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On the Capitulation Problem 

Hiroshi Suzuki 

In our previous paper [7], we proved a generalization of Hilbert's The­
orem 94 which also contains the Principal Ideal Theorem. However, 
Tannaka-Terada's Principal Ideal Theorem was not contained in it. The 
purpose of this paper is to extend the main theorem of [7] in a natural 
way so that it contains Tannaka-Terada's Principal Ideal Theorem as a 
special case. Our main theorem (Theorem 1) now contains all of the 
three capitulation theorems: Hilbert's Theorem 94, the Principal Ideal 
Theorem and Tannaka-Terada's Principal Ideal Theorem. 

Introduction. 

For an algebraic number field k of finite degree, we denote the ideal 
class group of k by Clk and the Hilbert class field (namely the maximal 
unramified abelian extension) of k by Hk. For a Galois extension K of 
k, we denote its Galois group by C(K/k). For a group C, we denote 
the commutator subgroup of C by cc and we write cab= c;cc. We 
denote the integral group ring of C by Z[C] , and its augmentation ideal 
by Ia = (g - I : g E C)z[G]· For a finite group C we denote the trace 
of C by Tra = I: g E Z[C]. For a Z[C]-module M, we denote the 

gEG 

submodule consisting of C-invariant elements by 

MG = { m E M : g · m = m for all g E C}. 

In Suzuki[7] we proved the following theorem. 

Theorem {old version). Let K be an unramified abelian extension 
of an algebraic number field k of finite degree. Then the number of ideal 
classes of k which become principal in K is divisible by the degree [K: k] 
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of the extension K/k. Namely we have 

[K: k] I 1Ker(Clk--+ ClK)I, 

where i : Clk --+ ClK is the homomorphism induced by the inclusion map 
of corresponding ideal groups. 

In the case where K / k is cyclic this theorem is nothing else than Hilbert's 
Theorem 94 (Hilbert[3]). 

Hilbert's Theorem 94. Let K be an unramified cyclic extension of 
an algebraic number field k of finite degree. Then the number of ideal 
classes of k which become principal in K is divisible by the degree [K : k]. 

Our old version contains the Principal Ideal Theorem (Furtwangler[2]), 
that is the case K = Hk, because the degree [Hk : k] is equal to the 
order IClkl• 

Principal Ideal Theorem. 
Hk. 

Every ideal of k becomes principal in 

The old version, however, does not contain Tannaka,-Terada's Principal 
Ideal Theorem (Terada[8]). 

Tannaka-Terada's Principal Ideal Theorem. Let k be a finite 
cyclic extension of an algebraic number field ko of finite degree and K be 
the genus field of k/ko (the maximal unramified extension of k which is 
abelian over ko}. Then every G(k/ko)-invariant ideal class of k becomes 
principal in K. 

The purpose of this paper is to prove the following main theorem. 

Theorem 1. Let k be a finite cyclic extension of an algebraic number 
field ko of finite degree, and let K be an unramified extension of k which 
is abelian over ko. Then the number of those G(k/ko)-invariant ideal 
classes of k which become principal in K is divisible by the degree [K : k] 
of the extension K/k. Namely 
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Our new theorem obviously contains the old version, that is the case 
k = k0 . Now, suppose that K is the genus field of k/k0 . Then we 

have [K : k] = IClk/ Ic(k/ko)Clkl = 1czi(k/ko) 1- Therefore our theorem 
clearly implies 

czi(k/ko) C Ker(Clk - ClK)-

This is Tannaka-Terada's Principal Ideal Theorem. Hence our theo­
rem contains Hilbert's Theorem 94, the Principal Ideal Theorem and 
Tannaka-Terada's Principal Ideal Theorem. 

Tannaka-Terada's Principal Ideal Theorem was generalized for endo­
morphisms in Miyake[5]. This method gives us an endomorphism version 
of Theorem 1. (About the history and the fundamental theorems of the 
capitulation problem see Miyake(6].) 

Theorem 2 ( endomorphism version) . Let K / k be an unrami­
fied abelian extension, and let a be an endomorphism of G(HK/k) such 
that a(G(HK / K)) C G(HK / K) and suppose that a induces the identity 
map on G(K/k). Then a induces an endomorphism of Clk through the 
isomorphism Clk ~ G(HK / k tb given by Artin's Reciprocity Law, for 
which we have 

[K: k] \ l{a E Ker (Clk---+ ClK); a(a) = a}I. 

