
Advanced Studies in Pure Mathematics 30, 2001 
Class Field Theory ~ Its Centenary and Prospect 
pp. 401~414 

On p-Adic Zeta Functions and Class Groups of 
Zp-Extensions of certain Totally Real Fields 

Hisao Taya1 

Abstract. 

Let k be a totally real field and pan odd prime number. We as­
sume that p splits completely ink and also that Leopoldt's conjecture 
is valid for k and p. In this note, focusing on Greenberg's conjecture, 
we will report on our recent results concerning p-adic special func­
tions and ideal class groups in the cyclotomic Zp-extension of k. 

§1. Introduction 

For a number field k and a prime number p, we denote by kcxo the 
cyclotomic Zp-extension of k, by kn then-th layer of k= over k, and by 
An the p-Sylow subgroup of the ideal class group of kn. Also, for a finite 
set S, we denote by #S the number of elements in S. Then Iwasawa 
[Iw59] has proved that there exist three integers Ap(k), µp(k) and vp(k), 
depending only on k and p, such that 

for sufficiently large n, where Vp denotes the p-adic valuation normalized 
by vp(p) = 1. These integers Ap(k), µp(k) and vp(k) are called the Iwa­
sawa >.-,µ-and v-invariants, respectively, of the cyclotomic Zp-extension 
of k. 

Concerning these invariants, Iwasawa mentions that it would be an 
important problem to find out if Ap(Qi((p)+) = µp(Qi((p)+) = 0 for any 
prime number pin [Iw70, page 392], or to find out when the "plus-part" 
of Ap(k) is positive for CM-fields kin [Iw73a, page 316], where Ql((p)+ 
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is the maximal real subfield of the cyclotomic field Q( (p) of p-th roots of 
unity. Probably arising from this, the following was posed by Greenberg 
[Gr76] as a problem. This is now known as Greenberg's conjecture. 

Conjecture 1. 1 ( Greenberg's conjecture). If k is a totally real 
field, then Ap(k) = µp(k) = 0 for every prime number p. 

As for the µ-invariants, we know by the Ferrero-Washington theorem 
[FW79] (or [Wa97, Theorem 7.15]) that µp(k) always vanishes for every 
prime number p when k is abelian (not necessarily totally real) over Q. 
More generally, the following is conjectured. 

Conjecture 1.2. For any number field k and any prime number 
p, we should have µp(k) = 0. 

The Ferrero-Washington theorem says that Conjecture 1.2 is true 
in the case of abelian number fields. Besides this, we know by the 
theorem of Iwasawa [Iw73b, Theorem 3] that µp(k) = 0 for any finite 
Galois p-extension k. Here we note that lwasawa also constructed in 
[Iw73b] examples of non-cyclotomic Zp-extensions with arbitrarily large 
µ-invariant. 

On the other hand, as for the >-.-invariants, we know Kida's formula 
([Kid80], [Kid82]) which describes the behavior of the "minus-parts" of 
Ap(K) and Ap(k) when K/k is a finite Galois p-extension of CM-fields. 
Also we have examples of k with arbitrarily large >-.-invariant if k is 
not totally real (e.g. [Gr76, page 264]). However, very little is known 
about the "plus-part" of Ap(k) except fork= Q. The field Q ofrational 
numbers is so far the only number field that Greenberg's conjecture is 
known to be true for every prime number p (in fact Ap(Q) = µp(Q) = 
vp(Q) = 0 for any p). Recently, some efficient criteria for Greenberg's 
conjecture to be true are given from different points of view when k is 
abelian over Q and p is an odd prime number ( see the paper [1S96-7] and 
the papers cited in it, especially Kraft-Schoof [22] and Kurihara [23] in 
part II of [1S96-7]). However, at present we do not know any algorithm 
to determine whether Greenberg's conjecture is true, or more precisely, 
to determine the order of An for sufficiently large n, after a finite amount 
of times. 

