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Complexes, duality and Chern classes of logarithmic
forms along hyperplane arrangements

Graham Denham and Mathias Schulze

Abstract.

We describe dualities and complexes of logarithmic forms and dif-
ferentials for central affine and corresponding projective arrangements.
We generalize the Borel-Serre formula from vector bundles to sheaves
on P¢ with locally free resolutions of length one. Combining these
results we present a generalization of a formula due to Mustata and
Schenck, relating the Poincaré polynomial of an arrangement in P (or
a locally tame arrangement in IP? with zero-dimensional non-free locus)
to the total Chern polynomial of its sheaf of logarithmic 1-forms.
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81. Introduction

The study of logarithmic differentials and differential forms in the
context of hyperplane arrangement singularities now has a thirty-year
history that begins with Saito [Sai80]. For a comprehensive survey, we
refer to the forthcoming book [CDFT]|. This paper collects together
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some results about complexes of logarithmic forms: some known, others
folklore, and some new. In particular, we attempt to clarify the rela-
tionship between forms on the complements of central, non-central and
projective arrangements, respectively.

In order to be more precise, let QP(e/) denote the module of loga-
rithmic p-forms (defined in (2.2)), for a central arrangement < of rank
£. Following [Dol82, Dol07, Dim92], we consider the submodule Qf (/)
(Definition 2.4) of forms which vanish when contracted along the Euler
differential. We show that the coherent sheaf on this submodule coin-
cides with the usual sheaf of logarithmic forms on the projectivization of
&/, Definition 2.10. We also consider a quotient of QF(<f) which we call
the module of relative logarithmic forms, denoted Q2 () and defined in
Definition 2.7. This was introduced in slightly different terms by Terao
and Yuzvinsky [TY95], and discussed more generally in [dGMS09]. We
note that this module is isomorphic to Q5 (47), which gives a noncanoni-
cal splitting of the inclusion O (&) — QP(«). We note that the choice
involved amounts to choosing an affine chart. In this way, we understand
logarithmic forms for affine, non-central arrangements in terms of their
cone.

The modules of logarithmic forms are reflexive, which was observed
first in [Sai80, (1.7) Cor.] for Q!(«7). The exterior product gives a map
Jj: NPQY ) — QP(&/), which we see is an isomorphism exactly when
AP Q1 () is also reflexive (Proposition 2.2.) We note that, if o7 is tame,
(Definition 2.3), then j is an isomorphism for values of p less than the
codimension of the non-free locus of & (Proposition 2.9). In the case
where & is free, this is part of Saito’s criterion for freeness, from [Sai80,
(1.8) Thm.]; in the case where & is locally free, it was noted by Mustati
and Schenck [MSO01]. The same is true for the variations above.

In §3, we examine the duals of the modules of logarithmic forms,
which are modules (or sheaves) of multilinear logarithmic differentials.
In the dual setting, the natural construction is a quotient of the module
of logarithmic forms D, (&), denoted by D9(«/) and defined in Def-
inition (3.4). Our work with forms allows us to replace the quotient
with a submodule, DJ (), again by choosing a chart. The modules
of forms are also self-dual, which gives some useful symmetry. We note
some equivalent formulations of the homological notions of free and tame
arrangements.

Multiplication by a degree-0 logarithmic 1-form w) gives a cochain
complex (Q°*(f),w,), as well as for the projective constructions. Orlik
and Terao [OT95b] show that this complex is exact, and (Q8(&),wn)
has a single non-zero cohomology group, both for suitably “generic”
choices of A, which we discuss below. Their main application is to show
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that, under the same hypotheses on A, the function

(1.1) Oy = ] o3

Head

has isolated, nondegenerate critical points. (Here, & is a non-central
arrangement defined by affine-linear forms {ag : H € &}.) Recent gen-
eralizations of this result in [CDFV] make use of a parameterized version
of this complex, which we discuss in §4.1. We clarify the relationship
between the various complexes and, in doing so, improve slightly on a
main result of [CDFV].

As further applications, we give some formulas for the Chern classes
of the sheaf of logarithmic 1-forms in §5. Mustatd and Schenck [MS01]
showed that, for locally free arrangements, the total Chern polynomial is
given by the arrangement’s characteristic polynomial. We see in Propo-
sition 5.18 that the coefficients of the two polynomials always agree up
to degree k, for any arrangement, if its non-free locus has codimension
> k. For certain projective arrangements with zero-dimensional non-free
locus (including all arrangements of rank < 4), we compute the total
Chern polynomial in Theorem 5.13. Our expression is combinatorial if
the non-free locus consists of generic closed subarrangements; however,
we exhibit two arrangements with the same matroid and different Chern
polynomials in Example 5.20.

§2. Log forms

2.1. Normal and reflexive sheaves

Let & be a central (simple) arrangement of n hyperplanes in an
¢-dimensional C-vector space V = A’

We denote by L(%7) the intersection lattice of &, and by L.(«#) C
L(&) the subset of codimension-c flats. For X € L(&), let @/x =
{H € & | X C H} be the localization of & at X; for H € & let
" ={H'NnH|H € \{H}} be the restriction of & to H.

We abbreviate P4 = PV, d := £— 1, and denote by P&/ := (&) the
corresponding projective arrangement, where

(2.1) m: V\{0} = PV

is the canonical projection. For H € & we denote by ag € V* its
defining equation. We can assume that for some {Hi,...,Hy} C &,
x; := ag, are coordinates on V. Then f =[], ag is the (reduced)
defining equation of &7 in the coordinate ring R = Sym(V*) of V.
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We shall readily identify R-modules with the associated sheaves on
the affine space V, and denote —V = Hompg(—, R). We identify &
with Spec(R/f) C V and denote by i: U := V\Sing« — V the in-
clusion of the complement of the singular locus of &« in V. Following
Barth [Bar77], we say an R-module M is &/-normal if M — i,4*M is an
isomorphism. Note that R itself is normal. The following easy facts are
particularly useful for our purpose.

Lemma 2.1.

(1) Any reflezive module has depth > 2.

(2) Two &-normal modules are dual if they are dual on U.

(8) A torsion-free o/ -normal module that is reflexive on U is re-
flexive.

(4)  Moreover, of -normality is o consequence of reflezivity.

Proof. The non-obvious statements follow from [Har80, Props. 1.1,
1.6]. Q.E.D.

