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Hypersphere arrangement and imaginary cycles for
hypergeometric integrals

Kazuhiko Aomoto

Abstract.

We construct imaginary cycles as Lefschetz cycles for hypergeo-
metric integrals associated with a hypersphere arrangement and dis-
cuss the relation between the twisted rational de Rham cohomology.
We also discuss it in degenerate cases where several hyperspheres con-
tact with each other. We pose two geometric problems involved in
it.

§1. Introduction

First we want to illustrate in one-dimensional case the main ob-
jective discussed in this article. Let @ be the complex circle: {£ =
(€1,€2);€% + €2 = 1} in the complex affine plane C*. @ is isomorphic
to C* by taking & + +/—1& = . Consider a family of m complex lines
Hj: f; =0 where

fi =uj0 +uj; 1€ +uj2é
such that u;0,u;1,u;2 € R and that u?; +u?, — u?, = 1. Denote
7,05 Uj,1s Uj, 7, 7 s
Qg5 = Ui 151 + Ui 2U52 — Ui 0Uj,0, Q3,0 = Q0,5 = Ui0,00,0 = ~1.

The intersection of @ and H; consisits of two different points which
we denote by (j,(; such that |(;| = |[(7| = 1. Let R be the C[&,&2]
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because f; can be written as

G-
fi=v=1 (S C) [

Consider the multiplicative function
T
= H fj 7 ()\J € R>0)

and the associated rational de Rham cohomology on Y = @ — UJ%, H;
H(Y, Vo) = Rrq/Vo(R)

defined by the covariant differential Vo(v) = dy + dlog Pg1p, where we
denote

o = —£1dEs + EadE; — \/—_1-‘25

Suppose that (1,5, ..., {m, (), are different from each other. Then one
can prove that for generic A;

Hl(Y, VO) o~ CZm

and it is spanned by

ca)mo = 0, 000 = f]—dlgg g (1<j<m)

. T 3
eQ(i, k) = —f?k (1<j<k<m).
’ J

These one-forms are not linearly independent on Y. For any different
i, j, k there exists the fundamental linear relation

(11)  cipq(i) + cijpqd) + crpq(k) + ¢jrpq(d, k)
+ cr ik, @) + ¢ 500 (i,5) =0
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where ¢;, ¢, ck, Cj k, Ck,i, Ci,j can be written in terms of a; ;, ax,0 as

A(0,4) A, k)

C; = — Ci; =
(0 BTN (i gk
0, 4 J 0, 4, k
Cj, Ck, Ck i, C; ; being defined in the same way cyclically. Moreover A(0, ¢)
= —1-af4,A(j,k) = 1 - aik and A( Z,’ ;,’ ]I:, ) denotes the
) 2
determinant of the matrix whose components are a, 4 (p = ¢,7,k;q =
i, 7K. ‘

The twisted homology H;(Y, Ly) dual to H*(Y, Vy) is spanned by
the linearly independent cycles which are expressed by the closures (arcs)
of the connected components of RY .

Suppose now that for a fixed pair 4,7, one of (; or (; coincides
with one of (; or (F. This occurs if and only if A(7,j) = 0, i.e.a;; =
£1. If {; tends to the point (', then the arc connecting the points

5 G iIAl RQ reduces to a point. Hence if ¢ = (;, the dimension of
Hy(Y, L) decreases by one. On the other hand one can show that
»@(i,j) can be described cohomologically as a linear combination of

(K, 1), 0q(k, 5), pq(k), pq(h):

A(k, 1)

(1.2) 2()\z -+ )\j — 1)@Q(i’j) ~ — Zﬁ)\k{ak - akaDQ(k;i)
k1,7 ) >
Ak, j) . =
+———pqk,J)}+ ) _A k
Qg + Ak, j va(k. )} kX_:—o k09 (k)
A(0,9) . A0, 7) ,

- >\OO —1){— V7 _ )\oo 7
( N pap—— wq(i) + Z0 T G0 vq(j)} 0 (0)

where we denote Ao = Y71 Aj.

In particular, consider the case where m = 3 and A(1,2) = A(1,3) =
A(2,3) =0, ie, §§ = (&, = (3,0 = ¢ Then (1.1) reduces to the
only one identity:

po(1) + 90 (2) +¢q(3) =0
and there are three identities of type (1.2):

3
200 + X — Deg(i,5) ~ > Meak 0pq (k)
k=1
1+ a? 1+ a?
__,o(pQ(i) + 150
a0+ aj0 ai0+ aj0

H(Aoo — 1) { (pQ(])} - )\oo(PQ(w)'
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Hence H'(Y,V,) is of dimension three and is spanned by a basis of
representatives g (0), po(1), vq(2).

In this article we want to extend the above observation to the n-
dimensional cases (n > 1). The twisted de Rham cohomology H"(Y, V)
can be formulated in the space Y, the complement of a union of (n —
1)-dimensional hyperspheres in the n-dimensional fundamental complex
hypersphere . There arise two problems.

In the first place, based on my preceding articles (see [2], [5]), we
formulate the twisted de Rham cohomology presenting explicitly its ba-
sis in terms of the invariants a; ; obtained by the Lorentz inner products
of the coefficients of two linear functions defining hyperspheres, together
with ay o which are the constant terms of a linear function. The differ-
ential structures of the hypergeometric integrals are described by the
invariants a; j,ax,0 under Lorentz groups or orthogonal groups. In the
final section we show how they should be modified in some degenerate
cases. v

In the second place the basis of the twisted homology H, (Y, £o) can-
not always be realized by real domains in RY except in special domain of
parameters. We must construct some of them as imaginary cycles. We
want to show that this can be done by deforming real Lefschetz cycles
from a special domain of parameters involved where all the cycles can
be realized by real domains (see Theorem 3.11).

