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Varieties of lines on Fermat hypersurfaces

Tomohide Terasoma

Abstract.

Let X be a hypersurface in the projective space P**! and G(n +
1,1) be the Grassmann variety G(n+1, 1) of lines in P**. The subva-
riety F'(X) of G(n+1,1) consisting of lines contained in X is called the
Fano variety of X. We study a detailed structure of the Fano variety
of the Fermat hypersurface X of degree d for n > d. More precisely, we
show that a certain open subset F°(X) of F(X) has a fibration struc-
ture over a moduli space of marked pointed rational curves and that the
fibers are complete intersections of Fermat hypersurfaces introduced in
[T]. We also study singularities of F(X).

81. Introduction

In this paper, all algebraic varieties are considered over the complex
number field C unless otherwise stated. Let n,d be integers such that
n>2,d> 2, and P*"*! be the (n+ 1)-dimensional projective space and
X a hypersurface of degree d in P™"*1. Let G(n+1,1) be the Grassmann
variety of lines in P"*! defined by

G(n+1,1) ={l|1is a line in P"*}.

The variety consisting of lines contained in X is denoted by F(X) and
called the Fano variety of lines of X, i.e.

F(X)={leGn+1,1)|lc X}

Let Sym?(C"*2) be the vector space of homogeneous polynomials of
degree d on C"*2 and P(Sym?(C"*2)) the projective space associated
to Sym4(C™*2). The class of a non-zero element f of Sym?(C"*+?) in
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P(Sym?(C"*2)) is denoted by [f], and the hypersurface in P"*! defined
by the zeros of f is denoted by V(f).
The following theorem is due to Barth-Van de Ven [BV].

Theorem 1 (Generic smoothness). Assume that 2n > d+1. There
exists a non-empty open set U of P(Sym?(C™*2)) such that the Fano
variety of lines of F(V(f)) is smooth of dimension 2n—d—1if [f] € U.

The open set U in the above theorem is described as follows. Let
U be the universal family of lines contained in the universal family of
hypersurfaces defined by

U ={(f1,D) € P(Sym¥(C™*?)) x G(n+1,1) | C V(£)}

Let
pri iU — P(Sym*(C™™2)), pro:U — G(n+1,1)

be the restriction to I/ of the first and second projections of the product
P(Sym¢(C™*?%)) x G(n + 1,1). The fiber of pro at a line I is the set
of hypersurfaces containing the line !, which is isomorphic to a linear
subspace in P(Sym?(C"*2?)) of codimension d + 1. Therefore the map
pry is smooth and the variety I/ is smooth. By the generic smoothness
of pry, there exists a non-empty open set U of P(Sym?(C"*2)) such
that the restriction of pri to U is smooth.

On the other hand, there exists a smooth hypersurface X such that
the Fano variety F'(X) of X is not smooth even if 2n > d 4+ 1. In this
paper, we give a description of F'(X) of a Fermat hypersurface for n > d
using a moduli space of marked rational curves. The main theorems
are Theorem 2 (the case n = d) and Theorem 4 (the case n > d).
In Section 5, we study the singular loci of the Fano varieties F(X) of
Fermat hypersurfaces for n = d.

§2. Transversal Fano varieties of Fermat hypersurfaces

Let G(n + 1,1) be the Grassmann variety of lines in P"*1. The
coordinates of the projective space is written as (Xo : -+ : X,01). The
coordinate hyperplane defined by {X; = 0} is denoted by H;. We define
the subset G(n +1,1)° of G(n+1,1) by

G(n+1,1)°
={l € G(n+1,1)| the intersections [ N Hy, ..., N H,.1 are distinct}.