To prove Theorems 1 and 2, we consider the group transfer of Ga­
lois groups which corresponds to the homomorphism of lifting ideals 
(Artin[l]): 

Thus Theorem 2 is equivalent to the following group theoretical version: 

Theorem 3 (group theoretical endomorphism version). Let a 
be an endomorphism of a finite group H, and N be a normal subgroup 
of H containing He. Assume that a(N) C N and that a induces the 
identity map on G = H / N. Then the order of the subgroup 

{hHe E Ker VH->N: a(h)h- 1 E He} 

of the transfer kernel is divisible by IGI = [H : N]. Here VH_,N : Hab ---+ 

Nab denotes the group transfer from H to N. 
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Now we summarize the method of Miyake[5] for the convenience of the 
reader. Consider the descending series 

and take r large enough so that thls series becomes stable. Put Ho = 
a.r(H), No= NnH0 and N' = Kera.r. Then we can write Hand N as 
a -stable semidirect products H = Ho ~ N' and N = N0 ~ N'. In this 
case, we have 

Moreover, the restriction a.lHo of a to Ho is an automorphism of Ho. By 
taking Ho instead of H, we may assume that a is an automorphism. 

Therefore we have only to prove the following group theoretical version 
of Theorem 1 which is the case of Theorem 3 in which a is an automor­
phism. 

Theorem 4 (group theoretical version). Let N be a normal 
subgroup of a finite group H containing the commutator subgroup He 
of H. Suppose that a finite cyclic group A of automorphisms of H is 
given, and assume that N is stable under A and that A acts trivially on 
G = H / N. Then the order of the A-invariant part of the transfer kernel 
is divisible by the order IGI of G. 

IGI I 1Ker(VH--+N: Hab - Nab)AI• 

This theorem contains the group theoretical versions of Hilbert's The­
orem 94, the Principal Ideal Theorem and Tannaka-Terada's Principal 
Ideal Theorem. 

Remark 1. If A is a non-cyclic abelian group, then the group the­
oretical version does not hold in general. For example, take a Z[A]­
module M of finite order such that IMAI< IM/IAMI, and put H = M, 
N = JAM. (More interesting examples of transfer kernels with an action 
of non-cyclic abelian groups are seen in Miyake[6].) 

In Section 1, we reduce Theorem 4 to the property for the divisibility 
of the order of a cohomology module (Proposition 1). In Sections 2 and 
3, we give an annihilation mechanism on Z[G x A)-modules (Proposition 
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2) by a careful calculation of determinants in the one-variable polyno­
mial ring Z[Gl[T] over Z[G]. In Section 4, we dualize this proposition to 
obtain Proposition 5. In the final section we translate this annihilation 
mechanism into a property for the divisibility of the order of a cohomol­
ogy module by the technique used in Suzuki[7] which may be explained 
in the following way: "If a natural number annihilates a cyclic group, 
then the order of the cyclic group divides the natural number". This 
completes our proof of Proposition 1. 

§1. Reduction to module theoretical version. 

We do not bother to introduce Artin's splitting module, because we only 
need its kernel. 

Lemma 1. Let H be a finite group and N be a normal subgroup of 
H. Put G = H/N and take a free presentation 1r: F - H of H. Then 
we have a commutative exact diagram 

1 -t 7r-l(Ntb -t F/1r-l(Nt -t G -t 1 

1rl..--l(N)ab 1 7r 1 II 
1 -t Nab -t H/Nc -t G -t 1. 

Put R = Ker (n-1-.--l(N)ab : 1r-1(N)ab -t Nab). Then 

H0 (G, R) ~ Ker (VH-,N: Hab -t Nab). 

(Throughout this paper, cohomology is Tate cohomology of a finite 
group.) 
Proof. Since pab is Z-torsion free, the multiplication by the order IGI, 

is injective. Hence the transfer map 

V . pab -l(N)ab 
F-+1r- 1 (N) · -t 7r 

is injective. Note that 1r- 1(N)ab is isomorphic to the kernel 

rankF 
Ker ( EB Z[G] -t Ia) 
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rankF 
of the homomorphism which maps the canonical basis ej of EB Z[C] 

to 1r(xj) - 1 for j = 1, ... , rank F, where Xj are the canonical free 
generators of F (see Lyndon[4]). Therefore we have 

Ho(c,1r-l(N)°b) ~ H-l(C,Ia) ~ cab_ 

The group transfer VF-+1r-l(N) coincides with the homomorphism 

7r-l(N)Fc /pc---+ 7r-l(N)°b 

induced by the trace map 

Tra : 7r-1(N)°b---+ 7r-1(N)°b. 

Then we easily see 

cab c,;_ VF-+1r-l(N)(Fab)/VF-+1r-l(N) (1r-l(N)Fc I Fe) 

c,;. VF-+1r-l(N)(Fab)/Tra(1r- 1 (N)°b) 

C Ho(c,1r-1(N)°b). 

