ®(z,t) is a scalar master
functions, w(z, t) is a universal weight function, which is a vector-valued
function. It was realized almost immediately [2, 14] that the value of
the universal weight function at a critical point of the master function
is an eigenvector of the Gaudin Hamiltonians. This construction of the
eigenvectors is called the Bethe ansatz. The critical point equations
for the master function are called the Bethe ansatz equations and the
eigenvectors are called the Bethe vectors. The Bethe ansatz gives a re-
lation between the critical points of the master function and the algebra
generated by Gaudin Hamiltonians. The algebra of all (in particular,
generalized) Gaudin Hamiltonians is called the Bethe algebra. Higher
Gaudin Hamiltonians were introduced using different approaches in [6]
and [18], see also [9].

In [17, 12], an N-th order differential operator was assigned to every
critical point of the master function. The differential operators appear-
ing in that construction form the second component of the geometric
Langlands correspondence.

In this paper we introduce the third component of the geometric
Langlands correspondence. It is the algebra of functions on the criti-
cal set of the master function. We show that all three components of
the geometric Langlands correspondence are on equal footing; they are
isomorphic.

The main results of the paper are Corollaries 5.4 and 8.6.

The paper is organized as follows. In Section 2 we recall the defini-
tion of the Bethe algebra By of a tensor power of the vector representa-
tion of gl [10]. In Section 3 we introduce the algebra Oy of functions
on a suitable Schubert cell W. Points of W are some N-dimensional
spaces of polynomials in one variable. Such a space X is character-
ized by a monic N-th order differential operator with kernel X. The
algebra Oyy can be considered as the algebra of functions on the space
of those differential operators. In Section 4 we recall an isomorphism
¢ : Ow — By constructed in [10]. In Section 5 a master function and its
quotient critical set C are introduced and an isomorphism ¢* : Oy — O¢
is constructed. Here O¢ is the algebra of functions on C. Consequently,

-1 *
we obtain a composition isomorphism By, LN Ow “= O¢. In Section 6
we introduce the universal weight function w(z, t) and describe the basic
facts of the Bethe ansatz. In Section 7 the Bethe vector averaging maps

| F(z,p)w(z,p)
vp L Z Ll vt g: Hesstlog@(z D)
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are introduced. Here ®(z,t) is the master function, C, the critical set
of the function ®(z, -), w(z,t) the Bethe vector, F(z,t) an auxiliary
polynomial function. Theorem 7.1 says that the Bethe vector averaging
maps are polynomial maps. This is the main technical result of the
paper. Using the Bethe vector averaging maps, we construct in Section 8
anew (direct) isomorphism v : O¢ — By. We prove that the throughout

. -1 *
composition By LN Ow = Oc¢ % By is the identity map. Section 9
contains the proof of Theorem 7.1.

The paper discusses one example: the Gaudin model on a tensor
power of the vector representation of gl,;. But the picture presented here
presumably holds for more general representations and more general Lie
algebras. All the ingredients of our considerations (the Bethe algebras,
master functions; Bethe vector averaging maps) are available in other
situations.
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0601005. The work of VT was supported in part by NSF grant DMS-
0901616. The work of AV was supported in part by NSF grant DMS-
0555327.

§2. Bethe algebra 5

2.1. Lie algebra gl

Let €;5,4,7 = 1,..., N, be the standard generators of the Lie algebra
gl satisfying the relations [e;;, esk] = 0js€i — dines;. Let b C gly be
the Cartan subalgebra generated by e;;, i =1,..., N.

Let M be a gly-module. A vector v € M has weight A = (Aq,...,
AN) € CNifezv = Nvfori=1,...,N. A vector v is singular ife;;u=0
for 1 <i < j < N. Denote by (M)x the subspace of M of weight A, by
(M)**9 the subspace of all singular vectors in M, and by (M)} the
subspace of all singular vectors of weight A.

Denote by Ly the irreducible finite-dimensional gly-module with
highest weight A. The gly-module L ... oy is the standard N-dimen-
sional vector representation of gly, denoted below by V. We choose a
highest weight vector of V' and denote it by v4.

The Shapovalov form on V is the unique symmetric bilinear form
S defined by the conditions S(vy,vy) =1, S(e;u,v) = S(u,ejv), for
all u,v € V and 1 € 4,7 < N. For a natural number n, the tensor
Shapovalov form on V®” is the tensor product of the Shapovalov forms
of factors.
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A sequence of integers A = (\1,...,Ay) such that Ay 2 a3 2 -+ 2
An = 0 is called a partition with at most N parts. Denote |A| =
AL+ AN

2.2. Current algebra gly[t]

Let gly[t] = gly ® C[¢] be the complex Lie algebra of gly-valued
polynomials with the pointwise commutator. We identify gl with the
subalgebra gly ® 1 of constant polynomials in gly[t]. Hence, any gl [t]-
module has a canonical structure of a gly-module.

Tt is convenient to collect elements of gly[t] in generating series in
a formal variable u. For g € gly, set

(o0}

gw) = (g@t)u .

s=0

For each a € C, there exists an automorphism p, of gly[t], pq :
g(u) = g(u — a). Given a gly[t]-module M, we denote by M (a) the
pull-back of M through the automorphism p,. As gly-modules, M and
M(a) are isomorphic by the identity map, since p, : g® 1 — g® 1.

We have the evaluation homomorphism,

ev: glylt] = gly, ev:g(u) — gu™t,
that is, we have g® 1+ ¢g® 1 and g ®t" — 0 for » > 0. The restriction
of the evaluation homomorphism to the subalgebra gl C gly[t] is the
identity map. For any gly-module M, we denote by the same letter
the gly[t]-module, obtained by pulling M back through the evaluation
homomorphism.
There is a Zg-grading on gly[t]: for any ¢g € gly, we have

deg g®1t" = r.

2.3. The gly[t]-module V¢
Let n be a positive integer. Let V be the space of polynomials in

21, -+, 2n, With coefficients in V& YV = VO @ Clzy,...,2,]. Forv e
V@ and p(z1,...,2n) € Clz1,...,2,], we write p(21,...,2n)v instead
of v®p(z1,...,2n).

The symmetric group S, acts on Clzy,...,2,] by permuting the
variables z1,...,2, and acts on V by permuting the factors of V" and
the variables 21, ..., z, simultaneously,

U(p(zl? e 7zn) V1 ®Un) :p(zcr(l)a s 720'(77,)) UU“1(1)®' : '®'Uo'*1(n) )
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o € 8,. For an S,-module M denote by M?® the subspace of S,-invari-
ants of M. The space V¥ is a free C[z1,.. ., 2,]%-module of rank N,
see [4], cf. [10].

The space V is a gly[t]-module with a series g(u), g € gly, acting
by

n

fU1®...®ng ®...®/Un
)2 s :

U — Zg

g(u) (p(zlﬁ"‘7zn)vl®"'®vn) =

= p(zla KRR

s=1

The gly [t]-action on V commutes with the S,-action. Hence, V¥ C V is
a gly[t]-submodule.

Define a grading on C|zy,...,2,] by setting degz; = 1 for all 3.
Define a grading on V by setting deg(v ® p) = degp for any v € VE"
and p € C[z1,...,2,]. The grading on V induces a grading on VS and
End (V). The gly[t]-action on V¥ is graded [4].

Let A be a partition of n. The space (Vs)img is a free graded
Clz1, ..., 2n)°-module. Its graded character is

 Thcicjen( - gty

H'Ii\il(q))\ﬁ-N—i
where (¢)q = [[j=,(1 —¢7), see [4, 3, 10].
2.4. Bethe algebra

Given an N x N matrix A = (a;;), we define its row determinant
to be

(2.1)  ch((V) gzica (i=DA

rdet A = Z (-1)° A15(1)325(2) - - - ANo(N) -

cESN

Let O be the operator of differentiation in the variable u. Define the
universal differential operator D by the formula

d—e(u) —ea(u) ... —eni(u)
D — rdet —ea(u) 0 —ex(u) ... —en2(u)
——el&(u) —6‘2.]\;(’1,L) 0— eNN(u)

It is a differential operator in u, whose coefficients are formal power
series in u~! with coefficients in U(gly][t]),

N [eS)
D=0+ Z Bi(w) N~ Bi(u) = ZBU u,
=i

i=1



480 ' E. Mukhin, V. Tarasov and A. Varchenko

and B;; € U(gly[t]), i =1,...,N, j € Z>;. The unital subalgebra of
U(gly[t]) generated by B;;, i =1,...,N, j € Zxo, is called the Bethe
algebra and denoted by B.