The transversal part F9(X) of F(X) is defined by F(X)NG(n+1,1)°.
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Definition 1 (Moduli space of rational curves with (n + 2) marked
points).
(1)  The moduli space of rational curves with distinct (n+2) marked
points is denoted by Mo nta.
(2) We define the moduli space of rigidified rational curves with
(n 4 2) marked points by

Moo = (P)™2 — D,
where D is the big diagonal defined by

D = Ug<icj<nt1{(Pos - - -y Pnt1) | i = i}

The group PGL(2) acts on (P!)"*2 diagonally and the open set
Mo n+2 is stable and fixed point free under this action. The variety
Mo, n+2 is isomorphic to Mg p4+2/PGL(2). The class of (po,...,Pn+1)
in Mo 42 is denoted by [po,...,pnt1]. The dimension of Mg 42 is
n— 1.

Let | € F°(X). By the condition of transversality, the intersections
I N Hy,...,lN Hyyp are distinct n + 2 points, and they define a point
conf(l) =[N Ho,...,IN Hyy1] € Mg nto. Thus we have a map

conf : FO(X) — Mo nya-
We define the Fermat hypersurface X of degree d in P"*! by
X:X¢+--+X3,=0.

Let G be the group 72 /A(uq), where A(pg) = {(¢,-+,¢) | € € pa} C
"+2 Then G acts on X by

(Xo:- - Xng1) = (CoXo -t Cngr1Xng1)

for (Co,-..,Cnt1) € G. The action of G on the Fermat hypersurface X
induces that on the Fano variety F'(X) of lines on X.

Let [ be an element in F(X) and g = (p,...,(nt1) an element in
G. Since the image of the point N H; under the map ¢ : I — g(I) is equal
to g(1) N H;, the condition of transversality is stable under the action of
G. Therefore G induces an action on F(X)° and conf(g(l)) = conf(l).
Thus we have a map

conf: FO(X)/G = Mo nra-
Our first main theorem is the following.

Theorem 2. Ifd = n, then the action of G on F(X)° is fized point
free and the map conf is an isomorphism.
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§3. Construction of the family F

3.1. Trivialized Kummer covering

Let k be a field of characteristic zero, S a smooth connected scheme
over k, and 7 : C — S a geometrically connected smooth projective curve
over S. Let D =}, a;D; be a divisor on C such that O¢(D) ~ Oc. Let

w0 : 9 — C be a section of 7 such that Im(pe) N Supp(D) = 0.

Definition 2 (Trivialized Kummer covering). Let d be a positive
integer and f a rational function on C such that

(1)  The divisor (f) of f is equal to D, and

2} flimpe=1-

Then the projective curve D over S defined by y* = f is called the
Kummer covering with the branch divisor D trivialized ot pe.. Since
there is a unique rational function f with the properties in Definition 2,
the trivialized Kummer covering is uniquely determined by D and poo.

3.2. Definition of Kum?

Let U = P! x My n12 be the universal rational curve over the rigidi-
i

fied moduli space Mg n+2 and p; : Mo ny2 — U be the universal section
defined by

i 00, Ans1) = (Aiy Moy - -, Ans1)) €U

The group PGL(2) acts diagonally on u freely and the quotient variety
is denoted by U. Since the action of PGL(2) on U and that on ./\//l()\,y:,g
are equivariant and the sections p; are stable under its action, we have
a map U — Mg o and sections p; : Mg pio — U.

We fix ¢ € P'. The affine line defined by P! — ¢ is denoted by Aé.
We choose an inhomogeneous coordinate = of P! such that z(q) = oc.

The open set (Al)"+2ﬂ./\/l0 n+2 of Mo nt2 is denoted by M = Mont2q
and the restriction of the universal curve U to ./\/l is denoted by L{ The

section of qu — Mq defined by the point ¢ is also denoted by ¢. The
three sections p;, p; and ¢ do not intersect to each other. The Kummer

covering of Z/~{q branching at (p;) — (p;) trivialized at ¢ is denoted by
K um;{ ;- Using the above inhomogeneous coordinate z of P!, we have

the coordinates (z,Ag,..., Apt1) of U. Then the covering Kumgvj is
defined by

d Zr — /\1

4,

.’E—)\j'
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We set
Kum? = Kum{ ; Xz Kumg o Xz -+ Xz Kum{ ;.
An element (o, . .., {n+1) in the group G acts on Kum? by yo; %ygyi.
i

Under this action of G, Kum? — U becomes a G-covering.