Hence the image of VF-+1r-1(N) must coincide with (1r-1(N)ab)G. From 
the commutative diagram 

we see 

0 

Ker (VH-+N : Hab ---+ Nab) 

7r-l(N)ab 

1 irl,.-l(N)ab 

Nab 

c,;_ VF-+1r-l(N)(Fab) n Ker1rl1r-l(N)ab / VF-+1r-l(N)(Ker1rab) 

= Rn (1r-l(N)ab)G / TraR 

R 0 /TraR 

H0 (C,R). 

• 

Now assume that a finite group A acts on Has automorphisms and 
that N is an A-subgroup. We take a free presentation in the following 
manner. Let U =A~ H be the semidirect product of A and H. Then 
we have a short exact sequence 

l---+N---+U---+A~C---+l. 
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Take a free presentation Po: F0 - U of U; then we have a commutative 
exact diagram 

1 - Po1(N)ab - Fo/p01 (N)c - A1><G 

fiolPol(N)ab 1 fio 1 II 
1 - Nab - U/Nc - A1><G 

Then the subgroup F = p01(H) of Fo is a free group, and 

PolF : F - H 

is a free presentation of H. Put 

R = Ker (iJolPol(N)ab : Pol(N)°b - Nab). 

Then, by Lemma 1, we have an isomorphism 

- 1 

- 1. 

By the choice of the free presentation, the commutative diagram 

VF-Pol(N) 
<---+ Po 1 ( N)°b 

O lfiolPol(N)ab 

--t Nab 
VH-N 

in the proof of Lemma 1 is a commutative diagram of Z[A]-homomor­
phisms. Therefore the above isomorphism is a Z[A]-isomorphism. Hence 
the A-invariant parts are also isomorphic: 

Ker(VH-+N: Hab - Nab)A S:! Ho(G,R)A. 

Since 1Po1 (N)°b I RI = I Nab I is finite, we have 

R@z Q = Po 1(N)°b ®z Q 

where Q is the rational number field. Since the sequence 

rankFo 
0 - p01(N)°b - EB Z[A I>< G] - IaxA - 0 

is exact and Q[A I>< G] is a semisimple Q-algebra, we see that 

rankFo-1 
R ®z Q S:! ( EB Q[A 1>< G]) EB Q. 
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It is now clear that Theorem 4 is equivalent to the following proposition. 

Proposition 1 {module theoretical version). Let G be a finite 
abelian group and A be a finite cyclic group. Let R be a finitely generated 

m 
Z[G x A]-module such that R©zQ ~ (EBQ[G x A])EBQ, and suppose that 

R is Z-torsionfree. Then IGI divides IH0 (G,R)AI. 

The proof of this proposition will be given in Section 5. 

§2. Z-torsion free dual annihilation version. 

In the next section, we prove the following proposition. This is a module 
theoretical Z-torsion free dual annihilation version of Proposition 1. 

Proposition 2 (&'..-torsion free dual annihilation version). Let 
G be a finite abelian group and A be a finite cyclic group generated by 
a. Let M be a finitely generated Z[G x A]-module such that M ®z Q ~ 
m 
EBQ[G x A], and suppose that M is &'..-torsion free. Then 

where (a-1)- 1IaM is the inverse image of IaM by the homomorphism 
a - 1 : M --t M which is multiplication by a - 1. 

For the proof of this proposition, we need four lemmas. 

Lemma 2. Let the notation and the assumptions be as in Proposition 
m 

2. Since Tra((a-1)-1 IaM) ~ E9Z, we take a 1, ... , am E (a-1)-1 IaM 

so that their images byTra form a Z-basis ofTra((a-1)-1IaM). Put 
Mo = (a1, ... , am)Z[G]. Then the order of M / (lax AM+ Mo) is equal 
to IAlmlH-1 (G, M)AI• 

Proof. Note that Tra - 1 (0) n M0 C laxAMo C IaM. Hence 

H-1 (G,M) I lAH-1(G,M) 

Tra-1 (0) / (IATra- 1(0) + IaM) 

Co,/ (Tra-1 (0) +Mo)/ (lATra- 1(0) +laM +Mo) 

((a - 1)-1 IaM + Tra-1(0)) / (IATra- 1(0) + IaM + Mo)-
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Now it is clear that the homomorphism given by multiplying a - 1 
induces an isomorphism of Z[G x A]-modules of finite order: 

a-1 
~ 

(a - 1)-1Tra - 1 (0) / ((a - 1)-1 IaM + Tra-1 (0)) 

Tra-1 (0) n JAM/ (JAM n IaM + IATra- 1(0)) 

(JAM n Tra-1 (0) + IaM) / (IaM + IATra- 1(0)). 

