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The Helmholtz decomposition
in Sobolev and Besov spaces
Hayato Fujiwara and Masao Yamazakit
Abstract.

This paper is concerned with the Helmholtz decomposition of vec-
tor fields on bounded domains and exterior domains, and provides the
decompositions in Sobolev spaces and Besov spaces of order in cer-
tain interval. In particular, the decompositions in homogeneous Besov
spaces Biq and B;qu are given.

§ Introduction.

Let n be an integer such that n > 2. We are concerned with the ini-
tial boundary value problem for the nonstationary Navier-Stokes equa-
tion in the Sobolev spaces and the Besov spaces of negative order on
the domain Q in R™. For the equation in the whole spaces R™ there are
many works. See Kato and Ponce [8] for the Sobolev spaces, and for
Cannone and Planchon [4] and Kozono and Yamazaki [10] for the Besov
spaces, and Koch and Tataru [9] for the derivatives of the elements of
BMO. More detailed references are given in [15]. These results are based
on the fact that the Helmholtz decomposition in the whole spaces can
be described by the Riesz transformations and hence its property in real
analysis is well-known.

For general domains, much less is known. Grubb [6] first considered
this problem with the Neumann boundary conditions in the Sobolev
spaces of order n/p — 1, which can be negative for p > n on bounded
domains by duality argument. Then Amann [1] considered this problem
with the Dirichlet boundary condition in the Besov spaces on bounded
domains, exterior domains and half spaces. Later on, Grubb [7] consid-
ered the problem for s > 1/p — 2 with the Dirichlet boundary condition.
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Amann [1], among others, obtained a unique time-global solution as
the limit of the Leray-Hopf solutions with initial data in L2 N B;{,’é_l in
Bg,{,ﬂ'l. However, only initial data in the closure of L2N B;(fé_l can be
treated in this way, and this closure does not coincide with Bg,{i’,_l in
general.

In order to consider this problem in a different way, we first estab-
lish the Helmholtz decomposition in the Sobolev spaces and the Besov
spaces. Namely, we generalize the Helmholtz decomposition in LP-spaces
obtained by Fujiwara and Morimoto [5] for bounded domains, and by
Miyakawa [11] and Simader and Sohr [13] for exterior domains. By using
this decomposition we can define the Stokes operator in these spaces di-
rectly and cover the cases which is not treated by previous works, which
will be done in forthcoming papers.

As is stated by [4], [10] and [1], the Navier-Stokes initial value prob-
lem is time-globally well-posed if initial data is small in the homogeneous
Besov space B;ﬁ{f;‘l for p € (n,00), but similar results with initial data
in the inhomogeneous space By’ {fé_l is hardly possible for unbounded
domains. Hence we treat homogeneous spaces as well as inhomogeneous
spaces. Moreover, in order to consider initial data with no decay prop-
erty, we cover the case p = oc.

The paper [13] employed the characterization of the weak solution
of the Neumann problem by variational methods, which is based on the
reflexivity of the function spaces. Since this method is not applicable to
treat the Besov spaces for p = 1 and p = oo, we employ the concrete
expression of the solution employed in [5] and [11], and provide a new
estimate of the solution.

This paper is organized as follows. In Section 1 we introduce the
function spaces. In Section 2 we define the normal trace of solenoidal
vector fields. Then the main theorem is stated in Section 3. In Section 4
we give estimates of solutions to the Neumann problem, and the main
theorem is proved in Section 5.

§1. Function Spaces.

We first introduce the function spaces on the whole space R™. First,
for p € (1,00) and s € R, we define the Sobolev space H;(R") and the

homogeneous Sobolev space H; (R™) by
Hy ") = {f 8" || |H3]| = |77 [{©F )]l < oo }.

= |7 (el LA, < OO}

i (R”):{fes’/PH‘f‘Hj
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respectively, where (§) = /1 + |€|2, [|-]|, denotes the standard LP-norm,
and &’ and P denote the set of tempered distributions and the set of
polynomials respectively.

