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A Proof of the Absolute Purity Conjecture
(after Gabber)

Kazuhiro Fujiwara

§0. Introduction

This article is an edited version of O. Gabber’s talk on his proof of
the absolute purity conjecture of A. Grothendieck given at the p-adic
conference held in Toulouse in 1994. The details of the proofs given here
are supplied by the author following marvelous ideas due to Gabber. The
author takes the full responsibility for inaccuracies that may appear in
this article.

The absolute purity conjecture is the following.

Conjecture (Grothendieck, [G]). LetY <y X be a closed immer-
sion of noetherian reqular schemes of pure codimension c. Let n be an
integer which is invertible on X, and let A = Z/n. Then

0 for q # 2c¢,

My (4) =~ {Ay(—C) for g = 2c.

The conjecture has been proved in the following cases:

a) X is smooth over a field k, and Y is also smooth over k ([AGV],
exposé X VI, 3.7). ,

b) X is of equal characteristic ([AGV], exposé XIX for special cases
and conditional results, the general case can be deduced from
Popescu’s general Néron desingularization ([P]) as in §6) .

c) dim X < 2 (Gabber (1976), see [Sa], §5, Remark 5.6 for a pub-
lished proof).
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d) X is of finite type over Z, and any prime divisor [ of n satisfies
[ > dim X + 2 ([Thom?2], the result in [Thom?2] is in fact more
general, but in [Thom?2] it is necessary to assume that all prime
divisors of n are “sufficiently” large).

We explain the outline of the proof by Gabber of the absolute purity
conjecture.
The first key step is the construction of the global cycle class in §1

c(Y) € H¥ (X, A(c))

for X, a noetherian scheme, and Y C X a closed local complete inter-
section subscheme. In the case that Y is an effective Cartier divisor, it
is given by the localized first Chern class. In the general case, one uses
the blowing up of X along Y, and the cycle class is constructed from the
localized Chern classes of the exceptional divisor. The obtained cycle
class refines the cycle class defined in [Del], 2.2.

Thanks to the existence of the global cycle class, absolute purity
is now reduced to punctual purity (cf. Definition 2.2.1 and Proposi-
tion 2.2.4): For a regular strict local ring O of dimension d with the
closed point i, :  — Spec @, the cycle class gives an isomorphism

cl(z) : Ay =~ it A(d)[2d)].

By using induction on dimension, this is reduced to showing the following
vanishing (cf. Proposition 3.1.2)

HP(Spec O[f~',A)=0 forp#0,1,

where f € m\m? with m C O, the maximal ideal. By a reduction step
in §6, we may also assume that O is arithmetic.

The second key step is the affine Lefschetz theorem (§5, Theorem B)
on vanishing of cohomology of affine schemes of arithmetic type. It is
a generalization of a theorem of M. Artin ([AGV]) in case of algebraic
varieties over a field. Thanks to the theorem, we can show the following
vanishing (cf. Proposition 5.2.1) by using the induction hypothesis and
the duality result in §4

HP(Spec O[f'],A)=0 forp#0,1,d—1,d,
where O and f € m are the same as before. In order to deal with

the remaining vanishing, we invoke in the final key step the Atiyah-
Hirzebruch type spectral sequence for the étale K-theory constructed
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by Thomason (cf. §7)

HP(Spec O[f 1], Z/£"(3)) (g =—2d),
0 (g is odd)
= (/") —p—o(OlF N8

One should note that the idea that the étale K-theory of schemes offers
a very strong tool in the proof of the absolute purity conjecture is due to
R. Thomason ([Thom2]) who has shown the conjecture with ambiguity
of bounded torsion. Thanks to Suslin’s computation of K-theory of
separably closed field ([Sus]) and Gabber’s rigidity theorem for algebraic
K-theory ([Ga]), (K/£").(O[f~])[87!] is computed. This implies the
degeneracy of the spectral sequence from which the remaining vanishing
of étale cohomology follows.

D,q _
Ey? =

Acknowledgement. The author thanks the referees for their
quite helpful comments. The author also thanks Gabber for the cor-
rection of mistakes in an earlier version of the article.

Notation. For a scheme X, X, denotes the étale topos of X. For
an integer n > 1 and A = Z/n, D¥ (X, A) denotes the derived category
of complexes of A-sheaves bounded below. The constant sheaf A on X
is denoted by Ax. All cohomology groups are étale cohomology groups.

§1. Cycle class

1.1. Refined cycle class

Let X be a noetherian scheme, Y C X be a closed, local complete
intersection subscheme of pure codimension ¢. For an integer n which is
invertible on X, let A = Z/n. Under this condition, Gabber constructs
a cycle class cl(Y) € HZ°(X, A(c)) without any purity assumption.

In the case of effective Cartier divisors, the class

cl(Y) = c1(O(Y)) € Hy (X, A1)

is given by the localized first Chern class as in [Del], 2.1. For a morphism .
f: X" — X such that Y’ = f*(Y) is also an effective Cartier divisor,

Fre(y) =cl(Y'")
holds. In the general case, consider the blowing up

X — X
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of X along Y. For the defining ideal Zy of Y, X = Proj @mZO 5.
Let E be the exceptional divisor defined by Zr = 7~ *(Zy)Ox, and let
Ny|x = Iy /I be the conormal sheaf of ¥ in X.

B = Proj @ T /T3 + = P(Wy )
m>0

is the projective bundle of Ny |x in the notation of EGAIL. O(1) = Ig =
O(—E) holds on X. Since O(1) is canonically trivialized on X\ E, one
has the localized first Chern class ¢1(O(1)) in HZ (X, A(1)).

Lemma 1.1.1. Assume ¢ > 0. There is a canonical isomorphism

a: é} HX)(Y, Al —1i)) @ H¥*(X, Ale) 3 HFE(X, A(c)).

given by o((yi)1<i<e-1,7) = Loy % - c1(O(1))F + 7"y,
Proof. Consider the commutative diagram

J
<

St

K3
—_—

o

Y T

-~

_<_Jx\

\E
n

N=—M

7
e

b

We write down the localization triangles on X and X.

— E!A;{ — AE — ;*E*AX —

.1 . .
—iAx > Ay > 1% Ax — .

The first sequence exists on F, and the second on Y. Applying 7y, to
the first, we have

Cone(i'Ax — 7y .(i Ag)) = Cone(Ay — Ty.AR),
since
WY*(E*,;‘*AX‘) = ZUk,]‘»:/&X

by the proper base change theorem. Let ¢’ be the image of ¢; (O(1)) un-
der HZ(X,A(1)) — H%(X,A(1)) — H%(E,A(1)). ¢ is the first Chern
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class of O(1)|g. Since FE is a projective bundle over Y of relative dimen-
sion ¢ — 1, the multiplication by ¢’ induces a canonical decomposition

c—1

@ Ay(—-i)[——Zi] ~ y« AR
=0

in D*(Ye,A), and hence Cone(Ay — ny.Ag) is identified with
@:Z] Ay(—i)[-2i]. By taking the global section RI', the map o de-
fined in 1.1.1 gives an isomorphism. Q.E.D.

