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Geometry of cuspidal sextics and their dual curves

Mutsuo Oka

§1. Introduction

Let C be a given irreducible plane curve of degree n defined by
f(z,y) = 0 where f(z,y) is an irreducible polynomial. C is called a
torus curve of type (p,q) if p,q|n and f(z,y) is written as f(z,y) =
In/p(®,Y)P + fr/q(z,y)? for some polynomials f,/p, fn/q of degree n/p
and n/q respectively. This terminology is due to Kulikov, [K2]. Torus
curves have been studied by many authors ([Z], [01],[K2], [D],[T]).

In the process of studying Zariski pairs in the moduli of plane
curves of degree 6 with 3 cusps of type y* — 3 = 0, we have ob-
served that there exist two irreducible components N3 1/PSL(3,C) and
N3 2/ PSL(3, C) which corresponds to torus curves and non-torus curves
respectively (Lemma 25). Their dual curves are sextics with siz cusps
and three nodes. Starting from this observation, we study the moduli
space of sextic with 6 cusps and 3 nodes which we denote by M and
the moduli of their dual curves. It turns out that M has a beautiful
symmetry. The “regular part” (=Pliicker curves) of M is stable by the
dual curve operation and the moduli of 3 (3,4)-cuspidal sextics N3 is
on the “boundary” of M in a nice way (Theorem 18). By the dual op-
eration, this moduli is isomorphic to a “singular” stratum M3z of M,
which consists of 6 cuspidal 3 nodal sextics with 3 flexes of order 2. The
moduli space M is a disjoint union of torus curves and non-torus curves.
The generic Alexander polynomial Ac(t) of P2 — C is determined by
the type of C. Namely if C is a torus curve, Ac(t) = t> —t + 1 and
71 (P2 —C) = Zy*Z3, while for non-torus curve C, Ac(t) = 1. Moreover
we show that the dual curve C* is a torus curve if and only if C is a
torus curve. This is striking, as it implies also that the topology of the
complement is preserved by the dual operation for a torus curve in M.
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This paper is composed as follows. In section 2, we study dual curves
and their singularities. We show a simple lemma which enable us to com-
pute the defining polynomials of the dual curves explicitly (Lemma 4)
and then we introduce a stratification, which is called flex stratification,
in the local moduli space of a germ of singularity. This stratification
enjoys the following property. The defect of a singularity to the number
of flexes is constant on each stratum and the image of a stratum by the
dual map is again a stratum. Thus the topological structure of the dual
singularity is also constant along a stratum (Theorem 14).

In section 3, we study the moduli space M and other modu/l_i\spaces
which appear on the canonical stratification of the “closure” M of M
(Theorem 18). In section 4, we compute the moduli space of sextics
with 3 (3,4)-cusps. In sections 5 and 6, we compute the fundamental
groups of the complements of 3 (3,4)-cuspidal sextics of torus type and
non-torus type. In section 7, we give a new Zariski triple of plane curves
of degree 12 with 12 (3,4)-cusps, as an application of Theorem 18.

§2. Dual curves

In this section, we first recall some basic properties of the dual
curves. For general references, refer to [W1], [B-K] and [N]. We will
also present several new results on dual curves which will be used in
later sections (Lemma 4, Theorem 14).

Let C be an irreducible plane curve in P2 and let F(X,Y, Z )=0Dbe
an irreducible polynomial which defines C and let f(z,y) = F(z,y,1).
Here X,Y, Z are homogeneous coordinates and (z,y) are affine coordi-
nates given by z = X/Z,y = Y/Z. At a simple point P = (o, 8) € CN
C?, the tangent line TpC is given by %ﬁ(a, B)(z—a)+ %(a, B)y—a) =
0.

Let P*2 be the dual projective space with homogeneous coordinates
U,V,W. The dual curve C* of C is the closure of the image of the
mapping P — TpC for the regular points P € C. More explicitly it is
given by (X,Y,Z) — (U,V,W) where U = Fx, V = Fy and W = Fy.
Thus a defining homogeneous polynomial of C*, denoted by G(U, V, W),
can be obtained by eliminating X,Y, Z from the above equalities and
F(X,Y,Z)=0.