By [18], cf. [9], the algebra B is commutative, and B commutes with
the subalgebra U(gly) C U(gly[t]).

Let M be a B-module and v € M an eigenvector of B. For every
coefficient B;(u) we have B;(u)v = h;(u)v, where h;(u) is a scalar series.
The scalar differential operator

N
(2.2) Dy = N+ ) hi(u) o
i=1
will be called the differential operator associated with an eigenvector v.

As a subalgebra of U(gly[t]), the algebra B acts on any gly[t]-
module M. Since B commutes with U(gly), it preserves the weight

sing

subspaces of M and the subspaces (M)}
For a B-module M, the image of B in End (M) is called the Bethe
algebra of M.

Let A be a partition of n with at most N parts. The space (V° )i\mg
is a B-module. Set

N oo
(23)  DV=0"+) BY(w)o ',  BY(u) =Y Bju,
j=1

=1

where B is the image of B;; in End ((V%)3™).

For any (i,7), the element Ble is homogeneous of degree j — i. For
any 7 the series BY(u) is homogeneous of degree —i, see [10].

Denote by By the Bethe algebra of (V¥ )i\mg . The Bethe algebra By,
is our first main object.

§3. Algebra of functions Oy,

3.1. Cell W and algebra O,y

Let N,d € Zsg, N < d. Let Cg4[u] be the space of polynomials in u
of degree less than d, dim Cy4[u] = d. Let Gr(N, d) be the Grassmannian
of all N-dimensional vector subspaces of Cg[ul.

Given a partition A = (Ay,...,An) with A; < d — N, introduce a
sequernce

P:{d1>d2>"'>d]v}, di=Xi+N—1.
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Denote by W the subset of Gr(NV,d) consisting of all N-dimensional
subspaces X C Cy4u] such that for every ¢ = 1,..., N, the subspace X
contains a polynomial of degree d;.
In other words, W consists of subspaces X C Cg[u] with a basis
fi(u), ..., fn(u) of the form
d;
(3.1) filw =ub Y fiu®

Jj=1, di—j¢P

For a given X € W, such a basis is unique. The basis fi(u),..., fn(u)
will be called the flag basis of X.

The set W is a (Schubert) cell isomorphic to an affine space of
dimension |A| with coordinate functions f;. Let Oyy be the algebra of
regular functions on W,

OW = (C[fw; i:17~"7N7 jzl,"‘7di7 d'L_Jgp]

We may regard the polynomials f;(u), 7 =1,..., N, as generating func-
tions for the generators f;; of the algebra Oyy.

The algebra Oyy is graded with deg f;; = j. A polynomial f;(u) is
homogeneous of degree d;. The graded character of Oy is

_ [licicjen (- gh=%)

ITi 1 (@),
_ H1<i<j<N(1 o q>\i-'>\j+j_i)
Hlfil(q)Ai‘i*N—i ,
see [10].

3.2. New generators of Oy
For g1,...,g9n € Clu], introduce the Wronskian

aw) g ... ¢ V()

We(g (). g (W) = det | 200 (@) o " )|
gn(u) gh(w) ... g% V)

where an i-th row is formed by derivatives of g;.
Let fi(u), « = 1,..., N, be the generating functions in (3.1). We

have
n

We(fi(u),os ) =TT (@ —di) (w 4+ 30 (=1) 4,0 )

1<i<j<N s=1
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where n = |A| and A44,..., A, are elements of Oyy. Define
fw) fiw) .. flg §<u>
1 ’
DWW — rdet fo(w) folw) ..o fy(w)
Wr(fi(u), ..., fn(u))
1 o ... oV
We have
DY =0oN+Y BYwoV, BN =Y BYu,
i=1 j=i

and B};V € Ow, i=1,...,N, j € Zx;. For any (i, ), the element
B%V is homogeneous of degree j — i. For any i the series BYY(u) is
homogeneous of degree —i. The elements B%—V € Ow, i = 1,...,N,
J € Zx;, generate the algebra Oy, see [10].

For X € W, denote by Dx the monic scalar differential operator of
order N with kernel X. We call Dx the differential operator associated
with X. The operator Dy is obtained from D" by specialization of
variables f;; to their values at X.

3.3. Wronski map

Let X € W. The Wronskian determinant of a basis of the subspace
X does not depend on the choice of the basis up to multiplication by a
number. The monic polynomial representing the Wronskian determinant
of a basis of X is called the Wronskian of X and denoted by Wrx (u).

The Wronski map W — C” sends a point X € W to a point a =
(a1,...,an), if Wrx(u) = u™ + > 0 (=1)*asu™*. The Wronski map
has finite degree.

§4. Isomorphism of By and Oy
Theorem 4.1 ([10]). The map

CZOW%Bv, B;;VHBE,

s a well-defined isomorphism of graded algebras.
The degrees of elements of (V)™ are not less than S~ | (i — 1)\,
and the homogeneous component of (V5)5™¢ of degree Zfil(z — 1N

is one-dimensional, see formula (2.1). Let v; € (V° )i\mg be a nonzero
vector of degree Zf\;l(z — 1A
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Theorem 4.2 ([10]). The map
n : Ow — (VS)iing s BW = val s

is an isomorphism of degree Zivzl(z —1)A; of graded vector spaces. The
maps ¢ and n intertwine the action of the multiplication operators on
Ow and the action of the Bethe algebra By on (VS)$™9, that is, for any
F,G € Oy, we have

n(FG) = ((F)n(G).

85. Critical points of the master function

5.1. Master function

Let A = (Aq,...,Ay) be a partition of n. Set I, = Z,])V:a_,_l b,
a=0,...,N,wherelg =n and Iy = 0. Denote l =1lg+---+1Iy_1,

l=(lp,...,lny—1). Consider a set of | variables
0 0) (1 1 N-1 N-1
T =, D, YNy

and its subsets t° = (t(o) ... ,tl(g)) and t = (tgl), .. tl(ll), ... ,thAl), el
t;ﬁ’_ll)). Consider the affine space C}- = C! with coordinates T' = (% t).
The rational function ® : C! — C,

N—-2 l

N-1 la
_ H H (t,Ea) _t§a))2 I.:IO ];[

a=1 1<i<j<la

+
(1 — 1)

is called a master function. The master functions arise in the hyperge-
ometric solutions of the KZ equations, see [8, 16, 19], and in the Bethe
ansatz method for the Gaudin model, see [2, 14].

The product of symmetric groups S; = Sj, x - -- X Sj_, acts on the
coordinates T by permuting the coordinates with the same upper index.
The master function is S;-invariant.

We consider the master function as a function of t depending on
the parameters (0,

A point T = (t°,¢) € C! is called a critical point of log ®(1°,-) if

—8——10g<I>(T) =0, a=1,....N—-1, i=1,...,1, .
3t(a)

3
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That is, a point T' is a critical point if the following system of [ — n
equations is satisfied:

la—1 1 la 9 lat1 1
CRVEDD @) el Z @ _ @ + Z J@ et T 0,
j=1 1Y 3 =11 3 =11 j
G
here ¢ = 1,...,N -1, 5 = 1,...,l;. In this definition we assume

that all the denominators in (5.1) are nonzero. In the Gaudin model,
equations (5.1) are called the Bethe ansatz equations. For a point T' €
C!, denote

o0?
Hess¢log @(T') = det (W log @(T)) ,
J

7

where we take the determinant of the (I —n) x (I — n) matrix of second
derivatives of the function log ® with respect to all of the variables tga)
with a > 0.

For a fixed t°, the function log ®(t°,-) has finitely many critical
points, see [17, 12, 13].

Theorem 5.1 ([17, 13]). For generic t° € C", all critical points of

the function log®(t°,-) are nondegenerate. The number of the Sy, x
- X Syy_, -orbits of critical points equals dim (V®™)J™9.

Denote by Cc C% the union of all critical points of the functions
log ®(t°,-) for all % € C™ with distinct coordinates t\”), ..., ¢". Denote
by C C C% the Zariski closure of C. The set C is Sj-invariant.