By Lemma 1.1.1, we have an equation
c1(0)°+ ) e er(O(1) =0
i=1

in H¥(X, A(c)). For 0<i < c—1, ¢; € H*(Y,A(3)) is the i-th Chern
class of Ni\’/l x ([Jou], §3). The constant term ¢, € Hz°(X, A(c)) refines
the c-th Chern class c.(NVy| ) in H**(Y, A(c)).

Definition 1.1.2 (Gabber). cl(Y) = c. € HZ(X, A(c)).

Proposition 1.1.3 (functoriality). Let X be a noetherian scheme,
Y C X be a closed, local complete intersection subscheme of pure codi-
mension c. For a morphism f: X' — X such that Y' = f*(Y) is also a
local complete intersection subscheme of codimension c,

frel(Y) =cl(Y").
Especially, the formation of cl commutes with any flat pullback.

Proposition 1.1.4. Let X be a noetherian scheme. Let D; (1 <
i < ¢) be effective Cartier divisors on X crossing normally (i.e., their
local defining equations form a regular sequence). If Y = (\;<;<. Di,
then S

Proof. Let D; be the strict transform of D;. 7*D; = D; + E, and

hence there is an equality

c1(O(m*Dy)) + e1(O(1)) = 1 (O(Dy))
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of localized Chern classes in H2. (X,A(1)). By taking the cup product
of these classes,

U @O@* D)) +e(01) = | a(0D:)

1<i<e 1<i<c

in Hrzflgiyﬂ*Di(f(,A(c)) = H¥(X,A(c)). Since ﬂ1g¢§cbi = 0,

Ui<i<e cl(O([)i)) is zero, and hence we have the following equation

Zai(cl(o(ﬂ'*Dl)), ooy e (O(m*DL))) - Cl(o(l))c—i —0
i=0

in H¥(X,A(c)). Here o;(ay, ... ,a.) is the i-th fundamental symmetric
polynomial in aq,...,a., and op = 1. By the definition of the cycle
class,

A(Y) = o(c1(O(*Dy)), ... ,c1(O(x* Dy))) = U a1 (O(x*Dy)).

On the other hand, by the functoriality of the localized Chern classes
of effective divisors,

c

U ei(0(=" D)) = n* | er (O(D:))
=1

i=1
via 7 : H2(X, A(¢)) — H¥ (X, A(c)). This proves the claim. Q.E.D.
Corollary 1.1.5.  The image of cl(Y) in H°(Y, R*i'A(c)) coin-
cides with the class defined in [Del], 2.2.
1.2. Gysin map

Assume that we are given a closed embedding Y C X, which is a
local complete intersection of pure codimention ¢. For K € Dyp(Xet,A)
(the index tf means “finite Tor dimension”) and L € DT (X, A), we
have the canonical product

K @Vi'lL — i (K @ L).
(Y) .

cl(Y) defines a morphism A ‘=’ i'A(c)[2¢] in D*(Ye, A), and hence we
have the canonical map which we call the Gysin map for (i, K)

Gysx) 1" K — i* K @ i'A(c)[2¢] — i' K (c)[2¢].



A Proof of the Absolute Purity Conjecture 159

Proposition 1.2.1 (Compatibility). Assume that we are given

two embeddings Y & Z 8 X which are complete intersections of pure
codimension ¢y and co, respectively. For the map

3! GyS(l2 KY 4 .

i3 K - iy15 K (c2)[2¢co]
induced by the Gysin map

GYs(ig,K) .

K =" 1K (c2)[2¢2],
the composition of

GYs(iy,K) .y
(4

i1i5 K (c1)[2e1]
( 19 - 7,1) K(61 + Cz)[2(01 +02)].

(ia-11)"K
iy GYs(iy, K)(Cl)[zcl]

is the Gysin map for (iz - i1, K).
Proof. In case that Z and Y are obtained by intersections of Cartier

divisors D;:
citca

ﬂDz, Z= ﬂDz,

1.2.1 follows from Proposition 1.1.4. In what follows in this paper we use
Proposition 1.2.1 only in this special case. The general case of Proposi-
tion 1.2.1 is shown by using the method in [F], 9.2, but the details are
omitted. Q.E.D.

§2. Statement of purity theorem

2.1. Absolute purity theorem

In this section all schemes are over SpecZ[1/n|, and let A = Z/n.

Theorem 2.1.1 (Gabber). LetY <> X be a closed immersion of
noetherian reqular schemes of pure codimension c. Then the cycle class
defined in 1.1 gives an isomorphism

mn D+(1/;3t)A); i.e.,

0 for q # 2¢,
Ay(=¢) forq=2c.
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2.2. Punctual purity
Definition 2.2.1.

a) Let Y <%s X be a closed immersion of noetherian regular schemes
of pure codimension c. We say that the purity holds for (X,Y) if
and only if

cl(Y) 1
Ay =" i A(c)[2q]
is an isomorphism in DV (Ye, A).

b) Let X be a regular scheme, and z be a point of X. We say that
the punctual purity holds at z, or X is punctually pure at z if and
only if

cl(x) r
Aw i A(dy)[2da]

is an isomorphism in DT (xe;, A). Here d, = dim Ox ; is the local

SN % e g
codimension at x, and 4}, = i}, - zl{m—} for {z} &3 {z} & x
c) Let O be a regular strict local ring with the maximal ideal m.
We say that the punctual purity holds for (O,m), or (O, m) is
punctually pure, if and only if Spec O is punctually pure at the
closed point V' (m).

Here are very useful propositions to check punctual purity in some
special cases.

Proposition 2.2.2. Let O be a regular strict local ring with the
mazimal ideal m, and O be the m-adic completion. Let X = SpecO,
z = V(m), X = Spec®, and & = V(m@). Then X is punctually pure
at x if and only ifX s punctually pure at Z.

Proof. By the formal base change theorem of Gabber ([Fu],-Corol-
lary 6.6.4),

HY(X \ {z},A) % HY(X \ {2}, A),
and hence
HY(X,A) ~ HI(X,A)

for any q € Z. Since X — X is faithfully flat, by 1.1.3 cl(z) is mapped
to cl(Z) under this isomorphism. The claim follows. Q.E.D.
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Corollary 2.2.3. Let X be a noetherian regular scheme of equal
characteristic. Then X is punctually pure at every point.

