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Steady motions of the Navier-Stokes fluid
around a rotating body

Toshiaki Hishida

Abstract.

Consider the 3-dimensional Navier-Stokes fluid filling an infinite
space exterior to a rotating body with constant angular velocity. By
using the coordinate system attached to the body, the problem is re-
duced to an equivalent one in the fixed exterior domain. The reduced
equation then involves an important drift operator, which is not subor-
dinate to the usual Stokes operator and causes some difficulties. Based

n [13], [26] and [12], this survey article addresses steady solutions to
the reduced problem.

§1. Introduction and summary

1.1. Navier-Stokes fluid around a rotating body

Let us consider the physical situation that a compact rigid body
moves in a viscous incompressible fluid in a prescribed way. We would
like to know the motion of the fluid, which is governed by the Navier-
Stokes equation in a time-dependent exterior domain. In his series of pa-
pers, Finn considered the problem with translating bodies and started its
mathematical analysis, see [14], [9], [15], [31] and the references therein.
It is certainly interesting to take also the rotation of the body into ac-
count. In the last decade a lot of efforts have been made by several
mathematicians on some related problems with rotating bodies, how-
ever, our mathematical understanding is still far from complete.

In this survey article, based on the works [13], [26] and [12] jointly
with R. Farwig and D. Miiller, we provide some recent results on steady
motions. We discuss the purely rotating case and thus the translation
of the body is absent. Let D be an exterior domain in R? with smooth
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boundary 8D. The rigid body R?\ D is rotating about yz-axis (without
loss of generality) with the constant angular velocity w = (0,0, |w])T.
Here and hereafter, superscript-7 denotes the transpose and all vectors
are column ones. Unless the body is axisymmetric, the domain D(t) =
O(|w|t)D = {y = O(|w|t)z; x € D} occupied by the fluid actually varies
with time ¢, where

cost —sint O
O(t)={ sint cost O
0 0 1

The problem we are going to consider is the Navier-Stokes equation

ov+v-Vyv=A7Ap—-Vym+g, div,v =0,

for y € D(t),t > 0 subject to the non-slip boundary condition on the
surface of the body
vlap() =w Ay

and the rest condition at space infinity
v—0 asly — o0
together with initial condition

v(y,0) = a(y), yeD.

Here, v(y,t) = (v1,v2,v3)T and 7(y,t) respectively denote unknown
velocity and pressure of the fluid, while g(y,t) = (91, 92,93)7 and a(y) =
(a1,a2,a3)T are given external force and initial velocity. The symbol A
stands for the usual exterior product of 3-dimensional vectors; thus,

d
wAy = |w|(-y2,91,0)" = EO(|w|t)x

which is the rotating velocity of the rigid body. It is reasonable to reduce
the problem to an equivalent one in the exterior domain D by using the
reference frame attached to the rotating body (although there is another
possibility, see [8]). Namely, the following change of unknowns (v, 7) and
the force g is made:

u(z,t) = O(lw[t)Tv (O(lwlt)z,t),  p(z,t) =7 (O(lwlt)z, 1),
f(z,t) = O(lwlt)Tg (O(|w|t)z, t).

Our problem is then reduced to
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Ou+u-Vu=Au+ (wAz)-Vu—-—wAu—Vp+ f,
div u = 0,
in D x (0,00) subject to
ulop = w Az, u—0 as |z| — oo, u(z,0) = a(x).
The most interesting and difficult feature is that the drift term (w A
x) - Vu is not subordinate to the viscous term Awu and thus cannot be

treated as a simple perturbation even if |w| is small. In fact, unlike the
Laplace operator, the fundamental solution I'(x, ) of the linear operator

(1.1) L=-A-(wAz) - V+wA

cannot be estimated from above by C/|z — y|; to be precise, its final
component ['s3(z,y) satisfies

Clogp

(1.2) Us3(zp,yp) = B

for p > 1 when one takes, for example, z, = (p,0,0)T and y, = (0, p,0)7,
see [13], [26]. Furthermore, unlike the heat semigroup e*2, the generated
semigroup