§2. Basic properties

Let A be an arrangement of m hyperplanes H; (1 < j < m) defined
over the real field of coefficients in the (n+1)-dimensional complex affine
space C"*1. Each hyperplane can be described as

n+1
Hj:ujo+ Y ujué, =0

v=1

for 'S = (517 v >£n+1) € crl.

We denote by N(A) the union of hyperplanes: = J n,ea Hj and by
X = M(A) the complement of N(A) := C™"! — N(A). Let Q be the
complex hypersphere: fy = 0 defined by the quadratic polynomial fy =
1-—- Z:;l €2. Each intersection H 5 N Q defines a hypersphere in @) pro-
vided it does not reduce to a point i.e., —u3 +y u3,, # 0. Through-
out this article we shall assume this condition and so may assume that

n+1
2 2
Uj o+ Z uj, = 1.
v=1



Hypersphere arrangement and imaginary cycles 5

The family A" = {H; N Q}1<j<m defines a hypersphere arrangement in
Q. We denote by Y the intersection of X and Q : Y = Q — U7, H; N Q.
We denote by RQ the real part of Q which is identified with the n-
dimensional real hypersphere. The real part S; = H; N RQ is a real
(n — 1)-dimensional hypersphere in RQ.

We define the (m+1)x (m+1) configuration matrix A = (a; ;)o<i,j<m
associated with A’, whose components are Lorentz inner products

n+1

a;,; = —Ujljo + Zui,uuj,u (1<4,7<m); aip=ao; = Uio; ao,0=—1
v=1

so that a;; =1 for 1 <7 <m.

For a set of indices I = {i1,...,%p} € {0,1,2,...,m} the size p will
be denoted by |I|. We say that I is admissible if I C {1,2,...,m}. For
two sets of indices I = {i1,1%2,...,%p} and J = {j1,...,jp} we define the
subdeterminant

Qiy 51 iy oo+ Qig,gp
I Qiz,51 Gig,gz - Qig,gp
A = ) ) )
J : : :
a'ip»jl a";pajz M aipvjp

We abbreviate A ( § ) by A(I).

For an admissible set I = {i1,12,...,ip} and aset J = {j1,J2,...,Jp}
c{0,1,2,...,n+ 1} (p < n -+ 2) we denote the subdeterminant

Usy,g1 WUia,go -0 UWin,gp
11,00, -« ip _ Usg,j1 Uiz,go  ---  Uig,gp
U K . = . . .
ATEER 7.713
uip:jl uip’jZ M uip yjp

Remark. The matriz A has at most rank n + 2. Assume that I is
admissible. Then A(I) =0 for [I| > n+3; and

Caf iz, inga
Al) = U(O,l,...,n+1>

for |I| = n+ 2. On the other hand A(0,I) =0 for |I| > n+2 and

Ao =-o( )

for{lI|=n+1.



6 K. Aomoto

Lemma 2.1. Fiz an admissible set I and consider the intersection
subspace V = NjerHy in CTL

(i) In case where |I| < n, A(I) =0 if and only if V has contact with
Q at one point.

(ii) In case where |[I| = n+ 1, A(I) = 0 if and only if V has a
common point with Q.

(iii) In case where |I| = n+ 2, A(I) = 0 if and only if V is not
empty.

Assume that

(H1) : A(0,I) < 0 for an arbitrary admissible set I such that
[I] <n+1,ie., the homogeneous parts of |I| linear functions f; (j el
are hnearly 1ndependent

Assume further that

(H2) : A(I) # 0 for an arbitrary admissible I (2 < |I| < n + 2).

Then for any I C {1,2,...,m} with |[I| =n+2 the (n+2) x (n+2)
symmetric submatrix (a; ;); jer has the signature of n 4+ 1 (+)sign and
one (—)sign so that A(I) < 0 for |I| = n + 2. This is equivalent to say
that for any sequence of increasing admissible sets of indices

.[1CIQC'~'CIn+1CIn+2

such that |I.| = r, the signs of A(L.)A(I,4+1) (1 < r < n+1) are positive
except for one. Hence A(I) < 0 implies A(J) < 0if I C J, |J| <n-+2
(see [8]). In particular the following two cases are interesting:

(H2a): A(I) > 0 for all admissible I with 2 < |I| < n+ 1 and
A(I) < 0 for all admissible I with |[I| =n+ 2.

(H2b): A(I) < 0 for all admissible T with 2 < |I| < n + 2.

Let 7 be the (n + 1)-form dé; A --- A d€,iq. on C*T1. We denote
the n-form —7g on C™*! such that its restriction to @ is the standard
volume form on RQ:

n+1
—rQ = (~1)"7Ndey A NdEy_y AdEgr Ao Adéng

v=1

such that dfg A 79 =7 mod (fo). We consider the multiplicative func-
tion on X

= Hfj(@A

where we assume that every A; € R is positive and generic. We denote
by H"(X —Y,Vy) and H"(Y,V,) the r-dimensional twisted rational
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de Rham cohomologies on X — Y and Y associated with the covariant
differentiation Vg respectively:

Vo(¥) = dy + dlog g A 9.