Proof. It suffices to prove that (O, m) is punctually pure for any
regular strict local ring O of equal characteristic with the maximal ideal
m. By 2.2.2, we may assume that O is m-adically complete. By the
structure theorem of complete regular local rings, there is a local iso-
morphism

(92@’,

where O’ is the strict henselization of a polynomial algebra k[ X7, ... , Xy]
over a separably closed field k at (Xi,...,Xn). By the relative pu-
rity theorem ([AGV], exposé XVI, 3.7), Speck[X,...,Xn] is punc-
tually pure at any k-rational point. Using 2.2.2 again, we finish the
proof. Q.E.D.

Proposition 2.2.4. LetY <5 X be a closed immersion of regular
schemes of pure codimension c. Any two of the following conditions
imply the third.

a) The purity holds for (X,Y).
b) Y is punctually pure at every point.
¢) X is punctually pure at every point of Y.

The proof of “b),c) = a)” will be given in 3.1.3 later.
Proof of a),b) = ¢). Take any point y of Y. Put d, = dimOx 4,

{y} &, Y <& X. From a), we have an isomorphism

cl(Y) 0
Ay i A(c)[2d],

and hence

cl(y) iy l(Y)(dy—c)2(dy—0)]
MY Ay (dy - c)2dy — 2] ™ (i - iy)'A(dy)[2d,].

By the compatibility 1.2.1, the composite of the isomorphisms is ob-
tained by the cycle class.

Proof of a),c) = b). It is proved in a similar way as above, so the proof
is omitted. Q.E.D.

Proposition 2.2.5. Let S be a noetherian regular scheme of
dimension at most one, and P be a smooth S-scheme. Then the punctual
purity holds at every point of P.

Proof. By 2.2.3, we may assume that S is a trait. Let s be the closed
point of S. By 2.2.3 again, it suffices to prove that P is punctually pure
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at any point over s. We apply a),b) = ¢) part of Proposition 2.2.4 (we
have already proved this part) with X = P, Y = P;. a) is a consequence
of the smooth base change theorem ([AGV], XVI, Corollaire 1.2). b)
follows from 2.2.3. Q.E.D.

Corollary 2.2.6. Let V be a strict complete discrete valuation
ring, O = V|[[X1,... ,X,]] be a power series ring over V. Then Spec O
is punctually pure at the closed point.

This is a consequence of Propositions 2.2.2 and 2.2.5.
2.3. Injectivity
Lemma 2.3.1. Let O be a regular strict local ring, and X =

Spec O. For a regular closed subscheme Y C X of codimension ¢, A )

HZ(X, A(c)) is injective.

Proof. By considering the composition
A — HY (X, A(e) — Hy*(Xg,Ac))

where § is a geometric generic point of Y, we are reduceed to the
case Y = {z} where z is the closed point of X and c is the dimen-
sion of O. By Proposition 2.2.2, we may assume that O is a com-
plete local ring. By the structure theorem of complete local rings,
there are a coefficient ring C of O and a surjective local homomor-
phism f: C[[X1,...,Xn]] = O. C is a field, or a Cohen ring, namely a
complete discrete valuation ring for which a rational prime p is a prime
element. Let P = SpecC|[X1,...,X,]], N = dimP. Consider the

closed embedding X < P induced by f. P is punctually pure at x by
Corollary 2.2.6, and we have the Gysin map

HZ(X, M) — HZV (P, A(N)) 2 A.

The last isomorphism is given by the cycle class. By the compatibility
of cycle class 1.2.1, the composition of

A g2e(x, A(e)) — A
is the identity, and hence the map is injective. Q.E.D.
§€3. Impure cohomology

Definition 3.1.1. Let O be a regular strict local ring, and X =
Spec O. For a regular closed subscheme ¥ C X of codimension ¢ and
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q € Z, the impure cohomology group Hy (X, A)impure is defined as

HL(X, A 2
H;]/(X7 A)impure - Y( K ) (q# C)
Coker(A(—c) — H{ (X, A)) (g =2¢c).
Here A(—c) el¥)(~e) HZ°(X, A) is defined by the cycle class. The impure
cohomology group HY(X \ 'Y, A)impure is defined as Hf,H(X s N)impure
for g € Z.

By 2.3.1, X is punctually pure at the closed point z if and only if
HY X\ {z}, A)impure = {0} for any q € Z.

Proposition 3.1.2 (Invariance of impure cohomology groups).  Let
O be a regular strict local ring, X = Spec O, and x be the closed point
of X. Let'Y be a non-empty regular closed subscheme different from X.
Let n be an integer which is invertible on X, and let A = Z/n. We
assume the following two conditions.

a) Y is punctually pure at every point.
b) The purity holds for (X \ {z},Y \ {z}).

Then there is a canonical isomorphism
Hq(X \ {.’L’}, A)impure = Hq(X \ Y7 A)impure

for any q € Z.

Proof. Let d = dim O, ¢ = codim(Y; X). X = X\ {z}, Y = Y\ {z},
i:Y =X, j,:Y Y, i, :{z} — X. By our assumption b),

As 7' Ae)[2¢]
by the cycle class. Since the claim is obvious in the case of ¢ = d, we

may assume that ¢ < d. Note that there is a following morphism of
localization triangles

i Ay (—¢)[~2¢] — it Ay (—)[—2¢] —— i} Jae Ay (—C)[-2C]

| | |

.} ot e T
! !
Ty ——————i30A iy fost A

which is induced by the cycle class Ay (—c)[—2¢] AN p | First

we look at the second line. By assumption a), H9(i%j,.i'A) = 0 unless
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q = 2¢, 2d — 1. The long exact sequence associated to the second line
reduces to

(1) HI(X,A) ~5 H)(X,A) for q#2¢c,2c+1,2d—1,2d,

0 — H2(X,A) — H¥(X,A) -H?*(Y,7'A)

2
@ (X, A) — HEF (X A),
- H2Y(X,A) - H2Y(X,A) — H¥ (Y, 7'A)

—HZY(X, A) — HY(X,A) — 0,

where we can add — 0 to the right hand side of (2) and 0 — to the left
hand side of (3) in the case ¢ # d — 1. Concerning (2), the composition
of

Hch(\’)’)_l

A—e) TP g2e(x, A) - H2(F,7A) A(—¢)

is the identity. So the surjectivity of H2°(X,A) — H2¢(Y,7'A) follows,
showing that H2t1(X,A) — HZV (X, A) is bijective (resp. injective)
in the case ¢ # d — 1 (resp. ¢ = d — 1), and the canonical decomposition

HF(X,A) ~ A(—c) ® Ker(Hz*(X,A) — A(—c))
induces
H2°(X, A) ~ Ker(HE (X, A) — A(—¢)) =~ HF¥(X, A)impure-

Concerning (3), we show that
(4) H?Y(YV,i'A) — H2%(X,A) is injective,
(5) the image of this map is spanned by the cycle class twisted by
A(—d).
- Then we finish the proof: it follows that H2¢~1(X,A) 5 HZ (X, A)
and H24(X, A)impure =% HE (X, A).
To prove (4) and (5), consider the following commutative diagram.

sz‘_zc_l(f/’ A)(_C) __6% Hgd—QC(K A)(—C)
sz—1(,y)l HZd(a)l/
H2d_1(l~/,z!A) ————> H?(X,A).
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H?3-1(y) is an isomorphism since Ay = i'A(c)[2¢]. & is an isomorphism
by the localization sequence and the fact that the higher cohomology of
Y vanishes. H2972¢(Y, A)(d — ¢) is spanned by the cycle class € of  in
Y, and by the compatibility 1.2.1, H?¢(a)(d)(¢) is the cycle class of z
in X. (5) is shown. (4) follows from Lemma 2.3.1. This completes the
proof of 3.1.2 Q.E.D.