Let k be a totally real field and p an odd prime number. We de­
note by r the Galois group Gal(k00 /k), and by A~ the subgroup of An 
consisting of ideal classes which are invariant under the action of r. As­
sume that p splits completely in k and also that Leopoldt 's conjecture 
is valid for k and p. In this note, we will report on our recent results, 
most of which are appearing in [Ta99a], [Ta99b] and [Ta00], concerning 
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p-adic special functions and ideal class groups of kn. First, we give in 
§2 a simple formula for the order of A~ for sufficiently large n in terms 
of the residue at 1 of the p-adic zeta function of k. This enables us 
to calculate the order of A~ as a practical matter. When k is a real 
abelian field with degree prime to p, as mentioned in §3, a formula for 
the order of W-component of A~ can be also given in terms of a special 
value of the p-adic £-function associated to W, where W is an irreducible 
(QlP-character of the Galois group Gal(k/(Ql). In the case where p splits 
completely ink, the order of A~ is closely related to Greenberg's conjec­
ture. Hence these formulas imply an alternative formulation (resp. the 
W-component version of it) of Greenberg's criterion [Gr76, Theorem 2] 
on the vanishing of the Iwasawa >..- and µ-invariants of k00 /k. In §4, as 
an easy application of these formulas, we give a simple proof of Ozaki's 
theorem [Oz97, Theorem 1] which is regarded as a totally real version 
of classical Kummer's criteria for p-divisibility of the class number of 
<Ql((p), and also show the W-component version of Ozaki's theorem. As 
another application, we mention in §5 the result that there exist infin­
itely many real quadratic fields in which the prime 3 splits and whose 
Iwasawa ,\3-invariant vanishes. 

§2. A simple genus formula (totally real case) 

Here and in what follows, we use the same notation as in the previous 
section. Assume that k is a totally real field and pan odd prime number. 
Let (p(s, k) be the p-adic zeta function of k, which is continuous on 
Zp - { 1} and has simple pole at s = 1 if Leopoldt 's conjecture is valid 
for k and p ( cf. [ Col88]). Let us put 

(;(s, k) = (p(s, k). 
(p(s,<Ql) 

to cancel the simple pole at s = 1. Then we have the following genus 
formula in terms of the residue of the p-adic zeta function. 

Theorem 2.1 (cf. [Ta99a]). Let k be a totally real field and pan 
odd prime number. Assume that p splits completely in k and also that 
Leopoldt's conjecture is valid fork and p. Then 

#A~= pvp((;(l,k)) 

for sufficiently large n. 

Proof It follows from a lemma on the order of Gal(M/k00 ) proved 
by Coates [Coa77, Lemma 8 in Appendix], a limit formula for p-adic 
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zeta functions proved by Colmez [Col88, Main theorem], some property 
of a finite unramified extension over k=, and (local or global) class 
field theory, where M denotes the maximal abelian pro-p-extension of k 
unramified outside p. For the details, see the paper [Ta99a]. D 

Remark 2.2. A limit formula for p-adic zeta functions [Col88, 
Main theorem] implies that the right hand side in the theorem above is 
given by 

pvvu:;(l,k)) = #Aopvp(Rp(k))-[k:«J>]+l, 

where Rp(k) denotes the p-adic regulator of k and [k: IQl] the degree of 
k over IQ). Using this formula, we can practically calculate the order of 
A~ for sufficiently large n, even if k is non-Galois (see [Ta99a, Example 
4.2]). 

Remark 2.3. The formula in Theorem 2.1 is regarded as a gen­
eralization of a formula for real quadratic fields obtained by Fukuda and 
Komatsu [FK86a, Proposition 1] (or [FK86b]), and also as an explicit 
version of a formula for real abelian fields obtained by Inatomi [In89, 
Proposition 2]. Comparing our formula in Remark 2.2 and Inatomi's 
one, we find that vp(Rp(k)) is equal to the integer m, which is defined 
in [In89] and used to describe his formula. Therefore, it follows that 

#A~= pvp((;(l,k)) for all n 2: vp(Rp(k)), 

because Inatomi shows his formula holds for all n 2: m and his proof 
works equally as well for our situation. 