(™) (2) = O(lwlt)™ (e*2F) (O(|wlt)z)

on Lo(R3) is not analytic, although it possesses some smoothing prop-
erties. The related semigroup [22] for the exterior problem enjoys such
properties as well, see [23], [24], [25] and also the recent work [21].
_ There are some studies on the Navier-Stokes initial value problem
above in exterior domains within the framework of Ly space; weak solu-

tion [3], local unique solution [23], local and global strong solutions [18].
Recently, a local unique solution has been constructed by [21] within the
framework of L, space. We also mention the related topic on the steady
falling motion of a body in an infinite fluid. The body must undergo a
translation and a rotation which are to be determined from equilibrium
conditions on the boundary, see [37] and [16].

1.2. Steady problem

The present article is devoted to the study of the steady problem in
exterior domains:

(1.3) Lu+Vp+u-Vu=f divu=0 in D,



120 T. Hishida

see (1.1), subject to

(1.4) ulop =wA T, u—0 as |z|] — oo.

Note that the steady motion in the frame attached to the body cor-
responds to the time-periodic one in the original frame. It is possi-
ble to construct solutions of class Vu € Ly to (1.3)-(1.4) by means of
the Galerkin method in L, framework for arbitrary w and f = div F'
with F' € Lg, see [3], [16], [30] and [33]. When w is small enough and
f = div F satisfies |z|?|F(x)| + |z|?| f(z)| + |z|*|div f(z)| < cp with some
small ¢g > 0, Galdi [17] derived remarkable pointwise estimates

(15)  lzllu(@)] + [z (Vu(@)| + [p@)]) + 2*|Vp(z)] < C

of a unique solution. These decay properties are very interesting and
important in some studies of stability ([3], [18]), but, at the first glance,
rather surprising as we know (1.2). See also [19], in which the trans-
lation of the body is also taken into account. We may expect some
anisotropic decay structures of solutions (that the Oseen case reminds
us, see [14], [9], [15], [31]), but as far as simple isotropic decay estimates
are concerned, the result of [17] shows that the rate of the decay of the
Navier-Stokes flow at infinity is the same as the usual case w = 0 in spite
of slightly worse behavior (1.2) of the fundamental solution.

In Theorem 2.5 of this article we provide another outlook on the
pointwise estimates (1.5) in a different framework by use of function
spaces; to be precise, we show the existence of a unique solution to (1.3)-
(1.4) with the force f € Wl;/;,oo in the class (Vu,p) € L3/2 oo when both
f and w are small enough, where L3/, , is the weak-L3/, space, one
of the Lorentz spaces. We here note that f € W;/;OO if and only if
f =div F with F € L3/3 o- Our class of solutions is consistent with
(1.5), and our class of external forces is larger than [17]. The complete
proof of our result will be given in [12]. For the case w = 0, the same
result as ours has been already proved by Kozono and Yamazaki [29].

1.3. Linearized problem in L,

The first step toward the result above is the Lg-analysis of the linear
whole space problem initiated by [13], in which the fundamental L,
estimate

(1.6) IV?ullz,@# < CllLullL,®s)
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was proved, where L is the linear operator given by (1.1). For the proof
of (1.6), it is sufficient to show [|Au|p,ms) < C||Lul|L,(®2), which is
never trivial since the integral kernel A, I'(x,y) of the operator f — Au
does not seem to be of Calderén-Zygmund type. Lo estimate is, how-
ever, easy to show. So, the well-known standard argument due to
Calder6n-Zygmund is to establish the so-called weak (1,1) inequality
(L1-L1,00 estimate), which implies the L, estimate on account of the
Marcinkiewicz interpolation theorem. Although the weak (1, 1) inequal-
ity is of own interest, the proof given by [13] provides another route.
In [13], roughly speaking, we split Au into {(Au);};cz by using the
homogeneous Littlewood-Paley dyadic decomposition

(1.7) o) =1 (6eR*\{0}).