Next, let x(t) be a monotone-decreasing smooth function on [0, +00)
such that x(¢) = 1 on [0,1] and x(f) = 0 on [2,00), and put
2i(€) = x (271€l) — x (2'[€l) for j € Z and B(€) = x(&]). Now,
for p, ¢ € [1,00] and s € R, we define the Besov space B, (R™) and the
homogeneous Besov space Bqu (R™) by

B (R™) = {f cs

£ 1Byl = | {2 FI1©)]]],

).
)

respectively. ~ Then we have the inclusion relations B, (R") C
Bf, o (R") for 1 < g2, By ,(R™) C Hy(R") C B, ,(R") for p € (1,2],

52(R") C Hy(R™) C Bj (R") for p € [2,00). We also have the
Sobolev embedding Bj ,(R™) C By n/p'm/r(]R") for 1 <p<r <o
If p, ¢ < oo, the space C§°(R™) is dense in the spaces H;(R") and
B, ,(R™). If s < n/p, the same results hold also for homogeneous spaces.
For more detailed property of these spaces, see Triebel [14, Chapter 2].

Furthermore, put

v 2js\|f—1[w<s)ﬂf]<£>]Hp}::l “
B, (RY) = {feS/P}Hf’B

/9

| ol oo, )

B @) = {1 € B | tim_ 2 (i@ 17160, =0 |

p,00—

B &) = {1 € Bou(®) | 1im 217 [0 1116)] |, =0 |
respectively. Then the spaces B, ,,_(R") and B;woo_(]R") are closed
subspaces of B, (R") and B, . (R") respectively. Moreover, in the
case p < oo, the space B; ,,_(R") coincides with the closure of the
space Cg°(R™) in B} (R™).

In the case s < n/p we can (and do in the sequel) identify the
spaces Hy(R™) and B, ,(R™) with subspaces of &’. (See Bourdaud [3].)
In this way the space Bp oo (R™) coincides with the closure of the space
C&(R™) in B;’OO(]R”) provided p < oo and n/p—n < s < n/p.
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If s > 0, we have H3(R*) = Hi(R") N LP(R") and By (R") =
LP(R™) N B (R™). On the other hand, if s < 0, we have Hj(R") =
H;(R”) + LP(R") and B; ,(R™) = LP(R") +B;’q(]R”). Fur‘fhermore, for
p € (1,00) we have (H3(R™)' = H*(R") and (H;(R")) — H,*(R")
with p’ = p/(p — 1), and for p, ¢ € [1,00) we have (B;,Q(R“))/ =

. / . _ .
B,5,(R™) and (B;wq(]R")) = B,/ (R") with p' = p/(p — 1) and
q" =4¢q/(g—1). For p € [1,00), we also have (B;)OO_(]R"))/ = B,%(R")
. oL
and (B;’OO_(]R")) = By, (R").

The following lemma provides a function space whose dual space
coincides with By {(R"),

Lemma 1.1. Suppose that s > 0, and let Bgo,oo(R") denotes the

R ’
closure of Cg§°(R™) in B3, (R™). Then we have (Bgo,oo(]R”)) =
By, (R™).

Proof. Let Cy(R™) be a set of continuous functions u(z) on R™
such that lim|;_,, u(z) = 0. For a nonnegative integer k, let Cf(R™)
be a set of functions u(xz) such that (9!%lu/dz%)(z) € C»(R™) holds for
every a € N™ such that || < k. Then we have B |(R") C CF(R™) C
BE (R™). Now choose k > 0 and every 6 € (0,1) so that s = 6k. Then
we have the inclusion relations

B (R") = (B% ,(R"), B, ,(R™), € (CH(R™), CER™), .
cC (Bgo,oo(Rn)vB(])Co,oo(Rn))gyoo = Bgclnc,oov

which yields (Cy(R™), C,’f(]R"))o o= B (R™). Since C§°(R") is dense
in Cp(R™) and C¥(R™), the space égfm(Q) coincides with the closure of

CF(R™) in Bgf’oo(R"). Hence it follows from Bergh and Lofstrém [2]3.7,
Remark that ‘

(1.1) (B2 ®) = ((Go®M)', (Ch®R™))

0,1

On the other hand, we have (Cy(R™)) = M (R™), where M (R™) denotes
the set of Radon measures on R™ with bounded total variation. In view
of the Radon-Nikodym theorem and the Fubini theorem, we have the
inclusion relation

BY,(R™) ¢ L'(R™) € M(R™) = (Co(R™)" € BY (R™).
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From this fact we have
BIY(R™) C (C§(R™) C Bi % (R™).