Remark 2.4. In the proof of Theorem 2.1, we also use the prop­
erty that M / k= is an unramified extension, where M is the same as 
in the proof above (see [Oz97, Proposition 1] or [Ta99a, Lemma 2.3]). 
However, this property does not hold for p = 2. 

Remark 2.5. The formula in Theorem 2.1 does not hold in gen­
eral without the assumption on the decomposition of p in k/lQl. For 
example, in the case where k = IQ)(~) and p = 3 (sop= 3 remains 
prime ink), we find vp(Rp(k)) = 2. Hence we have 

Pvp((;(l,k)) = #Ao 32-1 = 9 

by a limit formula for p-adic zeta functions. On the other hand, since 
only one prime of k lies over p and this prime is totally ramified in k=f k, 
we have 

#A~= #Ao= 3 
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for all n ~ 0. Therefore we see #A~ =/- pvp((;(l,k)) for p = 3. 

In the case where p splits completely ink, A~ is an important object 
in the study of Greenberg's conjecture. Let Dn be the subgroup of An 
consisting of ideal classes represented by products of prime ideals of kn 
lying above p. Then it is clear that Dn CA~. Now we recall a theorem of 
Greenberg on the vanishing of the lwasawa invariants (including p = 2). 

Theorem 2.6 (Theorem 2 in Greenberg [Gr76]). Let k be a to­
tally real field and p a prime number. Assume that p splits completely 
in k and also that Leopoldt's conjecture is valid fork and p. Then the 
following two conditions are equivalent: 

(1) >-.p(k) = µp(k) = 0, 
(2) #A~ = #Dn for sufficiently large n. 

Now, by Theorem 2.1 and Remark 2.2, we can obtain an alternative 
formulation of Theorem 2.6. 

Theorem 2.7 (cf. [Ta99a]). Under the same assumptions as in 
Theorem 2.1, the following three conditions are equivalent: 

(1) >-.p(k) = µp(k) = O, 
(2) #Dn = pvp((;(i,k)) for some n ~ 0, 
(3) #Dn = #Ao pvp(Rp(k))-[k:QJ+l for some n ~ 0. 

Although Theorem 2. 7 seems to be only a little different from the 
original theorem of Greenberg, it suggests that the validity of Green­
berg's conjecture can be regarded as based on a certain arithmetic rela­
tion between an analytic object and an algebraic object. 

§3. A simple genus formula (real abelian case) 

In this section, we assume that k is a real abelian field and p an 
odd prime number. Then, Leopoldt's conjecture is valid for such a case 
by a theorem of Brumer [Br67], and also we know µp(k) = 0 by the 
Ferrero-Washington theorem [FW79]. Put .6. = Gal(k/Q). We further 
assume that the order of .6. is not divisible by p. Let \JI be an irreducible 
QP-character of .6., and A! the \JI-component of An, namely, 

Note that eq, is an idempotent of Zp[.6.]. 

Remark 3.1. If '110 is the trivial character of .6., then A!0 = {1}. 
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Let (A!f be the subgroup of A! consisting of ideal classes which 
are invariant under the action of r. We define the p-adic £-function 
associated to \J! by 

Lp(s, \J!) = IT Lp(s,'1/J), 
,t,liv 

where '1/J runs over all irreducible components of \J! over the algebraic 
closure ijP of Qp, and Lp(s, '1/J) denotes Kubota-Leopoldt's p-adic £­
function associated to '1/J. Here we regard '1/J as a primitive p-adic Dirichlet 
character. Note that Lp(s, \J!) has non-zero values at s = 1 if \J! is non­
trivial. Then we have the following genus formula which is the \J!-part 
version of Theorem 2.1. 

Theorem 3.2 (cf. [Ta99b]). Let k be a real abelian field with Ga­
lois group A and p an odd prime number. Assume that the order of 
A is prime top and also that p splits completely in k. Then, for each 
non-trivial irreducible QP-character \J! of A, we have 

for sufficiently large n. 

