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Hodge Cycles and Unramified Class Fields

Hiromichi Yanai

In the theory of complex multiplication, we obtain ramified class
fields by the torsion points of a CM abelian variety and unramified class
fields as certain fields of moduli (cf. [S-T]). Several authors studied the
class fields obtained by complex multiplication ([K], [R], [S], [Mau], [O}]).

When the abelian variety has “many” Hodge cycles (hence the Hodge
group is “small”), it is known that the ramified class fields are “small”
(cf. [R]). On the contrary, we know no clear relation between Hodge
cycles and unramified class fields. In certain cases, however, the exis-
tence of exceptional Hodge cycles helps us to say something about the
unramified class fields.

In the previous paper [DCM], we have shown a method of con-
structing CM abelian varieties with exceptional Hodge cycles and we
have given several examples in which we can determine the degrees of
the unramified class fields obtained as fields of moduli.

In the present note, we shall generalize the result of [DCM] and
explain how the exceptional Hodge cycles influence the unramified class
fields.

§1. Exceptional Hodge Cycles

Let A be a'CM abelian variety of type (K, S) defined over a sub-
field of C with dim A = d, where K is a CM-field of degree 2d and
S is a CM-type of K (cf. [S-T]). Let Hg = Hg(A) be the Hodge (or
the special Mumford-Tate) group of A, that is a sub algebraic torus of
GL(H(A,Q)). It is known that dim Hg < d. When A is simple and
dim Hg < d, there exist certain Hodge cycles on a product A* of several
copies of A that are not generated by the divisor classes; we call such
Hodge cycles ezceptional (cf. [DCM]).
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In this section, we give a method of constructing CM abelian vari-
eties with exceptional Hodge cycles. This generalizes [DCM Theorem
2.1].

Consider a chain of three distinct CM-fields
K>K, D Kg,

which we regard as subfields of C. Let 2d, 2d;, 2d3 be the degrees
of K, K, Ks over Q, respectively. Let I', I, I be the sets of the
embeddings of these fields into C and let my : I' — I}, 712 : [1 — I35 be
the canonical surjections.

Take a CM-type S of K satisfying the following condition:

(%) For each p € I, there exists a nonnegative integer a,, such that
for each 7 € I} with mi2(7) = p, #{oc € S | m(o) =7} =a,.

d
Under this condition, we have a, +au, = [K : Ki]| = I where p
1

denotes the complex conjugation.
Our theorem is

Theorem 1.1. Take o CM-type (K,S) satisfying the condition
(*). Let A be a CM abelian variety of type (K,S) and let Hg be its
Hodge group. Then we have

Remark 1.2. Our theorem gives an upper bound for the dimen-
sion of the Hodge group under the condition (). We should note that
L. Mai [Mai] has discussed certain lower bounds.

If the abelian variety A considered in Theorem 1.1 is simple, we
have exceptional Hodge cycles on A itself (see Section 2). This does not
necessarily hold in general degenerate (i.e., dim Hg < d) cases (cf. [W]).

Proof of Theorem. Since our argument is similar to that of
[DCM], we give only an outline.

For a CM-field F, Tr = Resp;q(Gm) denotes the algebraic torus
corresponding to the multiplicative group F'* and T;f denotes the kernel
of the norm map Ng/p+ : Tp — Tp+, where F7 is the maximal real
subfield of F.

Since K acts on the cohomology group H'(4, Q), we can regard Tk
as a subgroup of GL(H'(A, Q)). It is known that Hg C T{ C Tk (cf.
[DCM]).
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We consider several algebraic tori and morphisms between them:

Tk — Tk, DTk, DT,
K/K; J
where Nk /g, is the norm map and j is the closed immersion.
Put

T = Ny, (§(Ts,)) N Tg.

Then we can show
Hg CT and dim(T#/T)=d; —d»

(see the proof of [DCM Theorem 2.1]). Since dim T} = d, these imply
our Theorem. ]

Example 1.3. Let K be the cyclotomic field of 37-th roots of
unity. We naturally identify the Galois group I' = Gal(K/Q) with the
group (Z/37Z)*. Let K1, K3 be the subfields of K of degree 12 and
4 over Q, and Hy, H; be the corresponding subgroups of I, respec-
tively. Then Hy = {1,26,10} and Hy = H; U16H; U 34H;. The coset

decomposition of I is
I'=HyU2H5U36H; U 35H,.