Let ¢ : C — C be a normalization of C and let t be the (local)
coordinate of C. Let (x(t),y(t)) be the affine parameterization of C.
Then the tangent line is given by y — y(t) = ZJI,(%(m — z(t)). Thus the
dual curve is parameterized in homogeneous coordinates as follows:

1) UD=y@), V@E)=-2@F), W)=yt -zt
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Applying (1) to C* again, we see easily that the dual curve operation
enjoys the reciprocity law C** = C and thus C and C* are birationally
equivalent.

2.1. Action of the automorphism

The group G:= PSL(3, C) acts on P? from the right side as: P? x
G - P? ((X,Y,2),A) — (X,Y,Z)A. Let A € G and we denote by
¢4 the automorphism induced by the right multiplication. Then the im-
age p4(C) of the curve is defined by the polynomial ¢%_, F(X,Y, Z) =
F((X,Y,Z)A™1). Put C4 := p4(C). The following is easy to be proved.

Lemma 2. We have (CA)* = (C*)'A™". Thus if C* is defined by
G(U,V,W) =0, (C#)* is defined by o ,G(U,V,W) = G((U,V,W)tA).
In particular, if C* is a torus curve, (C4)* is a torus curve for any
A e PSL(3,C).

2.2. Class formula

Assume that C is an irreducible curve of degree n with k singularities
P, for i = 1,...,k. Let m; be the multiplicity, let u; be the Milnor
number and let 7; be the number of irreducible components of C at P;
respectively and let g be the genus of the normalization C. The degree
n* of the dual curve is called the class number of C and n* is given by
the formula:

k k
3) n*=2(g-1+n) —Z(mi —ri) =n(n—-1) —Z(MH—mi -1)
i=1

i=1

The second equality follows from the (modified) Pliicker formula:
2-29=3n-n?+ E:;l(ﬂi +r;—1).

2.3. Defining polynomial of the dual curve.

Let F(X,Y,Z), f(z,y) and C be as before. Let G(U,V,W) be
the defining homogeneous polynomial of C* and let g(u, v) be the affine
equation, given by g(u,v) = G(u,v,1). G is given by eliminating X,Y, Z
from F(X,Y,Z) and Fx — U, Fy —V, Fz — W. However this elimina-
tion involves a tremendous computation. We prefer the following simple
formula.

Lemma 4. Assume that the line Z = 0 cuts C transversely. Let
P, = (a4,6:), @ = 1,...,k be the singular points of C and let u; be
the Milnor number and let m; be the multiplicity of C at P;. Put
fi(z1,p, 1) == f(z1 — py1,v1) and let h(z1,p) := Ay, (f1) be the dis-
criminant polynomial of f1 with respect to y;. Then h(zy,p) is a poly-
nomial of degree n(n — 1). Put §(u,v) = h(=1/u,v/u)u™™V. Then
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g(u,v) can be written as §(u,v) = g{u,v)L(u,v) where L is given by
L(u,v) = Hle(a,-u + Biv + 1)#tmi~l and the polynomial g(u,v) is
a defining polynomial of the dual curve in the affine coordinates u =
U/W,v=V/W.

Remark 1. This formula also holds without the genericity as-
sumption of the line at infinity with a slight modification §(u,v) =
h(—1/u,v/u)ude®) . The defining polynomial g(u,v) is obtained by th-
rowing away all the multiple factors from §(u,v). Therefore for the
determination of g, we only need an elimination of one variable. Thus
the computation is very easy.

Proof. Let f*(u,v) be the defining polynomial of the dual curve.
Consider p as a fixed constant. (We consider p as a variable later.) First
observe that h(a,p) = 0 with a # —(a; +p8;), i =1,...,k, if and only if
z+py—a =0 is tangent to C. Thus (—1/a, —p/a) € C* when h(a,p) =
0. Thus g(u,v) = 0 defines C* as a set. By a standard argument of
discriminant, deg,, h(zx1,p) = n(n — 1) and the solutions of h(z1,p) = 0
in z; are all simple except x; = ;4 3;p, while the contribution from the
singular point P; is given by (1 — (a;+8ip))"”* where v; is the intersection
multiplicity of C and ‘—g—% =0 at P;, considering p as a constant (see for
example, [O5]). Furthermore we have the equality: v; = pu; + m; — 1
by [Le] for a generic p. We need to show deg h(z1,p) =n(n—1) as a
polynomial of two variables x;, p.