These two inclusion relations imply

Bif*®R") = (BY.(R"), Bii(R™),, © (@) (CE®M)), |
C (B (®"), BIA(R™), | = BiI*®R™).

From this relation and (1.1) we obtain the conclusion. Q.ED.

Next, for a domain  C R"™, put
H;(Q)={uc D'(Q)|3a e H;(R™) such that @|q = u}

with norm ||u [H; H = min { || @l H;H | @l = u}, where D'(2) denotes
the set of the distributions on Q. The spaces H; (), B, ,(82) and B;q(ﬂ)
are defined similarly. If Q is bounded, we have the identities H;(Q) =
Hy(€) and Bzyq(Q) = B§ (). For a bounded C*! hypersurface T in
R™ and s € R such that |s| < 1, we can define the Besov space B, ,(T')
on I' by way of the local coordinates.

Let Q be either a bounded domain or an exterior domain with C%!
boundary I'. If 1 < p < o0 and 1/p < s < 2, we can define for every u €
Hp(Q) the trace yru € B;;,l/p(l“), and the mapping u — 4ru is bounded
from H3(Q) to BiY/P(T). If1 <p<ooand 1/p < s <2, we can de-
fine for every u € B3 (Q) the trace yru € Bs5'/P(T"), and the mapping
u — 7pu is bounded from BS () to Bpg'/P(T). On the other hand,
for every u € By (T') with s € (0,1 —1/p), there exists U € B;f;l/p(Q)
such that 40U = u and that |[U|B35/7(@)]|| < Cllu|B3 (@) . Fur-
thermore, if ¢ = p € (1, 00), we can choose U satisfying U € Hg“(Q)
and HU 1H§+1/p(9) H < C'Hu |B;,p(Q) || as well. (See Triebel [14, Sec-

tion 2.9].)
Finally, for p € (1,00) and ¢ € [1, 00|, we define the Lorentz space
LPa(Q) by

1ra(@) = {1(a) € Lipel)
fullg = ([ (sultz €01 ut@) > 5)"")’ ilsf)l/q <oaf.
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Then LPP(Q)) = LP(§), and we have the real interpolation property
(LPo®(Q), LP19(Q)), = LP9(Q) with 1/p = (1-8)/po+6/p1 provided
po # p1. For more detailed property of these spaces, See Bergh and
Lofstrom [2, Chapter 5].

§2. Normal traces.

We start with the following lemma concerning the duality between
the function spaces on general domains.

Lemma 2.1. Suppose that 1 < p < oo and —1+1/p < s < 1/p,
and put p' = p/(p —1). Then we have the following assertions:
! —s TS ! T8
(1) We have (H3(Q))' = H*(Q) and (HP(Q)) = H;*(Q).
(2) Suppose that 1 < g < oo. Then we have (B;,q(Q))/ =B,% ()

and (B3,(©) = By ().
(3) We have (B3 (@) = B3(%) and (B;,OO_(m)' _
B>°,(Q).

p',1

Proof. Triebel [14, Theorem 2.10.2.2, Remark 2.10.2.3] imply that
(H;(Q))/ = H_,*(?) and that (B;vq(Q))/ =B,° () for 1 < g <oco.

Next, put r = pn/(n — ps). If s > 0, we have the inequality p <
r < p/(1 - ps) < oo, and it follows that H3(Q) C L"(Q) and B, () C
L™2(Q). On the other hand, if s < 0, we have the inequality 1 <
p/(1 —ps) < r < p and the equality n/r’ = n/p’ + s. This implies that
the spaces H;,S(Q) and B;‘fq,(Q) are densely embedded into L" () and
L4 () respectively, where ¢’ is replaced by co— if ¢ = 1. These facts
imply the inclusion relations L"(Q2) C Hy(Q) and L™(Q2) C B, ().
Hence, in both cases, we can argue in the same way as before to conclude

. ' . . ’ .

that (H;(Q)) ~ H;*(©) and (B;’Q(Q)) = By, (Q) for1 < ¢ <
oo. We thus established Assertions (1) and (2). Finally, in view of
Triebel [14, Theorem 2.6.1, (c)], we can prove Assertion (3) in the same

way. Q.E.D.
The following lemma can be proved in the same way.

