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Appendix 

Atsushi Ikeda 

This is an appendix for the paper "Infinitesimal logarithmic Torelli 
problem for degenerating hypersurfaces in IPm" by S. Saito. In Theo
rem (2-1), the injectivity of dpz was proved for degenerating hypersur
faces. But dpz is not injective in case n is odd and 8 = 2. We want to 
know the meaning of the exceptional cases. It is explained here, by using 
the extended period map, which is defined by K. Kato and S. Usui. 

When we fix integers 8 2 2, s 2 1 and d 2 s8, and general coef
ficients aa E <C, a strict semistable degeneration X ----> B of hypersur
faces in JP'rn+l over the unit disk is constructed in Section 1. We denote 
the cer:tral fiber by z = Zo u zl u ... u Zs, where Zo = X n Ht and 
zk = x nlEk. 

Proposition 1. Assume d > s8 + 1. The mixed Hodge structure on 
Hm ( Z, Q) satisfies 

• GrJ¥Hm(Z,Q)=Oifl:Sm-2, 
• Gr!_ 1 Hm(z, Q) c:= H;i-;,1 (Zo n Zs, Q). 

Zo n Zs is a nonsingular hypersurface of degree 8 in Ht n lEs <:::=' IP'm. 

Proof. The spectral sequence 

defines the weight filtration on Hi(z, Q), where z[P] = ll zion 
O<;io<··-<iv<;s 

... n zi . Let IPo = Ht u lEl u ... u lEs be the central fiber of IP'B ---->B. 
p 

We know that IPo [p] = z[p] = f/J for p 2 3, so GrJ¥ Hrn ( z, Q) = 0 for 
l::; m- 3. 
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We recall that 

and 

Here we remark that Zo n Zk n Zk+l, Z 0 n Zk and Zk n Zk+l are not 
connected if m = 2 and 1 ~ k ~ s - 1. 

The semistable degeneration is constructed by 

B TTDm+l _lTD 11"1 TTD(l) 11"2 TTD(2) 11"3 11"s TTD(s) _ TTD-
X Jr -lr B<-- Jr B +---- Jr B +----· .. +---- Jr B - Jr B 

u u u u 

X +--X(l)+--X(2);----. • • +--X(s) =X, 

where 1r1 is the blowing-up of J!l'B along the singular point p EX, 7rk is 

the blowing-up of J!l'~- 1 ) along the singular locus Lk-l ~ J!l'1 of x<k- 1), 

and x<kl is the proper transform of X. JEk is the proper transform in 
IP'B of the exceptional set of 7rk. fit C J!l'-B is the proper transform of 
Ht = { t = 0} C J!l' B. 

zk n zk+l is isomorphic to J!l'1 X (Zo n zk n zk+1), and contains 
Z0 nZknzkH as a fiber of the projection J!l'1 x (Z0 nZknZk+1 ) ---t J!l'1 . So 
the restriction H=- 2 (Zk n Zk+I) ---t H=-2(Z0 n Zk n Zk+I) is surjective. 
Since Zk n Zk+1 meet only Z0 , this shows Gr!_2Hm(z, Q) = 0. 

There is a commutative diagram 

l l l l 

where the horizontal sequences are complex, and Gr!_1Hm-l+i(Z,Q) 
is the i-th cohomology of the second sequence. So Gr!_1Hm(z, Q) ~ 
H;::i-;;(zo n Zs, Q) is proved by the following: 

1. Hm-l(n£}21) ~ Hm-l(z[2l). 
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2. Coker(Hm-1(lPa[1J)---+ Hm-1(Z[1l)) c::o H;,:;;;(zo n Zs)· 
3. The composition Hm-1(Z[0l) ---+ Hm-1(Z[1l)---+ H;,:i~1 (Z0 n Zs) 

is zero. 
4. Gr!_1 Hm(lPa) = 0 and Gr!_1 Hm+1(lPa) = 0. (This means that 

the first sequence in the diagram is exact.) 

Let X be defined in B x JP'm+1 by the equation 

We define a hypersurface Y c IP'm by 

L aaXf' · · ·X~"' = 0, 
cq +···+a-m =8,arn+l =0 

which is singular at [1 : 0 : · · · : 0]. Let Y c JP'm be the desingularization 
by the blowing-up at the point, and Y0 be the hyperplane section of Y 
by {Xo = 0}. Y is the projective cone over Yo, and Y is a IP'1-bundle 
over Yo. 