3.1.3. Here we give the proof of the part b), ¢) = a) of Proposition 2.2.4.
Take a point y in Y, and let X, = Spec Oé’(,y, Y, = Spec (9{‘,’?/. Here
(—)" denotes the henselization. It suffices to prove that the purity holds
for (Xy,Y,) for any y € Y. We proceed by induction on § = dim Oy,.
If 6 is zero, the statement is obvious.

Let X, = X, \ {y}, Y, = ¥, \ {y}. By our induction hypothesis,

cl(Yy) ~
Ay " i'A(0)[2d]

by the cycle class. By Proposition 3.1.2,'the punctual purity of X, at y
implies the purity for (X,,Y,). Q.E.D.
Corollary 3.1.4. In 3.1.2, condition b) can be replaced by
b’) X is punctually pure except possibly at the closed point x.
Proof. By the part b),c) = a) of Proposition 2.2.4 applied to

(X \ {z},Y \ {z}), the assumption a) of 3.1.2 and b’) of 3.1.4 implies
condition b) of 3.1.2. Q.E.D.

§4. Duality formalism for arithmetic schemes

In this section, we fix a noetherian regular scheme S of dimension
at most one. By an arithmetic S-scheme, we mean a separated scheme
X of finite type over S. Let n be an integer which is invertible on S,
and let A = Z/n.

For a morphism of arithmetic S-schemes f : X — Y, we make use
of the six operations ([De2])

Fur fi 2 DU Xety A) = D(Yet, A),
F5 8 D(Yer, A) = DY(Xet, A),
Hom : D7 (Xet,A) X DF (Xet, A) — DF(Xep, A),
®Y : D] (Xet, A) x D (Xet, A) = D (Xet, A).
Here D}(Xet, A), D¥(Yer, A) denote the derived categories of the com-

plexes of A-sheaves with constructible cohomology sheaves and a suitable
boundedness condition.
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4.1. Normalization of dualizing complexes

For the structural morphism fyx : X — S of an arithmetic S-scheme
X, let 67, : X — Z be the dimension function defined by

bpx () = dim {fx ()} + tr.deg k(z)/k(fx (z)) (= € X).
We put

ox = SUPgex 6fx (x)?

and call it the total dimension of X. For an arithmetic S-scheme X, we
say that X is §-equidimensional if and only if éy, where Y is any irre-
ducible component of X, are equal. X is called locally §-equidimensional
if and only if every point of X admits an open neighbourhood which is
6-equidimensional. When X is locally 6-equidimensional, we also de-
note by éx the locally constant function that maps a point z to 6y of a
6-equidimensional open neighborhood U of z.
For an arithmetic S-scheme X, we put

Kx = fxA(85)[26s]-

Here 83 is the total dimension of S, which we view as a locally constant
function on S. Kx has a finite injective dimension. For any K €
D%(X, A), define Dx K by

DxK = Hom(K, Kx)

By a theorem of Deligne ([De2|, 4.3 and 4.7), Kx satisfies the local
biduality:

a) DxK belongs to D%(X, A).

b) K ~ DxDxK for any K € Db(X, A).

We call an object Kx of D%(X, A) having a finite quasi-injective dimen-
sion ([G], Définition 1.7) with these two properties a), b), a dualizing
complex of X. For a connected scheme, dualizing complexes are unique
up to a shift, and the twist by a smooth locally free A-sheaf of rank one
(IG], Théoréme 2.1).

We make use of the dualizing complex K x chosen as above. We will
construct the fundamental class of X in some special cases.

Let us start with the smooth case. If f : X — S is smooth of relative
dimension d, there is a canonical trace map ([AGV], exposé XVIII, 2.9)

Try : R¥ff*Ks(d) — K
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which induces

Try
A(6x)[26x] % Kx.
Here we regard d and 6x as a locally constant function on X.
Let X be a é-equidimensional local complete intersection scheme

admitting a closed embedding X <, P into a smooth S-scheme P. Then
we have the cycle class

cl(X) . it Trf (—6)()[—25)(] .
A £—>)’L!A(5P—'5x)[2(5p—§x)] F ~ Z!fl!aKs(—(Sx)[—2§X],
and hence

A(6x)[26x] ) Kx

as the composition.
Lemma 4.1.1. Let X be a §-equidimensional local complete in-

tersection scheme admitting a closed embedding X s P into a smooth
S-scheme P. Then [X] is independent of any choice of i. We call [X]
the fundamental class of X.

Proof. The proof is standard. Assume that we have two embeddings
is: X — Ps (s = 1,2). The composition

x ") p g P, s P,

is is. By replacing P; Xg P, by P;, we may assume that P; is a P»-
scheme, F' : P, — P, is a smooth morphism of relative dimension d, and
ig = F - i1. By the compatibility of the trace map, the composition of

F* Trsp, (d)[2d]
AGR)26n) BT F i A@)[2d) T F A
is Tryp, . It suffices to prove

Sublemma 4.1.2. Let X be a noetherian scheme. Assume that
F : P — X is a smooth morphism of relative dimension d, Y A Xisa
local complete intersection of pure codimension c, and iz : Y — P is a
closed immersion such that F - iy = i,. Then the composition

cl(iz) .y Tre(c)[2e] |
A =T BAd+o2(d+ )] =X i F(e)Al2]

is cl(i1). Here we denote the cycle map A — i'A(c)[2c| defined for a local

complete intersection subscheme W > Z of codimension c as cl(i).
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Proof. We decompose i3 as Y A2Y Py =PxxY 22 p.
P i1p Py o v