Lemma 2.2. For s € (0,1), we have the identities (B‘f’q(Q))/ =
B;o‘fq,(Q) and ( ‘iq(Q)), = Bgofq,(ﬂ) for 1 < g < oo, and
(Bt oo- () = B(9) and (Bi oo () = B2 ().



Helmholtz decomposition 105

By virtue of these lemmas we can prove the following theorem. In
the sequel let n denote the outer normal vector of I

Theorem 2.3. Suppose that p € [1,00] and 1/p—1 < s < 1/p, and
assume that v € [pn/(p + n),p| satisfies 1/r < min{0,s} + 1. Then we
have the following assertions:

(1)  Suppose that p # 1,00. If u € Hy(Q) and divu € H}(Q), then
we have n - yru € Bpp 1/p(I‘) with the estimate

(2.1) Hn.ypu]B;;,l/PH < (|Ju|ES ] + |divu |HS ). |

(2)  Suppose that q € [1,00]. If u € By (Q) and divu € B} (),
then we have n - yru € Big"/P(T) with the estimate

@2)  |noeu B || < 0 (ulBy, || + ldive| Bz, )

These statements hold as well if we replace some of the spaces Hj(S2),
H2(Q), B, (@) and B7,(Q) by Hy(Q), H(Q), By (Q) and B} ()
respectively.

Proof. First, fix a bounded domain U in R™ such that I' C U. Let

© be a smooth function on I'. We define n - yru as a distribution on I’
by the formula

(2.3) (p,n-yru)r = /QV~ (®u)dz = (®,divu)g + (VO u)q,

where & € C§°(U) satisfies yv® = ¢. Then it is easy to verify that
(p,n - yru)r is defined independently of the choice of ®. Furthermore,
for every p and g, we can choose a constant Cj, 4 such that, for every ¢
we can choose @ so that

(2.4) ch ]H;,—S

1-s
+ H@ ‘Bp,,p,

< le|By2

We first show the estimate of Assertion (1). The divergence theorem
yields the estimate

(2.5)
(s - yrur| < |<<p,divu | + [{(Ve, u)q|
< C (|l [ H* v F2 | + I‘ch‘H |H5H)
Since 1 —1/r < s < 1/p < 1/r, we have the duahty (H3(Q) = HZ*(Q).
Moreover, since p' < r’ < oo and since r’ < p'n/(n — p') if p' < n,
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we have the inequality Hcp 'HT',S H < CHV(,OIHZ;S “ with a constant C'

depending on the domain U. Substituting this inequality and (2.4) into
(2.5), we conclude that

(o - yruye| < Cffo | BYE || (v B2 I + u |H3 ) -

/
Since (B;,/”;/_S(F)) = By, 1/p(I“) we have n-yru € B;;,I/p(F) with the
estimate (2.1).

By using the estimate

,’./

B;,l))

Assertion (2) in the case ¢ = p > 1 can be proved in the same way.
Assertion (2) in the case ¢ = p = 1 can also be proved from the equal-
(T

HHdlvu lB g ” + HVgol

[{e,n-yru)r| < C(“g@

ity (B1 s )) B ("), which can be proved in the same way as

Lemma 1.1. Here BL~s (I') denotes the closure of C?(T') in Bl s (T).
Finally, Assertion (2) in the general case follows from Assertion (2) for
q = p and real interpolation. Q.E.D.

In particular, if w € H;(Q) with 1/p — 1 < s < 1/p satisfies divu = 0,

we can consider the normal trace n - v € B3;"/?(T"), and similar facts
holds for other function spaces.

83. Main Result.

Our main result of bounded domains is the following theorem.