We have JAM n (a - 1)-1Tra-1 (0) c JAM n Tra-1 (0), because Mis 
Z-torsion free. Moreover we also have 

Mo n (JAM n Tra -l (0) + IaM) C Mo n Tra -l (0) C IaxAMo C IaM. 

Therefore we see 

JAM n Tra - 1(0) + IaM / IaM + IA Tra -l (0) 

~ JAMnTra-1 (0) + IaM + Mo /IaM + JATra-1 (0) + Mo 

JAM n (a -1)-1Tra-1 (0) + IaM +Mo/ IATra- 1 (0) 

+IaM+Mo. 

Then we obtain 

IH-1 (G,M)AI 

IH-1 (G, M) I IAH- 1(G, M)I 

l(a -1)-1IaM + Tra-1(0) / IATra- 1(0) + IaM + Mol 

l(a - 1)-1Tra - 1 (0) / JAM n (a - 1)-1Tra-1 (0) + IaM + Mol 

l(a - 1)-1Tra-1 (0) + 1AM / IaxAM + Mol-

The homomorphism given by multiplying (a- l)Tra induces an isomor­
phism 

M / (a -1)- 1Tra-1 (0) + 1AM ~ IATraM / I!TraM 

H-1 (A, IATraM). 

m 
Since IA TraM has a submodule of finite index isomorphic to EBIA, Her-

brand's Lemma shows 

IH-1 (A, IA TraM) I 

IH-1 (A, EBIA)IIH0 (A,IATraM)I / IH0 (A, EBJA)I 

= IH-1 (A, EBJA)I = IAlm• 
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Thus we finally have 

IM/ JaxAM + Mol 
IM/ (a -1)-iTra-i(o) + JAMI 

·l(a -1)-iTra-i(0) +JAM/ JaxAM + Mol 
IAlrnlH-i(G,M)AI. 

• 

Lemma 3. Let G and A be as in Proposition 2. Let M be a Z[G x A]-
rn 

module such that M @z Q ~ EBQ[G x A] for some m > 0 and take a set 

of generators wi, ... , Wrn+n• Let (wi) be the column vector and put w = 
(wi)- Assume that a square matrix Q = (%) E M(m+n,Z[G x Al), 
that is, Q is of size (m+n) x (m+n) with entries in Z[G x Al, satisfies 
Q · w = 0. Then all the minors of Q of size greater than n are zero. 

Proof. Let q be a prime ideal of Q[G x A], then the localization 
rn 

Q[G x A]q at q is a field. Since M ®z Q ~ EBQ[G x A], (M ®z Q)q 

is a linear space of dimension mover Q[G x A]q. Because Qw = 0 and 
Wi, ... Wrn+n spans (M 0z Q)q, the rank of Q at q is at most n. Thus 
all the minors of Q of size greater than n are zero at all prime q of 
Q[G x A]. Therefore all the minors of Q of size greater than n are zero 
in Z[G x A]. The lemma is proved. D 

Let Z[Gl[T] be the polynomial ring in T over the group ring Z[G], 
and let p: Z[Gl[T] - Z[G x A] be a surjective homomorphism of Z[G]­
algebras given by p(T) = a-1. Note that Kerp = ((T+l)IAl _ l)z[Gl[T]· 
Write (T + l)IAI -1 = T • f(T). For a matrix, by abuse of notation, we 
denote the homomorphism obtained by applying p to every entry also 
by p. 

Lemma 4. Let S be a noetherian ring, x be an element of S such 
that xis not a zero divisor and (x) is equal to its radical. Let Q be an 
m + n square matrix such that Q modulo p has at most rank n at every 
minimal prime p of (x). Then xrn divides det(Q). 

Proof. Let Pi, ... , p 8 be the minimal primes of ( x). Since the radical 
of (x) is equal to (x), (x) =Pin··· n Ps, and xSp; = PiSPr Because 
the rank of Q mod Pi is at most n, det Q is contained in the m-th power 
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xmSP; of the maximal ideal xSr,; for all Pi· Then detQ is contained in 
xmu-1s, where U = S \ (p1 u · · · u Ps) and u-1s is the localization 
of S by U. Therefore f det(Q) E (xm) for some f EU. Now f is in 
no minimal prime over (x), so the multiplication by f is injective on 
S/(x). Since xis not a zero divisor, the multiplication by x 1 induces an 
isomorphism S / ( x) ~ ( x 1) / ( xl+ 1 ) for every l. The multiplication by f is 
injective on (x1)/(x1+1 ) and also on S/(x1) for all[. Thus det(Q) E (xm) 
as claimed. D 

Remark 2. Let G, A, M, wand Q be as in Lemma 3. Take a matrix 
Q = (iJij) E M(m + n, Z[Gl[T]) such that p( Q) = Q. Then putting 
S = Z[Gl[T] and x = (T + l)IAI - 1 in Lemma 4, we have 

((T + l)IAI - 1r I <let Q. 