JEL

In order to prove not only that the series Au = } . ,(Au); makes
sense in Ly but also the desired L, estimate, we make use of the square
function of Littlewood-Paley type

1.8 e = ([ s per )

to find the estimate

(1.9) 1S(Au)sllz, @ey < €272V SLul| L, ge)

for each j € Z provided 2 < ¢ < oo. An important fact is that
1S()llz,®n) is equivalent to || - ||z, ) under some conditions on the
family {¢;}s>o of rapidly decreasing functions. Therefore, the method
of the square function enables us to reduce the study of Ls-norms to that
of quadratic expressions. The L, boundedness of the Hardy-Littlewood
maximal function is also employed in the proof of (1.9). The other case
1 < g < 2 follows from a duality argument. Concerning the tools above
from harmonic analysis, we refer to [35], [36]. The result of [13] has been
generalized by [10] (see also [11]) for the case where the translation of
the body is also taken into account.

In [26] the harmonic-analytic approach explained above has been
developed to prove the L, estimate of (Vu, p) for the linear whole space
problem

Lu+ Vp = f, divu=0  inR3
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when the external force f is taken from the space Wq”l(R3). Since the
kernel ['(x,y) is not symmetric, the second derivative VoV, I'(z,y) is
more complicated; nevertheless, the essential part of the argument of
[13] works well. By means of a localization procedure, [26] has studied
the existence, uniqueness and L, estimate

(1.10) IVullLypy + 1Pl Loy < ClF -1y

of weak solutions to the linear exterior problem

(1.11) Lu+Vp=f, divu=0 in D; ulap =0,

provided n/(n — 1) = 3/2 < ¢ < 3 = n. This result is regarded as a
generalization of [4], [20], [27] and [28] for the usual Stokes problem (the
case w = 0), since the restriction on the exponent ¢ is the same. It is
worth while emphasizing that the restriction above is optimal; that is,
g > n/(n—1) is necessary for the solvability in the class (u,p) € qu X Lq

forall f € Wq‘l, and so is ¢ < n for the uniqueness in that class. Because
of lack of the case ¢ = 3/2 = n/2, which comes from the nonlinearity
u- Vu, the L -theory does not help us to solve the steady Navier-Stokes
problem (1.3)-(1.4); in fact, |lu-Vully,-1p) < CHVu”QLq(D) holds if and
only if ¢ = n/2. Therefore, we have to replace L3/, by a larger space.
To do so, in the case w = 0, Kozono and Yamazaki [29] first introduced
the Lorentz space. Our result tells us that, in the problem (1.3)-(1.4) as
well, a right class to find the solution is (Vu,p) € L3/2 .

1.4. Linearized problem in L3;3 o

In [12], instead of (1.10), the L3/ o estimate

(1‘12) 'lvullLs/z,oo(D) + ”pllLs/z,oo(D) < C”fHW;/lzx(D)

for the problem (1.11) is derived. Once this is established, a fixed point
argument gives us a unique solution of (1.3)-(1.4) in the class (Vu,p) €
L3/2,00- In the proof of the solvability of (1.11) for all f € W3_/;,oo’ a
duality argument due to [29] does not seem to be applied to our problem
because of lack of homogeneity of the equation unlike the usual case w =
0. We thus follow, in principle, the argument of Shibata and Yamazaki
[32], in which the solution is constructed without any duality argument
for the Oseen problem to study the uniformity of solutions with respect
to constant flow at infinity. Note that one cannot use any continuity
argument since C§° is not dense in Ly . So, as in [32], given f €
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Ws_/;,oo’ we try to construct directly the solution to (1.11). Though cut-
off procedures were carried out twice in [32], we use such a procedure
only once to obtain the solution as below; in this point, the proof of
[32] is simplified. Let (v, 7) be a parametrix (an approximation of the
solution), which is constructed by use of solutions in the whole space and
in a bounded domain combined with the Bogovskii operator [2]. Then
(v, ) satisfies Lv + Vmr = f + Rf and divv = 0 in D with v|sp = 0,
where Rf is a remainder term with compact support. It is possible to
show that the operator 1 + R has a bounded inverse in W3_/é,oo'