Theorem 3.1. Suppose that Q) is either a bounded domain or an
exterior domain with C*1 boundary T'. Then we have the following:

(1) Suppose that 1 <p < oo and 1/p—1< s <1/p, and put
(3.1) Hf;,p(Q) = {u € (H;(Q))n ‘ divu=0inQ,n - ywu= 0}
and
. . n
(32) 3@ = {u e (@) } 3G such that u = VG }.
Then we have the topological direct sum decomposition

(3.3) (B3 )" = F3 @ @ G3(@),
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(2) Under the same assumption as Assertion (1), put

(3.4) H;, {uE(Hs Q) ldlvu—Oann ru =0}
and
(3.5) Gy() = {u e (H( )" | 3G such that u = VG} .

Then we have the topological direct sum decomposition
(3.6) (Hp()" = H3 ,(2) & G5(9).
(3) Suppose that p, g € [1,00] and 1/p—1 < s < 1/p, and put

(3.7) Bf;p Q) = {u € (B;’Q(Q)) ’ divu =0 in Qn-yru = 0}
and

(38)  Cpg() ={ue (B;)Q(Q))" | 3G such that u =G}
Then we have the topological direct sum decomposition

(3.9) (B ()" = B3, ,(Q) & G5 ().

(4) In addition to the assumption in Assertion (3), assume more-
over that Q is bounded, or that 1 < p < 0o. Put

(3.10) B, ,(Q) = {ue (B:,(2)"|divu=01inQn-yu=0}
and

(3.11) G: ,(Q) = {ue (B, ()" | 3G such that u = VG} .
Then we have the topological direct sum decomposition

(3.12) (B: ()" = B3 ,(Q) &G: ().

(5) Let P, denote the projection operator on H o.p(§)) associated
with the topological direct sum decomposition (3.3), and let Pp s
denote the projection operator on H; ,(Q) associated with the
topological direct sum decomposition (3.6). Moreover, let Pp,q,s
denote the projection operator on BU P, 4(2) associated with the
topological direct sum decomposition (3.9), and let Pp 4 s denote
the projection operator on Bj , () associated with the topo-
logical direct sum decomposition (3.12). Then these projection
operators are identical on the intersection of the domains.
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4 .
(6) We have the identities (Pp,s> = Py s and (Pys) = Py for

. ’
p € (1,00) with p’ = p/(p — 1), and the identities (Pp,q,s) =
Py g5 and (Ppys) = Py g5 for p, g € [1,00) with p’ as above
and ¢' = q/(¢ - 1).
Remark 3.1. If Q is bounded, we have H;(Q) = H;(Q?) and

B;}Q(Q) = B, ,(Q). Hence Assertion (2) and Assertion (4) are iden-
tical with Assertion (1) and Assertion (3) respectively.

§4. Estimate of the Neumann Problem.

We start with the following lemma concerning real interpolation
relations which will be used in the estimate.

Lemma 4.1. Suppose that Q is either a bounded domain or an
exterior domain with C*! boundary T, and that s, s1 € (1/p—1,1/p)
satisfy so # s1. Then we have the relations

(BSO (Q)7le (Q))Q,q = BZ(7,111_0)50+0$1 (9)7

p.q0 P,q1
(BISJ?CJO (), B;}ql (Q))() . = Bz()}l;9)50+951 (Q)

for every qo, q1 € [1,00]. If p € (1,00), we also have

(H;U (Q)7 H;l (Q))G,q = BI(J}Q_G)SU+931 (9)7

p.q

(H;"o (Q), HSI(Q))Q = BU=0)so+s1 ().

This lemma follows from Triebel [14, Theorem 2.10.4.1] and the
proof of Lemma 2.1.

We now state the required estimate. Let € be a domain with C?!-
boundary I'. For p € [1,00] and s € (1/p —1,1/p), put

Bfl(Q) forp=1,
(4.1) X3(Q) = f"I;(Q) for 1 < p < oo,
B3, (Q)  for p = oo.