Fl Fyl
x<"—vy
The base change morphism([AGV], expose XVIII (3.1.14.2)) is an iso-

morphism:

w gl n
upF Ax X Fy Ay,
and the isomorphism (1) is compatible with the trace maps: the iden-
tification Trg : Ap(d)[2d] ~ F'Ax induces Trp, : Ap, (d)[2d] ~ F} Ay
by the functoriality.
On the other hand, since F'Ax is a shift of a A-smooth sheaf, we
have the canonical isomorphism induced by the canonical product

e F'Ax & i o Ap @V i b F Ax.
So the Gysin map

Y81 p,FlAy)

G
iWpF'Ax L i1 pF Ax (c)[2]]

is identified with

cl(s p)®Lidi1}F!Ax
—

LW hF Ax i1pAp(c)[2¢ @ i1 pF' Ax,
and also with
cl(i1 p)@Tid
Fy Ay — Y b Ap()[2d ®F FlLAy
by (1). Using this identification and (1),

~ G
iy b F' Ax (—d)[—2d]

Y9Gy i1 FIA(=d)[—2d])~y | 1
P iyt pF Ax

5,Qys,,
t2 ys(zg,F!Ax);!zillpF!AX (C) [ZC]

is identified with

GYS (i Pl Ay (—d) [~ 2d])

i5Fy Ay (—d)[—2d] = iy Fy Ay

iy (cl(ilp)®LidF§/A)

— i5(i) pAp(c)[2c] ®Y Fy Ay).
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The composition of (2) is
GYS (i, P Ax (~d)—2d)) = (i2) ® idy bt o(_g)[—2q)

cl(iy1p)
i

by the compatibility 1.2.1. By the functoriality 1.1.3, Ap,
i1pAp(c)[2¢] is canonically isomorphic to Ap, Fy i) FriiAx(c)[2d],

~ PLFY cl(iy) ~
and hence the second arrow of (3) is i5Fy Ay aFy ) iy Fy it Ax (c)[2d]
which is equal to Ay ) iy Ax (c)[2c].

Since (1) is compatible with the trace map, it suffices to see that
the composition of

~ ]
Cl(iz) ~| 2 TrFY ~

Ay 3 iAp, (d)[2d] T~ G F Ay = Ay

is the identity of Ay as a constant sheaf on Y.

So we are reduced to the case when Y = X, and i = 15 is a section of
F. Since the problem is étale local, we may assume that P = A%, and
is the zero section. Using the compatibility 1.2.1 and the compatibility
of the trace map with compositions, we may assume that P = AL. It
suffices to check it at the maximal points of X, so that we may assume
that X is zero dimensional. By considering the geometric closed fibers
over X, we reduce to the case when X = Speck, where k is a separably
closed field. Since our cycle class coincides with the classical one for
divisors, the claim is obvious by the definition of the trace map. Q.E.D.

Proposition 4.1.3. Let X be a §-equidimensional reqular scheme
admitting a closed embedding into a smooth S-scheme. For any z € X,
the following two conditions are equivalent:

a) The fundamental class [X] gives an isomorphism

iy [X]

’i;A((Sx)[Q(Sx] ~ i;KX

at any generization y of x.
b) X is punctually pure at any generization y of z.

Proof. We choose an embedding X <, P into a smooth S-scheme

P. By 2.2.5, P is punctually pure at every point. Then the claim follows
from the implications b),c) = a) and a),c) = b) of Proposition 2.2.4.
Q.E.D.
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As a corollary, the fundamental class gives an isomorphism if X is
regular of equal characteristic by 2.2.3. Since for each point z over s € S,
the closure m of x in X has a dense affine open regular subscheme of
equal characteristic, we have a canonical isomorphism

i x 22 A(bpx (2))[267x (2)]-

Remark. For any é-equidimensional local complete intersection arith-
metic S-scheme X, the fundamental class [X] is defined as follows. Take
an affine dense open subscheme U of X. Then it is easy to see that

H?*(X, Kx(—6x)) = H**(U, Ky(—6x))-

Note that 6x = 6y by the definition. For U, we have [U] €
H?v (U, Ky (—6y)) by taking an embedding into an affine space over
S. Then we put [X] = [U]. This is independent of any choice of U, and
for X which admits an embedding into a smooth S-scheme we have the
same fundamental class as before.

For general X, one may take the following formula as the definition
of the fundamental class:

[X]= ) lengthOx, - [Us] € H¥* (X, Kx(—6x)).

rxelx

Here Iy is the set of the maximal points of X such that 6;, (z) = éx,
and U, is an open dense subscheme of the closure {—w}t which is a local
complete intersection. When X is a é-equidimensional local complete
intersection, the coincidence of the two definitions is shown as follows.

By localization, one can assume that X is irreducible and embedded
into an affine space over S. If X dominates an irreducible component
of S, one uses the compatibility of cycle classes with proper intersection
of cycles ([Del], over a field). In general one may use the formalism of
local Chern classes of perfect complexes (as in [Iv]).

4.2. Local duality

We describe the local duality theory for regular local rings of arith-
metic type by using another normalization of dualizing complexes.

Definition 4.2.1. We say that a strict local ring O is of arithmetic
type over S if

~ (Msh
0~0%,

for an arithmetic S-scheme X and a point z of X. Here Z is a geometric
point of X localized at z, and (—)** denotes the strict henselization.
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Let O be a regular strict local ring of arithmetic type over S. We
choose an isomorphism

~ ()Sh
O~ OX,:E

for an afline arithmetic regular S-scheme X and a geometric point z
above z. Let Xz = SpecO%';, Xz = Xz \ {:}, iz : {xs} — Xz, and
Jz ¢ X}: — X;z. Here x, is the closed point of Xj;.

Put

KX = Kx|x, (—0x)[~26x].

Then K" is a dualizing complex of Xz: K has a finite injective
dimension, and the two properties in 4.1 characterizing a dualizing com-
plex are satisfied for this Kx, .

By our renormalization,

i K2 & A(—ds)[—2ds), dp =dimO,
and there is a canonical map
A KX?

obtained by the fundamental class. From Proposition 4.1.3, we deduce
the main result of this section:

Proposition 4.2.2. For any y € Xz, the following two conditions
are equivalent:

a) The canonical map
can ren
A — KXi
defined above gives an isomorphism
o
i, can
Yy

- <k oTEn
Zy/ A ~ Zy/ Xz

at any generization y' of y.
b) Xz is punctually pure at any generization y' of y.

4.2.3. Finally we deduce the local duality theorem from the biduality
of K;?g ([G], 47) For L € ch)(Xi;A), we put

Dx,L = Hom(L,KX").
For K € D%(X;,A), apply the biduality to jz K, and we get

ijmK 5 i Dx, Dx,ja K ~ Hom(i; Dx, ja K, i KX2)
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=~ Hom(izjz«D g K, A(—d)[—2d:]).
Here

Dy K = Hom(K,K§"), K" = jiK5".