5.2. Factorization by 5;
Fora=0,...,N—1,let aga), cees al(:) be the elementary symmetric

functions of tga), .. ,tl(:). Denote by Cs = C! the affine space with
coordinates

R N )
The space Ck; is the quotient of CL by the Sj-action.

Denote by C the image of C' under the natural projection C — C..
The set C will be called the quotient critical set of the master function.
Let O¢ be the algebra of regular functions on C, that is, the restriction
of C[X] to C.

The algebra C[T] is a graded algebra with deg tz(-a) =1 for all (a,1).
(a)

The algebra C[X] is a graded algebra with deg 0, = i for all (a,1i).



Three sides of the geometric Langlands correspondence 485
Equations (5.1) are homogeneous. Hence, C is a quasi-homogeneous
algebraic set and the algebra O¢ has a grading with deg (aga) lc) = 1.

5.3. A map 0: W — Ck

For X e W, let f1 x(u),..., fn x(u) be the flag basis of X. Intro-
duce the polynomials yo x (u), y1,x(v), ..., yn—1,x(u) by the formula

vax(w) ] (di—ds) = We(fara,x(w),- .., fvx(w),

a<i<j<N
a=0,...,N—1. For each a, the polynomial y, x(u) is a monic poly-
nomial of degree l,, Yo x(u) = u'e + Eé“:l(—l)iafg)(ul“_i. Denote by
tg‘fg(, .. .,tl(z’)X the roots of y, x(u). Then 0'§"1))(, .. .,O'l(:’)X are the ele-
mentary symmetric functions of tf;(, . tl(:’)X. The sequence
0 0 N-1 N-1
Tx = (0%, i, .t Yt )

will be called the root coordinates of X. For every a, the numbers
tg(g(, . ,tl(:?X are determined up to a permutation. Let Xx be the
image of T'x in C;.

A point X € W will be called nice if all roots of the polyno-
mials yo x(u), y1,x(w), ..., yn—1,x(u) are simple and for each a =
1,...,N — 1, the polynomials y,—1,x (u) and y, x(u) do not have com-
mon roots. Nice points form a Zariski open subset of W, see [11]. If
X is nice, then the root coordinates T x satisfy the critical point equa-
tions (5.1), see [12].

Define a polynomial map 6 : W — C&, X — Xx . This map
induces a graded algebra homomorphism C[X] — Op.

Lemma 5.2. We have (W) C C.

Proof. The lemma, follows from the fact that the nice points of W
are mapped to C. Q.E.D.

5.4. Differential operator D7 and a map (:C — W
Set

la—l l
1 = 1
XG(U,T): E T_l)_ E "——m, a:1,...,N,

and DT = (0—x'w,T)) ... (0—x"(u,T)).
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‘We have

N oo
DT =N +Y Bl ()", Bl (w) =) Blu,
=i

i=1

and Bg eCT)® =C[X], i=1,...,N, j € Z>;. For a point T € C',
denote by Dy the specialization of D7 at T'. We call Dr the differential
operator associated with a point T'.

If T = (t°,t) € C! is a critical point of log ®(¢°,-), then the kernel
X7 of Dr consists of polynomials; moreover, X is a point of W, see [12].
The correspondence T' +— X defines a rational map ¢ : C — W.

5.5. Quotient critical set is a nonsingular subvariety

Theorem 5.3. The quotient critical set C C Cl is a nonsingular
subvariety. The map 6 : W — Ck is an embedding with §(W) = C. The
map ¢ : C — W is an isomorphism and 16 = idyy.

Proof. The map 0, considered as a map from W to (W) is fi-
nite. The set (W) is Zariski closed since W is Zariski closed. We know
from [12] that #(W) contains the subset C C C, the image of nondegen-
erate critical points. We have (W) = C, since C is the Zariski closure
of C and §(W) is Zariski closed.

The fact that (0 = idyy at generic points of W is proved in [12].
Therefore, 1§ = idyy for all points of W.

Consider the algebra homomorphism ¢* : Oy — O¢ induced by
¢. Under the map ¢* the elements Bi‘;-v are mapped to the polynomials
BZJT € C[X] restricted to C. Since the elements B%V generate Oy, the
map 0 : W — Ck; is an embedding and the map ¢ : C — W is an
isomorphism. Q.E.D.

Corollary 5.4. The map v* : Oy — O, B};V — Bg|c, is an iso-
morphism of graded algebras. In particular, the elements B;’; lc generate
Oc.

§6. Universal weight function and Bethe vectors

We remind a construction of a rational map w : C — (V®7), called
the universal weight function, see [8, 16}, cf. [15].

A basis of V®™ is formed by the vectors e ;v = e, 101 ®" - -®e;, 104 ,
where J = (j1,...,jn) and 1 < j, < N for a = 1,...,N. A basis of
(V®m)y is formed by the vectors ejv such that #{a | j, > i} = I; for
every i = 1,..., N — 1. Such a multi-index J will be called admissible.
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The universal weight function has the form w(T) = >~ ; ws(T)esv
where the sum is over the set of all admissible J, and the functions

wy(T) are defined below.

For an admissible J and ¢ =1,..., N — 1, define 4;(J) = {a | 1 <
a<n, 1<i<jg,}. Then |A;(J)| = ;.

Let T'(J) be the set of sequences v = (y1,...,Yn-1) of bijections
vt A(J) = {1,..., L}, i=1,...,N —1. Then |T(J)| = [T 1! .

For a € A;1(J) and v € T'(J), introduce a rational function

Ja—1

1 1
warT) = 55— H MO
(@) * =2 Pyi(a)  Tvi-1(a)

wy(T) = Z H Wa~ -

~ET(J) a€A1(J)

Define

Theorem 6.1. Let T = (z,p) be a nondegenerate critical point of
the function log®(z,-), here z = (z1,...,2,) lies in C™ and p lies in
Cl=™ with coordinates ty), i > 0. Consider the value w(z,p) of the
universal weight function w : Ct — (V®™)y at (z,p). Consider VO™ as
the gly[t]-module @7_,V (25). Then

(i)  The vector w(z,p) belongs to (VE™)3™7.

(ii)  The vector w(z, p) is an eigenvector of the Bethe algebra B, act-
ing on ®5_,V (2s). Moreover, Dy (z.p)y = D(z,p), where Dy(z p)
and D, p) are the differential operators associated with the
eigenvector w(z,p) and the point (z,p) € C!, respectively,
see (2.2) and 5.4.

(iii) Let S be the tensor Shapovalov form on V®™, then

S(w(z,p),w(z,p)) = Hess,log®(z,p) .

(iv) If (z,p) and (z,p’) are two nondegenerate critical points of the
function log ®( z,-), which lie in different S, X --- X Siy_,-
orbits, then S(w(z,p),w(z,p’)) = 0.

Part (i) is proved in [2] and [14]. Part (i) also follows directly from
Theorems 6.16.2 in [16]. Part (ii) is proved in [9]. Part (iii) is proved
in [13, 20]. Part (iv) is proved in [20] and also follows from [10].

The vector w(z,p) is called the Bethe vector corresponding to a
critical point (z,p).
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§7. Bethe vector averaging maps

Consider C! with coordinates T = (t°,¢). We denote the variables
' = (t§0)7 e slo)) also by z = (21,...,2n).

Let z be a generic point of C" with distinct coordinates and such
that all the critical points of the function log ®( z, -) are nondegenerate.
The critical set C, of log®( z,-) consists of dim (V™)™ S x --- x
Siy_,-orbits. Each orbit has {1!---I{y_1! points. For any F € C[T)? =
C[3], let us define

1 F(z,p)w(z,p)

] 1 :
Il ! (=o)eC. Hess; log ®(z, p)

(7.1) vp(z) =

The term of this sum corresponding to a critical point (z,p) can be
written as the following integral, see Chapter 5 of [7]. Choose a small
neighborhood U of p in C*=™. Define a torus I'; p in U by I—n equations
|®¢(2,t)| = €} where ®¢ are derivatives of log ®(z,-) with respect to

the variables tg-a), a > 0, and where € are small positive numbers. Then

gp  PEpeEn) F(z,t)w(z, ) db
' Hess;log ®(z,p)  (2m0)""" Jr,, 1., ®4(2,1)
The 1!+ In—1! terms of the sum in (7.1) corresponding to a single

S, %+ -+ xSy _,-orbit are all equal due to the S, x---x 8§, _,-invariance
of &, w and F.