These cohomologies are defined in a standard way by using differential
forms ¢y on X — Y or Y with values in the C[¢y, ..., &, 1]-module

R: Z El;~~-a€n+1 H

v120,...,um >0

Lg be the local systems on X —Y and Y defined by ®¢(&) respectively,
and Ly be their duals defined by ®o(¢)~'. Then the (n + 1)- and n-
dimensional homologies H,,;1(X —Y, ﬁo) and H,(Y, ﬁo) represented by
twisted cycles are dual to the twisted rational de Rham cohomologies
H" (X —Y,Vg) and H"(Y, Vy) through the pairs of integrals respec-
tively

(2.1)
H™ (X — Y, Vo) % Hat(X — Y, £a) 3 (0,6) —> (p,0) = / Bopr,

(2.2) H™(Y, Vo) x Ha(Y,L0) 3 (,¢) — {,¢) = /%WQ-
[
The following two Propositions have been proved in [2] and [3] (see

Proposition 3.2,, 3.3, and Lemma 4.2 in (2, I], and also [5]).

Proposition 2.2. Under the conditions (H1), (H2) we have the iso-
morphism

H™(Y, V) = CF

where kn = Y0_o (T) + (mgl). H™(Y,V,) has a basis represented by
the differential n-forms

po(l)rg = fliff

where I moves over the admissible sets I of indices such that 0 < |I| <
n+ 1. We denote po(0) =1 for |I| = 0. There exist the fundamental
relations among them of the following type. For an arbitrary admissible
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set of indices J with |J| = n + 2 there exists the identity:

1 A(0,8,8,J
(2.3) 52(—1)““%@@(3#@@%
2o Al Dok
g < 0,8,J >
n+2
_ A8,
+ 31 g @) — A g
— ( 0,0,J )
p=1 A J“

where 0,J denotes the subset of J deleted by the uth index j,. Further
for |I| =n+ 2 a partial fraction gives

(2.4) )
U( O, nt 1 )@@m =§<—1>“‘1U( Lo )m(am.

We denote by B a linear space spanned by the representatives g (1),
0<|I| <n+1.

Proposition 2.3. Under the condition (H1), (H2a) H,(Y,Lo) has
a basis represented by the closures of all the connected components of
RY = RQ NY. Their number is equal to Kky. In other words, H,(Y, ﬁo)
s spanned by only real twisted cycles defined by connected components
of RY .

For example we have k1 = 2m, kg = m2 —m +2, kg = %mg' —m?+

wico

m.
Remark. The number k, is also equal to the number of non-
compact connected components of R — N(A).

§3. Twisted imaginary cycles
We may assume without losing generality
(3.1) ujo <0 forallj,1l<j<m.
Define the set
Sie = 1€ € RQ; ;) > 0}

as the inside of the real hypersphere 5;- = $Q N H;. We denote by v;
the unit normal of RH;:
(3.2) o= W2, Uyn)
. = .
+1
Z::l uJQ,V
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Remark that v; € §; .
First notice the following:

Lemma 3.1. Suppose I is admissible. The real affine subspace
Njer RH; is disjoint with RQ if and only if A(I) <0

Proof. In fact the square of the distance between the subspace
Njer RH; and the origin is equal to {A(I) + A(0,1)}/A(0,1). Tt is
bigger than 1 if and only if A(I) < 0 because A(0, ) < 0. Q.E.D.

Corollary 3.2. Suppose that A(i,j) < 0, i.e., aZ; > 1 for every
pair i,j € {1,2,. m} # j then every S; is disjoint with each other.
In this case, S; +, 5.+ are disjoint, or the one is included in the other

according as a; j < —1 or a;; > 1.

Proposition 3.3. Under the condition (H2) consider an admissible
set I such that2 < |I| < n+1. Suppose further A(I) is a positive number
near 0 and that A(J) < 0 for any admissible J O I, |J| > |I|. Then the
compact domain

(I):={£eRQ; f;(5) >0 (e}

gives a twisted real cycle representing an element H, (Y, ﬁo). This cycle'
vanishes if it is deformed in an isotopic way by the matrizx A as A(I)
tends to 0, any other A(K) being never equal to 0.

Proof. Since A(I) > 0 and near 0, I[(I) is one of the compact com-
ponents of RY. This reduces to a point for A(I) — 0 as is seen from
Lemma 3.1. Q.E.D.

Definition 3.4. The cycle I(I) mentioned in Proposition 3.3 is
called the twisted vanishing cycle (Lefschetz cycle) at the sin-
gularity A(I) =

Assume now the conditions (#2b) together with (#1). Then each
(n — 1)-dimensional hypersphere RQ N H; is disjoint with each other.
This means that RY has only m + 1 connected components which make
only a part of the basis of H, (Y, ﬁo). We want to construct a basis of
H,(Y, ﬁo) consisting of imaginary cycles in addition to real ones, using
special cells A*(I), A% (I;J) as follows.

Let I be an admissible set such that [I| = p,2 < p < n. We have
A(I) < 0. We may assume without losing generality I = {1,2,...,p}.
Choose an orthonormal basis {e1, €2, ..., e,11} of R such that vy =
e and the j-dimensional subspace (v1,...,v;) is spanned by eq,...,¢€;
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(1 < j < p) where the coefficient of v; with respect to e; is positive.
Hence fi,..., fp can be represented as

(3:3) f5(8) = fi(&r,- &) = wyot ) ugubo, (ug5>0) (1<j<p).

v=1

We say that the basis {e1, e2,...,e,11} is attached to I.
We denote by A*(I) the n-dimensional cell consisting of all points

P n+1
£= Ger+vV=1 Y &en € {R” x (VIR 71N Q
k=1 k=p+1
which is a piece of an ultra hyperboloid
(3.4) €%+"'+§§—£;+12—~-—5:{+12:17
(3.5) fi(€,..,€) <0 (1<5<p).