Using that i5jz K % 3% jz« K [—1], we have a perfect pairing of A-modules
HY(Xz, K) x H**»7'79X;, Dg K) — A(—dy)

for any q € Z.

§5. Vanishing theorems

5.1. Affine Lefschetz theorems

Let S be a noetherian regular scheme of dimension at most one.
For an integer n which is invertible on S, let A = Z/n. Gabber proved
the following affine Lefschetz theorems. We will use Theorem C in this

paper.
Theorem A. Let f: X — Y be an affine morphism of finite type
between arithmetic S-schemes. Let F be a A-sheaf on X. Then

6SuppR‘1f*.7: < 6Supp.7: —4q.

To state the next theorem, we define a dimension function in a
general setting. Let Y be the spectrum of a universally catenary local
ring, f : X — Y be a morphism of finite type. For z € X, we put

bf(x) = dim {f(z)} + tr. deg k(z) /k(f (=),
and 8x 5 = sup{6s(z);z € X}.

Theorem B. LetY be the spectrum of a strict local ring of arith-
metic type over S, f : X — Y be an affine morphism of finite type. If
F is a A-sheaf on X,

HiX, F)=0
for q> 6Supp F.f-

Especially, Theorem B implies

Theorem C. Let O be a strict local ring of arithmetic type over
S. For a non-zerodivisor f of O and a A-sheaf F on Spec O[f 1],

H%(SpecO[f~!,F)=0 forq>dimO
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holds.

Remark. For algebraic varieties over a field, these theorems A—C are due
to M. Artin ([AGV], exposé XIV, Théoréme 3.1, Corollaire 3.4). Amaz-
ingly, the original proof by Artin basically works well in the arithmetic
setting, except one important step. The missing step is Theorem C for
two dimensional regular local rings of arithmetic type, which is treated
by the local duality formalism. See [I12] for the details.

5.2. Application to purity

The following theorem is an important step towards the proof of the
absolute purity conjecture.

Theorem 5.2.1 (Vanishing theorem). Let O be a regular strict
local ring of arithmetic type, and X = SpecO. Let Y be a regular
divisor of X, and x be the closed point of X. We assume the following
two conditions.

a) Y is punctually pure at every point.
b) X s punctually pure except possibly at x.

Then
HY(X\Y, A)=0
ifg#0, 1, d—1, d. Hered =dim O.
Proof. By Theorem C,
HIX\Y, A)=0

if ¢ > d. By the invariance of impure cohomology groups 3.1.2 (cf.
Corollary 3.1.4), we have

HI(X\ {z}, A) = HI(X\Y, A)=0

for d < ¢ < 2d — 1. By assumption b), the renormalized dualizing
complex K ;?‘\l{w} is isomorphic to A by Proposition 4.2.2. Hence by the
local duality theorem 4.2.3, H4(X \ {z}, A) is the A-dual of H?4~1-9(X\
{z}, A). Hence we have

HYUX\ {z}, A) =0

for 0 < ¢ < d— 1. By using Proposition 3.1.2 again, we have the desired
vanishing. Q.E.D.
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§6. Proof of purity: reduction to the arithmetic case

In the following two sections, we prove the absolute purity conjec-
ture. First we make reductions to the arithmetic case over Z to apply
the vanishing theorem and étale K-theories.

6.1. Limit argument

Lemma 6.1.1 (descent lemma). Let A be a regular local ring with
the mazimal ideal m and the residue field k, and I C I' C A be two
ideals of A. Assume the following two conditions.

a) I is an ideal generated by a part of a regular system of parameters
of A of height ¢, and I'/I is an ideal generated by a part of a
regular system of parameters of A/I of height d.

b) There is a directed inductive system {A;};cs of regular local rings
such that each transition map p;; : A; — A; for i < j is a local
homomorphism, and there is a local isomorphism

A =~ lim je s A;.

Then there is an index jo € J and two subsystems {I;}jcy, j>jos
{I‘;’}jeJ’ i>io of {Aj}ied, j>j, satisfying the following properties:

a’) I; C IJ" C A; are ideals of A; for j > jo. I; is an ideal generated
by a part of a regular system of parameters of A; of height c, I;/Ij
is an ideal generated by a part of a reqular system of parameters
of A;/I; of height d for j > jo.

b’) (pij(Ii)Aj = Ij, (p”(IZ,)A] = I; fOTj Z 7 Z jo. I = IjA, II = IJIA
for any § > jo.

Proof. Let m and m; (j € J) be the maximal ideals of A and A;
(4 € J), respectively.

Let fs (1 < s < c) be elements of I such that {fs}1<s<. generate I,
and forms a part of a regular system of parameters of A.

Take elements g; (1 <t < d) of I’ such that {g; modI}1<¢<q gen-
erate I’/I, and forms a part of a regular system of parameters of A/I.
{fs,9t}1<s<c,1<t<a forms a part of a regular system of parameters of A.

We identify A with the inductive limit of {A;};c;. Thenm;A,j € J
generates m, and hence for some jo € J m;A = m for any j > jo.

We take elements Fy; € mj, (1 < s <c¢)and Gy € mj, (1 <t <d)
such that F,; and G; are mapped to f; and gy, respectively.

Put Fy(j) = @jo;(Fs) and Gi(j) = ¢j,;(Gt) for j > jo. We show
that these elements F,(j) (1 < s < ¢) and G¢(j) (1 <t < d) form a part
of a regular system of parameters of A;. For this, it suffices to see that
¢ + d-elements F,(j) modm3 (1 <s < c) and G(j)modm? (1 <t <d)
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are linearly independent in m; /mf The images of these elements in
m/m? are f; modm?2(1 < s < ¢) and gt modm?(1 <t < d), and span a
c+d-dimensional subspace of m/m?. So the linear independence follows.

We put I; = (F(j)s, 1 < s < ¢) and I} = (Fs(j),(1 < s <
), Gi(4),(1 <t < d)) C Aj for j > jo. Ij, I} define regular sub-
schemes of Spec A; of codimension ¢ and c+-d, respectively. ;; induces
(,D”(Il) = Ij, (,01](.[1/) = I], fOI‘j Z 3 2 jo. IJA = I, I;A =T fOI‘j > jo
by the construction. The descent lemma follows. Q.E.D.

Proposition 6.1.2. Assume that the purity is true for any closed
immersion ¥ — X of arithmetic reqular schemes over a Cohen ring.
Then the punctual purity is true for any regular strict local ring.

Proof. By Proposition 2.2.4, it suffices to show the punctual purity
for a regular strict complete local ring O. Let m be the maximal ideal
of O, and let d = dim O. By Corollary 2.2.3, we may assume that O
is of mixed characteristic. Let p be the residue characteristic. By the
structure theorem of complete regular local rings, there is a presentation

OZC[[Xl, 7Xn]]/(f), feml\ml27 mI: (anla"' )Xn)

Here C is a Cohen ring for k.