The correspondence z — vp(z) defines a map vp : C* — (V&7)
which will be called a Bethe vector averaging map.

The map vg is a rational map. Indeed, the map is well defined on
a Zariski open subset of C™ and has bounded growth as the argument
approached the possible singular points or infinity.

sing
A

Theorem 7.1. For any F € C[3], the Bethe vector averaging map
vF 18 a polynomial map.

Theorem 7.1 is proved in Section 9.

§8. Quotient critical set and Bethe algebra

8.1. Construction of isomorphisms
Recall that C[X] is graded by deg 0§a) = j. For any F € C[X],

consider the Bethe vector averaging map vp : C* — (V®n)f\ing.

Lemma 8.1. If F is quasi-homogeneous and deg F' = d, then vp is
homogeneous and degvp = d+1—n = d+ le\il(z — 1A
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It is clear that the map v is an element of (V). Thus, the cor-
respondence F — vp defines a graded linear map p : C[X] — (V¥)3"7.

Theorem 8.2. The kernel of p : C[Z] — (V)Y is the defining
ideal Ip C C[E] of C. The map p induces a graded linear isomorphism
Oc — (VO™ of degree SN, (i — 1.

We shall denote this isomorphism by the same letter u.

Proof. If F € I¢, then vp = 0 for generic z. Hence, vp = 0 as an
element of (V5)3". If vp = 0 as an element of (V¥)}™Y, then F' = 0 on
a Zariski open subset of C. Hence, F' € Iz. Therefore, kerp = Ic.

The graded character of O¢ equals the graded character of Oyy by
Corollary 5.4. The graded character of Oyy is given by (3.2). The graded
character of (V)™ is given by (2.1). Comparing the characters and
using Lemma 8.1, we conclude that the induced map  : O¢ — (VS)3™
is an isomorphism. Q.E.D.

Corollary 8.3. Consider the element v, € (V5 );mg , corresponding
to F' = 1 under the isomorphism p. Then v1 is a generator of the
one-dimensional graded component of (VS)5™ of degree YN | (i — 1)\,
(compare this vy with the element vy in Theorem 4.2).

Given an element F € Oc, define a linear map v(F) : (V)3 —
(Vs )i\mg , vg — vrg. By Theorem 8.2, this map is well-defined.

Consider the generators szT |e of O¢ and generators BZV]. of By, see
Corollary 5.4 and formula (2.3).

Lemma 8.4. For any (i,5), the linear map ’/(Bmc) . (Vs)ii”’g =
(Vs)img, UF 7 UBT R, coincides with the map B};

Proof. The lemma follows from part (ii) of Theorem 6.1. Q.E.D.

Corollary 8.5. The map F — v(F) is an algebra isomorphism
[ 2 OC — By.

Corollary 8.6. The maps pu: O¢ — (Vs)i\mg and v : Oc — By
intertwine the action of the multiplication operators on Oc and the ac-
tion of the Bethe algebra By on (V)X that is, for any F,G € O¢, we

have WFG) = v(F) u(G).

Corollary 8.7. Consider the element v, € (V° )ﬁ\mg , corresponding
to F = 1 under the isomorphism p. Let us use this element in the
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definition of the isomorphism n of Theorem 4.2. Then the throughout
compositions

. —1 * —1 *
Oc 2 (V)M 15 0 5 0c . Oc % By = O 5 Oc

are the identity maps.

8.2. Inverse map to v: O — (Vs)img

For v € (V3)3™, define a function f, on a Zariski open subset of C
as follows. For a generic point X € C, let T = (z,t) be a point of the
critical set C' C C! which projects to 3. Let w(z,t) be the Bethe vector
corresponding the point (z,t). Set

fu(Z) = S(v(z),w(z,t)),
where S is the tensor Shapovalov form on V®", cf. Theorem 6.1.

Theorem 8.8. For any v € (VY™ the scalar function f, is the
restriction to C of a polynomial. Moreover, the map (V)3 — Oc,
v > fu, is the inverse map to the isomorphism v : O¢ — (V°)3"9.

Proof. Any element of (V5)3™ has the form of vp for a suitable
F e C[X], see (7.1). In that case,

1 F(z,p)w(z,p)
for(z, ) = S T Z — 2 (2, t))
oo 1! (2.7eC, Hesst log @(z, p)
= F(z,t)
by Theorem 6.1. This identity proves the theorem. Q.E.D.

89. Proof of Theorem 7.1

9.1. The Shapovalov form and asymptotics of vp

Let T be a point of the critical set C' C C!, see Section 5.1.

Consider the germ at 0 € C of a generic analytic curve C — C/,
s+ T(s) = (2(s),t(s)), with T'(0) = T° such that for any small nonzero
s, the point (z(s), t(s)) is a nondegenerate critical point of log ®(z(s), - ),
and z(s) has distinct coordinates. The corresponding Bethe vector has
the form, w(T'(s)) = was* + 0(s*), where « is a rational number and
Wo € (VE)S™ is a nonzero vector.

Let X° denote the point of W corresponding to T°. Namely, we
take the image 3% of T in C under the factorization by the S;-action
and then set X0 = 1(X°).
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Lemma 9.1. Assume that X° is not a critical point of the Wronski
map W — C™. Then S(wq,ws) is a nonzero number, where S is the
tensor Shapovalov form.

Proof. For a small nonzero s, the Bethe vectors corresponding to
Sy, X -+ x Spy_,-orbits of the critical points of log ®(z(s), -) form a
basis of (V®™){™9, see [12]. That basis is orthogonal with respect to the
Shapovalov form. The Shapovalov form is nondegenerate on (V&)™
By assumptions of the lemma, the limit of the direction of the Bethe
vector w(z(s),t(s)) as s — 0 is different from the limits of the directions

of the other Bethe vectors of the basis. These remarks imply the lemma.
Q.E.D.

Corollary 9.2. If a <0, then the ratio w(T'(s))/Hess; log ®(T'(s))
has well-defined limit as s — 0.

Proof. We have
Hessy log ®(T'(s)) = S(w(T(s)),w(T(s)))
= 5728 (W, wa) + 0(s 2,
s the ratio w(T(s))/Hess log ®(T'(s)) has order s as s — 0. Q.E.D.

9.2. Possible places of irregularity of vp

To prove Theorem 7.1, we need to show that vp is regular outside
of at most a codimension-two algebraic subset of C*. There are three
possible codimension-one irregularity places of vg:

(9.1) A pole of vp may occur at a place where z has equal coordi-

nates.

(9.2) A pole of vp may occur at a place where z has distinct coor-
dinates and the function log ®(z, -) has a degenerate critical
point.

(9.3) A pole of vp may occur at a place where z has distinct co-
ordinates and there is a critical point which moved to a posi-
tion with tEl) = z; for some pair (4, j), or to a position with
tz(-a) = tg-a) for some triple (a,1,7), a > 0, i # j, or to a position
with t§“> = t;aﬂ) for some triple (a,4,7), a > 0.

Problem (9.1) is treated in [13]. By Lemmas 4.3 and 4.4 of [13],
the map vg is regular at generic points of the hyperplanes z; = z;.
(In fact, it is shown in Lemmas 4.3 and 4.4 of [13], that the number
a of Corollary 9.2 is negative at generic points of possible irregularity
corresponding to such hyperplanes, see [13].)
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Problem (9.2) of possible irregularity of vp at the places, where
log ®(z, -) has a degenerate critical point, is treated in a standard way
using integral representation (7.2). One replaces the sum in (7.1) by
an integral over a cycle which can serve all z that are close to a given
one, and then observes that the integral is holomorphic in z; see, for
example, Sections 5.13, 5.17, 5.18 in [1].

Thus, to prove Theorem 7.1 we need to show that generic points of
type (9.3) correspond to the points of W which are noncritical for the
Wronski map and which have o < 0.

9.3. Flag exponents

A point X € W is an N-dimensional space of polynomials with a
basis g1(u),...,gn(u) such that deg g; = \; + N — . Each polynomial
g; is defined up to multiplication by a number and addition of a linear
combination of g;4+1,...,9n.