Denote by A} (dxl) the (n — 1)-dimensional face A*(9x1) N A*(I) (To
define A (k1) one should take another orthonormal basis attached to
O T). In particular one sees A5 (9,1) = A*(I) N {§, = 0}.

Furthermore consider a pair of admissible sets of indices I, J (|I| =
p,|J| = ¢) such that I D J and 2 < ¢ < p — 1. For simplicity as-
sume that I = {1,2,...,p} and J = {1,2,...,¢}. There exist a ba-
Sis {€1, -+ s €4 €1y €py €pi1s- - enst) of RV attached to the pair
(I,J) such that |lex]] = 1 (1 < k < n+1) (]| || denotes the length),
which satisfies the following properties P:

(i) {e1,...,eq} is an orthonormal system such that the subspace
(é1,...,€;) spanned by e, . .., €; coincides with the subspace (v1,...,v;)
(1<ji<q).

ii) The systems {e1,...,e,} and {egz41,...,€p} are orthogonal to each
other.

(iii) v; lies in the subspace spanned by eq,...,eq,€e; (¢+1 < j < p).
(iv) {€p+1;- - -, €n+1} is an orthonormal system such that it is orthogonal
to the system {ey,...,ep}.

We may assume that each coefficient of v; with respect to e; is
positive (1 < j < p).

Then in terms of the coordinates £ = ZZ:% &rey the fundamental
hypersphere @ can be represented

n+1

(3.6) Z & +2 Z Y5,k&i8k =1
k=1

g+1<j<k<p
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where «; r denotes the inner product (e;, ;). Remark that the geodesic
(p — 1)-simplex (v1,...,v,) with vertices v1,...v, is contained in the
real oriented cone

C(I;J): {441 >0,...,6 >0} CR™

and the hyperplane & = 0 (p > k > ¢ + 1) contains the totally ge-
odesic face (vi1,...,Vk—1,Vk41,...,Vp). Denote by A* (I;J) the cell

consisting of the points £ = Y {_, &ex + v/—1 ZZ:;H Erer € {RY x
(V—1IR)""1~9} N Q satisfying

q n+1
*2 * ¢k
B7) Y E- > &7 -2 > yegs =1
k=1 k=gq+1 g+1<5<k<p

(3.8) J1(61) <0, fo(&r, 0 &) £0,8541 20,...,6, > 0.

In particular we put A% (I;1) = A*(I) and A% (I;J) for ¢ = 1 to be
an empty set. The above construction is also possible for the pairs
(Okl; 0k J) or (OnI;J) : A% (OkI; 0k ) NAYL(L;J) and A% (L; J) N {f =
0} = A% (OkI; J) N {&}; = 0}, being the (n — 1)-dimensional k-th faces
of A% (I;.J), are denoted by A , (OxI;0kJ) (¢ = k > 1,9 > 3) and
by A; ,(OkI;J) (p >k > g+ 1,9 > 2) respectively. This is compatible
because the coordinates (1, ...,&4, €511, -+,&n, 1) attached to (13 J) can
be identified with the one attached to (0xI;J) or (Oxl;OkJ) provided

& =0.

Remark 3.5. A (I;J) is included in the oriented cone transformed
from C(I;J) by the rotations (§g11,- -+ ,&nt1) — e‘/‘—w(gq“, cey&ntl)
(0 < 6 < %) and corresponds one-to-one to the real cell A (I;J) =
C(I; J)yn A(I). :

Then

Lemma 3.6. For 2 < p < n+ 1 we have the boundary formulae
modulo UgerHry N Q:

oA*(I)=0 (p=2),
oA*(I) zzp: VLA (OI)  (p > 3),

k=1
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N (LokD) = > (=)™ AL, 4 (Om]; 0mOK])

mel—K

+ ) ()" AL, (O3 0kT) (122, p—123),
meK

S (=D)AL OmI;0kI) (122,p—1=2),

meK

> )AL, (O 0mOk ) + (1) A (OR)
mel—K
(l=1,K ={k},p>3)
where K, |K| =1, denotes a subset of ordered indices K = {k1,...,ki} C
I and Ok denotes O, . ..O0k,.
The following Lemma, follows immediately from the preceding Lemma:

Lemma 3.7. Suppose 2 < p <n+ 1. Then the n-chain

39 TD=AM+Y Y Aok

I=1 K,|K|=l

defines an n-cycle in H, (Y, ﬁo). Here K mowes over the family of subsets
of ordered indices K = {ky,...,k} C I.

Definition 3.8. *(I) is called twisted Lefschetz cycle associated
with I. If A(I) is near 0, this is a deformation of (I) as the matriz A
moves from the part A(I) > 0 to the one A(I) < 0 being detoured from
the singularity A(I) =

Note that I*(I) coincides with A*(I) if |I| = 2 and with A*(I) —
S AL 0D) i |T] = 3. f

Assume in particular that p = n+1 in case m > n+1. First consider
the case where n = 1, m > 2. By hypothesis every a?’j > 1. The 2m
points UL RQN H; are different from each other. Therefore ®Y consists

of 2m connected components which make a basis of Hi(Y, ﬁo). None of
imaginary cycles occur as stated in the Introduction. Next consider
the case where n = 2, m > 3. Suppose I = {1, 2,3} is admissible with
|I| = 3. Let A(I) be the geodesic triangle in RQ with vertices v, vs, vs.
Then

w

[*( Z (I;031)

k=1

where A*(I) = A(I) — S1,+ — S2.+ — S3,+ (the overline A — - denotes
the closure).