In the next section we present the main theorems: Theorems 2.1 and
2.2 for the linear whole space problem (2.7) below, Theorems 2.3 and 2.4
for the linear exterior problem (1.11) and Theorem 2.5 for the Navier-
Stokes problem (1.3)-(1.4). We sketch the proof of only Theorems 2.2
and 2.4, which are the central parts of the proof of Theorem 2.5, in the

final section.

§2.  Results

2.1. Function spaces

To begin with, we introduce notation. Let Q2 be a smooth domain in
R3: especially, we need function spaces on = D,R3, or a bounded do-
main. By C§°(2) we denote the class of smooth functions with compact
supports in Q. For 1 < ¢ < 0o, the usual Lebesgue spaces are denoted
by L4(€2) with norm || - ||q,o. We need the Lorentz spaces Lg,,(£2), with
norm || - ||4,r.0, that are defined by use of average functions; for details,
see [1]. For 1 < ¢ < oo and 1 < r < oo, the Lorentz spaces can be
constructed via real interpolation

Lg,r(2) = (L1(2), Lo (2))1-1/4, -
For

1 1
(2.1) 1<g<oo, 1<r<oo, —+-=1, —+-=1,
q

Q|
<
S
<

we have the duality relation
Ly (Q) =Ly ()"

In particular, Lg o0(€2) = Ly 1(2)* is well known as the weak-L, space,
in which C§°(Q) is not dense, and f is in Ly () if and only if

supa [{z € Q| f(z)] > o}? < oo,
>0
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where | - | stands for the Lebesgue measure. In what follows, we adopt
the same symbols for denoting the vector and scalar function spaces as
long as there is no confusion, and we use abbreviations || - ||l = || - [l¢,0
and || - |lg.r = || - lg,r,p for the exterior domain D.

We need the homogeneous Sobolev spaces. For 1 < ¢ < oo, let
qu (Q) be the completion of C§° () with respect to the norm (|V(-)||q.0,

and Wq_l(Q) the dual space of qu, (Q) where 1/¢’ +1/g = 1. Let

(22) 1<g@<g<qg <o, 1/g=((1-0)/qg0+6/q1, 1<r<o0.
We then define

War (@) = (W, (. W5,(@) .
which is independent of the choice of (go,q1), with norm ||V(-)||q,r.0-
When r = oo, we note that C§°(€2) is not dense in quoo(Q)

For (g,r) satisfying (2.1), the space qu,_l () is defined as the dual
space of qu,’r,(Q); by duality theorem for interpolation spaces (see [1,
3.7.1]), we see that

a7 qo

W k@) = (W (@, W, @),

for ¢, qo, q1, 7 satisfying (2.2) but 7 # 1. Let 1 <¢g<oocand 1 <71 < c0.
Then, due to Kozono and Yamazaki [29, Lemma 2.2], for every f €
W, 1 (Q), there is a vector function F' € Lq () such that

divF=f,  [Flana <Clflw-1a

with some C > 0.
For the exterior domain D and 1 < r < oo, if in particular 1 < ¢ <
3 = n, we then have the characterization

(2.3) W}, (D) ={u€ Ly, (D); Vu € Lo (D), ulap = 0}

together with

(2.4) ullg..r < ClIVullg,r

where 1/g. = 1/q — 1/3. When ¢ = 3 = n, we have also W311(D) —
Lo (D) N C(D) with
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(25) lulloe < 5l

which will play an important role. Concerning the embedding inequali-
ties (2.4) and (2.5), see [29, Lemma 2.1].
For a bounded domain 2,1 < ¢ < o0 and 1 <7 < 0o, we have