For 1 S k S s- 1, there are isomorphisms 

Yo c IP'm-1 
' 

and 

IP'1 X Yo c!P'1 X IP'm-1 

So we have Hm-1(Htn!Ekn!Ek+d c::o Hm- 1(ZonZknzk+1), Hm-1(1Ekn 
lEk+1) c::o Hm- 1(Zk n Zk+l) and Hm- 1(Ht n !Ek) c::o Hm- 1(Zo n Zk)· 

Zo n Zs is isomorphic to the hypersurface in Ht n IEs ~ IP'm defined 
by 

The map Hm-1(Htn1Es)---+ Hm- 1 (Z0 nZs) has the cokernel H;.i~1 (Z0 n 
Z 8 , Q). We have proved (1) and (2). 
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lEs is isomorphic to the hypersurface in lP'1 X JP'm+l defined by u0Xo = 
u]' Xm+l, where Ui is the parameter of lP'1 . In this identification, Zs is 
defined by 

This shows that Zs is a very ample divisor in lE8 • So the left vertical 
map in the diagram 

is an isomorphism. Hence Hm- 1 (Zs)---+ H;,:;;;(z0 nZs) is the zero map. 
By Lemma 2, the left vertical map in the diagram 

is an isomorphism. Hence Hm- 1 (Z0 )---+ H;,:i~1 (Z0 nZs) is the zero map, 
and (3) is proved. 

Because the monodromy of Fs ---+ B is trivial, (4) is proved by 
same argument in the proof of Corollary 3, using Clemens-Schmid exact 
sequence. Q.E.D. 

Lemma 2. If d ~ s8 + 1, then Hm- 1 (fit) ~ H=- 1 (Z0 ). 

Proof. fit is obtained by 

lP'm+1 rv H _ H(o) n1 H(1) n2 ns H(s) _ H-
= t- t +--- t +--- .•• +--- t - t, 

where 7T1 is the blowing-up along the point p, and 1Tk is the blowing
up along the point Lk_1 n Hik- 1) for 2 :::; k :::; s, and we set 1T = 

1T1 o · · · o 1T8 • We denote byE~ C Hik) the exceptional divisor of 1Tk, and 
by Ek C fit its proper transform in fit. If His a hyperplane in Ht, then 

a?Ti(H) + b(1ri(H)- Ei) is a very ample divisor in Hi 1) for a, bE Z>o· 
In cases= 1, Zo rv d1r*(H)- 8E1 = (d- 8)1r*(H) + 8(1r*(H)- E1) is 
very ample in fit, hence Lemma is proved. 
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We assumes 2 2. In this case, Z0 is not ample in fit. By the exact 
sequence 

Hrn-l(fi '- Z)---> Hrn-l(fi)---> Hrn-l(z)---> Hrn-l(fi '- Z) c t 0 t 0 c t o, 

we want to show H;:'- 1 (fit '- Z0 ) = 0 and H;:'- 1(fit '- Z0 ) = 0. Let zak) 
be the proper transform of zak-1) by 1fk, where zao) = Ht n X. Since 
Ht ~ JP>rn+l , E~ ~ JP>rn and 

H (k) (zCk) u E') ~ HCk-1) zCk-1) 
t'-o k-t '-o' 

H;:'-1(fit '- Z0 ) = 0 is proved by the exact sequence 

Hrn- 2 (E' '- E' n zCk)) ---> Hrn-1(H(k) '- (z(k) u E' )) 
c k k 0 c t 0 k 

---> H;:'- 1 (Hik) '- zak))---> H;:'- 1 (E~ '- E~ n zak)), 

inductively. 
By Ek =fit n !Ek ~ prn and Ek n Zo ~ Y, we have 

for 1 :S; k :S; s - 1, and these contain Ek-1 n Ek ~ JP>rn- 1 and Ek-1 n 
Ek n Zo ~Yo as a section of the JP>1-bundle structure, so we can see 

H;:'- 1(Ek '- (Ek n Zo)) ~ H;:'-1((Ek-1 n Ek) '- (Ek-1 n Ek n Zo)) 

~ H;;~(Yo), 

for 2 :S; k :S; s - 1. By the exact sequence 

H;:'- 1(Ek '- ((Ek n Zo) U (Ek-1 n Ek))) 

---> H;:'(fit '- (Zo U E1 U · · · U Ek))---> H;:'(fit '- (Zo U E1 U · · · U Ek-d) 

---> H;'(Ek '- ((Ek n Zo) U (Ek-1 n Ek))), 

we have 
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inductively, and by the exact sequence 

0 = H';'-1(fit '-Zo) ~ H:;'-1(E1 '- (E1 nZo)) ~ H:;'(fit '- (ZoUE1)) 

~ H:;'(fit '- Zo) ~ H:;'(E1 '- (E1 n Zo)) = 0, 

we have the exact sequence 

0 ~ H;:;-;;(Yo) ~ H:;'(fit '- (Zo U E1 U · · · U Es-1)) 

~ H:;'(fit '- Zo) ~ 0. 