Step 1. Assume that C is a smooth curve. Then it is well-known that
f*(u,v) is an irreducible polynomial of degree n(n—1). Let h*(z1,p) :=
F*(=1/z1, —p/x1)a ™ Y. Then h* is also an irreducible polynomial
of degree n(n — 1) and by the above consideration, h*(z1,p) divides
h(z1,p). So we conclude that h(z1,p) = h*(z1,p) up to a multiplication
of a constant.

Step 2. Our case. Let fi(z,y) = f(z,y) —t. Then for ¢ # 0, sufficiently
small, C; := {fi(z,y) = 0} is a smooth curve of degree n. Let h;(z1,p)
be the discriminant polynomial of f;(z1 —py, y) in y. Then h;(z1,p) has
degree n(n —1) as a polynomial of z;,p. Thus as hg = h, deg h(z1,p) <
n(n — 1). As we have already seen that deg,, h(z1,p) = n(n — 1), we
conclude that deg h(z1,p) = n(n —1). Q.E.D.

2.4. Flex points

Let C be an irreducible plane curve of degree n defined by a homoge-
neous polynomial F(X,Y,Z) = 0 and put f(z,y) = F(z,y,1) as before.
A regular point P € C is called a flex of order r if the intersection mul-
tiplicity I(C,TpC; P) of C and the tangent line TpC at P is r + 2. We
simply say a flex in the sense of a flex of order 1. It is well-known that
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flex points are defined by H(X,Y,Z) = 0 on C where H(X,Y, Z) is the
Hessian of F' which is a homogeneous polynomial of degree 3(n — 2).
Using the Euler equality nF' = XFx + YFy + ZFz, we can easily ob-
tain Z2H = —(n— 1)2(FX,XF12/ —2FxyFyFx + Fy,yF}%) modulo (F).
We consider the polynomial F(f) := fz fy2 — 2fuyfyfe + fyuf? (see
also §5, [O5]) and let J be the plane curve defined by F(f)(z,y) = 0.
Note that deg F(f) = 3n — 4. We define the flex defect at P of C by
the intersection multiplicity I(C, H; P) of C and H at P and we denote
this integer by §(P; f) or §(P; C). By the above equality, the flex defect
§(P; f) is equal to the intersection number I(C, J; P) for P € C n C?.
Let Py,..., Py be the singular points of C. Thus we have

Proposition 5. The number of flexes i(C), counted with the mul-
tiplicity, is given by 3(n — 2)n — Zi;l (P C).

Remark 2. The multiplicity of a flex point is counted by the flex
defect, which turns out to be equal with the order by Corollary 9.

2.5. Flex defect formula and flex stratification

Let o be an equivalence class of an isolated plane curve singularity
germ. Here two germs (C,0) and (C’, O) at the origin are equivalent if
they are joined by an equisingular family (i.e., y-constant family). We
define the generic flex defect of o by min{d(f;O); f € o} and we denote
the generic flex defect by 6(c). Let f(z,y) be a polynomial and let C(f)
be the plane curve {f(z,y) = 0}. We say that f(z,y) or C(f) is generic
(at O) in o if (C(f),0) € o and §(0; f) = §(0).

Let P = {(m1,n1),...,(me,ne)} be a given set of Puiseux pairs
and let o(P) be the equivalent class of the irreducible curve singular-
ity having P as Puiseux pairs. Assume that (C,0) € o(P) is defined
by f(z,y) = 0 and y = 0 is the tangential direction. Then y can be
expanded in a Puiseux series as y = p(z/"),
©)  e@/N)= T2, et +hi@N) 4o+ he(a N,

=8

Nj =np---nj, NZNK

where h;(z'/Ni) = c;zmi/Ni + 2oy <k<mii1/nii ¢ kx*/Ni and ¢, e,
—oy e # 0, ko = [my/n4], ged(ni, m;) = 1 and m; > m;_1n,;. Note that
a1 = 0 by the assumption on the tangent direction. Let & = {j;a; #
0,5 > 2}. We call the order s of p(x) in = the Puiseux order of f and we
denote it by Puiseux ord(f). Note that sN = I(C,y = 0; O) wherey =0
is the tangential direction. Thus the Puiseux order does not depend on
the choice of linear coordinates.
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Let s = Puiseux order(f). By the definition, s = min{j € S} if
S # 0 and s =my/n; if S = 0. As a function of z, ¢ is well-defined in
the region, say —m < arg(x) < 7, when a branch z'/V is fixed. We fix
a branch of /N hereafter. We consider the canonical stratification of
a(P) given by {o(P;2)...,0(P;[m1/m]),c(P;m1/n1)} where

a(P;s) = {(C(f),0) € o(P);Puiseux order(f) = s}.
We call this stratification the flex stratification of o(P).
Theorem 7. Assume that f(z,y) € o(P;s). Then we have

(8)  5(0;f) = (s —2ma---ne+ Xy 3(n; — m;(njsa -+~ ne)?

and f is generic if and only if s < 2, namely if either s = 2 ormy /n; < 2
and s =my/ng.