W;’T(Q) ={u € Lyr(Q); Vu € Ly (), ulaq =0},

with the Poincaré inequality |ullg,r.0 < C||Vullgrq for u € W} (Q) by
real interpolation.
2.2. Main theorems for the linearized problems
Let 1 <g<ooandl <7 < 0. Let us consider the linear exterior
problem (1.11). Given f € W(;}(D), the pair of functions (u, p) is called
(g,r)-weak solution (g-weak solution when ¢ = r) of (1.11) if
(1) (u,p) € W2, (D) x Ly (D);
(2) divu=0 in Ly ,(D);
(3) (whz)-Vu—wAue Wq_,rl(D);
(4) (u,p) satisfies Lu + Vp = f in the sense of distributions, that
is,

(2.6)  (Vu,Vy) —((wAz) Vu—wAu,p) —(p,div ¢) = (f,¢)

holds for all ¢ € C§°(D), where (-, -) stands for various duality
pairings; by continuity (note r > 1), (u, p) satisfies (2.6) for all
S qu',r'(D)'
When 1 < ¢ < 3, we have u € Ly, (D) by (2.3), so that u — 0 at
infinity in this weak sense.
Since we make use of a cut-off technique, we must consider the whole
space problem as well with the inhomogeneous divergence condition

(2.7) Lu+ Vp = f, divu=g in R3,

a weak solution of which is defined in the same way as above.
For (2.7) we study a strong solution too, which is defined as follows.
Let 1 < ¢ < 0o. Given f € Ly(R®) and g € W;(R?’), the pair of functions
(u,p) is called g-strong solution of (2.7) if
(1) (u,p) € W2(R®) x W, (R®);
(2) divu=g in W;(RB‘);
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(3) (wAZ) Vu—wAue Ly(R3);
(4) (u,p) satisfies Lu + Vp = f in L (R3).

Here, the space qu (R?) has been already introduced, but we here give
its characterization

W (R®) = {g € Lg10c(R?); Vg € Lq(R?)}/{constants};
and also,
WZ(R?’) = {v € Ly 10c(R?); V?v € L,(R?)}/{polynomials of degree < 1}.

The results on the existence, uniqueness and L, estimates of solu-
tions to (2.7) and to (1.11) are as follows.

Theorem 2.1. ([13]) Let 1 < ¢ < oo and suppose that
FEL(R?), ge W} (R?, (wAz)ge Ly(R?).

Then the problem (2.7) possesses a q-strong solution (u,p) € Wq2(]R3) X
WX(R?) subject to the estimate

||V2u||q,]gs + IVD|lgrs + [[(wAZ) - Vu — w A ul|ggrs

B <O (Il + 199l + 0 A Dgllgs)

with some C > 0 independent of |w|. The solution is unique in the class
above up to a linear combination of w, w Ax and (x1, T2, —2x3)T for u,
and up to a constant for p.

Theorem 2.2. ([26]) Let 1 < ¢ < 0o and suppose that
FeWHR?), geLyR%), (whz)ge W, (R®).
Then the problem (2.7) possesses a g-weak solution (u,p) € qu (R3) x
L,(R3) subject to the estimate
[Vullgrs + [[pllgrs + [(w A Z) - Vi —w Aullyy -1 gs)

< € (Il sy + 19l + 1@ A D)l o)) -

with some C > 0 independent of |w|. The solution is unique in the class
above up to a constant multiple of w for u.
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Theorem 2.3. ([26]) Let 3/2 < q < 3. For every f € W, (D),
there exists a unique g-weak solution (u,p) € W,}(D) x Lq(D) of the
problem (1.11) subject to the estimate

(210) [Vully + lIpllg + 1@ A @) - Vi = w Aully 10y < CllFllp 10,

with some C > 0 independent of |w| € [0, 6], where § > 0 is arbitrary.