Sublemma 6.1.3 There is a directed inductive system {S;};cs of
regular local rings satisfying the following properties:

a) There is a local C-isomorphism S; ~ C{{Y1,...,Yy,}} for some
n; € N. Here C{{Y1,...,Yn}} is the strict henselization of
C[Yl,... ,YN] at (p,Ya, 7YvN)

b) Each transition map @;; : S; — S; for i < j is a local C-
homomorphism, and

C[[Xl, PN ,Xn]] s liijJSj
as a local C-algebra.

Proof. By the theorem of Artin-Rotthaus ([AR]), there is a directed
inductive system {R;};jes of smooth C-algebras, and C[[X1, ..., Xy]|
is isomorphic to the inductive limit: C[[X1,...,X,]] = lim jesR;. Let
z; € Spec R; be the image of the closed point z of Spec C[[X1, ..., X,]],
and S; be the henselization of R; at z;. S; ~ C{Y1,...,Y,,} for some
n; > 0 since the residue field k(z) at x is k. The claim follows. Q.E.D.

We return to the proof of 6.1.2. Let {S;};cs be a directed inductive
system obtained by Sublemma 6.1.3. We apply the descent lemma 6.1.1
with A = C[[X1,...,X,]], 4; = S;, I = fAand I’ = m/. Then
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there is an index jo € J and subsystems {I;};cJ, j>j, and {I;}jes, j>jo
satisfying conditions a’) and b’) of 6.1.1. Put O; = A;/I;, J; = I}/I;
for j > jo. We have an inductive system {O;};csj>j, and {J;}jesi>j0
such that

a) O; is a regular local ring.

b) J; is an ideal of O;, and defines a regular subscheme of codimen-
sion dim O.

¢) O x>lim jej;>5,0;, J;O = m.

By condition c¢),
H(Spec O\ V(m), A) ~ lim je 5>, H* (Spec O; \ V(T;), A),

for any ¢ € Z. c(V(J;)) € H‘z,‘i(Jj)(Spec 0;,A(n)) = H?~1(Spec O; \
V(Jj), A(n)) is mapped to cl(V (m)). So the purity for (Spec O;, V(J;))
implies the punctual purity for (O, m). Q.E.D.

Proposition 6.1.4. Assume that the purity is true for any closed
immersion Y — X of arithmetic reqular schemes over Z. Then the
purity is true for any regular strict local ring of arithmetic type over a
Cohen ring.

Proof. Since any Cohen ring C' is absolutely unramified, it is a di-
rected inductive limit of subrings which are regular and essentially of
finite type over Z ([A]). The rest of the limit argument is treated simi-
larly as in the proof of Proposition 6.1.2 using the descent lemma 6.1.1.
We omit the details. Q.E.D.

Corollary 6.1.5. Assume that the puntual purity is true for any
pair (O, m) of a regular strict local ring O of arithmetic type over Z and
the mazimal ideal m. Then the absolute purity conjecture is true.

§7. Proof of purity: K-theory

We prove the punctual purity for a regular strict local ring of arith-
metic type over Z by the method of local Lefschetz pencils, using induc-
tion on the dimension. Our vanishing theorem 5.2.1, which is proved
purely by an étale cohomological method using the local duality and
a Jocal affine Lefschetz theorem, is not enough to prove the purity. In
addition to the information obtained from 5.2.1, we use the relationship
between étale cohomology and étale K-theory to get further vanishing.

7.1. Localization in K-theory
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For a noetherian scheme X and q € Z, K,(X) denotes the K-group
of X made from the category of locally free coherent sheaves of Ox-
modules on X. We fix a prime ¢ which is invertible on X and an integer
v > 0. We consider the mod ¢ K-theory (K/¢”)4(X). In order that
it has a good product structure, we assume either £ > 3 or £ = 3 and
v>1,or £ =2 and v > 2. We have the long exact sequence

s Ko (X) 5 Ko(X) — (K/0)g(X) — Kger(X) & Kqoar(X) — -

Lemma 7.1.1. Let O be a henselian regular local ring, and f be
an element in m \ m2. For q € Z, there is a canonical isomorphism

(K/")q(0) @ (K/€")q-1(0) =~ (K/€")o(O[f 7))
(z,y) —resqz + [f] Uresq_a y
Here tes, : (K/#"),(SpecO) — (K/£"),(SpecO[f~']) is the restric-
tion map, and [f] is the image of f € O[f 1% under K1(O[f7]) —
(B/€)1(O[f ).
Proof. By the rigidity theorem of Gabber ([Ga]),

’
I‘ESq

(K/€)q(0) = (K/€)q(O/f0O)

for any ¢ € Z by the restriction map. By the excision sequence in K-
theory using the regularity of O and O/ fO, we have an exact sequence

(K O] FO) — (K/£),(O)

resg

K)o O1F ) 2% (K/#)q1(0/FO) — --- .

Note that 6 Uresy_1 %) = res. _; vy, and hence the composition of
q q 1Y

(K/0)1(0) I (K /), (01 ') 23 (K /2%)4-1(0/ 1O)

is an isomorphism. Especially, 8441 is surjective for any g, showing that
res, is injective, and the claim follows. Q.E.D.

Proposition 7.1.2.  Let O be a regular strict local ring, and f
be an element in m \ m?. For a prime £ which is invertible in O and
v,g€Z,v>0,

1) (if q is even)
g

-1 -1 (
Vid a (@) jad 1 . .
(K/ ) ( [f ])[/8 ] {(K/ﬁ”)l(o[fvl])(”‘é—) (@fq 18 Odd).
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Here 8 € (K/0")2(O[f™]) is a Bott element.

Proof. Let k = O/m be the residue field of ©. By a theorem of
Suslin ([Sus}), (K/£”)4(k) is zero for q odd, and is canonically isomorphic
to Z/¢¥ (%) for ¢ = 2¢ > 0. Hence the localization by a Bott element in-
duces (K/0¥)4(k) = (K/£)4(k)[87] for g > 0. By the rigidity theorem
of Gabber ([Gal),

(K/€)q(0) =5 (K/€)4(k)

by the restriction map for any ¢, and hence (K/#),(0) =
(K/€),(0)[871] for ¢ > 0. Proposition 7.1.2 follows from 7.1.1 since
the étale K-theory is mod 2-periodic. Q.E.D.

7.2. Etale K-theory: Conclusion of the proof of purity

Let X be a separated regular scheme having a finite Krull dimension.
Assume the following three conditions on X and the prime £.
a) £ is invertible on X, v/—1 is contained in I'(X, Ox) if £ = 2.
b) Every residue field of X admits a finite Tate-Tsen filtration.
c¢) There is a uniform bound for the ¢-cohomological dimensions of
the residue fields.