3.3. Definition of ./\//E
We define Ay = {(A\,v) € AL x Al | X # v} We set
Y Ay — Ayt (2, M, v) = (A, v).
The sections of 7 defined by (A, v) — (A, A\, v) and (A, v) = (v, A, v) are
also denoted as A and v and the Kummer covering branching at ()\) (v)
trivialized at ¢ is denoted as A; — P! x A,. The pull back of As by
the map

./\/;l; S Plx Ay (Ao -5 Ang2) = (Ais Aj, Ak)

is denoted by Ai- . Then the pg-covering Ai = /f\;l; is defined by

f,j’ = i‘ ’\’ The Galois group of the covering
I 2l =M,
7'?637’9'/\/1(1

is isomorphic to pj and the covering corresponding to the group
Ker(ul — pa @ (Gi)i = >_;G) is denoted by M; . Here H~ is the
fiber product over /\’/\l;. The pg4-covering M;C of Mq is defined by
.| Ai = A
FAL NN

i#5,k
We define a G-covering /\//E — Jan by

n+1

"1 o

i:qu
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3.4. The family 7,
We set k = n — d. We define the variety fq by the following fiber
product:

T _ 9% D e X q
Fq = Kum? xgp Kumf Xz - Xz Kum? g M.

k-times

Then fq is a G* x G covering of

Nk—N —— T e e e ——
Uy = Ug X g Uy X iz -+ X i Ug-

k-times

We define the variety F,; by the G-covering of ﬁf corresponding to the
subgroup of the Galois group:

k
Ker(GkXG—>G:(gl,...,gk,g)r—>—g—|—2gi).
i=1

Let z1,.. .,k be the coordinates for the fibers of UF — M. Then F,
is defined by

(1) 6;?:1_[(3:?*/\") 11 (i(f_A”) G=1,...,n+1).

3.5. Patching and an action of PGL(2)

We define a fiber space Fy; — //\;l/q of relative dimension k for each q €
P!. In this subsection, we patch them into a variety 7. Let qi,...,¢n13

be distinct elements in P!. Then we have Mg 12 = U?If .K/l\;

Proposition 3. There exists a patching data

2) vii - Fa |ty iy, = Fas | s, 0,

for Fy, and F,; such that the glued variety F = U;:ng Fq; admits a lifting
of the action of PGL(2) on Mg p+a.

Proof. We choose coordinates z and =’ of P! such that z(g;) = oo
and z'(¢;) = co. We introduce an isomorphism ¢;; in (2). We write

, _ar+b
cx+d
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We use these coordinates to express points in ./(/l\; and /\r/\l;. Then a

point (Ag, ..., Apt+1) € /\7;. corresponds to (Aj, ..., A1) € M,,, where
A= a_)‘i+_b
¢ chi+d
We write coordinates of fibers for F,, — .//\/\l;. and Fy — /T/l\q/j as
Z1,...,2, and 27,. .., 3. Then we have
-\ = (ad — bC)(II)i — )\]) Mo\ — (ad - bC)()\l - )\])

T (e d)(ehj+d) T T (exs +d)(ehj +d)
On /\7;., the equation of Fg, is given by

X)) (=)
o) 11 (A? =)

k
rd H (ZC;
i = T
it (% A0,

e 1 e’

i=1 p#0,j

By setting
571, :fi : C)\J +d,
cho +d
we have an isomorphism ¢ : Fy, — Fg4,. To show that the family of
isomorphisms {¢;;} actually gives a patching data, we check its 1-cocyle
condition. Let z,z’, 2" be inhomogeneous coordinates of A, , A;j,A}M
and write

ax +b g a4V g ad'z4+b

T+ d v T d +d * T+ d

,(a b L a b v a’ b
g = c d)’ g = Jd d) g = ' od )
then we have ¢” = ¢’g in PGL(2). Since the rules of the isomorphisms

wi; and @j for &, &, & are given by
C)‘P+d "_ ¢l /)‘l +d'

!