The next theorem provides the existence, uniqueness and L35 o
estimate of solutions to (1.11).
Theorem 2.4. ([12]) Let f € Ws_/é (D). Then the problem (1.11)

possesses a unique (3/2, 00)-weak solution (u,p) € Wal/z wo(D)x L33 0 (D)
subject to the estimate

Vullz/2,00 + IPl13/2,00
+|[(wAz) Vu —w /\u”Wg—/;:x(D) < C“fllW—l (D)

3/2,

(2.11)

with some C > 0 independent of |w| € [0, 8], where § > 0 is arbitrary.

2.3. Main theorem for the Navier-Stokes problem
We take a cut-off function ¢ € C§°(R3; (0, 1]) satisfying ¢ = 1 near
the boundary 8D, and set

b(z) = —% rot ({(z)|z|*w) .

Then we see that div b = 0 and blsp = w A z. We thus intend to find
the solution to (1.3)-(1.4) as the form v = v + b, so that (v,p) should
obey

(2.12)
vlgp =0, v—0 as|z|] — oo,

{LU+Vp:f—<I>(v,b), divo=0 in D,
with

®(v,b) =(v+b)-V(w+b)+Lbdb
=div[(v+0)RW+b) ~-Vb— (wAZ)Rb+b® (wAx),

where w ® W = (w;Wg); here, note that

(wAz)-Vb=div [(wAz)®D], wAb=div h® (wAz)].
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Let f € WB*/; (D). Since v € W31/2700(D) implies ®(v,b) € WS_/é (D),
one can define weak solution (v,p) € W31/2’OO(D) X L3/ 00(D) of (2.12)
by (3/2, co)-weak solution of (1.11) with f replaced by f — ®(v, b).

Theorem 2.5. ([12]) There is a constant n = n(D) > 0 such that
if f € Wy 3 00 (D) with

|| + Hf”WB_/;x(D) =
then the problem (2.12) possesses a unique weak solution
(v,) € Wy3,06(D) % La/2,00(D)

subject to the estimate

(213)  IVells/,00 + (V]300 + Bl32.00 < C (ol + 1 fllis ()

with some C > 0 independent of |w| and f.

§3. Outline of the proof

3.1. On the proof of Theorem 2.2 (]26])
For the proof of Theorem 2.2, it suffices to consider

(3.1) Lu=f inR3

For rapidly decreasing forces f, the equation (3.1) admits a solution of
the form

62 u@ = [ Tenswi = [ ol () O

with the kernel

(3.3) I(z,y) = /0 " Ol E(O((wlt)e — y)dt,

where E(z) = (471‘)-3/2€_|z|2/4 and Ey(z) = t~3/2E(x/V1).
By [27] the class {div F;; F € C§°(R?)} is dense in W !(R?). There-
fore, the essential step is to show
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(3-4) 1Vullgrs < CllFllgrs,

for the force term of the form f = div F with F € C§°(R3); hereafter,
we will concentrate ourselves on (3.4). Set

35 (TP =Vu(@) = - [ V.,I@): Fo)dy,

which we rewrite as the form TF = (TfmF)lge,mgz«x for F = (FH,,)KW/<3
with o
(TemF)( ) = O, ue(x)
(3.6) o dt
= Z 0 (w2, 0w ) (Hiw,t * Fu)(O(w|t)z z) 5

w,v,k

where H = (Hgy);<j <5 is the Hessian matrix of E, that is,

Hi(z) = 8,,0:, E(z),  Hppi(x) =t 2Hy, (x/ V).

By use of the Littlewood-Paley decomposition (1.7), we decompose
the function H as

Hy =Y HY, HY) =o;H.