Furthermore all the cofactors of Qare divisible by ((T + l)IAI - l)m-l. 

For x E Z[Gl[T], define x(<l) and x<;;;:l) E Z[Gl[T] by 

with deg x< <l) < l 
T ' 

and denote the coefficient of T 1 by x<l) E Z[G]. For a matrix, we extend 
this definition to the whole matrix if it applies to all the entries. Denote 
the natural projection by 

pr: Z[G x A] -» Z[G x Al/ (a - l)z[GxA] ~ Z[G]; 

then x<0) is the image of x by prop. 

Remark 3. Under the hypotheses of Remark 2, we have 

-(0) -(0) 

prop ( 

9.id1 9.ids ) qid1 qids 

-(0) -(0) 
Qisjl Qisis qisii qisis 

~( Qid1 Qids ) =0 for s > n. 

Qisjl Qisjs 
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Lemma 5. Under the hypotheses of Remark 2, we have 

(det Q)C~m) · E = (adj Q)(m-l)Q(~l) + (adj Q)(~m)Q, 

where E is the unit matrix and adj Q is the cofactor matrix of Q. 

Proof. Since the cofactor matrix adj Q is divisible by rm-1, we have 

detQ · E 

adjQ • Q 
rm-l(adj Q)(~m-1). Q 
rm-l(adj Q)(m-1). TQ(~l) + rm-l(adj Q)(m-l)Q(O) 

+Tm(adj Q)(~m)Q 

Tm((adj Q)(m-l)Q(~l) + (adj Q)(~m)Q) 

+rm-l(adj Q)(m-l)Q(O). 

Since detQ is divisible by rm, (adjQ)Cm-l)Q(o) must be equal to zero. 
This proves the lemma. • 

§3. Proof of Proposition 2. 

We may assume m > 0. Take a1, ... , am E (a -1)-1 IaM as in Lemma 
2, and put 

Mo= (a1, ... ,am)Z[GxA]· 

Take b1, ... , bn EM so that b1, ... , bn, a1, ... , am generate M. Put 

Then by Lemma 2, we find a square matrix B E M( n, Z) such that 
m+n 

Bb E ffi (I ex AM+ Mo) and 

There exist matrices J1 E M(n,IcxA) and LE M(n, m, Z[G x Al) such 
that Bb = Jib+ La. Since (a - l)M0 C IaM, there exist J2 E 
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M(m, (Ic):z[GxA]) and J3 E M(m, n, (Ich[cxA]) such that (a - l)a = 
J2a + hb. Put 

-L ) (a-l)E-h EM(m+n,Z[GxA]). 

Then X · v = 0. Write X = (xij ). 

Now take a lift 11 E M(n, (Ic,T):z[Gl[T]), LE M(n,m,Z[Gl[T]), 

12 E M(m, (Ich[c][r]) and 13 E M(m, n, (Jc):z[Gl[T]) of J1, L, J2 and h 
under the map p, respectively. Put 

and write X = (xij ). Then X is a lift of X under p. By Remark 2, 
detX is divisible by ((T+ l)IAI -l)m. Put b = (detX)(~m)_ Then by 
Lemma 5, 

D · E = (adj x)(m-l) jc(~l) + (adj x)(~m) X. 

Note that bis divisible by !(Tr and that 

m+n 
Take an element c = (c1, ... , Cm+n) of EB Z[G x A] such that c · v E 

m+n 
MGxA, and take a lift c = (c1 , ... , cm+n) E EB Z[Gl[T] of c. Put 

-(0) -(0) (m-1) 
cl Cm+n 
X2 1 X2 m+n 

Xm+n 1 Xm+n m+n 

x1 1 X1 m+n 
(m-1) 

Xm+n-1 1 
EZ[G]. 

Xm+n-1 m+n 
-(0) 
Cl 

-(0) 
Cm+n 

Then we see that 
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e(0) DE+ re('?c1) DE 
e(O)(adj .x)(m-1) _x('?cl) + e(O)(adj .x/"?cm) .x + Te('?cl) DE 

( 
_j('?cl) _j,('?cl) ) 

= (Di,··· , Dm+n) · -J!'?cl) E _ j~'?cl) 

+e(0)(adj .x)('?cm) X 
+re("?c1)DE. 

We have 

X1 1 X1 m+n 

(a - l)cm+n v = 0. 