Proof. It follows from Iwasawa main conjecture proved by Mazur 
and Wiles [MW84], some property of a finite unramified extension over 
k= and (local or global) class field theory. For the details, see the paper 
[Ta99b]. • 

We denote by >..t(k) the \J!-component of Ap(k), namely, the lwa­
sawa >..-invariant associated to A!. Note that Ap(k) = I:,i,d,i,>..f(k), 
where \J! runs over all irreducible QP-characters of A and d,i, denotes the 
degree of \J! over QP. In the case of real abelian fields, Greenberg's con­
jecture is equivalent to the statement called Greenberg's conjecture for 
\J!-components that >..f (k) = 0 for any (non-trivial) \J!. Let D! be the 
\J!-component of Dn. Since Theorem 2.6 holds by replacing each object 
with its \J!-component, we obtain by Theorem 3.2 the following \J!-part 
version of an alternative formulation of Greenberg's theorem. 

Theorem 3.3 (cf. [Ta99b]). Under the same assumptions as in 
Theorem 3.2, for a non-trivial irreducible QP-character \J! of 6., the fol­
lowing two conditions are equivalent : 

(1) >..t(k) = 0, 
(2) #D! = pvv(Lv(l, iv)) for some n ~ 0. 
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Remark 3.4. Let (;(s, k) be as in the previous section. Since 

c;(s,k) = II Lp(s, \JI) 
>lT#l 

where the product runs over all non-trivial irreducible (QlP-characters \JI 
of ~, we see by Remark 3.1 that Theorems 3.2 and 3.3 imply a special 
case of Theorems 2.1 and 2.7, respectively. 

§4. A simple proof of Ozaki's theorem 

Ozaki showed the following theorem which can be regarded as a 
"totally real" analogue of classical Kummer's criterion for p-divisibility 
of the class number of (Ql( (p). In this section, we give its simple proof by 
using Theorem 2.1, and further, show the \JI-component version of his 
theorem. 

Theorem 4.1 (Theorem 1 in Ozaki [Oz97]). Let k be a totally 
real field and p an odd prime number. Let K 00 be a Zv-extension of 
k, with n-th layer Kn, in which the primes of k lying over p are totally 
ramified. Assume that p splits completely in k. Then the following two 
statements are equivalent : 

(1) The class number of Kn is divisible by p for all n 2'. 1, 
(2) p(v(O, k) = 0 (mod p). 

Remark 4.2. In the theorem above, since K 00 /k is totally ram­
ified at p, the negative proposition of statement (1) is equivalent to the 
following one: 

(a) The class number of Kn is not divisible by p for all n 2'. 0. 
Indeed, if statement (a) does not hold, namely, if the class number of 
Kn is divisible by p for some n 2'. 0 (so, for every n sufficiently large), 
then Gal(L00 / K 00 ) -/- {1 }, where L00 is the maximal unramified abelian 
pro-p-extension of K 00 • Note that Gal(L00 / K 00 ) is a finitely gener­
ated torsion Zv[[T]]-module (cf. [Iw73a, Theorem 5]). Let Vn = ((1 + 
T)Pn - 1)/T E Zv[[Tl]. By Nakayama's lemma, we have Gal(L00 /K00 ) 

/vnGal(L00 /K00 )-/- {1} for all n 2'. 1. It is known that Gal(L00 /K00 ) 

/vnGal(L00/K00 Lo) is isomorphic to the p-Sylow subgroup of the ideal 
class group of Kn, where Lo is the maximal unramified abelian p­
extension of k ( cf. [Iw73a, Theorem 6]). Hence, this implies statement 
(1) in Theorem 4.1, because Gal(L00 / K 00 Lo) C Gal(L00 / K 00 ). The 
converse is obvious. Therefore we conclude the desired equivalence. 