Then we have the following theorem on the Neumann problem

Ah(z) =div f(z) in €,
(4.3) n-(f(z) — Vh(z)) =0 onI.
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Theorem 4.2. Suppose that ) is either a bounded domain or
an exterior domain with C%*' boundary I'. Then, for every p and s
as above, there exists a constant C = Cpp 50 such that, for every
f(z) € (X;(Q))n, there exists a solution h(z) of the problem (4.2)-
(4.3), uniquely modulo constants, and we have the estimate HVh [X; H <
cllr Xz

Proof. Choose f(z) € X,(R™) such that flo = f and that
|7
choose f so that fodx = 0, where K = R™\ Q. Then put hy = E*f,

where E denotes the fundamental solution of A on R™. Then we have
the estimate

< 2” f |X s H Furthermore, if Q is an exterior domain, we

(4.4) Ivh x5 | < Ol x5 < €| 7 X3

and the equality div(f — Vh;) = div f — Ah; = 0 on Q. It follows from
Theorem 2.3 that the normal trace

9(z) =n - (f — Vhi) € BS,VP(T)

is well-defined. Furthermore, it satisfies the estimate

@s)  lo|Ba || <o (11X )+ [V x; ) < of| 71X
and the equality

/g(:r) ds(z) = / div{f(z) — Vhi(z)}dz = 0.

r Q

Hence the Neumann problem

Ah(z) =0 in Q,
n-Vh(z) = —g(z) on T,

has a solution iz(x), uniquely modulo constants. This solution is given
by the formula h(z) = ha(x) + hs(z), where

(4.6) /E (z — v)g(y) ds(v),
ha(z) = - / (2, 1)9(y) ds(y).
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Here r(z,y) is a function on Q x  satisfying A r(z,y) = 0 on § and
n-Ve(r(z,y)+ E(z—y)) = 0 on I'. This function also satisfies (z, y) =
r(y, ) and

(4.7) |Vyr(z,y)| < Clo —y[' "

Hs—1
9|85

with a constant C independent of f. (See Mizohata [12, Theorem 8.6]
in the case n = 3.) Furthermore, we have the identity

(48) hs(z) = / n- VE(x — y)h(y) ds()

In order to obtain an explicit estimates of hy from (4.6), we recall the
definition of the normal trace. We have

(4.9) ha(z) = —),9r =(VyE(z --),—f +Vhi)a
/ VyE@ - y)(~f(5) + Vhi () dy

and

@10)  h@) = [ V() (~£w) + Thi)dy

For bounded €, the equality (4.10), the estimates (4.5), (4.7) and the
elliptic regularity theory imply

(4.11) IVhs X311 < C|lg | B3z || < ¢ 7] x5

We turn to the estimate of ha(z). If 1 < p < o0, let ¥(z) denote the zero
extension of —f(z) + Vhi(z) on R™. Then the denseness of the space
C§°(2) in X implies that () € X, (R™) with the estimate

1%z < e (171X [ + VA | X3 ) < ©|| 7| x5
It follows from hy = VE * ¢ that

(412)  [|Vha|X3]| < Cllhs | Xt | < Cllw| Xz | < | 7] X))

Suppose that p = co. We can choose a neighborhood Uy of T and a
C*!-diffeomorphism F : T' x (—1,1) — Up such that F(z,0) = = and
(0F/0t)(z,0) = n(z) for every z € I'. Next, for every j = 1,2,3,..., let
w;(t) be a smooth function on (—1,1) such that 0 < w;(t) <1,w;(t) =1
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for t < —279 and w;(t) = 0 for ¢ > —27%!, and let x,(z) denote the
C'1-functions on Up such that the identity x;(F(z,t)) = w;(t) holds
for every € I and every ¢t € (—1,1). Then we can extend x;(z) as a
CY ! function on the whole space R™ by putting

xi(®)=1 forxeQ\Uyp,
x;(z) =0 forz € R™\ (QUUp).

Namely, we have
. )1 (zeQ),
Jm xs(w) = {o (zd Q).

Let ¥ be an arbitrary element of (Bl_ T(R")) . Then we have

wy) = | VE(z —y)div¥(z)de € (B;f(Rn))".
e

. n
We next verify that the sequence {x;v}32 converges in (Bf f(R")) as
. n
j — oo. Indeed, the restriction v|g belongs to (Bff(Q)) . Hence, for

every € > 0, there exists ¢ € (C§°(2))" such that HU'Q - }Bl‘f <e.