Xm+n 1 Xm+n m+n 

Therefore the determinant 

Xm+n 1 Xm+n m+n 

is divisible by ((T + l)IAI - l)m, and hence 

x1 1 X1 m+n 
('?cm) 

Tei TEm+n 

Xm+n 1 Xm+n m+n 
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is divisible by f (Tr. By Remark 3, we have 

xii Xi m+n 
(~m) 

Di= Tei Tiim+n 

Xm+n i Xm+n m+n 
T=O 

In fact, 

xii Xi m+n 
(m-i) 

Di -(0) 
Ci 

-(0) 
Cm+n 

Xm+n i Xm+n m+n 

xii Xi m+n 
(m) 

T-<o) 
Ci 

T-<o) 
Cm+n 

Xm+n i Xm+n m+n 

xii Xi m+n 
(m) 

Tei Tem+n 

Xm+n m+n 
-(0) -(0) 
X- · X- · •1J1 •1Js 

Here E is taken over all ti, ... , tr > 0 with ti+···+ tr = m - 1, all 
1 ~ k2 < · · · < kr ~ m+n except i and all distinct 1 ~ li, ... , lr ~ m+n. 
Th . d" 1 < . . < tak { . · } -e 1n ices = zi < . . . < Zs = m + n are en as zi, ... , Zs -

{1, ... ,m+n}\{i,kz, ... ,kr}, and 1 ~ji < ... <is~ m+n are taken 
as {ji, ... , j s} = { 1, ... , m + n} \ { li, ... , lr}. Since r ~ ti + · · · + tr = 
m - 1, we see thats= m + n - r > n. Therefore by Remark 3, all of 
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the terms in I: vanish. Hence we have 

:i:i 1 X1 m+n 
(m) 

Di Tc1 Tem+n 

Xm+n 1 Xm+n m+n 

:i:1 1 X1 m+n 
(~m) 

Tc1 Tcm+n 

Xm+n 1 Xm+n m+n 
T=O 

Thus Di is divisible by !(or = IAlm. Moreover since 

(g - l)c1 (g - l)cm+n v = 0 (g E G), 

Xm+n 1 Xm+n m+n 
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a similar argument to the above also implies 

(g - l)Di 

:i:1 1 X1 m+n 
(m-1) 

(g - l)c~o) ( 1r<o) g- Cm+n 

Xm+n 1 Xm+n m+n 

:i:1 1 Xl m+n 
(m-1) 

(g - l)c1 (g - l)Cm+n 

Xm+n 1 Xm+n m+n 
-(0) -(0) 
X·. X·. 

•1J1 i1Js 

-I:± ( 1r<ti) -(t2) -(tr) g - Cli Xk2l2 ••• Xkrlr 

-(0) -(0) 
X-. X-. 

ZsJl ZsJs 

:i:1 1 X1 m+n 
(m-1) 

(g - l)c1 (g - l)Cm+n 

(I: is again taken over all t1, ... , tr > 0 with ti+···+ tr= m - 1, all 
1 ~ k2 < · · · < kr ~ m+n except i and all distinct 1 ~ li, ... , lr ~ m+n. 
The indices 1 ~ i1 < ... < is ~ m + n are taken as {i1,••· ,i8 } = 
{1, ... , m+n} \ {i, k2, ... , kr }, and 1 ~ i1 < ... <is~ m+n are taken 
as {i1,••· ,is}= {l, ... ,m+n} \ {Zi, ... ,lr}-) By Remark 2, we have 
that 

(g- l)c1 (g - l)Cm+n 
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is divisible by ym. Therefore the coefficient of ym-l in the determinant 
is equal to zero. Thus we conclude that (g- l)Di are zero for all g E G. 
Hence 

Since we have 

each Di is congruent to zero modulo Ia and hence equal to zero for 
1 ;£ i ;£ n. Take hk E Z such that Dn+k = hklAlmTrc fork= 1, ... , m. 
Now put D = p(D) = p(det _x(~ml). Then J(T)m divides D. Since 
(o: - l)f(o: - 1) = 0, (o: - l)D is equal to zero. Moreover X · v = 0. 
Therefore 

Since we have 

D-cv 

p(Dc)v 

(0, ... , 0, Dn+i, ... , Dm+n) p(X(~l))v 

(0, ... , 0, h1, ... , hm)IAlmTrap(X(~l))v. 

X-c~1) =- ( -Jo}~1) -tEc~1) ) mod (Ic)z[Gl[T], 

we see that 

D · cv h1IAlmTraa1 + · · · + hmlAlmTrcam 
E IAlmTrc((o: - 1)-1 IaM). 