The formula (8) seems to be equivalent to Satz 2, p. 780, [B-K].

Proof. Put w = exp(2my/—1/N) and consider functions of z/N
defined by ¢;(z'/N) := p(z'/Nw?) for j = 0,...,N — 1. Note po = ¢.
The defining function f(z,y) is given by the product f(z,y) = Ug where
U is a unit and g(z,y) — (y — ¢o(@/V)) - (y — @n-1(z/V)). The
intersection number I{C, J; O) is given as val, F(f)(x(t), y(t)), using the
parameterization z1/N =t (so z(t) = tV) and y(t) = wo(t). First it is
easy to show:

Assertion 1. F(f)(z(t),y(t)) = U3F(9)(z(t),y(t)) and val(F(f)
(x(t),y(t))) is equal to valy(F(g)(z(t),y(t))).

Composing the parameterization mapping t — ¥(t) := (z(t), y(t)),
we have:

92,095 (t)) = (2 St 920 %8 [0 5 (0 — %)
~Ze 15 o — ) x (IS (w0 —92)) (W)
2024959y () = 2( 205" 2 Tipo (00 — 98)
N 58 TTy,500 — 0)) x (-22) (T3 (00 — ) ((8)
90492 = (205" Mo (00— 20)) (%2) (15100 — ) i)

Thus by an easy computation we get F(f)(z(t),y(t)) = —U%z/z(t))%‘%
(z(2) Hﬁi"ll((p()(z(t)) — @i(z(t))3. As the number of {0 < k < N;k =
0(Nj-1)}isn; - --ng—1, the assertion follows from the equalities val; ‘9—325‘59
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(z(t)) = (s — 2)N and val¢(po — k) (z(t)) = mjN/N;, if k = 0 (N;-1)
and k # 0 (N;). Q.E.D.

Corollary 9. For flex point P of order k, we have £ = 0 and
s=k+2. Thusé(P;f)=k.

We can generalize Theorem 7 to reducible singularities. To avoid
the complexity of notations, we do this only for the class of singularity
which is equivalent to the Brieskorn singularity By, : y? — 27 = 0 with
2 < p < q at the origin. We denote this equivalence class by 3, 4. Put
r = ged(p, q) and write p = rny and ¢ = rm;. Then each irreducible
component has the unique Puiseux pair {(mj,n1)}. Take a function
germ f(z,y) which defines such a singularity at the origin. As the reso-
lution complexity of a Brieskorn singularity is one ( [L-O]), after a linear
change of coordinates, we may assume that f(z,y) = fi(z,y) - - fr(z,y)
where fi(z,y) = (¥ — Xocicie/p 3T)™ + Cjm, o™ + (higher terms)
where a;, 2 < i < [g/p], are independent of j and ¢1,m,,.--.,Crm, are
mutually distinct non-zero complex numbers. In particular, the Puiseux
orders of fj,j = 1,...,r, are the same. Let o(8pq;s) be the set of
f € Bp,q whose irreducible components have the Puiseux order s.

Theorem 10. Assume that p < q and f € 0(Bp,q;8). Then the
flex defect and the generic flex defect are given as follows.

= 3pq — 3q, q>2p

6(0; f) =3pg — 3¢+ (s —2)p, (Bp,q) {3pq _optq),  q<2p
Proof. Let y = ¢;(z'/™) be the Puiseux expansion of y in z

for fij(z,y) = 0. By the assumption, it is written as ¢;(z'/™) =
ZsSi<[¢1/P] aimi_l-ziozml Cjakxk/nl where (Cl,ml )-n1 LA (c‘r,ml )nl are mu-
tually distinct complex numbers. Let us consider j(z}/™) = ¢,
(z1/™w*) with w = exp(2my/—1/n1). Then f;(z,y) is given by the
product (y — @j0) - (¥ — @jni—1). Denote the i-th branch f;(z,y) =0
by C;. To compute the intersection number I(Cy,J;0), we consider
the parameterization z(t) = t™ and y(t) = ¢1(t). Then by the same