For any a € C define distinct integers dx , = (di,...,dn) called
the flag exponents of X as follows. Choose a basis g1,...,gy of X
(not changing the degrees of these polynomials) so that g1,...,gn have
different orders at u = a and set d; to be the order of g; at u = a.

We say that X is of type d if there exists a € C such that dx , = d.
For every d, denote by Wyq C W the closure of the subset of points
of type d. We are interested in the subsets Wy C W which are of
codimension one and whose points correspond to Problem (9.3). Such
subsets will be called essential.

For example, for N = 2, the subset Wy is the only essential
subset. For N = 3, the only essential subsets are W1 30y, W(1,0,2) and
Wio,2,1)-

Lemma 9.3. For given N, if Wy is essential, then d is one of the
following 2N — 3 indices,
di.=(N-2,NN-3N—-4,...,1,0),
dip =(N-1,N—-2,....N—i+1,
N—-i—-1,N—-i—-2,N—{N—-i—-3,...,1,0),
dio =(N-1,N-2,...,.N—i+1,
N—-—i-2N~-iN—~i—1,N—-i—3,...,1,0),

fori=2,...,N—1.

Proof. The lemma is proved by straightforward counting of codi-
mensions. Q.E.D.
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If X is a point of Wy, , then for a suitable ordering of its root
coordinates we have z; = tgl) = tgl). If X is a point of Wy, , 7 > 1, then

for a suitable ordering of its root coordinates we have tgi—l) = tgi) = tg).
If X is a point of Wy, _, then for a suitable ordering of its root coordinates

we have tgi_l) = tg_l) = t§i>. Each of these properties is a problem of
type (9.3).

Lemma 9.4. Each essential subset is irreducible.

Proof. 1t is easy to see that an essential subset is the image of an
affine space under a suitable map. Q.E.D.

Lemma 9.5. Generic points of every essential subset are not critical
for the Wronski map.

Proof. The proof is similar to the proof in Proposition 8 of [5] of
the fact that the Jacobian det A, is nonzero. Q.ED.

9.4. Proof of Theorem 7.1

9.4.1. Let Wy be an arbitrary essential subset. We fix a certain
positive integer ¢q. Then for any numbers r = (rg,71,72,...,74), such
that 1o € C, r; € Rfor i > 0,0 <7y <7y <--- <14, we choose a point
Xr(€,8) € W depending on two parameters ¢, s so that X,.(e,0) € Wy
and the point X,.(e, s) is nice for small nonzero s. The dependence of
X, (e,8) on r in our construction is generic in the following sense. For
any hypersurface £ C Wy we can fix r so that the curve X,.(¢,0) does
not lie in Z.

For any fixed r, we choose ordered root coordinates T'y(e,s) of
Xr(€,8) and consider the corresponding Bethe vector w(Tr(¢,s)). We
choose a suitable coordinate w (T (¢, s)) of the Bethe vector and show
that for small € the coordinate wy (T (€, s)) has nonzero limit as s — 0.
That statement and Corollary 9.2 show that the corresponding summand
in (7.1) is regular at Wy.

The proof that w (T (€, s)) has nonzero limit is lengthy. We present
it for the Lie algebras gl, and gl;. The proof for the Lie algebra gly
with N > 3 is similar, see also the end of Section 9.4.5.

9.4.2. Proof for N = 2. A point X € W is a two-dimensional space
of polynomials. The only essential subset is W 2). This essential subset
corresponds to the problem zx,4x, = tg\?_l = tg\lz) of type (9.3) (after
relabeling the root coordinates).

For any numbers r = (1, 71,72, .., Txs+r,—1)s Such that 7o € C,
r, ERfori>0,0<7r <73 <+ <Txrg4r,—1, we choose X.(e, s) to be
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the two-dimensional space of polynomials spanned by

A1
gi() = (w—ro™ 1+ bi(u—ro)i |

=0
Ag—1
A P2
g2(u) = (u—ro)™ + Z ai{u—1)" — s%az ,
=2
where ax,—1 = €, ax,—ifar—ip1 = €7, 0= 2,...,00 — 2, by, =

€21, b>\1—i/b)\1—i+1 = ¢Meti-1 ¢ = 1,..., ;. We have XT(G,O) €
Wo,2)- Clearly, the dependence of X, (¢, s) on r is generic in the sense
defined in Section 9.4.1.

We consider the asymptotic zone 1 >> |e| > |s| > 0 and describe the
asymptotics in that zone of the roots of go and Wronskian Wr(g1, g2).
The leading terms of asymptotics are obtained by the Newton polygon
method. If the leading term of some root is at least of order s%, we shall
write that this root equals zero.

The roots of g2 have the form:

1 1 oL
tg ) ~rg—€r, t; ) ~rg—€? L., tf\z)—z ~ g — €272
1) )
1~ To+s, ty ~7ro—s.

The Wronskian is a polynomial in u, e. Below we present only the mono-
mials corresponding to the line segments of the Newton polygon impor-
tant for the leading asymptotics of the roots,

Wr(g1,g2) = (A1 +1—Xg)(u—ro)2t™ 4

Ao—1
+ Z M+ 1—i)as(u—ro)Mte 4+
=2

A1
+ a2y (i—2)b(u—ro) ™+ ... .
=0

It follows from this formula that the roots of Wr(gs, g2) have the form:

. _)\1—)\2+2€T1 . " _>‘1_>‘2+3€r2

! 0 Al — A+ 1 » 2 0 Al — A+ 2 LR
Ar—1 AL —2

Zxg—2 ~ To — Ai ) Er/\Q_Qa ZAo—1 "~ T0o — )\1 1 €21 ,
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T>\2+A1—4, (TX2+>\1A3+7">\2+>\1—2)/2’

1
Zrg+Ai—4 ~To — 3¢ Zrg+r—3 ~To Tt €

(Tag42;—3+Tag+a;—2)/2 Thgd+Arg—1
9 b

ZXg+A1—2 ~ T — € g+ -1~ To — 2e

Z)‘2+)\1 ~Ty .

The point T'r(€,8) = (#1,- -, Zratrss tgl), e ,tg;)) is a point of root

coordinates of X,.(e, s).

Let us call the root coordinates tf\t)él, tf\?, Zx,+a, €xceptional, and
the remaining root coordinates regular. For each regular root coordinate
y the leading term of asymptotics of y — 7 as € — 0 has the form Ae?
for suitable numbers A # 0, B.

Lemma 9.6. The pairs (A, B) are different for different regular root
coordinates.

Proof. A proof is by inspection of the list. Q.E.D.

For each exceptional coordinate y the absolute value of the difference
y — o is much smaller as € — 0 than for any regular coordinate.

The Bethe vector is the vector w(T'»(€,s)) = > ; wi(Tr (e, 9)) e,
where the sum is over all admissible J, see Section 6. An admissible
J = (41,---,Jxr+x,) consists of ones and twos with exactly Ay twos.
Choose J with j; =2 for i =1,..., 3. Then

(9.4) wi(Tr(e,s) = Y. H t(l)

g€Sx, 1=1 Yo (i)

Lemma 9.7. For small ¢, the function wj(Ty (€, s)) has well-defined
limit as s — 0.

Proof. By Lemma 9.6, each summand in (9.4) has well-defined
limit. QE.D.

Our goal is to show that @;(€) = lims0 ws(T+(e, 5)) is nonzero for
small e.
If f is a function of € and f ~ A(f)eP() for some numbers A(f) #
0, B(f) as € — 0, then we call f acceptable, B(f) the order of f and
A(f) the leading coefficient of f. If the absolute value of f is smaller than
any positive power of € or is the zero function, then we set B(f) = oo.
>\2

For every o, the limit g, = lims ,o( T) is an acceptable
o(i) "%

function of order B(g,) = — Y72, min(B(t ((T(i) —19), B(z — 10)). In
particular, B(q,) > —B(2x,—1—70) — B(2x, —T0) _23\21—2 B(tgl) — 7).



496 E. Mukhin, V. Tarasov and A. Varchenko

Lemma 9.8. The function @y(€) is acceptable. Its order and leading
coefficient are given by the formulas

A2—2
B(@5(€)) = ~B(ax-1 = 10) = Blax, —10) = 3 B =10) |
_ B 9 A2—2 1
A(WJ(E)) - A(ZAQ—I _7’0)14(ZA2 —7"0) Z:H1 A(tEl) _TO) _A(ZZ —7«0) .