Proof of Theorem 4.1. Assume that Leopoldt's conjecture fork and 
pis valid. Then K 00 is the cyclotomic Zv-extension of k. By Remark 4.2, 
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it suffices to prove that 

An= {1} for all n 2'.'. 0 ~ p(p(O, k) =J. 0 (mod p). 

Since An = { 1} if and only if A~ = { 1} and since KXJ / k is totally 
ramified at p, it follows from Theorem 2.1 that 

An = { 1} for all n 2'.'. 0 ~ An = { 1} for sufficiently large n 

~ A; = { 1} for sufficiently large n 

~ (;(1, k) =J. 0 (mod p). 

On the other hand, we can see that 

r*(l k) = (p(O,k) and ;- ( ) ( d ) '>p , (p(O, (Q) P'>P 0, (Q = 1 mo p . 

Hence it follows from this that 

(;(1, k) = p(p(O, k) (mod p). 

Therefore we get the desired result. 
If Leopoldt's conjecture for k and pis not valid, then we can find that 

statement (1) holds by the fact that the maximal abelian pro-p-extension 
of k unramified outside pis unramified over K= [Oz97, Proposition 1] (or 
[Ta99a, Lemma 2.3]), and also that statement (2) holds by the Iwasawa 
main conjecture proved by Mazur and Wiles [MW84]. • 

The following is one of immediate consequences of Theorem 4.1. 

Corollary 4.3. Let p be a fixed odd prime number and q an odd 
prime number satisfying p = 1 (mod q). Put k = (Q((q)+ and ~ = 
Gal(k/(Q). For the cyclotomic Zp-extension of k, let kn be its n-th layer 
and An the p-Sylow subgroup of the ideal class group of kn. Then the 
fallowing two statements are equivalent : 

(1) An=/- {1} for all n 2'.'. 1, 
(2) Ilx#l B1,xw-1 = 0 (mod p), 

where the product runs over all non-trivial p-adic Dirichlet characters 
x of~, w the Teichmuller character for p, and Bi,xw-1 the generalized 
Bernoulli number. 

Proof. Since p splits completely in k, this easily follows from Theo­
rem 4.1 because 

in this situation. 

p(p(O, k) = IT (-B1,xw-1) (mod p) 
x# 

• 
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Remark 4.4. Using the theory of cyclotomic units, Kim proved 
in [Kim95, Theorem 2] the assertion that (2) implies (1) in Corollary 4.3. 
Also, another result of Kim [Kim95, Theorem 3] is regarded as a conse­
quence of the contraposition of the assertion that (1) implies (2) in the 
corollary. 

Similarly as in the proof of Theorem 4.1, we can show the following 
theorem which is the W-part version of Theorem 4.1 in the case of real 
abelian fields. 

Theorem 4.5. Let k be a real abelian field with Galois group fl, 
p an odd prime number and k= the cyclotomic Zv-extension of k with 
n-th layer kn. Assume that the order of fl is prime top and also that p 
splits completely in k. Then, for a non-trivial irreducible QP-character 
\[I of fl, the following two statements are equivalent: 

(1) A!-/- {1} for all n ~ l, 
(2) Lv(O, w) = 0 (mod p). 

Again, the following is an immediate consequence of Theorem 4.5. 

Corollary 4.6. Let p, q, k, fl and An be as in Corollary 4.3. 
Then, for a non-trivial irreducible QP-character \[I of fl, the following 
two statements are equivalent : 

(1) A!-/- {1} for all n ~ l, 
(2) Il,;,1w B1,,t,w-1 = 0 (mod p), 

where the product runs over all irreducible components 'l/; of \[I over ijp, 
and w and Bi,,t,w-1 be the same as in Corollary 4.3. 

Proof. Since p splits completely in k and the order of fl is not di­
visible by p, this easily follows from Theorem 4.5 because Lp(O, 'l/;) 
- Bi,,t,w-1 in this case. • 

§5. A weaker problem on the A-invariants 

Althought there are some efficient criteria for Greenberg's conjecture 
to be true (see the paper [IS96-7] and the papers cited in it), we do not 
have general results on Iwasawa A-invariants of totally real fields, like as 
the Ferrero-Washington theorem, except for k = Q. So, in this section, 
we concentrate on the simplest case where k is a real quadratic field, 
and consider the following weaker problem than Greenberg's conjecture. 