We set

, = - —— —_——
=5 cho+d P P c’)\’+d’
//A d/’
Since A, = Z))\\: j-_db’ we have £ = &, - %”Tz_j}d?' Therefore, we have

@ik = @jropi;. This computation also shows that the action of PG L(2)
on U* extends to that on F. Q.E.D.
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§4. Proof of Theorem 2

We use the same notations as in the last section. We assume that
k =n—d > 0. We have the following sequence of varieties

F S0 L Moo,

We have the followings.

(1) The morphisms « and 8 are PGL(2) equivariant.

(2) The morphism « is a finite etale Galois covering with Galois
group G.

(3) The relative dimension of the morphism 3 is k.

(4) There are actions of the symmetric group &y, of degree k on /¥
and F over My 42 and the morphism « is equivariant. These
actions of &y commute with actions of PGL(2).

Therefore we have the following sequence of homomorphisms:

F/(6k x PGL(2)) 5 T /(S x PGL(2)) % Monsa/PGL(2).

In this section, we prove the following theorem, which is a generalization
of Theorem 2.

Theorem 4. We assume that n > d and set k = n —d. Then
there is a G-equivariant isomorphism between the variety of transversal
lines FO(X) in the Fermat hypersurface X of degree d in P™"! and
F/(G, x PGL(2)).

Remark 5. Theorem 2 is the special case for n = d. In this case,
the morphism B is an isomorphism and ./\/l/om\_;,_g s isomorphic to F.
Therefore FO(X) — Mo nto is an etale G-covering.

Let I be an element of the Grassmann variety G(n + 1,1). Then by
using homogeneous parameter (to : ¢1), the line [ is expressed as

(3) l: (aoto — Boty = arto — Bity = -+ ngato — Bryaty).

Using this expression and the inhomogeneous coordinate ¢ = i—;, the

intersection of [ and the coordinate hyperplane H? is equal to

a;
(4) =7

<a0 .. an+1)
Bo -+ Pan

The matrix
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is called a frame of the line I. A (2 x (n + 2))-matrix A is a frame
of a line in P**! if and only if the rank A is equal to 2. The set of
2 x (n + 2)-matrix of rank 2 is denoted as M(2,n + 2)°. Then the
space of non-constant maps Map(P!,P"*1) = {f : P! — Pn*!l |
f is a non-constant map} is identified with M (2,n + 2)9/C* and the
Grassmann variety G(n + 1,1) is isomorphic to M(2,n + 2)°/GL(2),
where GL(2) acts on M (2,n + 2)° from the right. The line [ given by
(3) is contained in the Fermat hypersurface if the equality

(Ofoto + 50t1)d + -t (Odn+1t0 + ,3n+1t1)d =0

is satisfied for all (¢ : t1). Therefore the condition of ao,...,an+1,
ﬁo: LR )ﬂn+l is

af + -+ an =0,

Bocif t + -+ + Bryr0iy] =0,
(5) :

gqao 4t ﬂ,dlﬁanﬂ =0,

Bg+--+ B, =0.
We assume that the coordinate (¢g : t1) of [ satisfies the condition 3; # 0,
i.e. A; # 0o. Then (Mg, ..., Any1) is an element of Mg pi1 g

We set

F'={Ae M(2,n+2)°|(1) A satisfies the condition (5), and

(2) all the 2 x 2 minors of A are non-zero}/C*.