2.2. Relative logarithmic forms

The modules O, form a graded R-module 2}, closed under exterior
product such that the natural map R — Q{, has degree 0. In particular,
the localization €2}, ; has a natural Z-grading. The module of logarithmic
differential p-forms along < is the graded R-module

1 d 1
(22) P(F) = we =0 |VHeo: L pwe -8t cay .
f aH f ’
It is easy to check that Q*(%7) is closed under exterior product.
As the modules $9f, and %Q@H are free, QP (/) is &/-normal, and

(2.3) o (et)y = \' QN (),

for primes p supported on the non-singular locus U. Both sides are free
over Ry, so QP (&) is reflexive by Lemma 2.1.(3).

The exterior product gives a map j,: A" Q' (&) — QP(&), which
is easily seen to be a monomorphism. Under some hypotheses, j is an
isomorphism, as we will see in Proposition 2.9. However, exterior powers
of a reflexive module need not be reflexive, and in general one has:

Proposition 2.2. For any </, we have (A" Q' ())VV = QP()
for0<p<L
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Proof. Let EP = EP(4/) denote the cokernel of j,. By (2.3), the
module E? is supported on Sing &7, which has codimension > 2. There-
fore Ext,(E?, R) = 0 for ¢ = 0, 1. It follows that

(2.4) 3 (a)Y = (NN ()Y

is an isomorphism. We apply —" again and note QP(&) is reflexive.
Q.E.D.

By Lemma 2.1.(1), pdp QP(&/) < £ — 2 for all p. The following
definition first appeared in [OT95al:

Definition 2.3. An arrangement &/ is tame if pdy (%) < p, for
0<p<it

Since Q°(&) = R is free, the condition is vacuous except for 1 <
p < £ — 3. Accordingly, all arrangements of rank < 3 are tame.

The graded R-dual of Q!(/) is the graded R-module of logarithmic
differentials along <f

D(#)=Dy(#)={0 € Dy |VYH € & : 6(ay) € agR}

where Dy = Derc (R, R) is the module of polynomial vector fields on V.
Note that the standard Euler differential x = Zle x;0; is an ele-
ment of D(«7). Recall from [OT92, Prop. 4.86] that contraction 15 with

0 € D(&) defines a graded map
t5: QP () — QPN ().

By #/-normality of Q°®(</), it suffices to check this on U, where it is
clear.

Definition 2.4. We call Of (&) := kert, C QP(«) be the module
of relative logarithmic differential p-forms along <.

Clearly, Q8(&) is closed under exterior product, and locally free on
U. As above, freeness of %Q{’, and %91‘9;1 implies that Qf (&) is o/~
normal and torsion free. Then Lemma 2.1.(3) and the same argument
as Proposition 2.2 gives the following.

Proposition 2.5. Q8(%7) is closed under exterior product and re-
flezive. Moreover, Q8(27) = (\°* Q§())VV.
We note also the following simple fact (cf. [0T92, Exa. 4.122]).

Proposition 2.6. & — Qb (&) is a local functor. That is, for any
graded prime ideal p of R, (<), = QF(&x(p))p, where X (p) denotes
the set-theoretically smallest subspace in the intersection lattice L(<7)
containing the zeroes of p.
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The term “relative” in Definition 2.4 does not refer to a specific map
here. Tt turns out that the so defined differential forms are “relative” to
many maps simultaneously. This can be seen as follows: As in [CDFV],
we denote

(2.5) o = dlog(a®) = S ay 208

[0
Hew H

for independent variables a = (az)gey € (C¥)V. We write

(2.6) la] = Z ag = ty(wa)-

Hegl

Now for any o € C¥ with |o| # 0, (Q*(=), w,) is split exact (see [OT92,
Prop. 4.86}), since

by (wa Aw) = |alw — wa A 1y (w).

Definition 2.7. We define the module of logarithmic differential
p-forms relative to a” to be the graded R-module

() = () Jwe NPT
For any A € C¥ with |\| = 0, we can identify the complexes
(2.7) (5 (o), ) = (Q5(), wr)
via the map [w] = w — w, Aty (w). In particular, we can identify
(2.8) Q) =w, ANOSHF) B ONH) 2 Q) © Q).

Then the notion of tameness, Definition 2.3, is unaffected by working
with relative logarithmic forms:

Proposition 2.8. &7 is tame if and only if pdp Q5 (<) < p for
1<p<e-3.

Proof. If pdp Q5(«) < p for all p, then the same is true for QP (/)
by (2.8). Conversely, if & is tame, argue by induction on p using (2.8)
that Ext},(Qf (&), R) =0 for all ¢ > p. Q.E.D.

The following generalizes a result of Mustati—Schenck [MS01, Thm. 5.3].

Proposition 2.9. If &7 is a tame arrangement whose non-free lo-
cus has codimension > k, then \" Qi() = Qb(&), and hence also
N QY () = QP (), forp < k.
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Proof. By the argument from the proof of [MS01, Lem. 5.2], the
hypotheses imply that Qf(«) is a (k — 1)-syzygy. Then, by [Leb77,
Satz 3.1], pdp A’ Q§(#) = p for p < k. Applying Ext%(—, R) to the
exact sequence

0— /\pQ(l)(ﬂ) — Q5 (o) = E5 — 0

shows that Ext%(ES, R) = 0 for ¢ > p + 1 and hence for ¢ > k > p.
But by assumption the EY are supported in codimension > k only, so
Exth(ES, R) = 0 for ¢ < k as well, so E} = 0 for all p < k. Q.E.D.

2.3. Projective logarithmic forms

Geometrically, 98 (27) can be considered as an affine version of the
sheaf Q°* (P27 defined following the original definition of K. Saito [Sai80],
as we will see in Proposition 2.12. Recall that P/ is the image of &
under the natural projection (2.1).

Definition 2.10. Consider P«Z as a principal divisor D = (f) on
PV. Then we call
QP(Par) = Oy (D) N d T Q5 (D)
is the sheaf of logarithmic differential p-forms along P« .

In other words, Q°*(P«/) is the sheaf of rational differential forms w
on PV for which both w itself and dw have at most a simple pole along
Psf. Note that in any chart {z; = 1}, Q*(P&/) restricts to Q° (a7 {z:=1}),

In order to see the claimed relation with Q8 (&), first fix a chart with
index i € {1,...,£}. Then Qf, ;/w,, A QY ¢ is the module of differential
forms with poles along 7 \ { H;} relative to the map z; on {x; # 0}. Us-
ing the definition of *(47), one checks that the composition of canonical
maps

(A o, = Wy > Oy pfwe, AW

factors through an inclusion
Qe (), > QY p/we, ANQY ¢,
and it follows that we can identify
(2.9) Q2 () ®R R/ (z; — 1) = Q*(&/1™=1}), and
8, ()a, = (o 571) @c Clai).