This is true for every cv E MGxA_ Since D = IAlmlH-1(G, M)AI 
mod I ax A and since c · v runs through all the elements of M 0 x A, we see 
that 

By assumption Mis Z-torsion free. Therefore we conclude 

Proposition 2 is now proved. 
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§4. Dualization of Proposition 2. 

In this section, we dualize Proposition 2 through the intermediary of 
finite modules. 

Proposition 3 (finite dual annihilation version). Let G be a 
finite abelian group and A be a finite cyclic group generated by a. For a 
Z[G x A]-module M of finite order, we have 

Proof. Let s be the exponent of M and denote the Pontrjagin dual 
of M by MI\. Take a sufficiently large natural number m and take a 
surjective homomorphism 

m 
q: EBZ/sZ[G x A]---+> MA. 

Then, since Z/ sZ[G x AJA ~ Z/ sZ[G x A], we have an injective homo­
morphism 

m 
i: M <-+ EBZ/sZ[G x A]. 

m 
Let us consider Mas a submodule of EBZ/sZ[G x A]. Let R be the in-

m 
verse image of M by the natural projection p : EBZ[G x A] ---+> 
m m 
EBZ/sZ[G x A]. The kernel of pis isomorphic to EBZ[G x A]. There-

fore we have an exact sequence 

m 
0 -----, EBZ[G x A] __, R __, M __, 0. 

Then H- 1 (G, R) ~ H-1 (G, M) as Z[A]-modules and 

H-1 (G,Rl ~ H-1 (G,M)A. 

Moreover, we have 

H0 (G x A,R) ~ H0 (G x A,M). 

The exact sequence given above induces an exact sequence 

m m 
0 __, EBZ[G x A]/EBZ[G x A] n IcR __, R/ IcR __, M/ IcM __, 0. 
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It is clear that 
m m 

le . EBZ[G X A] C EBZ[G X A] n lcR 

c EBZ[G x A] n Trc - 1 (0) 

m 
C le · EBZ[G x A]. 

m m 
Therefore the term EBZ[G x A]/EBZ[G x A] n lcR in the previous ex-

m 
act sequence is isomorphic to the free Z[A]-module EBZ[A]. Thus the 

homomorphism R/ lcR --+ M / lcM induced by R --+ M induces the 
isomorphism 

H0 (A,R/lcR) ~ H0 (A,M/lcM). 

It is easy to see that 

RGxA /Trc((a - 1)-1 lcR) 

~ Cok (Trc: H0 (A, R/ lcR)--+ H0 (G x A, R)) 

and 

MGxA /Trc((a - 1)-1 lcM) 

,:,,, Cok (Trc: H0 (A, M/lcM)--+ H0 (G x A, M)). 

Hence we have 

RGxA / Trc((a -1)- 1 lcR) ~ MGxA / Trc((a - 1)-1 lcM). 

Proposition 2 for R now gives Proposition 3 for M. D 

Next we take the Pontrjagin dual of the preceding proposition. 

Proposition 4 (finite annihilation version). Let G be a finite 
abelian group and A be a finite cyclic group. Let M be a Z[G x A]­
module of finite order. Then 

IH0 (G, M)AI · Trc-1 (lA · M 0 ) C lcxAM. 

Proof. Take the Pontrjagin dual MA of M, then H0 (G,M)A ,:,,, 
H-1 (G, MA). Since (H0 (G, M)A)J_ = lAH- 1 (G, MA), we have 

(H0 (G, M)A)A ~ H-1 (G, MA)/lAH- 1 (G, MA) 
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l(H0 (G, Ml)"I IH- 1 (G, M")/ IAH- 1 (G, M")I 

IH-1 (G, M")Af. 

Since (M0 )_1_ = Ia(M"), we see 

(h · M 0 l = (a - l)-1Ia(M"), 
(Tra- 1 (IA · M 0 ))_1_ = Tra((a - 1)-1 Ia(M")). 
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(Here a is a generator of the cyclic group A as before.) Combining this 
with (IaxAM)J_ = (M")GxA, we have 

(Tra - 1 (IA · M 0 )/ IaxAM)" Sc! (M")GxA /Tra((a - 1)-1 Ia(M")). 

Thus Proposition 3 for M II implies Proposition 4 for M. • 

Proposition 5 (annihilation version). Let G be a finite abelian 
group and A be a finite cyclic group. Let M be a finitely generated 

m 
Z[G x A]-module such that M ®z QI~ ffiQl[G x A], and suppose that M 

is Z-torsion free. Then we have 

Proof. By assumption M contains a Z[G x A]-submodule of finite index 
m m 

which is isomorphic to E9Z[G x A]. Put N = M/E9Z[G x A]. Then 

H0 (G,M) ~ H0 (G,N) 

as Z[A]-modules and 

Moreover, we have 

The exact sequence 

m 
0-. E9Z[G x A] -. M-. N-. 0 

induces the exact sequence 
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Therefore we have 

It is easy to see that 

Trc -l(IA · M 0 )/ IcxAM 

~ Ker(Trc: H-1(G x A,M)-----+ H-1(A,M0 )) 

and 

Trc -l(IA · N°)/IcxAN 

~ Ker(Trc: H-1(G x A,N)-----+ H- 1(A,N°)). 