Under these assumptions, R. Thomason constructs the following spectral
sequence strongly converging to the étale K-theory of X, which is an
analogue of the Atiyah-Hirzebruch spectral sequence for the topological
K-theory of topological spaces ([Thoml], a more detailed account is
found in [Jar]).

D9 __ HP(X,Z/¢"(i)) (9= —2i), " _
E2 - {0 (q is Odd) ﬁ(K/E )—P"Q(X)[IB 1]'

Here 3 is a Bott element. If a primitive £”-th root of unity is contained
in I'(X,Ox), one can choose § from (K/¢")2(X).

Let O be a regular strict local ring of arithmetic type over Z, and f
be an element in m \ m?. Then the assumptions a)-—c) are satisfied for
Spec O[f 1], and hence the spectral sequence

o _ {HP(Spec Olf 1, 2/¢°(i)) (q=—2i),
2 0 (g is odd)
— (K/€)_p—q(OLf (67

(x)

exists by the theory of Thomason.
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Theorem 7.2.1. Let O be a regular strict local ring of arithmetic
type over Z, and f be an element in m\ m2. Assume that the punctual
purity is true for any regular strict local ring of arithmetic type over Z
of dimension strictly less than dim Q. Then the spectral sequence ()
degenerates at Fs.

Proof. We may assume that d = dim O > 1. By the vanishing
theorem 5.2.1, all columns in the F»-term vanish except for p=0,1,d—
1,d. Tt follows that any differential dP? : EP? — EPT™477+1 for ¢ > 2
on the spectral sequence vanishes except possibly for p =0, 1.

Put U = Spec O[f~!]. For s € Z, let {Fil*(K/£")(U)[87"]}1ez be
the decreasing filtration on (K /£*)s(U)[B371] obtained by the spectral
sequence. For ¢ € Z, we have the edge homomorphism

O (K/0)2:(U) [ =Fi10(K/f”)2i(U)[ﬁ‘1]
—Ey ™% = HOU,Z/t"(i)).
Since Gray(K/8")2;_1(U)[8~'] = E%!=% = 0, we have a homomor-
phism
b (K /)21 (U) B = Fil' (K /€")2:-1(U)[67]
—Ey % = HY(U,Z/¢" (7).
To show the differential d&'? on EP? (r > 2) is zero for p = 0,1, it

suffices to prove the following lemma since it implies that E5? = EP:2
for p=0,1.

Lemma 7.2.2. %% gnd 8\=% are isomorphisms fori € Z.

Proof. We choose a Bott element (3 of degree 2. The product with 3
induces an isomorphism of spectral sequences EP'? ~ EP9=2 of degree
—2, so we may assume that ¢ = 0. By Proposition 7.1.2, it suffices to
see the two maps

01 (K/€)o(U) = (K/€)o(U)[67] — H(U,Z/¢")
&0 (K/n(U) = (K/¢)(U)[B71] — HY (U, Z/" (1))

are isomorphisms. For *0, this is clear.
e o) /(OW))* = (K/t):(U) — H'(U,Z/¢"(1))

is identified with the map obtained by the Kummer theory. The claim
now follows by H' (U, G,,,) = 0.

Corollary 7.2.3. E2?=0ifp>1.
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Proof. This is clear since Fil*(K/¢¥),(U)[37!] = 0 for t > 1 if s is
even, for t > 2 if s is odd by Lemma 7.2.2. Q.E.D.

7.2.4. Now we can complete the proof of the absolute purity theorem
2.1.1.

By Corollary 6.1.5, it suffices to prove the punctual purity for any
regular strict local ring O of arithmetic type over Z. We may assume
that the coefficient ring A is Z/¢¥, where £ is a prime which is invertible
inOandv>0,and that v > 1if £ =3 and v > 2 if £ = 2. We use
induction on d = dim Q. If d = 0, the claim is obvious. Assume d > 1.
By our induction hypothesis, the punctual purity is true for any regular
strict local ring of arithmetic type over Z of dimension strictly less than
d. We choose an element f € m \ m?. The assumption of theorem 7.2.1
is satisfied, and hence the spectral sequence

E? = HP(Spec O[f '], Z/¢" (3))
= (K/)—p—o(Of DB (a=—20).

degenerates at Ey. EY'? = ERY for any p,q € Z. For p > 2, E&:? =0 by
Corollary 7.2.3, and hence

HP(SpecO[f Y], Z/£%) = 0
for p > 2. This implies the purity for (Spec O, V(f)), and the punctual
purity for (O, m) by Proposition 3.1.2. Q.E.D.
§8. Consequences

Here we list some consequences of the absolute purity theorem.

Consequence. Let S be a noetherian reqular scheme of dimension
at most one. Let n be an integer which is invertible on S, and let A =
Z/n. If X is a regular S-scheme of finite type, the dualizing complex
Kx normalized as in §4 satisfies

A(8x)[26x] ~ K.
Especially, A is a dualizing complex of X.

Consequence (semi-purity). Let X be a noetherian regular
scheme, let n be an integer which is invertible on S, and let A = Z/n.

If Y — X is a closed immersion of codimension > c,

R%'A=0 (q< 2¢).
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Consequence. Let X be a noetherian regular scheme, let Y be
a divisor on X with simple normal crossings, and let j : X \Y «— X
be the inclusion. Let n be an integer which is invertible on X, and let
A=1Z/n. Then the canonical maps give isomorphisms

RIj A~ AR, A forallqeZ,

R'jA ~ @ (ey;)-A(-1)
iel
where (Y;)ier s the set of irreducible components of Y, and vy, is the
inclusion map Y; — X fori e I.
Here is a generalization of the above claim in terms of logarithmic
schemes (see [I11] for log étale cohomology).

Consequence (absolute local acyclicity). Let X be an fs log-
scheme such that the underlying scheme X° is noetherian. Assume that
X is log-reqular. Let U be the open subset of X defined by

U={zeX;(Mx/Ox)z = {1}},

i.e., U is the maximal open set where the log-structure is trivial. Let nbe
an integer which is invertible on X, and let A = Z/n. For a A-smooth

lo
sheaf F on X5,
F 4 Rj.j*F

holds. Here j is the morphism of topoi US, = U8 — X1,
Here is a conditional result which follows from the absolute purity.

Consequence. Assume that the resolution of singularities of
quasi-excellent schemes is true. Let S be a quasi-compact quasi-excellent
scheme, and f : X — S be a finite type morphism. For an integer n > 1
which is invertible on S, let A = Z/n. Then for a A-constructible sheaf
F on X, RIf,F is A-constructible for any q € Z, and vanishes except
for a finite number of q’s, i.e., the finiteness theorem is true for quasi-
excellent schemes.
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