This immediately implies the following (see [TY95]):
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Proposition 2.11. This correspondence (2.9) combined with (2.7)
identifies (23(e ), ,wr) and (Q’(,Qf{zizl}),w)\%) where X; is obtained by
deleting the ith component from M.

In order to understand the global relation of Q§(%) and Q°*(P</),
we follow the approach in the proof of [Har77, Ch. II, Thm. 8.13]. We
obtain a logarithmic version of the well-known description of logarithmic
differential forms on projective space as the kernel of contraction with
the Euler differential, cf. [Dim92, Ch. 6, §1] and [Dol82, §2.1]. For 1-
forms along a generic &, this result can be found in [MS01, p. 702-703].

Proposition 2.12. As sheaves on PV,

—~——

QB () = QP (Pr).

Proof. Analogous to the logarithmic version in Definition 2.4, de-
fine

(2.10) OF o = ker(y: QF — QF71).

Consider the sequence

0—— QL) —— Q0 — Q) 0,

which corresponds to the sequence 0 — M — E — S in the proof of
[Har77, Ch. 1T, Thm. 8.13]. This sequence is exact away from the origin.
Applying —V, AP, and then —V again, yields a sequence

(2.11) 0— APQb, —— QF 2 07

which is exact away from the origin. By [Har77, Thm. 8.4], Qi o = Qpy,
and hence

(2.12) N, =5,

It follows from (2.10), (2.11), and (2.12) that € = QF,, and then

OB (vl ) = OBy, (+PF).
Comparison of the subsheaves (?8_(\;) C Qm) and QP(Pe/) C

QP (*P27) can now be done in charts. So the claim follows from Propo-
sition 2.11. Q.E.D.
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Definition 2.13. We call P« locally tame if QP (Pg/) has a locally
free resolution of length p, for 0 <p < £ —1.

All arrangements in P are locally tame by reflexivity of Q! (P.«) and
[Har80, Prop. 1.3]. Proposition 2.9 applied in charts gives the following:

Proposition 2.14. IfP<f is a locally tame arrangement whose non-
free locus has codimension > k, then NP Q' (Po/) = QP (P</) for p < k.

Recall that 7 is called locally free if Q(a/x) is free for all X €
L< [(&Q{ ) .

Definition 2.15. We call P« locally free if the sheaf Q' (P.) is a
vector bundle.

From Proposition 2.12, using that & — Q!(&) is a local functor,
we deduce the following equivalence.

Lemma 2.16. P/ is locally free if and only if </ is locally free.
More precisely, QY (P</) is free on an open set U C PV if and only if,
whenever X C U for some X € L(P«/), the closed subarrangement ofx
is free.

§3. Dualities

3.1. Duality with relative log differentials

We define the module of logarithmic differentials relative to a to
be the graded R-module

(3.1) Do () :={6 € D() | 5(a”) =0}.
Then clearly

(3.2) D(«) = Rx ® D° ().
Applying —V to the exact sequence

0 —— D (<) D(et) 25 R—s0,

where ¢(0) = 5(%:) = (w,, d), shows that ¢V = w, hence

Lemma 3.1. D°(&)V = QL(&).
The higher R-modules of logarithmic differentials are defined by

(3.3)  Dy(a) = {(56 N'Dv |VH € ,g5,...,9, € R

:0(am, 92, ., 9p) € aHR}.
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As in (2.3), we have

(3.4) Dyl )y = \"Di(),

for primes p supported on U Generalizing (3.1), we introduce higher

relative logarithmic differentials.
Definition 3.2. We define the module of logarithmic p-differentials
relative to o to be the graded R-module

Dy () ={6 € Dp(H) | VYg2,...,90 € R: 0(a’, 92,...,9p) =0}.

Both De(#/) and DJ (&) are clearly closed under exterior product.
As in the case of forms, both are #/-normal and torsion free, and using
Lemma 2.1 we obtain

Proposition 3.3. DJ(&) is closed under exterior product and re-
flezive. :

By [MSO01, Prop. 2.2], there is a non-degenerate pairing
(3.5) (=, —): QP(&) x D,(«) — R.

By &/-normality of the three modules involved, it is sufficient to check
this on U where it is clear.

Under duality such as in (3.5), subspaces of one factor correspond
to quotient spaces of the other factor. Therefore we need also a quotient
representation of Dy (/) independent of o.

Definition 3.4. We define the module of relative logarithmic p-
differentials along o/ to be the graded R-module

Dy(#) = Dp(&)/x N Dp—1().

As we can check on U, (Do(%7), x) is exact and is splits by ¢, . We
can thus, as in (2.7) and (2.8), identify

Dy () = Dp(),
Dy(e) = x ADY_y (o) & DY(ef) 22 DS_, (o) & DO(<7).

Proposition 3.5. The pairing (3.5) induces a non-degenerate pair-
ing

(3.6) QB () x DY(st) = QB() x D3() = R.
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Proof. To show (3.6) is well-defined, we need to show that (w[, A
QP! (o)) x DG (/) and QF () x (X/\DgAl(W)) are mapped to zero by
(3.5), using the sub and quotient representations the two factors. This
can be checked on U, and we show only the first statement. By (2.3)
and (3.4), locally at points in U, 9P~ (&/) and D,(&/) are generated by

w = afj;: Ao A d;:: and 6 = 81 A...,Adp, 6; € D(&), respectively.
Using (2.5),
(o Aw,8) = det(5i(a0)|5i(aHj)) _ 5(040,0411,1,...,osz)7

ao'aH2 ERNeT: ]

» aaaHQ...aH

P

so the pairing is well-defined.

Conversely, we need to verify that any w € QP (&) with (w, Dg(#/)) =
0 must be in w, AQP~! (&), and that any § € D, (&) with (Q5(«/),5) =0
must be in x A Dp_1(27). Again we show only the first statement, and
we can restrict ourselves to local considerations on U: By exactness of
(Q*(A),ws), it suffices to show that w, A w = 0. From (3.2) and (3.4)
we derive that

Dysi(ef) = (Bx @ D7 (/) A \"'D7 (7).
As <wa Aw, AP Da(d)> =0 and, for § € D (&),

(we Nw,x N6) = |ol{w,8) =0

by hypothesis, we find that (ws Aw,Dpt1(2)) = 0. Using (3.4) and
local coordinates one shows that w, A w = 0 and hence that w € w, A
Qr~1(a7) = Q8" (o) using (2.8). The claim follows by .o/-normality of
the latter module. Q.E.D.

