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Appendix

Atsushi Ikeda

This is an appendix for the paper “Infinitesimal logarithmic Torelli
problem for degenerating hypersurfaces in P™” by S. Saito. In Theo-
rem (2-1), the injectivity of dpz was proved for degenerating hypersur-
faces. But dpz is not injective in case n is odd and § = 2. We want to
know the meaning of the exceptional cases. It is explained here, by using
the extended period map, which is defined by K. Kato and S. Usui.

When we fix integers 6 > 2, s > 1 and d > s6, and general coef-
ficients a, € C, a strict semistable degeneration X — B of hypersur-
faces in P™*! over the unit disk is constructed in Section 1. We denote
the central fiber by Z = Zy U Zy U --- U Z,, where Z; = X N H, and
Jr = X NE..

Proposition 1. Assume d > s6 + 1. The mized Hodge structure on
H™(Z,Q) satisfies

e GrlH™(Z,Q) =0 if | <m — 2,

o Gy | H™(Z,Q) ~ Hy M (Z0 1 Z5, Q).

prim

Zo N Zs is a nonsingular hypersurface of degree 6 in H,NE, = P™,
Proof. The spectral sequence
EP? = HI(ZIP) Q) = HPY(Z,Q)

defines the weight filtration on H%(Z,Q), where Z[Pl = 11 ZisN
0<ip< - <ip<s

N Z;,. Let P, = H,UE; U--- UE, be the central fiber of Pg — B.

We know that POM = 7Pl = ¢ for p > 3, so GerHm(Z,Q) = 0 for
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We recall that

IP;O[Q] = H ﬁt NEx NErya,
1<k<s—
3 [1] ﬁt NE, I H ExN Ek—i—la
1<k< 1<k<s—1
and
Zl = I ZoNZpN Zis,
1<k<s—1
ZWM= 11 Zonzi Il ] ZiN Zeyss.
1<k<s 1<k<s—1

Here we remark that Zp N Zy, N Zyy1, Zo N 2k and Zy N Zg41 are not
connected if m=2and 1 <k <s-1.
The semistable degeneration is constructed by

B x P+t =pplipll) J2p®) 1o T plo) _
U U U U
Xe— XV XxX@ ... X6 = X,

where 71 is the blowing-up of Pg along the singular point p € X, my, is
the blowing-up of IP’(k_1 along the singular locus Li_1 = P! of X1,
and X(¥) is the proper transform of X. E is the proper transform in
Py of the exceptional set of 7. H, C Pg is the proper transform of
Ht—{t—O} C Pg.

Zi, N Zy4q is isomorphic to P! x (Zg N Zg N Zgy1), and contains
ZoNZpNZy41 as a fiber of the projection P! x (ZoNZxNZk11) — PL. So
the restriction H™ " 2(Zx N Zgy1) — H™™ 2(ZO NZk N Zx41) is surjective.
Since Zj, N Zy41 meet only Zo, this shows Grl _, H™(Z,Q) = 0.

There is a commutative diagram

(2] 3]

H7 (B, )= B (B, ) — (B,
1 1 1 !
Hmvl(Z{O]) __)Hm—l(Z[l]) —>Hm—1(Z[2]) —>Hm_1(Z{3]) =0,

)=H™ P, ) =0

where the horizontal sequences are complex, and Gr (H™ (7 Q)
is the i-th cohomology of the second sequence. So Grm_lH ™(Z,Q) ~
H™ Y(ZyN Z,,Q) is proved by the following:

prim

1. BB, = g1z,
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2. Coker(H™ (P,") = H™1(211)) ~ Hg;m}(zo N Zy).

3. The composition H™~1(Z1%) — H™=Y(ZM) — H7 Y (Zo N Z,)
is zero.

4. Gr¥_ H™(P,) = 0 and Gr¥Y_, H™1(P,) = 0.
the first sequence in the diagram is exact.)

Let X be defined in B x P™t! by the equation

(This means that

Z aatmax{O,séws(al+---+am)—-o¢m+1}Xélo Xari—;l =0.
m

o+t amp1=d

We define a hypersurface Y ¢ P™ by

> Ao X{r - Xom =0,

a1+ =06,0m41=0

which is singular at [1:0: .- : 0]. Let ¥ C P™ be the desingularization
by the blowing-up at the point, and Y, be the hyperplane section of Y
by {Xo = 0}. Y is the projective cone over Yy, and Y is a Pl-bundle
over Y.