Put p = Hs, p' = 2H5 € I, so that pp = 36Hs, pu' = 35H,. Taking
ay =2, ay =3, ap, =1, ayy = 0, we choose two elements from each
of Hy, 16H;, 34H; and choose all elements of 2H;. From 36H:s and
35H,, we must choose the elements that are not complex conjugate to
any elements selected before. In this way, we get a simple CM-type S
satisfying the condition (x); for example,

S =1{1,2,3,7,12,14,15, 16, 18, 20, 24, 26, 27, 28, 29, 31, 32, 33} .

In this case, we have dimHg = 18 — (6 — 2) = 14. Moreover, we can
construct an exceptional Hodge cycle by the elements of (for example)
H; U21H, = {1,10,21, 25,26,28} (cf. Remark 2.2 below).

§2. Unramified Class Fields

In this section, we explain how the exceptional Hodge cycles ob-
tained in Theorem 1.1 restrict the degree of the field of moduli.

From now on, we assume that the CM-field K is abelian over Q.
Let A be a simple, principal (in the sense of [S-T]) CM abelian variety
of type (K, S) and let Hg be its Hodge group. Let Xx = X (Tk) be the
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character group of Tk, that is naturally identified with the group ring
Z [I']; each element of X can act on the ideal classes of K.

Let Hg' C Xx be the group of the annihilators of Hg in Xx. Take
an embedding 6 : K — End(A) ® Q inducing the CM-type S and take a
polarization C of A. Then the field of moduli M of the triple (A,6,C) is
an unramified class field over K. We denote the ideal class group of K
by Ck and denote the subgroup of C'x corresponding to M by Ck(S).

The next proposition is none other than [DCM Proposition 3.1].

Proposition 2.1. For A € Ck and ¢ € Hg', we have A* ¢
Ck(S).

In the rest of this section, we assume that K, K;, K5 and S are as
in Theorem 1.1. We can describe certain elements of HgJ‘ explicitly:

Proposition 2.2. For yu € Iy and 7, 7 € I satisfying 7 # 7'
and T12(7) = T12(7') = p, put ~

y=ypn)= > o+ Y, .

cerlr oler
w1 (o)="T w1 (e )=r'p
Then we have

(i) y € Hg' and y ¢ (TF)*,
(ii) for each A € Ck, AY € C,
where C1 is the image of the natural map Ck, — Ck.

Remark 2.3. The element y is corresponding to a (complex val-
ued) exceptional Hodge cycle on A. See [H], [P].

Proof of Proposition 2.2. The following characterization of the
elements of Hg" can be found in the proof of [DCM Proposition 1.1].

For z = Zn,y'y € Xk,
yel'

z € Hg' & for each g € I, Z ny = Z Nyt
Y9€S Y'geSp

We rewrite y so that y = Z m.~y. Then, for each g € I',
yeI

d d d
Zmvzaug'}‘aupg:d_:(d—_aug)"’(d‘—“upg): Z My
v9€S ! ! ! v'geESP
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Hence y € Hg'. The assumption 7 # 7/ implies yp # y; this proves
y ¢ (T#)L. We have thus obtained (i).
We can easily see AY = (Ng/k, (A))™7'? € Cy. This proves (ii). O

Let D be the subgroup of Ck generated by the ideal classes of the
form A¥(»7™7) where A € Ck and p, 7, 7' are as in Proposition 2.2.
Then, by Proposition 2.1 and 2.2, we have

D C ;N Cx(S) C Ck.

In some cases, it may happen that D = C; C Ck(.S). If this is the
case then we can say that a sub CM-field K; with “large” class number
causes a “small” unramified class field.

Finally, we recall the examples in [DCM].

In [DCM Example 3.2], K is the cyclotomic field of 31-st roots of
unity; K3 and Ky are the sub fields of degree 6 and 2 over Q, respectively.
Here we have hg = hy = hi, = hi =9 and #Ck(S) = 3.

In [DCM Example 3.4], K is the cyclotomic field of 61-st roots of
unity; K3 and K5 are the sub fields of degree 20 and 4 over Q, re-
spectively. Here we have hx = hy = 41-1861, hg, = hy, = 41 and
#Ck(S) = 41.

In both examples, we have D = C; = Ck(5).
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