Hence we have 

Therefore Proposition 4 for N proves Proposition 5 for M. • 

§5. Proof of Proposition 1. 

In this section, we convert the annihilation property into a compar­
ison property of orders, and this will complete the proof of Theorem 4. 
Now we begin the proof of Proposition 1. 

Proof of Proposition 1. Denote the homomorphisms given by projec­
tions by 

m m 
Pl : R-----+ (EB(Q)[G x Al) EB (Q)-----+ EB(Q)[G x A] 

and 

m 
P2 : R -----+ ( EB(Q)[G x Al) EB (Q) -----+ (Q). 

Put Ro= Kerp2 and R1 = p1(R). Then the short exact sequence 

0 -----+ Ker P1 -----+ R -----+ R 1 -----+ 0 

gives us the long exact sequence 

-----+ H-1(G,R)-----+ H-1(G,R1)-----+ H0 (G,Kerpi) 

-----+ H0 (G,R)-----+ H0 (G,R1)-----+ H 1(G,Kerp1)-----+ · ··. 
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Since Kerp1 ~ Z, we have H0 (G,Kerp1) ~ Z/IGIZ and H1(G,Kerp1) = 
0. Thus we obtain an exact sequence 

0 ----> Cok(H-1(G,R)----> H-1(G,R1))----> Z/IGIZ 

----> H0 (G, R)A----> Im (H0 (G, Rt----> H0 (G, R1))----> 0. 

In the short exact sequence 

0 ----> Ro ----> R----> p2(R) ----> 0, 

p2(R) is isomorphic to Z. Therefore we have 

Moreover, since P1 I Ro : Ro '------+ R1 is injective, we see that 

Since IcR1 = p1(IcR) C P1(Ro), we have 

Cok (H-1(G, R)----> H-1(G, R1)) 

R1 n Trc -i (0) / P1 (Ro) n Trc -i (0) 

~ R1 n Trc - 1(0) + P1(Ro) / P1(Ro)-

Since JAR C Ro and R/ Ro ~ Z, we have 

Hence we obtain 

where a is a generator of the cyclic group A. Note that, for r ER and 
g E G, (g - l)r = 0 is equivalent to (g - l)p1(r) = 0. Since P1IRo is 
injective, (a - l)r E TrcRo is equivalent to (a - l)p1(r) E Trcp1(R0 ) 

for r E R. Hence we have 

and 

Im(H0 (G,R)A----> H0 (G,R1)) 

Rf n (a -1)-1Trap1(Ro) / TrcR1. 
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Since 

c,-1 
~ 

we have 
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Rf n (a - 1)-1TraR1 / Rf n (a - 1)-1Trap1(Ro) 

IA · Rf n TraR1 I IA · Rf n TraP1 (Ro) 

(IA· Rf n TraR1) + Trap1(Ro) / Trap1(Ro) 

P1(Ro) + Tra-1(/A · Rf) n R1 / P1(Ro) + Tra-1(0) n R1, 

IH0 (G, R)AI/IGI 

IRf n (a -1)-1Trap1(Ro)/TraR1I 

/ IR1 n Tra-1(0) + P1(Ro)/p1(Ro)I 

IRf n (a -1)-1TraRi/TraR1I 

/ IP1(Ro) + R1 n Tra-1(/A · Rf)/p1(Ro)I 

IH0 (G, R1tl / IP1(Ro) + R1 n Tra-1(IA · Rf)/p1(Ro)I-

Since Rif p1 (Ro) ~ Z/r'll., for some r E Z, the subquotient 

is a cyclic quotient of R1 n Tra-1(IA · Rf)/IaxAR1. Since R1 ®z Q ~ 
m 
EBQ[G x A], Proposition 5 shows that 

Since P1(Ro) + R1 n Tra- 1(IA · Rf)/p1(Ro) is a cyclic group, this an­
nihilation means that the order IP1(Ro) + R1 n Tra- 1(IA · Rf)/p1(Ro)I 
divides IH0 (G, R1)AI. Thus we have shown that IGI divides IH0 (G, R)AI. 

Therefore the proof of Proposition 1 is completely done, and hence The­
orem 4 is proved now. • 
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