For 1 < k < s — 1, there are isomorphisms

ZoNZpN Zk+1Cﬁt NEL N Ert1

= =
Yo C Pmﬁl,
ZkﬁZ]H_}CEk NEg1 ZoﬂZkCHtﬂ]Ek
= = and = |
P! x Y, CP!xPm1 Y c Ppm

So we have H™*(HyNExNEp41) ~ H™ (20N ZkN Zky1), H™H(EN
Ek+1) ~ Hm_l(Zk M Zk+1) and Hm_l(Ht M ]Ek) 2~Hm_1(ZQ N Zk)

Zo N Zg is isomorphic to the hypersurface in H; N E; & P™ defined
by

5—
S a Xg (Catteaml xon . xam — g,
sé=s(a14+am)+ami1

The map H™ ' (H;NE,) — H™ 1(ZyNZ,) has the cokernel H;’;lml (Zon
Zs,Q). We have proved (1) and (2).
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E, is isomorphic to the hypersurface in P* x P™*1 defined by u§Xo =
u3 X1, where u; is the parameter of P'. In this identification, Z; is
defined by

UBXO = uiXm+17

s6—ami1 Ami1 yan @ S—(ar++om) __
> Qnly uy "X XS X =0.
s6>s(ar1+Fam)tamy

This shows that Z, is a very ample divisor in E,. So the left vertical
map in the diagram

H™ Y(E,)—H™ ' (H, NE,)

I !
H™ Y (Z,)—»H™Y(Zy N Zy)

is an isomorphism. Hence H™~1(Z,) — H;’:l_ml (ZoNZs) is the zero map.

By Lemma 2, the left vertical map in the diagram
H™ Y(H,)—H™ ' (H, N E,)
l= 1
H™ Y Z0)—H™ Y2y N Zs)

is an isomorphism. Hence H™1(Zy) — H];Tr‘fml(ZOﬂ Zs) is the zero map,
and (3) is proved.

Because the monodromy of P — B is trivial, (4) is proved by
same argument in the proof of Corollary 3, using Clemens-Schmid exact
sequence. Q.E.D.

Lemma 2. Ifd>sé+1, then H™ '(H,) ~ H™ 1(Z).
Proof. H, is obtained by
Pl g, =H" L gM 2. =g =g,

where m; is the blowing-up along the point p, and 7 is the blowing-
up along the point Lj 1 N Ht(kd) for 2 < k < s, and we set m =
mo---om,. We denote by E; C ka) the exceptional divisor of 7, and
by Ei C H, its proper transform in H;. If H is a hyperplane in Hy, then
ari(H)+ b(wi(H) — E}) is a very ample divisor in Ht(l) for a,b € Z~o.
Incase s =1, Zo ~dn*(H) — 6E1 = (d — &§)n*(H) + 6(n*(H) — E1) is
very ample in H;, hence Lemma is proved.
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We assume s > 2. In this case, Zy is not ample in H,. By the exact
sequence

H™ Y(Hy~ Zo) — H™ Y(Hy) — H™ Y(Zo) —» H (Hy ~ Z),

we want to show H™ 1(H,~ Zo) = 0 and H"""1(H,~ Zo) = 0. Let Z(()k)
be the proper transform of Z(()k_l) by 7, where Z(()O) = Hy N X. Since
H, 2P+ E, 2 P™ and

HP N (zP uEy) = BF Dz,
H™ Y (H, \ Zy) = 0 is proved by the exact sequence
H' (B~ By n 27) — H N HP (27 U E})
= HPWHE S 200) - P B~ By 2gY),

inductively. ~ 3
By Ex = HiNEr ZP™ and Ex, N Zyg 2 Y, we have

H;n(Ek ~ (Ek n Zo)) =0,

for 1 < k < s —1, and these contain Fr_; N E = P™ ! and E;_, N
E,L N Zp =Yy as a section of the P'-bundle structure, so we can see

H™ Y Ep~ (Ex N Z)) ~ H™ Y ((Ex—1 N Ex) ~ (Ex—1 N Ex N Zp))
~ H 2 (Yo),

prim
HZn'I(Ek ~ ((Ek n Z()) U (Ek—l N Ek))) =0,

Hcm(Ek ~ ((Ek n Zo) ] (Ek—l n Ek))) =0,
for 2 < k < s — 1. By the exact sequence
Hgn_l(Ek ~ ((Ek N Zo) U (Ek—l N Ek)))