Problem 5.1. For a given prime number p, do there exist infin­
itely many real quadratic fields k satisfying Ap ( k) = 0 and "some addi­
tional conditions"? 



410 H. Taya 

Needless to say, if there exist infinitely many real quadratic fields 
satisfying such "some additional conditions", then we clearly have an 
affirmative answer to Problem 5.1 under the validity of Greenberg's con­
jecture. Nevertheless, it seems that little is known about this problem, 
though we already have some results on it for p = 2, 3. Before recall­
ing such known results, we describes the following theorem of Iwasawa 
which is often useful for this kind of problem. 

Theorem 5.2 (Iwasawa [Iw56]). Let p be a prime number and L 
a finite extension of Q. Let L 00 be the cyclotomic Zp-extension of L and 
Ln its n-th layer. Assume that p dose not split in L and that the class 
number of L is not divisible by p. Then the class number of Ln is not 
divisible by p for all n ~ 0. In particular, we have Ap(L) = µp(L) = 
vp(L) = 0. 

First, in the case where p = 2, genus theory implies that there exist 
infinitely many real quadratic fields k such that the class number of k is 
odd and 2 does not split in k. Hence, it follows from Theorem 5.2 that 
there exist infinitely many real quadratic fields k such that )..2 ( k) = 0 
and 2 does not split in k. Also, in [OT97, Theorem], we gave several 
infinite families of real quadratic fields k with >.2 (k) = 0. According to 
this, we immediately see the following: 

(i) There exist infinitely many real quadratic fields k such that 
>.2{k) = 0, the prime 2 splits in k and the class number of k is 
odd (or even), 

(ii) There exist infinitely many real quadratic fields k such that 
)..2 ( k) = 0, the prime 2 does not split in k and the class number 
of k is even, 

(iii) Let N be a given positive integer. Then there exist infinitely 
many real quadratic fields k such that >.2 (k) = 0, the class num­
ber of k is even ( or the prime 2 splits in k) and the "minus" >.­
invariant corresponding to k is greater than N, where the"minus" 
>.-invariant corresponding to k means >.2 (Q( H)) if k = Q(vfd). 

Further, Ozaki recently constructed a new infinite family of real qua­
dratic fields k with >.2 (k) = 0 (see [Oz98, Theorem 6]). The following is 
a conclusion from his result. 

(iv) There exist infinitely many real quadratic fields k such that 
>.2(k) = 0, the prime 2 splits ink (resp. does not split ink) and 
the 2-rank of the ideal class group of k is equal to 2 (resp. 3). 

Here we note that we cannot apply Theorem 5.2 to cases (i)~(iv). 
Next, we recall the case where p = 3. For a positive integer N, we 

denote by IC(N) the set of real quadratic fields with discriminant less 
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than N. Then, Nakagawa and Horie showed in [NH88] the following, 
using a theorem of Davenport and Heilbronn [DH71]. 

Theorem 5.3 (Theorem 3 in Nakagawa and Horie [NH88]). For 
a real quadratic field k, let d( k) be the discriminant of k and h( k) the 
class number of k. Then 

li . f #{ k E /C(N) I d(k)-/=. 1 (mod 3), 3 ,,/' h(k)} 25 _ . 
~l~ #/C(N) ~ 48 - 0.52083. 

From Theorems 5.2 and 5.3, it follows that 

1. . f#{ k E /C(N) I d(k)-/=. 1 (mod 3), ,\3(k) = µ3(k) = 113(k) = 0} 
W_;~ #IC(N) 

25 >-. 
- 48 

Therefore we obtain the following corollary. 

Corollary 5.4. There exist infinitely many real quadratic fields k 
such that >.3 (k) = 0 and the prime 3 does not split ink. 