Then we have the following maps

{f € Map(PY,P™ | f(co) & H; for all i} L Moniog
N

F Yy Mo

Using the relation (4), the fiber of the map 1 at the point (Ao, ..., Apt1) €
M, is equal to the subvariety of P™"*1 = {(By : -+ : Bp41)} defined by

A%ﬁg +--+ Ai+1,3$+1 =0,
ASTIBE 4+ )‘;11-7-11 4., =0,

MoBE+ -+ An1B, =0,
B+ -+ Bl =0
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Remark 6. This variety is a special complete intersection of Fermat
hypersurfaces defined in [T)].

As a consequence, we have the following proposition.

Proposition 7. The variety F' is isomorphic to the variety:

]:” = {(ﬁv)‘> :((/BO Lo IBn-i-l); (>‘07 .. ~7)‘n+1)) S Pn+1 X MO,n+2 f
B and X satisfies the relation (6)}.

The action of PLG(2) on F” is induced by the action on F” via this

isomorphism. This action is described as follows. Let g be an element of
Aq . .
PGL(2) such that ¢*(\;) = a)\ _—::2 Then the action on the variable 5;
CA4
is given by g*(8;) = 8; - (cA; + d). We can check that the subvariety F”
is stable under this action. Since F'/PGL(2) is isomorphic to F°(X) by

the definition of F'(X), Proposition 7 implies the following proposition.
Proposition 8. F”/PGL(2) is isomorphic to FO(X).

Therefore Theorem 4 is a consequence of the following proposition.

Proposition 9. There exists a G x PGL(2) equivariant isomor-
phism between F"' and F/Gy.

Proof. We fix a coordinate t of P. Let &1, ..., 2% and Ao, ..., Anjo
be coordinates of U* as in §3.4. Then the covering F of U* is defined by
(1). Let &; be the rational function of F defined in (1). We define the
map ¢ : F — F" by

¢ :(A03-~-a>\n+l>x17~--7$k,§17~~-7§n+1)

b ((1 : 51 el £n+1),)\07 ey )\n—l—l) S Pn+1 X ./\/l07n+2.
We show that the image of this map ¢ is contained in F”. We set
(Bo: " :Bny1)=(1:& 1+ €ng1). Then by equality (1), we have
(B8 Brga)
i@ =d) | Il =2) T (@ = M)

:(Hp;éo()‘o - )‘p) . Hp;éO()\l - )‘p) o Hp;eo()‘m-l - /\p) .

Therefore by Lagrange interpolation formula, we have
ABE+ - X5 BE =0 fors=0,...,d

Therefore the image of 1 is contained in F”'. Since the map ¢ is invariant
under the action of &, it factors through the map ¢ : 7/&, — F”. We
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show that the morphism ¢ is an isomorphism. It is enough to show that
each fiber of ¢ at (Ao, ..., A\yt1) is an isomorphism.

The restriction of the morphism ¢ to the fibers of /&y, and F” are
G-equivariant and the quotients by the group G are isomorphic to

Lo(SO,...,Sk) Ln+1(80,...,sk)
Ly =A{( e )| s0,...,55 € C}
Hj;éO()‘j — Ao) Hj;én+1()\j — An+1)
and
n+1
Ly={(bo: - :bp1) | D Abi=0 fors=0,...,d},
i=0
respectively. Here L;(so, ..., s5) = ZI;ZO(—)\i)”sk,p is a linear form on
S0, - - -, Sk and the quotient map is given by the map

sp —+ the elementary symmetric function of z; of degree p,
On the other hand, the two linear spaces L; and L, are equal. Thus we
have the proposition. Q.E.D.

Example 10. We consider the case n = d = 3. In this case the
Fano variety F(X) becomes a surface, which is called the Fano surface
of the Fermat cubic three fold X. The surface F(X)° is a G = (Z/3Z)*-
covering of the moduli space Ms = (A —{0,1})? — A, where A is the
diagonal. In this case, it is known ([CG]) that the Fano variety F(X) is
smooth. We refer to [R] for other properties in this case.