— H™Hy~ (ZoUELU---UEyR)) —» H™(Hy ~ (ZoUELU---U Ej_1))
— Hcm(Ek ~ ((Ek n ZO) U (Ek—l N Ek))),

we have

H™H, ~ (ZoUE,U---UE,_1)) ~ H™(H; ~ (Zo U Ey)),
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inductively, and by the exact sequence
0=H™ Y(H,\Zy) —» H" Y (E1~ (E1NZo)) — H™(H,~ (ZyUE))
— H(Hy ~ Zo) — HI'(E1 ~ (E1 N Zo)) = 0,
we have the exact sequence
0— HJ52(Yo) — HIN(He N (ZoU E1 U+ U E,_y))
— H™(Hy ~ Zo) — 0.
To see H™(H; ~ Zy) =0,
H7 2(Yo) ~ HMHy ~ (ZoUE U UE,_1))

is proved in the following. We consider the rational map

Hi%}]pm+1 N ]P;2m
Xo:  : Xppga] = [X§rooo s X3t X X000 X5 X0
=1 iympriz 2wl

which has the elimination of indeterminacy ¢ : H, — P?™. Let H] be the
image of m X ¢ : H, — H; x P2 and W C H, x P?™ be the subvariety
defined by X1 =+ = X;py1 = Y1 = - - * = Ym+1 = 0, which is contained
in H]. The birational morphism 7 x ¢ : H, — H] has the exceptional
set By U---UFs_1,and (m X ¢)(EyU---U FEs_1) = W. We can see

W*OHt(l) ~ Ogt(ﬂ‘*H),
¢*O]P2m(1) =~ Ogt(s(ﬂ'*H) b El - 2E2 — e SES)

B~ecause Zy is linearly equivalent to dn*(H) —6Ey —26F2 —---—s6E5 in
Hy, Opi(Zg) ~ (O, (d— s8) R Op2m (6)) ® O, where Zy = (7 % ¢)(Zo)-
By the assumption d > s§ + 1, Z§ is a very ample divisor in H}, so we
have

H™ YW~ (W N ZY)) ~ HM(H, ~ (Zy UW)).

Since W N Z{ is isomorphic to Yy in P™~! =2 W, we have H™ 1(W ~
(W N Zg)) ~ HT: 2(Yo). m % ¢ induces the isomorphism

H N\ (ZoUELU---UE, 1) = H/~ (ZLUuW),

so H"(H;~ (Zo UE, U---UE,_1)) ~ H™2(Y,) is proved.  Q.E.D.

prim
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The degeneration X — B defines the limit Hodge structure Hi .

Corollary 3. Assumed > sé6+1. The mized Hodge structure on H{J},
satisfies

. Grl HP =04l <m-—2.

o Gry (HT ~ H7 (70N Z,, Q).
If we denote the logarithm of the monodromy by N : Hl — H , then
N? =0, and we have N = 0 if and only if m is even and § = 2.

Proof. We use the Clemens-Schmid exact sequence

Grlvz2m_2Hm+2(Z, Q) — Hm(Z Q) — Gr Y fim m O GerK2HITiran'
Since W_,m_3Hm12(Z,Q) = 0, Gr}Y H™(Z,Q) ~ Gr;" H is proved
by the sequence and Proposition 1, inductively for [ < m — 1. By the
property of the weight filtration on HJJ} ,

(V] N
Grm—f—z Hhm - GI‘ Hlim’

the condition N* = 0 is equivalent to W,,_;H" = 0, hence the mon-
odromy statement is proved. Since Zp N Z; is a hypersurface of degree 6
inP™, H™1(Z,NZ,,Q) = 0 if and only if m is even and § = 2. Q.E.D.

prim

Corollary 4. If m is even and 6 = 2, then dpz is not injective.

Proof. We have the extended period map ¢ : B — I'\D,, where
D is the period domain, o is the nilpotent cone Q>¢ - N, and I is
the subgroup of Aut(H[ ,<,>) generated by the monodromy. The
log differential of the extended period map satisfies the commutative
diagram

of do
T}Bg(o) =C- t%—> le\D,, (¢(0))
| 1
dpz m— m—
HY(Z,055,) 5 1<§B<mHom(H P(Z,0h 5 ) H p+1(z whs.))-

If N = 0, then the extended period domain I'\ D, is equal to D. Because
the log structure of D is trivial, dp(t2) must be zero. On the other
hand, the image of t 7 by the log Kodaira-Spencer map is not zero in
HY(Z,0zs,). So de IS not injective. Q.E.D.



442 A. Tkeda

Remark 5. If m > 3 or d # 3, then the period map ¢ : B — I'\D,
is injective, by the local Torelli for smooth hypersurfaces. But the log
differential d¢ is zero if m is even and § = 2. The injectivity of ¢ does
not necessary imply the injectivity of d¢.
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