Hypersphere arrangement and imaginary cycles 13

In general there exist (n¢1) cycles I*(I) with |I| = n+ 1. All
the cyc}es thus constructed are not necessarily linearly independent in
H, (Y, Lo). In fact we have

Lemma 3.9. For an admissible I with |I| = n + 2, the following
identity holds modulo Uger Hy, N Q:

n+2

(3.10) > (=171 =o.

j=1

We may choose as linearly independent ones the cycles I*(I), |I| =n+1
such that 1 € I so that their number is equal to (mrjl).

Proof. We may assume that I ={1,2,...,n+ 2}. Then

n+2 n+2
(3.11) Z(—l)j'l[*(aﬂ) = Z(—l)j_lA*(ajf)
n+2

+Z( 17~ 12 ST AL 8,0k ]).

I=1 KC8;1,|K|=1

On the other hand we see

n+2
S (=1TANGD) =0, ) (-1 AL (9;1;00]) =0
j=1 jeL .

for L C I, |L| =1+ 1 > 2 being fixed. In view of Remark 3.5 the last
identity is derived from the one

> (=1y71C(9;1;0L1) = 0.
jeL
Hence the RHS of (3.11) v;emnishes modulo UgerHi N Q. Q.E.D.
As an imﬁlediate consequence we have
Proposition 3.10. The number of Lefschetz cycles is equal to k..
Summing up the above we have proved the following:

Theorem 3.11. Under the conditions (H1) and (H2b), as a basis
of Hu(Y, ﬁg) one can choose the representatives of twisted cycles of the
following kinds:

(i) Real cycles. This can be realized by the real chambers which are
the closures of the connected components of RY. Their number is equal
to 14+ m.



14 K. Aomoto

(i) Imaginary Lefschetz cycles 1*(I) such that 2 < |I| < n. Their
number is equal to 3 _, ().

(iii) Imaginary Lefschetz cycles 1*(I),|I| = n + 1 such that 1 € I.
Their number is equal to (mgl).

§4. Stereographic projection

The cycles defined in the previous section can also be described
in the n-dimensional Euclidean space as below. The complement of
the south pole, RQ — {(—1,0,...,0)}, is isomorphic to R™ through the
stereopgraphic projection

_ 52 Ny = §n+1
AR

which is a conformal transformation. Then a hypersphere S in Q)
corresponds to a hypersphere or a hyperplane S in R™:

(4.1) m

n

S -w)?=r> (r>0)

v=1

where a hyperplane can be regarded as a limiting case for r = co. Denote

the center of S by v = (v1,...,v,) and its length by {|v|| = /> .._, vZ.

Then we have

n+1
S: 1L0+Zuy§y =0, (up <0)
v=0
r? —1—||v|]? 2 +1—[Jv|]? Uy
= = ——————— v = 1< <
o 2r i 2r Yot = 7 (1v<n)
or
r? —1—|lv|]? r? 41— |lv]]? Uy
U= Tl s e T = (I<v<n)

according as 72 — 1 — ||v|[2 < 0 or > 0, namely

Lemma 4.1. S, corresponds to the inside or the outside of S ac-
cording as r> — 1 — ||v||?2 < 0 or > 0.

As for a; ;

412 — v —vO)|12
aimj =

2TiTj
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where n,rj,v(i),v(j) denote the radii and the centers of S;, S’j respec-
tively. Hence

Lemma 4.2. We have

(ri—rj+a)(=ri+r;+a)(ri+rj+a)(ri+r;—a)

Al i) =
(1,5) 47?2
where we put a = ||[v® —v||. This implies a;; > 1 if and only if

|rs =75 > a. a;; < —14f and only if r; +r; < a.
In the same way

Lemma 4.3. Suppose that |a; ;| < 1 for an admissible I = {i,j,k}
and put —cosa; j = a;; such that 0 < oy ; < m. Then

PTIDNIN i o .
A(i,j, k) = —4cos —2 * ;k F Xk g T T O;J’k + Xk

Qij T Qb Qik | Qig T Ak T Qik
2 2 ’

+ COS

The three hyperspheres gi,gj,gk; intersect each other and ™ — ;; s
equal to the angle subtended by the tangents of S;, S'j at an intersection
point of S; N Sj. A(1,2,3) = 0 if and only if Qi+ e+ oy =m, or
—Q QO =T, O O — Qg+ Qg g = T, OT Qg 5+ 0k — Q) = T

Lemma 4.4. For an arbitrary admissible I,|I| < n+ 1 there exist
the new coordinates 1 = (11,...,7,) of R™ such that v(") = 0 and
v{(B+1) lies in the n1, ..., m-subspace 2 < 1 < |I| — 1.

Proof. We may assume that I = {1,2,...,p}. By the change of
coordinates (4.1), there exist the coordinates 1, . . ., &,41 such that v
lies in the &1, ...,&1-subspace (1 <1 < p). Since uq, = 0 for v > 2,
v() = 0. And uy, =0forv > [+1, v+ lies in the M, . - ., M-subspace.

The cycles equivalent to the one constructed in Section 3 are de-
scribed as follows:

Consider the case where m = 2. Let v(1), v(?) be the centers of S, Ss
and the insides of S7, S5 be denoted by §1,+, 5’2,+ respectively. Suppose
first that a1 2| < 1. Then 5’1}+ N 5'274_ is a non-empty domain so that
R"™ — 5’1 U 5’2 consists of 4 connected components:

R™ — §1+ U 5'2,+, 5’1,+ - §2,+7 52,+ - gl,+7 5'1,+ n g2,+~

Their closures make the representatives of a basis of H, (Y, Lo).
Suppose that a; 2 < —1. Then S; 4 is disjoint with Sy . We have
three real domains S 4,52 +,R™ — S14 U S3 4. On the other hand
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suppose that a12 > 1. Then S + includes or is included in 52 +. As-
sume for example that S + D Sz +. Then there are three real domains

51 +,S1 + = 52+;52 +-
There is the Lefschetz cycle enclosed by two pieces of hyperboloids

E({1, 2}) = (m,V—1n3,.. \/——_772) €R x (V=IR)"!
Zny > 77, ( 771—U§2) 277*2>7'2}

More generally suppose that A(I) < 0 for [I| =p(2 <p < n). We
may assume that I = {1,2,...,p}.