For this ¢ there exists a positive integer jo such that x;(z) = 1 holds
on supp ¢ for every j > jo. It follows that x;(x)p(z) = ¢(z) for j > jo.
From this fact we conclude that, for every 7 > jy, the function ;v €

(Bl_ f(]R"))n satisfies the estimate

|

with a constant C independent of v and ¢. Since € > 0 is arbi-
trary, this implies that the sequence {va};?';l is a Cauchy sequence

in (Bl_f(]R"))n By using this fact, we define Vhy € X2 (R™) by

< Ce

xiv - |Bii| =[x - o) |Bi

(U, Vha)g = —/ div ¥(z)ha(z) dx

n

= — lim / VE(z —y)div¥(z)dz¢;(y) dy
n R'n

Jj—oo

= — hm U(y)%‘ (y) dyv

100 JRn



112 H. Fujiwara and M. Yamazaki
where 1;(y) = x;(¥)(—f(y) + Vhi(y)). That is,

Vho = weak-+ lim V VE(z — y)y;(y)dy.

J—00 R~
From this fact we obtain

IVhe | X3 || < Climint 195 |XS || < Cll=f + Vha [XE |l

Hence we have (4.12) also in the case p = oc.

Putting h(x) = hi(z) + ha(z) + hs(z) and summing up (4.4), (4.11)
and (4.12) we obtain the conclusion for bounded €.

We next consider the case that €1 is an exterior domain. Since the
functions h; and hg are written as the integral on the whole space or
its weak-* limit, it follows that the estimates (4.4) and (4.12) hold also
in this case. Hence it suffices to show (4.11). To this end choose a
positive number R > 0 such that QN {z € R" | |z] < R} = R”, and
put U ={z € Q||z] <3R}and V = {z € R" | |z| > 2R}. Then
Hth ’X;(U) H can be estimated in the same way as in the case where ()

is bounded, and hence Hth ’X;(U) H < CH f’ X;
estimate HVh3 |X§(V) H For this purpose we employ the identity (4.8).

. Hence it suffices to

We first show that, for every k = 1,2, ..., there exists a constant Cy
such that
~ 1
k 1-1
(413) \V h3(1‘)| SCthtB;’-; /p(F)HIW

holds for every z € V. Indeed, since T € {z € R" | |z] < R}, we have
|z —y| > |z|/2 for £ € V and y € I'. Hence, differentiating both sides of
(4.10) and observing that || > 2R on V, we obtain (4.13).

From this fact and the estimate

| & By vom)|| < o (1vha %3] + | 9hs [ x50 ) < || 7| %3

we conclude that Vhy € Bf’oo(V) with the estimate

(4.14) ng {Bf 1 <,

il %

,OO\

for every s > 1. Next, suppose that 0 < s < 1. Then we have
(4.15)

Vhs(z+y)— Vha(x)| = ly-V2hs (z+0y)| < Ole] X3 ly| _

1+ |z + 8y|
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with some 0 € (0,1). If |y} < |z|/2, we have |z + 0y| > |z| — |y| > |z|/2.
Substituting this estimate into (4.15) we obtain

(416) |Vh3(l+|l;)ls‘ Vhs(z)| <a| flx; %ym
<113

Next, if |y| > |z|/2, we have |z + y| < |z] + ly| < 3|y|. It follows that

|Vha(z +y) — Vhs(2)| _ [Vhs(z +y)| + [Vhs(2)|

(4.17) <
|yl lyl®

< Gol | x;

(@ mrvmm * e
A+lz+y™)yls 1+ =)yl

~ 1 1
<a \XSH( ; .
<O e T m g T ar s

In view of (4.16) and (4.17), we have

IVh3 z+y) - Vhs(z)|

dz
lyl®
2 s 1 1
<o [ (e * rrvremee) @
<c| 7 x|,

This implies that (4.14) holds also for s € (0,1). By Lemma 4.1 and
the Sobolev embedding theorem we conclude that Vhs ¢ B 1 for every

s > n/p —n. This implies Vhz € X3(V) with |Vhs | X3 < C’Hf‘ X,
for every p € [1,00] and s € (1/p—1,1/p). .

§5. Proof of the Main Theorem.