By Lemma 9.8, @ (€) is nonzero for small e and therefore, o < 0 for
generic points of W 2y. Theorem 7.1 is proved for N = 2.

9.4.3. Proof for N = 3 and W1 30y.- A point X € W is a three-
dimensional space of polynomials. We study the problem zy, {x,+x, =

tg\lz) Aol = tg\lz) 12, Of type (9.3) (after relabeling the root coordinates).
For any numbers r = (rg, 71,72, - . -, "Ag+rs+2,—1), Such that rg € C,

ri €Rfori>0,0<r; <ry < -+ < Tatrstr—1, we choose X,.(¢, s)
to be the three-dimensional space of polynomials spanned by

A1+1
a(w) = (w=ro) "+ 3" ci(u—ro)',
=1
A2
QQ(u) = (u — TO))‘2+1 + Z bz(u — 1"0)z — 352b3(u — 7"0) s
i=3
Az—1
gs(u) = (u—ro)® + Z ai(u—r1o)",
i=0
where
a,\3_1 :€T1, a)\s_i/a)\3_i+1 :6”7 i:2,...,)\3,
by, = €3t b)\z_i/bAQﬁH_l = ¢Mstitl, i=1,..., 2 —3,
Capr1 = €M Fr2=l ey /en i1 = €Tt t=0,..., A — 1.

We have X,.(¢,0) € W 3,0). Clearly, the dependence of X,.(e, s) on 7 is
generic in the sense defined in Section 9.4.1.

We consider the asymptotic zone 1 >> |¢| > |s| > 0 and describe the
asymptotics in that zone of the roots of the polynomials g5, Wr(gs, g3),
Wr(g1, g2, 93). We obtain the leading terms of asymptotics by the New-
ton polygon method. If the leading term of some root is at least of order

52, we shall write that this root equals zero.
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The roots of g3 are of the form:

th) ~Tg—¢€t, t§2)

2
NT()—ETZ, ey, th)NT'()—GT)‘?’ .

‘We have

Wr(g2,93) = (A2 +1—A3)(u —ro)2ts +

Az—1
+ Z ()\2 +1-— Z) ai(u — To)ATHAl —+
1=0
A2
+ ag Zzbz(u - ’I"o)l_1 — 352a0b3 + ..,
=3

497

where the dots denote the monomials which are not important for the
leading asymptotics of the roots. The roots of Wr(gs, g3) are of the form

(1) Ay — Az +2 1) A +1
SO vy v LR S L v
A2
t 1 ~ 0 — Ao +1 €, s, g v To— G €T,
(©) (1)
Datrg—1 ~T0+ S, By 1y, ~T0— S

We have
Wr (g1, 92,93) =
= (A1 =) 42— X3)( Ao + 1 — Ag)(u—rp)etreth 4

Az—1
+ z A +1=A)A1 +2— ) ho 41— i) as(u—ro) et 4
1=0
A2 |
+ a0y (A +2— ) +2) ibi(u — o) Tt
1=3
A1+1 .
+ aobs Y 3i(i —8) ci(u—ro) + ... .
=1

The roots of Wr(g1, g2, g3) are of the form
(>\1+3-—)\3)(A2+2~A3) 6”, sy
()\1 +2— )\3)()\2 +1-— /\3)

o o — ()\1 + 2)()\2 + 1) o
)\3 0 ()\1 + ]_)AQ )

zZ1 ~To —
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(M +2-=22)

~ - T>\3+1 e
Zrg+1 To ()\1 11— )\2)()\2 + 1) € ) )
3(A
Zag4+Ag—2 ~ TQ — E)\i — ) ’r‘>\3+%2 2

)
(>‘1 + 1)(>‘1 ) € rstrg—1
Z>\3+>\2>1 TO ()\1 +2)(>\1 ) 3 ottt

2
T —
EhatdptAr—a > T0 T g €9TRN,

1
- — 2
Zxg+Ag+r;—3 ~ To+ 7 Mo =3t g ta0 42, -2)/2

1
_3+r _ 2
Zaz+Aat+A—2 ~ To — —\/5 eMatra -3t aatagta —2)/ ,

TAg+Xg+Xr1—1
?

ZAz+A2+A—~1 ~ To — € Zxzt+A2+2 ~T0-

The point Thr(€,8) = (21, Zrs+ Aot Xy s tgl), . t&la)+>\2, t(Q), oot
is a point of root coordinates of X, (e, s).

Let us call the root coordinates tE\?H\rl, tg\13>+>\2, Zhs+Az+A;, EXCED-
tional, and the remaining root coordinates regular. For each regular root
coordinate y the leading term of asymptotics of y — ry as € — 0 has the

form Ae® for suitable numbers A # 0, B.

@)
X )

Lemma 9.9. The pairs (A, B) are different for different regular root
coordinates.

Proof. A proof is by inspection of the list. Q.E.D.

For each exceptional coordinate y the absolute value of the difference
y — rg is much smaller as € — 0 than for any regular coordinate.

The Bethe vector has the form w(T'r (€, s)) = > ; wi(Tr(e, 9)) egv,
where the sum is over all admissible J, see Section 6. An admissible
J = (41, -y Jrs+re+2, ) CcONSists of ones, twos and threes with exactly
As threes and Ay twos. Choose J with j; =3 fori=1,..., A3 and j; = 2
fori=As+A2—1, A3+ Aa,..., A3+ 2y — 2. Then w;(Tr(c,s)) is given
by the formula

1
9.5) wi(Trles)) = > Y H NONRORIO X

0€Srgrns TeSns =1 (br() ~ o) (b — #1)

Az+ Az

1
XH 6)

i=As+1 to'(i) — Zxp+i—2
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Lemma 9.10. For small €, the function wi(Ty(€,s)) has well-
defined limit as s — 0.

Proof. By Lemma 9.9, each summand in (9.5) has well-defined
limit. Q.E.D.

Our goal is to show that @y(e) = lim,0 wy(Tr(e, s)) is nonzero
for small e.

For every o the second product in (9.5), has well-defined limit
Az+A2 1
w=lm| ]

imAa 1 bo() ~ Frati—2

That limit is an acceptable function of order

Az+A2 s
Blg,) = — Z min(B(t((T()i) —19), B(2xg+i—2 — T0)) -
i=Az+1
In particular,
Az+Ag—2
B(go) 2 —B(2rg23-3 — 70) = B(zagran 2 —10) = 3 B —1o).
i=Az+1
The largest second products are those with
Az+A2—2
1
B(go) = —B(ant2x3—70) — Bloagyan—2—10) = > Bt —ro).
i=Xg+1

For every o, 7, the first product in (9.5) has well-defined limit

Az

1
Por = lim
m\ U= =)

That limit is an acceptable function of order

A3
B(p,,) = Z min(B(t{()) — o), Bty —0)) +

T min<B(tf,(>) ro), B(z; — 10))).
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In particular, B(pyr) = — Zf‘il(B(t?) —10) + B(z; — r0)). The largest
first products are those with

A3
B(por) = = Y (Bt 1) + Bz — 10)).

=1

Lemma 9.11. The function @;(€) is acceptable. Its order and
leading coefficient are given by the formulas

A3
B((DJ(E)) = — Z (B(tf) - To) + B(Zz — To)) — B(Z)\3_|_2)\2,3 - 7"0) —

=1
Az+Ao—2
~ Blaxgq25—2 = T0) = D Bt —ro).
i=Az+1
A@s(e)) = 2(As —2)! ! x
! ? " A(Zrg42200-3 — T0)A(2ag4220—2 — T0)
Az
1
X X
13 (A = ro) — AR — o)AMY = 7o) — A(2i — 19))
>\3+)\2—2 1
X H S
i=As+1 A(tgl) — 1)

Proof. - It is easy to see that if o, 7 are such that the second product
in (9.5) has order
Az+Az—2
—B(2x,420-3 —10) — Blasgezn—2 —10) = 3 Bt —ro),

i=Az+1
then the first product has order — Zf‘il (B(tl(-z) —710)+ B{z; —1r9)) only
1

if it equals Hj;l(t?) - tgl))“l(tgl) — z;)~'. This implies the lemma.