From Propositions 2.12 and 3.5 we deduce the following dual version
of Propositions 2.12. As in Definition 2.10, we define the sheaf Do (P%)
on PV Dby (3.3) in charts.

Proposition 3.6. As sheaves on PV,
DY() = Dp(P).

3.2. Self-duality of the relative log complex

Let dz = dzy A --- Adzy. Then QY(&) = R%dw >~ R(n —¥) as
a graded R-module. On the other hand, contraction on dz/f gives a
graded map

(3.7) D() — QY (n—£), &~ 5(dz/f),
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and this can easily be seen to be an isomorphism. Let v denote the
image of the Euler differential:

(3.8) v =, (dz/f) = tdx/df € Q5 ().
By split exactness of (2*(#7),w,), or by (2.7) and (2.8),
(3.9) we: Q) — Q)

is an isomorphism with inverse ¢, and hence Q5~!(.27) is a free rank-one
R-module generated by v. For the same reason,

(3.10) QN ) =w, ANQE () @ QL N o) 2 Q2 () @ Q).
For § € D7(), t5(ws) = §(a”)/a” = 0 and hence
wo A ts(Q( ) = 15 (we N () = 0.

Thus, t5(Qf(#)) lies in the first summand of (3.10). By definition of
the generator v of Q5 (), 1, (Q2°()) lies in the second summand of
(3.10). Thus, composing (3.9) with ¢, the isomorphism (3.7), induces
an isomorphism

(3.11) D7) > LX)l —n), 5 15wy Av) = 15(0).

ag
This proves, using Proposition 3.5 for the last part,

Proposition 3.7.
(1) Qo) =0
(2) QY o) =Rv=R(n-1{
(3) Q)= D7()(n— ) = (Q () (L —n))"
Generalizing this result, consider the non-degenerate pairing
A= QL x QY QL =Ry, prg=4,
defined by the exterior product. It induces a non-degenerate pairing

(3.12) —A—: QP () x Q) = QU)X R(n L), p+q=L

On U this is easy to check in local coordinates using (2.3), then it follows
on V by reflexivity. It is immediate from the definition of the pairing
that it turns (Q°*(%/),w) into a self-dual complex for any w € Q' ().
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Proposition 3.8. The pairing (3.12) induces a non-degenerate pair-
mng
(3.13) —A—: Q) x Q) = Q5 HA) =2 R(n—10), p+q=1£—1
which makes the complex (QY(<f),wy) self-dual.

Proof.  Similar to (3.11), (3.13) is induced by (3.12) by identifying
Q) = we NQH(F) C QTH) for i = q,¢, and QF() = QB ().
Then the pairing is clearly well-defined. We have to show that for w €
(o) with QP(#) Aw, Aw = 0 we have w, A w = 0, or equivalently
w € wy A QPN (&/). But this hypothesis implies w, A w = 0 on U and
hence on V by &/-normality of Q9%1(7), so the claim follows. Q.E.D.

84. Complexes

4.1. The parametric relative log complex
The variety

(4.1) () = {(a?,)\) e (V\ U H) xC7 |wa(x) :0} cCVxC,
Heg

was used in [CDFV] to study critical sets of master functions associated
with the arrangement /. In [CDFV, Thm 2.9], it was shown that its
closure

(4.2) S(«) = Spec(S/1),
where the ideal
I=I1(o) = (D(#),wa) CS:=R®cC, C:=Sym((C¥))=Cla],

was defined in [CDFV, §2.5] using the pairing (3.5). For the moment,
we ignore the grading in C' and continue to refer only to the Z-grading
on R. Note that

(4.3) HYQ)0( )y wa) = (S/1(s))d/ f = (S/1())(£ — n),
where Q% /C(,;z%) = Q%) ®c C. In the spirit of this paper, let

Iy = I, (o) := (D (), wa) C S,
(4.4) Io=Io(&) := (D°(&),wa) C So :== R®c Co, Co:=C/{lal).
Note that, by (2.6),
(4.5) S/I=5/(Is +(la])) = So/Io.
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To obtain the analogue of (4.3) for I satisfying the parametric version
of (2.7), we need to work with parameters in Cp. We use the notations

V3/0,0(A) = () ©c O, Qg /0,0(#) = A (F) e Co.
Since wa A t5(v) = t5(wa)v, it follows from (3.11) that

(4.6) H (90,0 (),wa) = (S/1o)v = (S/15)(n — 1),
(4.7) H ™15, /0y0(#),wa) = (So/To)v 2= (So/Io)(n — £).

Now assume that 7 is tame, so that (2§, (), wa) has cohomology
concentrated in degree £ by [CDFV, Thm. 3.5]. For the next argument,
we need a second grading for which the natural map R — Qi, has degree
—1 and the coefficients a have degree 1. Degree shifts with respect to this
grading are denoted by square brackets [—]. While w, is still of degree
0, wy has degree —1 for the second grading. For the remainder of this
paragraph, the differential in each complex is given by multiplication by
wa. Consider now the exact sequence of second-graded complexes,

0 — wo A QY &) — QYo (7) =S wo AU o()[-1] — 0,

and that the second-degrees of wy A Q% («7) have a lower bound, one
sees that the cohomology of w, A Q% /C(d ) is concentrated in degree
£ — 1. From the exact sequences of S-modules

0— wo AQY () — QYo () — QY () — 0,
3 |a| ° 3
0— Q%0 () — 00, (&) — Qg o(F) —0,

we see 0% o (/) has cohomology at most in degrees £ — 2 and £ — 1.
In fact there is no cohomology in degree £ — 2 since |a| is a non-zero
divisor on (4.6). To see this, choose o = e1, so that I, has generators
independent of a;. By a linear change of coordinates in C, we may hence
replace |a| by the coordinate aq, which is then clearly a non-zero divisor
on S/I,. Together with (4.7), this proves the following:

Proposition 4.1. For tame <, the complez (0 /o, o(#),wa) Te-
solves (So/Io(2))(n — £).

In order to give this result a projective interpretation, let T' :=
Spec Cy, consider the image Pr&/ of P« under the projection

Tr: PFV = PI‘Oj SO - ]PV;
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and use Proposition 2.12 to identify

ng/co,o(ﬂ) = Qﬁrwr(]?r%) = 1P (Po).

Consider also the preimage @ of & under affine projection Vi :=V x
I' = V. As in Proposition 2.11, we can now identify (ngmd),wa)
and (2, /F(dr{xi:l}), wa,) Where a; is obtained by deleting the ith com-
ponent from a. Setting C; := Cla; | j # i] = Cp and I'; := Spec C;, the
latter can then be identified with ( :/r%/l"; ('er{wml})’wa%).