85. Singularities

In this section, we study the singular locus of F(X) in the case
d = n. Similar computations are not difficult for the case n > d. Let [
be an element in F'(X). Then the divisor I N (U; H;) defines a partition

Ply={P,={i|zecH}|zel}

of the set [0,n + 1] = {0,...,n + 1}. The variety F(X) is stratified by
the type of partition P(I):

F(X) = M rFeor

P:partition of [0,n+1]
where F(X)F = {l € F(X) | P(I) = P}. For example,
FOX)={{0},...,{n+1}}.
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Let [ be an element of F(X) and i;,...,i; be the cardinalities of
the elements in P(l). Then 413 + --- + i = n + 2. We compute the
dimension of the tangent space of F(X) at the point I. By changing the
coordinates of the line, we may assume that the frame of [ is of the form
A= (Ay,...,Ag), where

(bt e Apbys,

By changing coordinates of the line [, we may assume that A; # 0
and b;; # 0 for all ¢ and j. We consider a deformation of A(e) =
(A1 + Ey,... A+ Ek), where

B = (Efpl PN Egpip) 7
P €Mp1  -ve EMpi,
with €2 = 0. Since the line corresponding to the frame A(e) is contained
in the Fermat hyper surface, we have

Zk:1 Zzi1o‘pbpi +€pi)? =0,
szl 2211()‘1)61"’ + Egm’)dvl(bpi + €npi) = 0,

Zkzl Zzpzl(Apbpi + €pi) (bpi + fnpz‘)d_l =0,
\Epzl Z;p:l(bpi + fnpi)d =0.

By looking at the coefficients of €, we have

(7)

Sy dAITH(T, bt = 0,
s [(d AT b ) + AL () bz;lnpn] 0,

k i d— iy pd—

S | (Sl ) + (= DS, 8 )] =0,
k iy 1d—

szl d(> i bgi lnpi) =0.

We define linear functions L, and M, by

ip iP
d— _
Lp=> b6, M,= > b .
i=1 i=1

Then L, and M, are independent linear functions for &g, ..., &1, 70, . - -,
Mn+1. Therefore the linear equation (7) can be written as

N*(Li ... Ly My ... M)=0,
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where
gt gt 0 . 0
(-2 L0 (d-Dad2 o At !
N = : : : :
1 1 (A=A ... (d=D
0 0 d d

Lemma 11. The rank of N is equal to max(n + 1, 2k).

Proof. We consider Vandermonde matrix for Ag, Ay,..., A, and
consider the limit where A\g tends to A;. We set A\g = A1 + ¢ with
€2 = 0. Then we have

1 1 ... 1 (1) ; T )\1
M4e Ao\ y o0
det . . . — Gdet 2A1 A% e )\721
()\1 + 6) )\1 e >\n TL)\;Z_l )\? . )\,7;
It is equal to
—€- H ()\] —)\1)1—[()\1—)\1)
1<i<j<n 2<i

Using this procedure, we can prove that the determinant

o ... 0 1 .. 1
S D SRR ¥

aet | 20 2%, A by
AP L Rt AR A

is non-zero if p+qg = n+1 and p < ¢. Thus we have the lemma. Q.E.D.

Definition 3. Let P(l) be the partition and 4y, ..., i be the cardi-
nalities of the elements in P(l). The number 2k is called the rank of 1
and is denoted by rk(l).

By the computation of the dimension of the tangent space of F(X) at
I, we have the following theorem.

Theorem 12. Assume that n = d. The point | € F(X) is singular
if and only if rk(l) < n.

Corollary 13. Assume that d = n. The variety F(X) is singular
if and only if 4 < d.
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§6. Period integrals for Fano varieties

6.1. Arrangement of hyperplanes

We apply Theorem 4 to study period integrals for Fano varieties of
Fermat hypersurfaces. We study the case where n = d. Then ngn\w —
m_g is a (Z/dZ)"'-covering. We take the quotient by GPL(2) and
normalize Ag, ..., Ant1, Anto so that

)\OZOO,)\]_ :0,)\2:1.