Q.E.D.

9.4.4. Proof for N = 3 and W 2,1). We study the problem tg\12)+)\3 =

tg\t) i Aao1 = tgi) of type (9.3) (after relabeling the root coordinates).
For any numbers r = (rg, 71,72, ..., "xs+ra+); ), Such that 7o € C,

s €Rfori>0,0<r <7y <+ < 7Paggatn,, We choose X,.(e, s) to
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be the three-dimensional space of polynomials spanned by

A1+l
g1(w) = (u—rg) "+ > ei(u—r),
i=0
Az
g2(u) = (u— 7o)t + Z bi(u — 7o)’ + 8%bo
i=2
Az—1
ga(u) = (u—ro)™ + Z ai(u—ro)",
i=1
where
Axz—1 :6T17 a)\:;*i/a)\s—i—%l :En7 i:27"'7)\3_]-7
by, = €7, brg—i/brg—iy1 = €3, t=1,..., A — 2,
Capp1 =€ Hr2ml ey /ey i = € Mt 1=0,...,A1.

We have X,.(e,0) € Wg,2,1). Clearly, the dependence of X (¢, s) on r is
generic in the sense defined in Section 9.4.1.

We consider the same asymptotic zone 1 > |¢| > |s| > 0. The roots
of g3 are of the form:

, t§2) @ — €Mt

th) ~ Ty —€

NTO_ET2’_,.7tA3_1N7’O , S—TO
We have
Wr( ) = (A2 +1—A3)(u—rp)stA2 4
92,93 2 3 70
As—1
I S TR P
i=1
+ alz(i_1)bz‘(u—ro)’—52a1b2+ e
i=2
The roots of Wr(go, g3) are of the form
(2) )\2 - )\3 +2 7‘1 (2) )\2 L
~ - X N 4 e t ~ - =
tl "o )\2_>\3+16 ’ ? PAs—1 To )\2_16 370,
Ay — 1 )
tgi) ~ 7“0'_ 2)\2 ET/\37 R tgi)+)\2A2 ~To— =€ /\3+A2_2’
(2) (2)

Uratrg—1 ~To+ 8, 13\ ~ro—s.
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We have

Wr (g1, 92,93) =
= (A +1=2)1 +2—X3) (A2 + 1 — Ag)(u— rg) et 4

Az—1
+ ) 1= ) +2 - D) (e + 1= i) ag(u — o) TN 4
i=1
A2 A
+ar Y (M + 2=+ 10— 1) biu— )M+
=2
Ar+1 ]
+aby Y (i —-2)(i—Deu—ro)' + ... .
=0

The roots of Wr{g1, g2, g3) are of the form
()\1 +3 - )\3)()\2 +2— /\3) o
(>\1+2—)\3)(>\2+1—)\3) Y

(>\1+1))\2 R
Zxg—1 ™~ To )\1()\2_1)5 37,

M t+2-22)Re 1) o,

21 ~To—

Z)\3N7“0— (/\1+1w)\2))\2 g cae
A
ZxzfAp—3 ~ TQ = Nt D) :_ ) Thatrz—3,
(>‘1 — 1) TAg+Ag—2

Z>\3+>\2—2N7"0—~)T1+—15 IEERN

1
T —_
Zhsdrgd A8 ~ T0 — 3 €MatrztAL -3,

m m
Zaztrg+A—2 ~T0+ T1€T, Zagyrs+r—1 ~ To + Ta€

Zra+ro+As ~ To + x3€™,

where z1, 2, z3 are distinct roots of the equation 23 + 1 =0 and

1
M = 3 (Matretri—2 T Maatdatda—1 F Mgtdatr) -
. 1 1 2
The point Tp(e,8) = (21,- -, Zxgtrot A1y tg ),...,tg\s)Jr)\z, tg ),...,

tg\?) is a point of root coordinates of X, (¢, s).
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Let us call the root coordinates t( ) tg\ls) FAa—1 tg\? 1, €xceptional,
and the remaining root coordinates regular For each regular root coor-

dinate y the leading term of asymptotics of y —rg as € — 0 has the form
Ae® for suitable numbers A # 0, B.

Lemma 9.12. The pairs (A, B) are different for different reqular
root coordinates.

Proof. A proof is by inspection of the list. Q.E.D.

For each exceptional coordinate y the absolute value of the difference
y — 7o is much smaller as € — 0 than for any regular coordinate.

The Bethe vector has the form w(T'r(e,s)) = Y. ; wy(Tr(c, 8)) ev,
where the sum is over all admissible J, see Section 6. An admissible
J = (J15- -, Jrs+re+r, ) consists of ones, twos and threes with exactly
A3 threes and Ay twos. Choose J with j; = 3 for i = 1,2,...,A3 — 1
A+ —2and j; =2fori =AMz, A3+ 1,..., 3+ A2 =3, A3+ A — 1,
A3 + A2. Then wy (T, (¢, 8)) is given by the formula

Az—1

96) wiTw(es) = >, > I @ _ 0

O]
O'GS)\3+)\2 ’TGS)\?’ =1 T(Z) a(z))(ta(z _Zz)

1

A3+A2—2

X H —(1——-—~——><

i=Az+1 ta(z) Zi—1
Az+A2

1
I &

2 1)
(ti()h) - t( (Ag))(t((,(A ) — Zxg+re—2) i=A3+A2—1 ta(i) %

1

Lemma 9.13. For small €, the function ws (T (e s)) has well-
defined limit as s — 0.

Proof. Divergent summands in (9.6) are the summands with factors

(t&? - t&? ag—1) " (t(z) - tf\t) +x,) - The divergent summands come
in pairs. There are two types of such pairs. The first type has the form
pC’kzg _ C
1 - 2 1) 1 2 1 1 ’
(t( = t( Az+A2— 1)(t§\3)+>\2 17 z’)(ti ) tg\s)+>\2)(t§\3)+>\2 Zj)
Ckij C

by " =70 1 1 2 1 )
(t( ) - tg\g)+A2)(t§\3)+Az - zl)(t/(ﬁt ) t( )+)\2 1)(tg\3+)\2 1 Z])
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where C' is a common factor, regular as s — 0. The second type has the
form

£ - : |
(t(fg) - tg\13)+)\271)(t§\13,)+)\2~1 - Zi)(tf\la)ﬂz — %)

5 = - |
(tf\? - tf\ls)+,\2)(t(xl3)+/\z - Z")(tf\?“z_l ~4)

where C is a common factor, regular as s — 0. Each pair has well-defined
limit as s — 0,

Ckis
5 l]) —

. C 2 2 2
= lim @ @) + - )
s—0 (tk — To)(zi — ’I"())(Zj — ’r‘o) tk —T0 Zj —To Zi —To

2 2
= lim — .
s—0 (Zz —’f‘o)(Zj —To) Z; —Tp Z; —7To

These limits will be called resonant pairs. Q.E.D.

It is easy to see that wj(e) = lims—g ws(Tr(e, s)) is an acceptable
function and its order equals

Az—1 Az+A2
b= —B(zxg+x, —T0) — Z B(t® —rg) — Z B(z — 7o)
i=1 i=1

Indeed, the order of the limit of any convergent summand in (9.6) is
greater than b. The order of any resonant pair is not less than b. There
is exactly one resonant pair of order b. That pair is of the second type
and corresponds to

Azl 1 Az+Az2—3 1
©= H 2 1 1 H - X
=1 (ti ) ‘tz( ))(tz( )~ Zi) = tz( )z
1

X

?

1
(0 - S)(S - Z>\3+)\2—2)(t§\3)+)\2—2 - Z,\3+)\241)(—S - z>\3+>\2)
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As—1 Az+A2—-3

1 1
a2 = H (t(.2) B t(.l))(t(.l) — ) H +@ - X

i=1 i=A3 Ui 2

1
X

. .
(04 8) (=8 — Zagra—2)(Ei i as—z — Dratra=1)(5 = Zag12s)

Thus, @ (e€) is nonzero for small e.

9.4.5. Proof for N = 3 and W1 0,2)- We study the problem t&lz)Jr)\s =

tf\?_l = tf\? of type (9.3) (after relabeling the root coordinates).