Similarly, Iy can be related to
(4.8) I(Po) := (D(P),wa) C Oprv-
Namely, by Proposition 3.6, we have that
(4.9) Io() = I(Pr).

A dual version of (2.9) serves to identify Io(#)e, = I, (& )z, and
I(&/1#=11) where the latter is the restriction of the ideal sheaf I(Ps/)
to the chart {z; = 1}. Then we can also relate ©(&) to

S(Pe) := Proj(So/I(Pr)).

Recall from (4.1) that (&) is a subvariety of V x C¥; let PL()
denote its projectivization in the first factor. By (4.2), (4.5), and (4.9),
S(Pe/) = PY (/) via the natural inclusion PpV — PV x C.
Finally, the projective version of Proposition 4.1 reads
Proposition 4.2. For tame &, the complex (mf1*(Pe/),wa) re-
solves Osypopy(n —£).

4.2. The log complex in tame and generic cases
Specializing (4.4) and (4.8) to a = X # 0, |A| = 0, we set (as in
[OT95b, Prop. 2.7]):
on>\ = on,\(ﬂ) = <D0(¢z%),w,\> C R,
I/\(Pﬁf) = <D(]P£f),w,\> C ﬁpv,

such that (4.9) gives

—~——

(4.10) Iox() = I (P<F).

We denote by ¥(2) and E,(P«/) the specializations of ¥ (&) and
S (Pa/) to a = X respectively.
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Proposition 4.1 has the following application, which improves [CDFV,
Prop. 3.9]:

Proposition 4.3. If o is tame, then HP(Q(2),wys) # 0 implies
that the codimension of (&) is at most p, provided that either & has
rank ot most 4, o is free, or p < 2.

Proof. For A € C¥, let Ry = S/{{a; — \;}). Arguing as in [CDFV,
Prop. 3.9], Proposition 4.1 implies the hyper-Ext spectral sequence

(411)  EPY=Ext (U 1ol o (@), Ra) = Ext(Q5 1 P(), R)

converges to Extgjq(So/Io(@?),RA), and EP? = OF(e7) by Proposi-
tion 3.8. Since Ego receives no nonzero differentials for p < 2, we see
that, if HP(QQO/C()’O(%),LUA) is nonzero, then so is Extg (So/lo(=/), Rx)
for p < 2, as well as for p = 3 when £ — 1 = 3. This implies that the
codimension of ¥, (&) is at most p. Q.E.D.

The projective version of this result based on Proposition 4.2 reads:

Proposition 4.4. If & is a tame arrangement and HP (rfQ* (P</),
wy) s nonzero, then the codimension of X\ (P<) is at most p, provided
that either o/ has rank at most 4, &f is free, or p < 2.

In [OT95b], Orlik and Terao show that there is a Zariski-open subset
Y C C¥ with the property that, for A € Y, the function (1.1) has
non-degenerate, isolated critical points. We will call such A\ generic.
Part of their argument shows that, for a noncentral, affine arrangement
&/, the cohomology of the complex (Q°(&/),w,) is concentrated in top
dimension, for A € Y: see [OT95b, Prop 4.6]. We can prove a projective
version of this result, which is a slightly stronger statement, but requires
a tameness hypothesis.

Definition 4.5. We call o7 almost tame if pd QP(&/) < p + 1 for
p=1,...,¢

As in Definition 2.3, the condition is vacuous except for 1 < p <
¢ — 4. For the sake of stating some results as generally as possible, we
have now introduced two new homological boundedness conditions on an
arrangement. For the reader’s convenience, we summarize their relative
strength as follows:

tame :3> almost tame
4

1
free ” 5

locally free = locally tame
2 3 4
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The properties in the column labeled £ hold for all arrangements of rank
< {. [CDFV, Example 5.3] gives an arrangement of rank 4 which is
locally free but not tame, showing implications 2, 3 and 4 cannot be
reversed in general. The rank-4 arrangements of Example 5.20 are tame
but not locally free, so implications 1 and 5 also cannot be reversed.

Proposition 4.6. If &7 is almost tame and X is generic (with |A| =
0), then

0 forps#££—1,
4.12 HP(Q( ), wy) =
L1z D) ) {(R/Io,mw)(n—e) forp=t—1.
Proof. Denote by Q8(7) the complex obtained from (£2§(2/),wy)
by replacing Q5! () by wx A Q€_2(4a7 ). Consider the two hyperhomol-
ogy spectral sequences of the complex 8 (27):

(4.13) TE2 =Extp!(H?(Q8(#),R)), "E,=Extz?(Q8(#),R).

By Proposition 2.11 and [OT95b], it follows that Q(‘) (&) is exact away
from the origin. So ! E;y_q is non-zero only for ¢ = £ and p < £—1, con-
tributing to degrees p —¢q < —1 in the abutment. But by hypothesis and
(2.8), HE;,_q is non-zero only if ¢ < p+ 1, contributing to degrees com-
plementary to those of ! Eg’q. This shows that both sequences converge
to zero. But the first sequence degenerates on the E?-page, and hence
I Eg ¢ = 0. This proves the first claim; the second follows by specializing

)

47 toa=A QED.

The projective version of this result does not require tameness, as
we can apply [OT95b] in charts.

Proposition 4.7. If X is generic (with |A\| =0), then

prOe ~ O7 p 7é€_ 15
@) H@ (M""*)‘{(ﬁw/mwnm—@, p=t-1.

In special cases, a more detailed understanding is possible. For
example, from [CHKS06, Thm. 5] we see that if &/ is a generic ar-
rangement, the critical set of the master function (1.1) in PV is zero-
dimensional, for all nonzero A with |A\| = 0. From this we note the
following:

Proposition 4.8. If o/ is a generic arrangement, then (4.12) holds
for all X # 0 (with |A\| =0).
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Proof. In[DSS™10], we show for generic < that Ext%(Q(#7), R) =
0 except for ¢ = 0 and ¢ = p. Then the Es-page of the spectral
sequence (4.11) is zero except for p + ¢ = £ — 1 and ¢ > 0, while
EPY = HP(QB(4/),wy) by Proposition 3.8.

However, by [CHKS06, Thm. 5], the codimension of X (P<), and
hence of ¥5(), is £ — 1, so E%? =0 for p+ ¢ < £ — 1. It follows that
EPO —0for0<p<{—2. Q.E.D.

Passing to coherent sheaves, we obtain the projective analogue of
Proposition 4.7 as well.

Corollary 4.9. If & is a generic arrangement, then (4.14) holds
Jor all A # 0 (with |A\| =0).