There exists an orthonormal basis (é); of R™ such that the new
coordinates n = S p_, kér, € R™ define S; (1 < j < p) by

j—1 n
D —vPP+D m=r3
v=1 v=j

Corresponding to the (p — 1)-simplex A(I) = (vD, ... v(®) with
vertices vV, ... v(®) define the cell A*(I) enclosed by p pieces of ultra
hyperboloids

A*()={17=(?71,--,77p 1,\/ Ins,...,v/—1n;) € RP!
(\/_Rnp“Zn—v(J —I—Znu Zn*2>r

Further we put

Ai([;apl)z{nz(nl,...,np 2,V — np T nZ)ERp_2

(\/—‘_R)np+2n_l>ozn_v(9) +Zn_zn

v=p—1
>r},(1<j<p-1)}

which is the n-cell enclosed by p — 1 pieces of ultra hyperboloids and
the hyperplane n;_; = 0. By exchange of coordinates one can similarly
define the cells A% (I;8;,I) (1 < k < p —1). More generally for a pair
L J(IDJ || =p,|J| = q) such that 2 < g < p — 1 there exists a basis
ér (1 < k < n) of R™ attached to the pair satisfying the properties P
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in §3, g, p being replaced by ¢ — 1, p — 1 respectively, such that one can
define the n-cell

AL (L) ={n= an€k+v anekERq Lx (vV=IR)" I

k=q
j—1 q—1 n
j *2
> —vz(f))2+2ni*2nk -2 > A =
k=1 k=j k=gq g<j<k<p—1
(1<j<q),n;>0,...,m_1 >0}

where ¥, denotes the inner product (€;,€;). Then according to (3.9)
the Lefschetz cycle I*(I) (2 < p < n+1) is defined to be

p—2
FI=AD+) (-1Y > ALL0kD).
Jj=1 KCI,|K|=j
In the same way as Lemma 3.9 we have

Lemma 4.5. For any admissible I such that |I| = n+2, the identity
holds

n+2

D> (=191 =0

Jj=1

modulo the complezification of Uje IS’j in C™.

In conclusion we may choose admissible I with |[I| = n + 1, such
that 1 € I so that any other can be a linear combination of them. We
have the same conclusion as Theorem 3.11.

85. Degenerate cases

In Section 3, and 4 we have assumed (H1) and (#2). In this section
we discuss the cases where these conditions are not necessarily satisfied.
First note the following (for example, see (2, I], Lemma 4.2):

Lemma 5.1. We have the commutative diagram:

(X —Y;V,) —=5 HYY;V,)

Hpi(X —Y;Lo) «—>— H,(Y;Lo)

where Res denotes the Residue along Y, and § means the boundary op-
eration (Leray map) into a tubular neighborhood of Y in X —Y.
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For an arbitrary ¢(¢)7 € R7 such that its representative € H™" (X —
Y, Vo), denote

(1) _|¥T (2)
Y T = Res<f0> [dfo}y’(p TQ = Res<f0)

Then () (I) is equal to the restriction of

D) = fir o fi,

to Q. As for ¢(?)(I) the following two recurrence relations play an im-
portant role in the sequel:

Lemma 5.2. For an admissible I with |I| =p(0<p<n+1)

(51) AT Z)\kA< Y ! )QDQ(]C,I)

kel

# O 1=p= DAO Do) - S04 ( o 5 1 ) #2100

v=1

In particular

B@) ~ Y Maropqk) = (oo +n—1)p(0),

0, -
@)~ A ( k. ? )SOQ (k,J) ;Aka],oak 0pq(k)

k#j
(Ao + 1 = 2)A(0,7)q(5) + (Ao + 1 — 1)aj,00q(0).

Therefore ¢®)(I) can be described as a linear combination of ¢g(J) such
that |J —JNI| < 1 with the coefficients of rational functions of a; j, ako
whose denominators are products of A(K) for K C I.

For the proof see {2, I}, Proposition 4.2.
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Lemma 5.3. Fiz an admissible I with p = |I| < n'+ 1. Then an
arbitrary p,1 < p <p

62 (10 —0AD D ~ - Sona (5 ) el

kel

,()\oo+n—p—l){4< 0,&13,41 )socz(f)

P

() even

v=1

For the proof see [2, I], Proposition 4.2.
Owing to Lemma 5.2 and 5.3 an arbitray form ———¢ H’" o (Vg > 0) can
be described explicitly as a linear combination of the representatlves of

admissible forms g (I)7g.

Proposition 5.4. In addition to (H1) suppose the following condi-
tion:

(HIV(p))  For a fizred admissible I with p = |I| < n, A(J) = 0.
But for any other admissible J such that |J| <n+2 A(J) #0.