JEZ
In (3.6) we replace H by HG) = (H,(ci)) o to define the decomposed
operators TU) = (T(J))Ke < with
m
dt
(T9F) @ = 5 [ 0l Ol (HE), * Fu) Oln) .

v,k

where HY), (z) = t=3/2H{) (z/ V).
In order to estimate T, (7 )F we make use of the square function

(1.8), where {¢s}s>0 is a ﬁxed family of rapidly decreasing and radially
symmetric functions satisfying

6o(@) = s~ 201(2/V5)  (#(8) = h1(V58)
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and

e [ aww=0  [TTEZ-1 €er\ o),
R3 0

S

together with suppgﬁ: C {f; 2—\1/§ < €] < %} Since || S(-)|lq,re is equiv-
alent to || - [l rs ([36, Chapter I, 8.23]), we have

(3.8) 1T FI2 ga < CISTEF2 ge = CI(STE F)2 [l 2,05

Assume now that 1 < ¢/2 < co. Then one can estimate

) _ = b e T B () 2 e
69) (TR = [ @) [l TP @ P

for w € Ly/(q—2)(R?) to obtain

(3.10)
((STHF) w)| < cgk 17 e [ (M) @) (SFa) (0
with
. 2'r p ——
a0 (MZw) @) =sw [ (1H 1w (00107 0) 1) @),

where H ,S/)t () =H ,g)t( —z). From the pointwise estimate

H) (2)] < 027y (a),
where 1(x) = (1 + |7|?)~2 and 9 (z) = t~3/%¢(z/\/t), we obtain

Proposition 3.1. Let 1 < p < oo. Then the sublinear operator
defined by (3.11) enjoys

1M wllpre < €272, gs,

with some C = C(p) > 0 independent of w € L,(R3),j € Z,1 < k,v <3
and |w|.
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In view of (3.10), we use Proposition 3.1 as well as ||H;§{,)||1,1R3 <
2729l to see that

, AN\ 2
(ST, w)l < € (272) lwlg/q-2.00 D I P2

v

for all w € Ly/(q—2)(R?). By duality and by (3.8) we arrive at

I F g < 27291 Fllq s,
with some C > 0 independent of F € C§°(R®),j € Z,1 < ¢,m < 3 and
|w|. Hence, as long as 2 < ¢ < oo,
T = (Tom)r<omes  With Tem = T3
JE€Z

is well-defined as a bounded operator on L,(R?). For 1 < ¢ < 2, we
use the adjoint operator T*. The same argument as above implies that
T™ is also a bounded operator on Lq/(q_l)(R?’); so, T is Ls-bounded for
1 < g < 2 as well. We have thus proved (3.4) for 1 < g < oo.

3.2. On the proof of Theorem 2.4 ([12])

By real interpolation Theorem 2.2 implies

Proposition 3.2. Let 1 < ¢ < oo and suppose that
FEW LR, g€ Lyo(RY), (wAz)ge W (RY),
Then the problem (2.7) possesses a (q,o0)-weak solution
(4,9) € Wy oo (R®) X Lg,00(R?)

subject to the estimate

190l 0085 + 1Pl 022 + 1@ A 2) - Ve = 0 Al gy
< € (Il quoy + 19llg ooz + 1@ A D)l m))

where C > 0 is independent of |w|. The solution is unique in the class
above up to a constant multiple of w for u.

Let Q@ C R3 be a bounded domain with smooth boundary 69, and
let us consider

(3.13) Lu+Vp=f, divu=0 in Q; ulaq = 0.
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For the usual Stokes problem (the case w = 0), Ls- and Ly oo-theories
are known, see [6], [34], [27] and [29]. In bounded domains, the operator
L can be treated as a perturbation to the Laplace operator; thus, we
have

Proposition 3.3. Let  be as above and let 1 < ¢ < 0o. Suppose
that f € Wq‘,olo (). Then the problem (3.13) possesses a unique (up to an
additive constant forp) (q, 00)-weak solution (u,p) € qu’oo(Q)qu,oo(Q)
subject to the estimate