§5. Chern classes

In this section, we prove an analogue of the Borel-Serre formula for
sheaves on P? with projective resolution of length one (see Theorem 5.7).
Then we apply this formula and the theory developed in the preceding
sections to prove a generalized Mustatd—Schenck formula for tame ar-
rangements with zero-dimensional non-free locus (see Theorem 5.13).

5.1. Polynomial identities

‘We begin with some technical preparations for the following sections.
First, we work in the ring Q[[u, t]]. Consider the power series

n

(5.1) Fy(t,u) = JJ(1 +ue™) € Q[[u, #]],

i=1

with parameters in the ring of symmetric functions in a set of vari-
ables v, for which we refer to [Mac95]. Let o = {ay,...,a,} and
8=A{b1,...,Bn—r} denote two sets of variables, and let

(5.2) C(t,u) = Fo(t,u)/Fa(t,u) € Q[[u, t]].

Let

£,(0) = [T +) € Q)

(1 —%t)~" € Q[]

=

H’y(t) =

.
Il
—_
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denote the generating function for the elementary symmetric and com-
plete symmetric functions respectively, where the variables are v = « or

v=5.

Denote by . C Q[[u,t]] the subset of power series in u and ¢, for
which the coefficient of t* is a polynomial in u of degree at most k. It
is easy to see that . is closed under taking products and multiplicative
inverses (whenever defined).

Lemma 5.1. Z,((1+u)t,u)/(1+uw)* € 7 for any variables v =
{71,y 7}, and

F (1 +u)t,u)

T+ — B, (-t).

u=—1

Proof. 'We expand F,((1+wu)t,u) as a power series in ¢. Note that,
for any i,

14 ue®0FWt =1 4o+ vyl + u)t + u(l + u) 22 P((1 4 w)t)
= (14 u)(1 4 ysut +u(l + w2 P((1 + w)t)),
for some power series P;(t), and hence

n

F (1 +wtu)/(1+uw)™ =1+ yeut + w(u+ D Py((u + 1)),

=1

from which we see the coefficient of t* is a polynomial of degree k in u,
so we may evaluate to obtain

Fy(T+u)t, u) /(1 +w)"| = Ey (),

u=-—1
as required. Q.E.D.

Proposition 5.2. One can write

Ct,u) = Z(l + u) " Fay (u)tk,

k>0

where ag(u) are polynomials in u of degree at most k, such that

(5.3) > ap(—1)t* = Eo(—t)Hp(1).

k>0
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Proof. By Lemma 5.1, Fp((1 + u)t,u)/(1 + w)™ and Fg((1 + u)t,
w)/(1+w)"" " are both in .%#, so C((14+w)t,u)/(1+u)" is too. Moreover,

C((1+w)t,u)

(1 + u)r ——1 = Ea(_t)/Eﬁ(_t)

Ea(_t)Hﬁ(t)'

The claim follows. Q.E.D.

Now we switch to the ring A[[u]], where
A= Q[t}/<td+1>a

and consider the image C(¢,u) in A[[u]] of C(t,u) from (5.2). If r > d,
then, by Proposition 5.2, C(t,u) becomes a polynomial in u of degree 7,
which motivates the following.

Definition 5.3. For 0 < p <r > d, we call L}, 4(t) € Q[¢t]/(t+")
defined by

(5.4) iLgﬁ(t)uP = C(t,u).
p=0

the pth Lebelt polynomial.
For any variables v, let || = > | .

Lemma 5.4. Forr =d,

L5, = elel=18D gpg

kel n—r
Lt = ellel-lee <Z et~ 3 e—mt) .
=1 =1

Proof. As C(t,u) is a polynomial in v of degree r, we may change
variables to get

n gt
L], ga(t,u) = UT_C_(t,u"l)’ = %&—l _
| - I (u + efit) o

as required. For the second claim,

n it n n—r
o 4 it e™D 1 ajape (Z et -3 e—ﬂit> _

o T - )
du TTZ (u + efit) u=0 i=1 i=1

Q.E.D.
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5.2. Lebelt resolutions

We shall now consider a coherent sheaf of rank r on P¢ having a
projective resolution of length one,

(55) 0 3‘51 > gz() s M 0.

For such sheaves we shall prove a Borel-Serre formula in Theorem 5.7.
We will compute in the extended rational Chow ring

A(P?)g[u]] = Alfu]].
Let o and 8 denote by the Chern roots of % and ;.

Proposition 5.5. Assume that A is locally a (k — 1)st syzygy.
Then

Cht /\p% = LZ,,B
for 0 < p <k. In particular, this holds vacuously for p = 1.

Proof. By the hypothesis on .#, we may use the Lebelt resolu-
tion [Leb77]

0877 —SP L QN Fy— -

e SLE O N F o NPTy = NP — 0

to resolve AP ., for all p < k. Here we are using the fact that local
resolutions glue, by the uniqueness of the Lebelt’s differential proved in
[Leb77, (2.2) Satz]. Then

ch(\ M)t = Y (~1)7 chy(SIF) chy( N\ Fo)u?

ptg=s
= Z (=1)? Z ue®int ... yeint
ptg=s i1 <Ll
Z ueﬁht...ueﬁth’
J1<-<dq

using the splitting principle for symmetric and exterior powers of vector
bundles. The claim now follows by expanding the expression (5.2) as a
power series in u, and noting that the expression above is the u*-term,
which is L, 5 by Definition 5.3. Q.E.D.

The equation (5.3) gives the Chern polynomial of .#:
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Lemma 5.6. .
() = ar(—1)(-t)*.
k=0

Proof. By (5.5) and the multiplicativity of Chern polynomials,
ci(M) = ci(Fo)/ce(F1) = Ea(l)/Ep(t) = Ea(t)Hp(—1)
and the result follows by (5.3). Q.E.D.

For r = d, we can prove an analogue of the Borel-Serre formula
for vector bundles, by expressing the top Chern class of .# in terms of
Lebelt polynomials.

Theorem 5.7. For .# of rank r =d,

T

er(A) = (-1)7 Y (~1PLE

p=0

Proof. Since C(t,u) is a polynomial in u, we may set u = —1 in
(5.4) to get

d
Z PP 5, =C(t,—1) = aq(-1).
=0

Now by Lemma 5.6, our Euler characteristic is obtained as the coeflicient
of t4. Q.E.D.