The normalized parameter will be written as ps, ..., ftn+1. Therefore
Hp = (Ap7 )\1, )\27 )‘0)
for p=3,...,n+ 1. Here we used the notation of the cross ratio
(z —y)(z —w)
(z,y;2,w) = T———5——=.
(z —w)(z-y)

Therefore Mg pyo = @;2 /PGL(2) is isomorphic to

{(ﬂ37---7ﬂn+1) ' Hi 7é 0717 Hi 7é/u’j for ¢ 7{:]}
We set

n+1 d
_af A2 — Ao
1 g 22 gl )\2 _ )\1
n+1 d

_afl do— M

2 ,=H3< pi) =& N — A
A = pips — 1) H (ki — p5)

J#4,3<j<n+1

—emaf o = A1) (A2 = o)
=% ((&“AO)(M—M)

d
), fori=3,...,n+1.

Then the covering FO(X) ~ mg/PGL@) over Mg 42 is defined by
(8) nd=A;fori=1,...,n+1.

Therefore F°(X) is an open set of a ramified covering of A”~! =
{43, ..., in+1} branching at the arrangement of hyperplanes defined by

B, = {Mm 1- Mi}3§i§n+1 U {,ui - Nj}3§i<j§n+l-

It is called the Selberg arrangement.
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6.2. Selberg integral

Using the main theorem, we can show that the period integrals are
written down using certain kind of Selberg integrals. The subjects in
this subsection are compilations of well known facts, which might be
useful for readers. Let 7 : F(X) — Mg n+2 be the covering introduced
in the main theorem, G be the Galois group of 7, and K = Q(uq) C C.
Let

G* = Ker((Z/dZ)™? =5 (Z./dZ))

be the character group of G and L(x) be the x-part of the direct image
sheaf 7, K of K under the map . The i-th singular cohomology with
the local coefficient £(x) is denoted by H (Mg n+2, L(x)). Then we have
a decomposition

H'(F(X),K) ~ ®yeg+ H (Mo nt2, L(X))-

Let j : Mgnt2 — A" ! be the open immersion defined by {u; }s<i<ni1
and set OMo 12 = A" 1 — Mg 12. Let 51L(x) be the zero extension of
the local system L() to A™~!. Then we have a natural homomorphism

9) @' (x) : H(A™ ', 51L(X)) = H (Mo iz, L£(x))-

Since F(X) is an affine variety, the algebraic de Rham cohomology
H'(F°(X)/C) is the cohomology of the following complex

0= D(Opo(xy) = T(Qpo(xy) = -+ = T(QFo x)) = 0.
By de Rham Theorem and taking y-part, we have an isomorphism
H" " (F°(X)/C)(x) = H"™ '(Mo,ns2, L(x)) ®k C-

We construct an element A, in the relative homology H,,_1(A™};
OMo n+2, L£(x)) which can be identified with the dual vector space of
H" Y (A" 51L(x)). Let &[3,n+1] be the symmetric group of [3, n+2].
For an element o € &[3,n + 1], we define a simplex A, C R""! by

Dy ={0< o) <+ S onyr) < 1| g € Rfor 3 <d<n+1}.

By choosing a section of L£(x) over A,, we have a chain A, with value
in £(x), which defines an element in H,,_1 (A" ;Mg ni2, L(X))-

Let n1,...,Mnt1 be rational functions defined in (8). Then a char-
acter y of G can be written as the Kummer character of f = H?:ll nx
with 0 < x; < d. Then the differential forms

n+1
w= H nYdugA- - Adpiny1, v = xi(mod d),y; > 0fori=1,...,n+1

i=1
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define elements in the image of ¢"~! of (9) in the space H" 1 (F°(X)/
C)(x). By choosing a suitable choice of branch in the integrand, we
have

s

'd

0<po @) < <pont+1)<l

The integral in the right hand side is called a Selberg integral.
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