(3.14) Vullg,00,0 + [Ullg,00,2 + 1P = Pllg,00,0 < CHf”W,;;C(Q)v

with some C > 0 independent of |w| € [0,48], where § > 0 is arbitrary

1
and p = @/Qp(x)dx

We first see that the uniqueness part of Theorem 2.4 follows from
the Lg-theory (Theorem 2.3) by using the similar cut-off procedure to
[26, Lemma 5.2]. Given f € 3/§ (D), we next intend to construct
the solution of (1.11) with use of the solutions in the whole space and
in a bounded domain. We fix p > 0 so large that R®\ D C B,_5 (the
open ball centered at the origin with radius p — 5), and take the cut-off

functions ¢; € C*°(R3;[0,1}]),j = 0, 1,2, satisfying

] o |z] < p—5,
(@) ‘{ Lo fel>p-4

ooy L ] < p-3+7, .
¢](.'L') _{ O, ll.l ZP—2+j, (.7 _072)'

We set
D,=DnNB, A={zeR%p-4<|z|<p-1}

Counsider (2.7) with f replaced by ¢1f and g = 0 in the whole space R3.
We see that ¢, f € Wy 2.00(R?) with ||¢1f”W* _(®’3) S C||f||wz/12 (D)

Let (Yoo, Poo) be the solution obtained in Proposmon 3.2 for the external
force ¢1 f, and by

(Qoov 1—Ioo) W372 oo(D) > f = (uoovpoo) € W3/2 oo(Rg) X L3/2,00(R3)

we denote the solution operator. Here, uy, is uniquely chosen in such
a way that us € L3 o0(R3). We also consider (3.13) with f replaced
by ¢2f in the bounded domain Q@ = D,. We easily see that ¢of €
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WQQW(D ) with ||¢2f||v'v— (D) < C“f”v’v- (D) Let (uo,po) be
the solution obtained in Proposmon 3.3 for the external force ¢o f and
by

(Qo,Tho) : W33 (D) 3 f = (u0,p0) € Wayz 00 (D) X Lsj2.00(Dp)

we denote the solution operator. Here, py is uniquely chosen in such a
way that |, D, po(x)dr = 0. As a parametrix (an approximation of the

solution) for the exterior problem, we take

Of = (1 - ¢o)loo f + gollof,

where B is the Bogovskii operator, which makes the correction of diver-
gence, in the bounded domain A, see [2], [5], [15]. Concerning the class
of (Qf,I1f), we have

Proposition 3.4. Let f € 3/200( ). Then (Qf,I1f) € 3/2oo(D)x
L3/2,oo( )wzth

(3.15) { Qf = (1= ¢0)Qoof + $0Q0f + Bl(Quof — Qof) - Vo],

1Y@ /200 + 11/ /200 < Uiy, o
for some C > 0 independent of |w| € [0, 6], where § > 0 is arbitrary.
We see that (v,7) = (Qf,I1f) is a distribution solution to

(3.16) Lv+Va=f+Rf, divv=0 in D; ‘v|aD:0,

where R : f — (remainder); that is,

Rf ==2Véo - V(Qoof — Qof) — [Ado + (w A z) - Vo|(Qoof — Qof)
= LB[(Qoof — Qof) - Vo] + (Vo) (oo f — o f),
for which we have the following lemma.

Lemma 3.1. Let f € 3/200(D)' Then Rf € 3/200(D) with

HRfHW- (D)= < C]‘f“W;/Q (D)

In the proof, the embedding relation (2.5) plays a fundamental role.
By Lemma 3.1 and Proposition 3.4, we find that (v,7) = (Qf,IIf) is a
(3/2, 0o)-weak solution of (3.16).
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Proposition 3.5." The operator R is compact from WB"/; (D) into
itself. And further, 1 + R has a bounded inverse in Wa‘_/; (D)

By Propositions 3.4 and 3.5 the pair of
u=Q(L+R)'f, p=T01+R),

provides a (3/2, co)-weak solution of (1.11) with f € W3_/§700(D) and the
estimate (2.11) holds. This shows the existence part. Finally, one can
show that the constant C' > 0 in (2.11) is independent of |w| € [0, 4] by
means of a contradiction argument.
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