We can mimic another formula for vector bundles: If .# was lo-
cally free of rank r = d, then we would have an isomorphism /\Tﬁ1 M=

N A @AY, and hence chy(\" A )-ch_y M = chy(\'~' A4). Lemma 5.4

proves the following analogue of this formula:
Proposition 5.8. For .# of rank r = d,
ci (A __ 7T
e (At — Ly s
e eh_ () = Lg—ﬁl

5.3. Mustata—-Schenck formulas

We recall a result of Mustatd and Schenck [MS01, Thm. 4.1], which
we formulate projectively here. Due to a different grading convention,
Q(&) in loc. cit. translates to

Q' (e)(1) 2= Qp(«)(1) @ S(1)
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and its associated total Chern polynomial in the Chow ring A(P‘~1) =
Z[t)/{t*) to
(@ () (1)) = (1 + t)ee (2 (P2/)(1))

using Proposition 2.12 and multiplicativity of ¢;. Denote by (&, )
and 7(P«/,t) the Poincaré polynomials of the complements V' \ & and
PV \Pof respectively. By [OT92, Prop. 2.51] (see also [OT92, Prop. 5.1,
Thm. 5.90]) they are related by

w(,t) = (1 + t)m(P,1).

Now the projective version of [MS01, Thm. 4.1] reads

Theorem 5.9 ([MS01]). Let P/ be a locally free arrangement in
PV. Then

(5.6) ct(QH (P2 (1)) = n(P, t)

in the Chow ring A(PV) = Z[t]/(t*) where n(P<,t) is the Poincaré
polynomial of the complement PV \ P/, and ¢; denotes the total Chern
polynomial.

In the following, we generalize this result for locally tame arrange-
ments in P*~! with zero-dimensional non-free locus. Using that &7 +—
Q' (&) is a local functor, we have
(5.7)

@ EXt}%X(Ql(ﬂx),Rx), ifp: ].7
éaxt% (Ql (Pe?), Opa) = { XELp—1 ()
PV
0, if p>2,

where we consider &/x as an arrangement in an affine chart A4~ of PV
with origin X and coordinate ring Rx.

Definition 5.10. For a central arrangement & in V with zero-
dimensional non-free locus, let

N(#/) = length(Exth(Q'(«/), R)),

a non-negative integer. For an arrangement Pof in PV with zero-
dimensional non-free locus, let

(5.8) N(P&)=h"(Exty,, (B P®H),0pv)) = > N(ax),
X€Ly_1(A)

using (5.7).
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Note that N(«) = 0 if and only if & is free, and that N(P«/) =0
if and only if Pg7 is locally free. ‘

Recall that a rank-£ arrangement < is called k-generic if #4/x = k
for all X € Ly(&7), and & is called generic if it is (£ — 1)-generic.

By [DSS*10], N(«/) = (",") for a generic, rank-/ arrangement < of
n hyperplanes. This gives the following explicit combinatorial formula:

Theorem 5.11. If P/ is a {—2-generic arrangement in P~ then
H#Halx —1
NP = .
w= 3 (7
XeLe()

If o is tame, one can compute N (&) by comparing the Hilbert
series of logarithmic forms and differentials:

Proposition 5.12. For a central arrangement </ with a zero-dimen-
sional non-free locus,

(59  N()=lim h(Da(s7), ) — h(Q (), )/ (~1),

where h(M,t) denotes the Hilbert series of a graded module M.

Proof. By the tame hypothesis, pd 2!(#) < 1, so we have a graded
free resolution of the form

0(——91(427) FO Fy 0.

Dualizing gives

0 —— Dy(o) Fy FY —— ExtR(Q (o), R) — 0.

Then h(FV,t) = h(F,t7')/(~t)* if F is a free module over a graded ring
of dimension £, so

R(Exth(Q} (), ), 1) = h(FY,1) = h(FY, ) + h(Ds (), 1)
= —h(Q"(«),t71) /(=) + W(D1 (), 1).
The right-hand side, then, reduces to a polynomial in ¢, so we may
compute N(27) by evaluating at ¢ = 1, giving (5.9). Q.E.D.

We can now measure the extent to which the formula of Theorem 5.9
fails for locally tame arrangements with zero-dimensional non-free locus.

Theorem 5.13. If Po/ is a locally tame arrangement in PV with
zero-dimensional non-free locus, then

(5.10) (P (P)(1)) = n(Pet, t) + N (Pt )t L.
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For ¢ = 4, both hypotheses of Theorem 5.13 are trivially fulfilled by
reflexivity of Q' (P«/) and [Har80, Prop. 1.3, Cor. 1.4].

Corollary 5.14. If P« is an arrangement in P2, then
ct(QH(PA)(1)) = n(Pet ,t) + N(Pat)t3.

Corollary 5.15. IfPa/ is an arrangement in P2, or a locally tame
arrangement in PV with zero-dimensional non-free locus, the Mustatd—
Schenck formula (5.6) holds if and only if & is locally free.

For an arrangement P« in PV, we denote

(5.11) (P (P)(1)) =14 it + cot> + - +¢p1t°1,  and
(5.12) TPt t) = 1+ byt + bot® 4+ --- + byt

Since cjca = c¢3 mod 2 for Chern classes of coherent sheaves on P? (see,
e.g., [Har80, Cor. 2.4]), we observe:

Corollary 5.16. If P/ is an arrangement in P, then
N(]P.,Qf) Eb1b2+b3 mod 2,

where the by, by, and bs are the coefficients of the Poincaré polynomial
(5.12). In particular, if P<f is locally free, then bibs = bs mod 2.

The proof will follow some preliminary observations for general £:
Let Hy be a hyperplane in a rank-f arrangement ./, and let &/ =
2\ {Hg}. Recall that &0 = {H N Hy | H € &'}, an arrangement in
Hp. The inclusion of Hy C V gives a map ¢: PHy — PV. By [Zie&9,
Cor. 4.5], restriction gives an exact sequence:

(5.13) 0 —— QP () (1) 2 QP (") ———s QP (o7 Fo).

The hyperplane Hy € &7 is called generic if codimpy, HyN X = codim X
for all X € L ,(&"). Ziegler notes in [Zie89, Ex. 8.7.(iii)] that i* need
not be surjective, even when Hy is generic.

However, this subtlety happens at the origin and therefore disap-
pears if one passes to projective space. Note that taking the kernel
of ¢, in (5.13) and then sheafifying yields, using Proposition 2.12, the
sequence (5.14) below, and its exactness except at the right.

Proposition 5.17. Let Pof be a projective arrangement, and Hy €
& generic. Then there are exact sequences of sheaves on PV and PHy
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respectively,

(5.14)
0— QP(Pot)(—1) —2 P (Pat’) —s i, QP (Pt Ho) — 0,
(5.15)

daH ,L'*
0 —— QP 1(Par Ho)(—1) — i* QP (Pet’) —— QP (P Ho) —— 0,

foro<p<i-1.