To see H:;'(fit '- Zo) = 0, 

H;:;-;;(Yo) ~ H:;'(fit '- (Zo U E1 U · · · U Es-1)) 

is proved in the following. We consider the rational map 

[xo ...... · X~+1] ~--+ [Xs . . xs . xs-1X . . xs-1X ] ... 1 · · · · · rn+1 · 0 1 · · · · · 0 rn 

= [Y1 : · · · : Yrn+1 : Z1 : · · · : Zrn], 

which has the elimination of indeterminacy ¢ : fit ~ lP'2"'. Let Hi be the 
image of 1r x ¢ : fit ~ Ht x lP'2"', and W C Ht x lP'2"' be the subvariety 
defined by X1 = · · · = Xrn+1 = Y1 = · · · = Yrn+1 = 0, which is contained 
in H{ The birational morphism 1r x ¢ : fit ~ Hi has the exceptional 
set E1 U · · · U Es-I, and (1r x ¢)(E1 U · · · U Es-1) = W. We can see 

{
7r*OH.(1) ~ 0ii.(1r*H), 

¢*0p2= (1) ~ Oii. (s(1r* H) - E1 - 2E2 - · · ·- sE8 ). 

Because Zo is linearly equivalent to d1r* (H)- l5E1- 2l5E2 - • • ·- sl5E8 in 
fit. OH; (Zh) ~ (OH. (d- sl5) ~Op2m(8)) ®OH;, where Zh = (1r X ¢)(Zo). 
By the assumption d 2: sl5 + 1, Zh is a very ample divisor in Hi, so we 
have 

Since W n Zh is isomorphic to Y0 in lP'"'- 1 ~ W, we have H:;'- 1 (W '
(W n Zh)) ~ H;:;-;;(Yo). 7r X¢ induces the isomorphism 

fit '- (Zo U E1 U · · · U Es-1) ~ H: '- (Z~ U W), 

so H;:'(fit '- (Zo U E1 U · · · U Es-1)) ~ H;::r;(Yo) is proved. Q.E.D. 
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The degeneration X --+ B defines the limit Hodge structure H{;m. 

Corollary 3. Assume d ~ s8 + 1. The mixed Hodge structure on H{fm 
satisfies 

• Grf H{['m = 0 if l S m- 2. 
• Gr!:_ 1 H{fm ~ H;;;; (Zo n Zs, Q). 

If we denote the logarithm of the monodromy by N : H{['m --+ H{['m, then 
N 2 = 0, and we have N = 0 if and only if m is even and 8 = 2. 

Proof. We use the Clemens-Schmid exact sequence 

GrE2m_2Hm+2(Z, Q)--+ Grf Hm(z, Q)--+ Grf H{fm [~ GrE2H{fm· 

Since W-m-3Hm+2(Z,Q) = 0, GrfHm(z,Q) ~ GrfHum is proved 
by the sequence and Proposition 1, inductively for l S m- 1. By the 
property of the weight filtration on Hj'{'m, 

the condition Ni = 0 is equivalent to W m-iHum = 0, hence the mon
odromy statement is proved. Since Zo n Zs is a hypersurface of degree 8 
in JP>m, H;i~(Z0 nZ8 , Q) = 0 if and only if m is even and 8 = 2. Q.E.D. 

Corollary 4. If m is even and 8 = 2, then dpz is not injective. 

Proof. We have the extended period map ¢ : B --+ r\D,., where 
D is the period domain, cr is the nilpotent cone Q;:::o · N, and r is 
the subgroup of Aut(Hiim, <, >) generated by the monodromy. The 
log differential of the extended period map satisfies the commutative 
diagram 

Tlog( ) _ tr. t2.. de/> 
B 0 -'l.- 8t---+ 

l 

If N = 0, then the extended period domain r\D,. is equal to D. Because 
the log structure of D is trivial, d¢( t gt) must be zero. On the other 
hand, the image of t gt by the log Kodaira-Spencer map is not zero in 
H 1 (Z, {}z;sJ. So dpz is not injective. Q.E.D. 
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Remark 5. If m 2: 3 or d -1- 3, then the period map ¢ : B ----> r\Do
is injective, by the local Torelli for smooth hypersurfaces. But the log 
differential d¢ is zero if m is even and 8 = 2. The injectivity of¢ does 
not necessary imply the injectivity of d¢. 
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