For any numbers r = (7g,71,72, ..., Txs+ratA, ), Such that ro € C,
r; ERfori > 0,0 <ry <re < -+ < Tagtrstr;, We choose Xp(e,5) € W
to be the three-dimensional space of polynomials spanned by

A1+1 )
g1(u) = (u—mr)™H? 4 Z ci(u—ro)",
i=1

A2
g2(u) = (u—ro) ™ + 3 biu 7o)’

i=0
Az—1
A i 2
g3(u) = (u—ro)™® + g a;(u—ro)" —azs”,
=2
where
Arg—1 = €1, Arg—i/Arg—it1 = €, 1=2,...,A3 =2,
b)\2 = 61‘)‘371, b)\z—i/b)\z—i—l—l = Erk3+i41, 7= 1,...,A2,
Cagq1 = €78732 ey _ifen, gy = € Metretitn 1=0,...,A — 1.

We have X,.(€,0) € W(1,0,2). Clearly, the dependence of X, (e, s) on 7 is
such that the corresponding curve X,.(e, 0) is generic in Wy in the sense
defined in Section 9.4.1.

We consider the same asymptotic zone 1 > |e| > |s| > 0. The roots
of g3 are of the form:

(2) r (2) Pag— (2) (1)
ti ~ro—€t, Lot g o€ty ~vrots, By ~To— 8.
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We have
Wr(g2,93) = (A2 +1—As)(u—mg) etz 4
As—1
+ Y Qet1—i)ai(u—re)H ! 4
1=2

Az
+ GQZ(i—Q)bi(u—To)i+l+... .
=0

The roots of Wr(gs, g3) are of the form

£~ pg — % ey B~ — ;z = ; a2,

tg\lg)—l ~To— iz : f €Mret L, tg\l‘nj)+/\2_4 ~ Ty — %Emg+x2—4,

t§13)+/\2_3 ~ erg a0 -3+ A3 125 2)/2, tg\ls)+,\2—2 o —ePagtramstrag g -2)/2
tg\?ﬂz—l ~ 1o = 2eMa et f0) .

We have

Wr (g1, 92,93) =
+ A+ 1= A1 4+2 = A3) (Mg +1— A3)(u — mp)reTretAr 4

As—1
+ Z A +1=2)A+2—) Ao +1—0)as(u—ro)treth 4
=2
A2
+ a2 Z()\l +2 =) A (i — 2) bi(u — ro)M T —
=0
A1+l
— azbo Z 2i(i—2) ci(u—ro) "+ ... .
i=1

The roots of Wr(g1, g2, 93) are of the form
(A +3=23) (A2 +2—X3) o
()\1+2—)\3)()\2+1—)\3) oy

MO -1)
P2 T T R T e -2 ¢

21 ~To —
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M+2=-2)—2)
M +1-2)A2—1)

A —1
Zx34+Aa—4 ~ T0o — m

e€MPstl

Zx3—-1"~To —

67'>\3+>\2—4’

A +1
ZAs+rg—3 ~ To + )\—I—E e(”3“2‘3+”3+*2*2)/2,
Pgtra=2 10~ | ii t 1 earaz=staairg-2)/2,
2(A1 + 2
Zrg+rz—1 ~ To — % €8 tra—1,
Zxztrz ™ TO — ()\1(+ =Y €ratrz,
A1+ 2))\1 ’ ’

3
T —
s thotra—2 ~T0 T g€ R

1
ZaatAadtrs—1 ~ To + €(Tk3+)\2+>\1—1+7'>\3+>\2+>\1)/2’

Zag+AatAs ™~ 70— Dt 14 )2,
. 1 1 2 2
The point Th(€,8) = (21,- -, Zrs+ratA1s tg ), . ,t&3)+/\2, tg ), e 7tE\3))
is a point of root coordinates of X,.(e, s).

Let us call the root coordinates tgi)_l, tf\?, tg\ls) +», €xceptional, and

the remaining root coordinates regular. For each regular root coordinate
y the leading term of asymptotics of y — ro as € — 0 has the form Ae®
for suitable numbers A # 0, B.

Lemma 9.14. The pairs (A, B) are different for different regular
root coordinates.

Proof. A proof is by inspection of the list. Q.E.D.

For each exceptional coordinate y the absolute value of the difference
y — 1o is much smaller as ¢ — 0 than for any regular coordinate.

The Bethe vector has the form w(T'r(¢,s)) = > ; ws(Tr(e, s)) egv,
where the sum is over all admissible J, see Section 6. An admissible
J = (J1,-- -, Jrg+rg+2, ) consists of ones, twos and threes with exactly
A3 threes and g twos. Choose J with j; =3 fori=1,2,...,A3—3,\3—
2, 3+A—1, A3+ o and j; =2fori=A3—1,A3,..., A3+ A2 —2. Then
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wy(Tr(e, s)) is given by the formula

As—2
1
0.7 ws(T» = > X 1II TOREPORO
TESag4rg TESK, i=1 T(z)_ (z))(a(z)‘zz)
Az+A2 1

1
. H @ o) 11

i=Xg— 1 ( T(i) tfy(z))( o(3) ~ Zxg+i) i=As+1 to(i)—zi"g

It is easy to see that wy(e) = lims—,o ws(Tr(e, $)) is an acceptable func-
tion and its order equals

A3—2 Az+A2
e Z B(t52) — ’I"o) — Z B(ZZ - T‘Q) - QB(tg\ls,)_‘_)\Q_l - 7“0) .
i=1 i=1
Namely, consider the following four summands in (9.7):
Ag—2 1 Natda=t As+Aa 1
¢ = 11 @0 I1 RO I o -
im1 bt =1 b Zi ag+rg—1 bi

1
X +
2 1 2 1
((tf\s) 17 tE\3)+>\2 1) (t( = tE\3)+>\2)

1
T e 1 2 1 ) X
(151 = 15 ) (B = 1), 1)

1
X +
1 1
((tf\g)+,\2 3 z>\3+>\2—3) (tg\g)+)\2—2 - z>\3+/\2—2)

1
1 I .
(tf\s)“z—?; = Datra-2) (t(As)+A2—2 - ZA3+A2—3)>

Then the order of lims_,g¢ equals b and the order of
tim (s (T (6,5)) — 0))

is greater than b. Therefore, lim;_,o ws (T (€, 8)) is nonzero for small e.

For N = 3 and every essential subset Wy, we proved that the Bethe
vector is nonzero at generic points of Wy and, hence, the number « of
Corollary 9.2 is nonpositive. Thus, Theorem 7.1 is proved for N = 3.

For N > 3, Theorem 7.1 is proved similarly. Namely, let Wy, d =
(di,...,dn), be an arbitrary essential subset. A point X € W is an N-
dimensional space of polynomials. For any numbers r = (rg, 71,72, ... ),
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such that rg € C, r; € Rfori > 0,0 < 7 < rs < ..., we choose
X, (€, s) to be the N-dimensional space of polynomials spanned by the
polynomials g1, ..., gy, where

AjH+N—j—1
g5(u) = (w—ro NI 4 3T ayi(u—ro),

i:dj
ifj:lorj>1anddj—de17é2,and

Aj+N—j—-1
gi(w) = (w—ro) NI 4 N asi(u—ro) = s%azq,(u—ro) %7,

i=d;

if  >1andd; —dj—1 = 2. We order the coefficients a;; by defining
(4,4) > (4',4') if either j > j/, or j = j' and i > #/. According to that
order we define the coeflicients a;; by setting

N o N o
ANAN+N-2 =€, ANAN+N-3/ANAN+N—2 = €2, ...

see the cases N = 2,3. We have X,.(¢,0) € Wy and the point X,.(e, s)
is nice for small nonzero s.

We consider the asymptotic zone 1 >> |e| > |s| > 0 and determine
the asymptotics of the roots of the Wronskians Wr(gn, gn—1,---,9:)-
That gives the asymptotics of coordinates of the corresponding criti-
cal point of the master function. Among the coordinates there will be
exactly three exceptional coordinates with the same e-asymptotics, see
examples for N = 2,3. Depending on the indices of the exceptional
coordinates we choose a coordinate of the associated Bethe vector and
show that the chosen coordinate has a well-defined limit as s — 0. That
statement, proved for any exceptional subset Wy, implies Theorem 7.1.
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