Proof. Genericity of Hy implies that, for any closed point x €
PHo NPa’, X = (\,cprepy PH is at least 1-dimensional, and P</
is, locally at z, a product of Pe7% with the hyperplane PHy. Thus,

QP (Pt'), = QP (P o), © dag, A n* QP (ParHo),,

PP )y = 7*QP(PtH0), & doiﬂ AT QP (Par o),
Hop

where 7: PV \ {ag, = oo} — PHj is a projection. The claim follows.
Q.E.D.

Proposition 5.18. Let Po/ be a projective arrangement whose non-
free locus has codimension > k. Then the polynomials (5.11) and (5.12)
agree through degree k, that is, ¢; = b; for i = 1,...,k. In particular,
this holds for k = 2 without any hypothesis.

Proof. We argue by induction on ¢, and we may assume that k& > 2
by reflexivity of Q'(P«/) and [Har77, Cor. 1.4]. If £ < k + 1 then
& is locally free, and the result follows by Theorem 5.9. Otherwise,
let Hy C V be a linear hyperplane that meets &/ generically. Then
Leo—o(e) = L<p_o(/H0), hence

(P t) =1+ byt + - + b ot 2
We obtain a short exact sequence from (5.15) of Proposition 5.17:
0 — Op, — i*QHPL) (1) — QL (P Ho)(1) — 0,
from which we see that c;(i*Q(PeZ)(1)) = e (QH (P Ho)(1)).

Now the codimension of the non-free locus in «/H° is at least as
large as that in .o/, so by induction,

(P TY1) =14+ byt + -+ bt® mod P,
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Now let i: PHy — PV denote the inclusion map; the induced map
on Chow rings agrees with the canonical map

it Z[t)/t — Zft) /1

Using the functoriality of Chern classes (see, e.g., [Har77, §A.3]) for the
third equality, we deduce

L4 byt + -+ + btk = ¢ (' (P o) (1))
= (" (Pe)(1))
= i"c (2 (P)(1))
=1+cit+--+ct® mod tFH.
Q.E.D.
Lemma 5.19. The Chern character of a reduced point in P?% is t%.

Proof. The point has a Koszul resolution A* & where & = Opa(—1)4.
By [Ful98, Ex. 3.2.5], its Chern character equals cq(&V)t¢/td(&Y) =
(1—e~%)% = ¢% in the rational Chow ring A(P%)q = Q[¢]/(t¢™!). Q.E.D.

Proof of Theorem 5.18. Proposition 4.7 gives an exact sequence
(5.16)

0— QO(Per) 25 O (Per) 25 .- 25 Q-1 (Pey) 25 F — 0
for generic A with |A| = 0. By [OT95b] and using (4.10),
F = (Opy [INBA))(n —{)

is a coherent sheaf supported on points of length equal to the S-invariant
of

£-1

(5.17) B=B(#) = (-1)""'rPa,-1) =Y (1),
=0

Using Lemma 5.19, then

(5.18) ch(ZF) = Bt*!

in A(]P)V)Q
Recall from Propositions 3.7.(3), 2.12, and 3.6, that

QF2(Pe) = QL PH)Y (n — 0).
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Since P« is assumed to be locally tame, Q' (P./) has a resolution of the
form (5.5). Let « and 8 be the Chern roots of %, and %, respectively.
Using the argument from the proof of Proposition 5.12 (or from the
proof of [Har80, Prop. 2.6]), and Lemma 5.19, we compute the Chern
character

(5.19) che (22 (Per)) = (chy(Q (Be)) + Nt H)e 0"
= ch_4(Q* (P%))e(”*e)t + Nt 1

where we set N := N(P&/). Similarly Q=Y (Pe) = Opy (n — £) gives
(5.20) chy (1 (P)) = 01,

By restriction to a generic hyperplane and [Ful98, Rem. 3.2.3.(c)| this
gives

(5.21) 1 (QYPet)) =n—¢.
Now the two equalities of Proposition 5.8 give

(5.22) L3 =ch, Q" *(Pe) — Nt 1, by (5.19), and
(5.23) L3 =@ @Ot = (" H(Pa)), by (5.21), (5.20).

By Proposition 2.14 and (5.23),
(5.24) () = \'QP), p#l—2.

Now we can compute an Euler characteristic of (5.16), using (5.24).
Proposition 5.5 together with Theorem 5.7 yields

(5.25)  chy(F i 12 )P chy (P (Per))

~ “Z PL?, 4+ L5 2 — chy (Y% (Pr))

= c@,l(Ql(Pd))tf L NttY using (5.22).

Now take the coefficient of #/~! in (5.18) and (5.25) and use [Ful98,
Exa. 3.2.2] to find

o
—

B=Y) (—1)'"%; - N.

i
o
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Finally, use Proposition 5.18 for k = /—2tosee c; = b; for 0 < ¢ < ¢£—2.
It follows from the definition of B in (5.17) that cp—1 = by_1 + N, which
completes the proof. Q.E.D.

Example 5.20. Let 27 and 2% be the two arrangements of 9 lines
in P? introduced in [Zie89, Ex. 8.7] and independently in [Yuz93, Ex. 2.2].
The two arrangements have isomorphic intersection lattices; however, as
Schenck notes in [Sch], they are distinguished by the property that the
six triple points in 23 lie on a conic in P2, while the triple points in 2
do not. By formula (5.6), we see c,(Q*(PZ;)(1)) = 1 + 8t + 22t2, the
Poincaré polynomial, for ¢ = 1,2. On the other hand, the Hilbert series
of Q}(&) is not combinatorially determined, for arrangements of rank
at least 3: h(Q§(Z5),t) differs for i = 1,2, as noted in [Zie89).

Add a generic hyperplane to each arrangement above, to obtain two
combinatorially equivalent arrangements 2" and 25" of 10 planes in
P3. Then 7(Z",t) = (1 + 8t + 22t2)(1 +t) = 1 + 9t + 302 + 22t3,
and &7 has a single non-free closed subarrangement of rank 3, which
is Z,. Computing with Macaulay 2 [GS] shows N(Z]) = 20, while
N(%;) = 22. By Theorem 5.13, we find

149t 4 30t2 + 42t fori=1,

a(QLPZH)) =
(@ (BZT)(D) {1+9t+30t2+44t3 for i = 2.

So we see that, for arrangements of rank at least 4, the Chern polynomial
of Q1 (P«7) is not combinatorially determined, either.
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