Then *(I) vanishes. The dimension of H,(Y, L) decreases by omne
and is equal to K, — 1. On the other hand the representatives pg(I) in
Proposition 2.2 does not make a basis of H"(Y, Vo). We have a linear
relation

(5.3)

I O

1 )valn

’

O N + Ao +n—p—DAO, Dol +ZAkA(
jeI k¢l

1 k, 0.1
0, 8,1 0, 8,1
— Z)\k Z(—l)y_l @Q(k),@,,])

A(8,1)

k¢l v=1
=0 mod B(I)

where B(I) denotes a linear space spanned by po(J) such that |J — J N
I| <1 and |J| < |I|. H*(Y, Vo) is of dimension k, — 1 and is spanned
by pq(J) such that J # I and |J| < n+1 with the fundamental relations
(2.3), (2.4).

Proof. In fact since A(I) = 0, the LHS of (5.1) vanishes. A re-
peated application of (5.1) to ¢(?(8,I) shows the RHS of (5.1) equals
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the RHS of (5.3) in view of the Jacobi identities

A?( é o ) — A0, 1)A(D, ).
Q.E.D.

Proposition 5.5. In addition to (H1) suppose the following condi-
tion:

HIV(n+1) For a fired admissible I with |I| =n+1, A(I) =
But for any other admissible J such that |J| < n+2 A(J) # 0. Then
*(I) vanishes and dim H, (Y, Lg) = k, — 1. We have a linear relation

n+1
(5.4) 200 XN = DA, Deg() = > > (-1
jeI kel v=1

A0, 1) A ( " gy , ) Ak, 9,1)

A(k, A, 1)

wo(k,0,I) mod B(I).
H™(Y,Vy) is of dimension k, — 1 and is spanned by pq(J) such that
J#1TI and |J| < n+1 with the fundamental relations (2.3), (2.4).

Proof. Since A(I) = 0 the LHS of (5.1) vanishes. Applying repeat-
edly (2.4) to pg(k,I) and (5.1) to ¢ (8,1) one sees that the RHS of
(5.1) equals

=203 X — DA, Do (I)

jeI
w0 a( o h, YA
Jr%;;(_l)lfl)\k ’ A(k,I);l(BVI) ol 0,1)
mod B(I).

Hence (5.4) follows owing to the identities

772 k)-[
Alk, 1) = U<0,1,...,n+1)’

0,1 0,01\ _ I
(20 a(20T ) = aona( (1, ).

Q.E.D.
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Corollary 5.6. Suppose that m = n+2,n > 1 and that A(I) =0
for all admissible I with |I| = n+ 1. Then H™(Y, V) is of dimension
kn —(n+2) =22 —n —4 and is spanned by the representatives g (I)
with |I| < n with the one fundamental relation: For J ={1,2,...,n+2}.

(5.5) Z(—l)”+V¢Q(ayaVJ)M)_ -0
llﬁél/ A 0, 8“J
0, 9,J
wo(I) (Il =n+1) can be expressed as
(5.6) 203 "2 = A0, Npg(I) =0 mod B(I)

jel
over the coefficients of rational functions of a; j,ar 0 with the denomi-
nators A(K) (|K| < n). This identity is just an n-dimensional version
of (1.2).
Proof. (5.5) is a special case of (2.3) since A(J,J) = 0. On the
other hand (5.6) is a special case of (5.4) since A(k,0,I) =0. Q.E.D.

Proposition 5.7. In addition to (H1) suppose the following condi-
tion:

(HIV(n+2)) For a fized admissible I with |I| =n+2, A(I) =0.
But for any other admissible J such that |J| < n+2 A(J) # 0. Then
there is no vanishing of Lefschetz cycles and dim H,(Y, Lo) = kn. On
the other hand, for any fized p

o1
(5.7) (XE;)\,,—I)U( 1,...7n+1 )wQ(I) =0 mod B(I).
H™(Y,Vy) is of dimension k, and is spanned by wq(J) such that |J| <
n + 1 with the fundamental relations (2.3), (2.4).

Proof. By hypothesis the LHS of (2.4) vanishes. By a multiplica-
tion by f;, of both sides of (2.4) one sees that (/) is linearly depen-

dent on -‘?QT@KI—) (v # ). On the other hand due to (5.2) each %
ip T

is linearly dependent on admissible ¢g(J) with |J| < n + 1. Hence the
Proposition follows. Q.E.D.

Finally we consider the special case where n > 2,m = n + 2 and
A(i,j) =0, 1e., a;; =1 foralli,j € {1,2,...,n+2} (i # j). Since the
signature of A is of type (n+1, 1), we have A(1,2) =0, A(1,2,...,p) <0
if3<p<n+2

By a suitable Lorentz transformation we may assume that a; ; = —1
for all ¢,7 (i # 7). In fact



22 K. Aomoto

Lemma 5.8. There ezist a diagonal matriz P with diagonal ele-
ments equal to =1 such that B = P - A-'P is the matriz with diagonal
elements 1 and off-diagonal elements —1.

Proof. Denote by B, the matrix of size r+2 with diagonal elements
1 and off-diagonal elements —1. Let A, be the matrix with the (i, )
elements a; ; (1 < 4,7 < r+2). For r = 0 the Lemma is trivial. Suppose
that the Lemma is true for A,_;. There exists a diagonal matrix P,_;
with diagonal elements +1 such that B,_; = P._1-A,_1-*Pr_1. Let P, be
the diagonal matrix of size r+2 such that the first 741 diagonal elements
coincides with the ones of P._1 and the last one equal to 1. Then p. .
A, - tP, has the same components as B, except for the off-diagonal
components in the last column or row. Denote these components by
€1,...,&r4+1. Then we have

741
det(Fy - A, * Pr) = (1= 12"+ (r—2)271 ) &f
k=1

—2r Z gig5 < 0.

1<i<i<r+1

But this inequality goes to a contradiction except for the case where all
g; equal 1 or all £; equal —1. One sees that the first case is equivalent
to B,., while the last one coincides with B,.. Q.E.D.