On the other hand, we have not known whether there exist infinitely 
many real quadratic fields k with Ap ( k) vanishing and p splitting there, 
for a given odd prime number p. But, we can now give an answer to 
this problem in the case where p = 3 splits in k as an application of 
Theorem 4.1 (or Theorem 4.5). We introduce this in the rest of this 
note. 

First, in the case where k is a real quadratic fields and p = 3, we can 
rewrite Theorem 4.1 (or Theorem 4.5) as follows, by using Remark 4.2 
and a relationship between the class numbers of imaginary quadratic 
fields and generalized Bernoulli numbers ( or special values of p-adic £­
functions). 

Proposition 5.5 (cf. [Ta00]). Let d be a square-free positive in­
teger with d = 1 (mod 3). Put k = Q(v'd) and k* = Q(\i-3d). For 
the cyclotomic 71,3-extension koc, of k, let kn be its n-th layer and An the 
3-Sylow subgroup of the ideal class group of kn. Then the following two 
statements are equivalent : 

(1) An= {1} for all n ~ 0, 
(2) The class number h(k*) of k* is not divisible by 3. 

Remark 5.6. Proposition 5.5 can be directly proved by a purely 
algebraic argument. For the details, see [Ta00, Remark 2]. 
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Proposition 5.5 says that the problem of finding infinite families of 
real quadratic fields k with .A.3 ( k) vanishing and the prime 3 splitting is 
reduced to the problem of finding infinite families of imaginary quadratic 
fields k whose class number is not divisible by 3. And the latter problem 
can be solved by results of Nakagawa and Horie [NH88]. Consequently, 
we obtain the following theorem. 

Theorem 5.7 (cf. [Ta00]). For a real quadratic field k, let d(k) be 
the discriminant of k, kn then-th layer of the cyclotomic '1/.,3-extension 
of k, and hn the class number of kn. Then 

1. . f#{ k E K,(N) I d(k) = 1 (mod 3), 3 J hn for all n 2 0} 
WJ~ #K(N) 

3 
2:: 16 = 0.1875. 

Proof. This follows from Proposition 5.5 and [NH88, Theorem 1 and 
Proposition 2]. For the detail, see the paper [Ta00]. D 

Now, we can give an affirmative answer in the case where p = 3 
splits ink. Namely, we obtain the following. 

Corollary 5.8. There exist infinitely many real quadratic fields k 
such that A3(k) = 0 and the prime 3 splits ink. 

Combining Theorems 5.3 and 5.7, we get the following. 

Theorem 5.9. We have 

1. . f #{ k E K(N) I A3(k) = µ3(k) = v3(k) = 0} 17 _ 0 7083-imm ----------------- > - . . 
N---->oo #K,(N) - 24 

Remark 5.10. Recently, K. Ono [On99] showed by Theorem 5.2 
that for each prime number between 3 < p < 5000, there exist infinitely 
many real quadratic fields k such that Ap(k) = µp(k) = vp(k) = 0 and 
p does not split in k. In fact, he succeeded in estimating the number of 
real quadratic fields k with discriminant d( k) less than a given positive 
integer, such that its class number is not divisible by p, the prime p 

ramifies ink, and Vp ( Rp(k)/ y'd(k)) = 0. 

Remark 5.11. We do not know any infinite families of real qua­
dratic fields k with Ap(k) = 0 and vp(k) =I- 0, for a give prime number 
p 2 3. 
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Remark 5.12. We do not know any infinite families of real qua­
dratic fields k such that Ap( k) = 0 and the p-rank of the ideal class group 
of k is (arbitrarily) large, for a give prime number p 2 2. 
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Added in proof. Concerning Problem 5.1, D. Byeon recently showed by 
refining Ono's ideal that for a given prime number p 2: 5, there exist infinitely 
many real quadratic fields k such that >.p(k) = 0 and p splits in k. For the 
details, see his paper "Indivisibility of class numbers and lwasawa >.-invariants 
of real quadratic fields", which is to appear in Compositio Math. 
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