First we derive the decomposition in X as in the previous section
from Theorem 4.2. For every f(z) € (X3(€))", let h(z) be the solution
of the problem (4.2)-(4.3), and put Pf(z) = f(z) — Vh{x). Then we -
have

div Pf(z) = div f(z) — Ah(z) =0 in €,
n-ywPf(z) =n-yr(f(z) — Vh(z)) =0onT.
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It follows that (1 — P)f € G’Z(Q) and Pf € H;’U(Q) for p € (1,00),
and (1 - P)f € C'v’;,’p(Q) and Pf € Bg’p’U(Q) for p = 1, oo. Moreover,
the mapping P is continuous. Assertion (5) follows immediately from
the fact that the construction above is independent of p and s. Hence,
applying Lemma 4.1 we conclude Assertions (1) and (3).

Next, assume that p € (1,00) and 1/p —1 < s < 1/p. Then we have

s IS 0
HE(Q) = H3(Q) N HY(Q) for s >0,
H3(Q) = Hy(Q) + H)(Q) for s < 0.

Forp=1,00and s € (1/p—1,1/p), we have B, ,(Q) = B;p(ﬂ) provided
Q is bounded. Hence, if 1 < p < oo or if  is bounded, Theorem 4.2
holds also for

B3 () forp=1,
X, () = H3(Q) for 1 < p < o0,
B3, 5 (82)  for p = co.

instead of (4.1). Applying Lemma 4.1 we conclude Assertions (2) and
(4).

It remains only to show Assertion (6). For p, ¢ € [1,00) and s €
(1/p—1,1/p), put p’ = p/(p—1) and ¢’ = ¢/(¢ — 1), and consider the
following settings:

(51) X=(Hy@)", Y= (H‘,S(Q))n P=D,, Q=PBy_,
(5:2) X = (B3, )", Y = (B;* )", P = Pros, @ = P
(53) X =(HQ)", Y=(H, )", P=P,, Q=Py_,
(54) X =(B,(2)", Y =(B, ()", P=Pgs, Q= Pp g, s

Here we assume p > 1 in (5.1) and (5.3), and we assume p > 1 or Q is
bounded in (5.4). It suffices to show that Q = P’ in each of the settings
above. Namely, it suffices to show the identity (f, Qg)q = (Pf, g)q for
every f € X and every g € Y.

Suppose that f € (1-P)X and g € QY. Then we have divg = 0 and
n-qrg = 0. On the other hand, let {f;}52; be a sequence in (C§° )"
such that f; — f in X as j — oo. Let h; be the solution of the problem
(4.2)—(4.3) with f replaced by f;. Then we have Vh; = (1 - P)f; —
(1-P)f=fin X. It follows that

(f:9)0 = lim (Vhj,glo = lim ((hj,n-qrg)r — (hy,divg)e) =0,
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where the integration by parts is justified because h; can be approxi-
mated by functions in C§°(R"™) in X, where

Ht{(R™) in the case (5.1),
% _ B;ZI(R”) in the case (5.2),
HSYHR™)  in the case (5.3),
B3tH(R™)  in the case (5.4).
Hence
(5.5) (1-P)f,Qg)a=0forevery fe X,geY.

Next, suppose that f € PX and g € (1 — @Q)Y. Then we can write
g = V¢ with some . Next, let {f;}32, be a sequence in (C§°())"
such that f; — f in X as j — 0o. Let h; be the solution of the problem
(4.2)-(4.3) with f replaced by f;, and put ¢; = Pf; = f; — Vh; € X.
Then we have ¢; € PX and ¢; — Pf = f in X as j — oo. This implies
divy; = divf =0and n-yre; = n-9rf = 0as j — oco. It follows that

(f,9)0 = j£%<¢javw>9 = ]li{go ({n-yrej, ¥)r — (dive;, ¥)a) =0,

where the integration by parts is justified since ¢; can be approximated
by functions in C§°(R™) in X. Hence

(5.6) (Pfi(1-Q)g)a=0forevery fe X,geY.

The identities (5.5) and (5.6) imply the identity (Pf,g)a = (f, Q9o
for every f € X and g € Y, as required. This completes the proof of
Asgsertion (6).
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