Lemma 5.9. Suppose I = {1,2,...,n+ 2}. The matriz A for all
off dingonal elements a, ; = —1 defines the hypersphere arrangement A’
if and only if {a;0}; satisfy the quadratic relation

n+2

(n—=1) Z aio -2 Z a;,00k,0 +2n = 0.
=1

1<j<k<n+2

Proof. First remark that if A(0,1) < 0 then A(0,J) < 0 for J C
I,J # 1. In fact it is sufficient to show this in case J ={1,...,r} (3 <
r < n+ 1). This follows by lowering induction from the identity

A2 0,1,...,T

A0, 1,...,mA(,...,7r+1)— A ( P11 >
=A(0,1,...,r+ 1DHAQ,... 1)

because A(1,...,7), A(1,...,7+1) are both negative. On the other hand

n+2
A0, ) =2"{(n—-1) Z a?)o -2 Z aj00k0 + 2n}.

j=1 1<j<k<n+2
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Hence the Lemma follows. Q.E.D.

We now apply to it the formula (5.3) for p = 2.
For I = {i,5} we have

0,4,7

A(0,1,7) = —(ai0 + aj0) A ( ki, j

> = 2(042‘70 + aj,o).
Hence (5.3) and Lemma 5.2 give

(5.8) ()\oo +n—3+X\+ )\j)(ai,o + ajp)(,&Q(’L‘,j)

+ Z Ai(ar,0 + ai0)pq(k, i) + Z Ae(ar,0 + az0)qk, j) ~ wi;
ki,j k#4,j

where we put

n+2
wij =2 Y Mok, i,5) + (aio +aj0) D Mearo0pq (k)
ki,j k=1

= (Moo + 1= 1) - (ai0 + aj0)pq ()
— (Moo + 71— 2){A(0,9)q (1) + A0, j)eq (1)}

To solve (5.4) with respect to g (4, 7) we put v; ; = (a:,0 + a5,0)00 3, J)
and

Vi = Z)\kvk,iv Voo = Z A5 5,

ki i#j
Wi=> Mewri, Woo = D Nidjwi 5.
ksti i#j

Then (5.8) is equivalent to
(59) (>\oo +n— 3)’[)1"3' +Vi+V; ~w; ;.
(5.9) can be uniquely solved for v; ;:

(510) (/\oo +n — 3)1)1'73' ~ Wi j

1 1
Voo (2)\oo+n—3—2)\i+2)\00+n—3—2)\j>

~ w; N W,
2)\oo+n—3—2)\i 2/\00+7’L‘3—'2>\j
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where V; and V,, are uniquely determined by

(2X00 + 1 — 3 — 20V ~ W; — Vi,

n+2 n-4-2
)\k )\ka
<1+;2Am+n—3—2xk> Vm”};moﬁn—:&—mk

provided none of 2\, +n — 3 — 2); or the symmetric polynomial

n+2 n+2
G = [[@o+n=3-20%)+> M [[@Ao +n—3-2))
k=1 k=1 j#k

vanishes. In this way we can conclude

Proposition 5.10. For m =n+ 2,n > 2, suppose that in addition
to (H1), a;; = —1 for all 4,5 (i # j), and A(I) < O for all admissible
I with 3 < |I| < n+ 2. Suppose further that neither of 2Ae0 + n —
3 — 2 o7 Aoo + 1 — 3 or G(A) vanish. Then all the Lefschetz cycles
1*(I) (|I| = 2) vanish. H*(Y, Vo) is of dimension ki, — ("3?) and has a
basis of representatives po(I) with 0 < |I| < n+1,|I| # 2 satisfying the
fundamental relations (2.3),(2.4). ¢q(4,j) can be described as a linear
combination of these representatives as in (5.10).

86. Two problems

As is seen from Propositon 2.2, H*(Y, V) is spanned by the repre-
sentatives @g(I). The result due to Orlik—Terao (see [9]) suggests that
this fact still holds in general in the following sense:

Conjecture 6.1. Without any of the hypotheses (H1) or (H2),
H™(Y,Vy) is spanned by the representatives po(I), I C {1,2,...,m}
including oo (B).

The complex hypersphere ) has the Kdhler metric

n+1 n
ds® = |d&)* = Y gupdCtdl”
v=1 wv=1
with respect to local coordinates ¢ = (¢¥)1<y<n. We put

A :Nlj‘i-)\; (N € Z<o)

for fixed | = (l;); € (Z>0)™, X = (N\}); € R™. For a large N the
asymptotic behavior of the integral (2.2) can be explicitly evaluated if
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the cycle ¢ is a stable cycle defined by the gradient vector field on Y

n m

0 _

det = ==} liloglf;l)g" "t
o= 06 i

where ¢g*” denotes the inverse matrix of the metric tensor g, 5. The

critical points are determined by the equations on Y (see [1], [10], [14])

> ljdlog f; =0.

=1

Every cycle mentioned in Theorem 3.11 seems to have one-to-one rela-
tion with a stable cycle corresponding to these critical points.

Question 6.2. How can be found the critical points of the gradient
vector field in Y 2 When are they real or imaginary? Are the stable cycles
corresponding to them homological to the ones mentioned in Theorem
3.11°¢

Under the conditions (H1),(H2a) every critical point is real and
lies one-to-one in a connected component of RY. On the other hand
under the conditions (H1), (#2b) all critical points are not real. It can
be proved by a perturbative method that all of the critical points lie in
RY, at least in the case where m < n + 1 and all admissible A(I), (2 <
|I] <n+ 1) are negative and near 0.
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