computation as in the proof of Theorem 7, we obtain F(f)(z(t),y(t)) =

2
_%‘géaﬂ(z(t),y(t)) H(i’k)#l)o) (1,0 — pik)(z(t))®. Therefore we obtain

the formula

(11) I(Cy,J;0)
= vale(F(f)(z(t),y(t))) = 3rnimi — 3my + (s — 2)my
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The other intersection numbers I(Cj;,J;0),j = 2,...,r, are the same.
Thus as §(0; C) is the sum I(Cy, J;0) + - - - + I{C,, J; O), the assertion
follows immediately. Q.E.D.

Now we consider the case p = ¢. Then r = p and we may assume that
filz,y) =y — S5, cjkz® where {c1,1,...,¢p,1} are mutually distinct
complex numbers. Put S; = {4;j > 2,¢;; # 0}. We assume that S; # 0
for each 1 = 1,...,p. (Otherwise, C contains a line and it is contained
in J.) Put s; be the minimum of S;. Unlike the previous cases, 6(O; f)
is not bounded.

Corollary 12. Assume that (C,0) € Bppt1, i.e., a cusp singular-
ity of type (p, p+1) at the origin. Then §(0;C) = 6(Bpp+1) = 3p?>—p—2.
For Agp_1 = fa,2p, we have 6(Azp—1) = 6p for p = 1,2 and 8p — 4 for
D=3

By a similar computation, we have

Theorem 13. The flex defect of the singularity (C(f),0) € Bp,p
is given by 6(0; f) = 3p? —3p+ Y_0_,(si — 2) and 6(Bp,p) = 3p* — 3p.

Let 0;, i = 1,...,k, be equivalence classes of plane curve singularity
and let ¥ = {01,...,0%}. Consider the set of plane curves M(n;X) of
degree n with k singularities which are equivalent to oy, i = 1,...,k.

Take a curve C € M(n;X) and let Py, ..., Py be the singular points of
C. C is called generic in M(n; X) if the following conditions (1),(2),(3)
are satisfied.
(1) (C,P,) is a generic in o; and the tangent lines at P; intersect C
transversely except at P;. (2) The flexes are of order one. (3) The
multi-tangent lines are ordinary bi-tangent lines.

A Pliicker curve is a generic curve in the case that X contains only
nodes or cusps. The set of generic curves is an open subset of M(n; X)
but it might be empty. See Example 17.

2.6. Dual singularity

Let P € C and P* be the corresponding point of C*. As is well-
known, P is a (k — 1, k)-cusp if and only if P* is a flex of order k — 2. If
P is a generic node, P* consists of two tangent points with a bi-tangent
line. We study the correspondence for other singularities. Take a point
O € C and let Cy,...,Cy be the local irreducible components at O and
let £4,...,¢, be the corresponding tangent line at O. Then the dual
image C of C; passes through ¢; € P*2 for i =1,...,k. In the case of
C being irreducible at O, we simply denote £; by O*. We call the germ
(C?,14;) the dual singularity of the germ of (C;, O).

(1) Irreducible case. Let P = {(my,n1),...,(me,ne)} and let N; =
ny---n; (N = Ng) and assume that (C,0) € o(P;s) is an irreducible
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germ at O defined by f(x,y) = 0 whose Puiseux series is given by
o(z'/N) = Zf§2 o4z + ha (zV/N1) 4 - - - 4 hy(x'/Ne) where ko < my/ny

and hj(xl/Nj):_ijgk<mj+1/nj+1 cj,kxk/va Cl,m1,C2,ma5 - - - Clm, 7é 0.
Let s be the Puiseux order. Let S = {j;c;0 # 0,7 > 2}. The dual
singularity is described by the following. The case £ = 0 with s > 3 (a
flex of order s — 2) is also contained in the argument.

Theorem 14. (Local Duality) Let o(P;s)* := {(C*, 0*); (C,O)
€ 0(P;s)}. Then the dual operation gives a well-defined mapping on the
set of the strata of the flex stratification. More precisely,

(1) Assume that S # 0. Then o(P;2)* = o(P,2) and o(P;s)* =
o(P*; 27) if s > 2 where Pt := {(s,5—1),(m1,n1),...,(me,ne)}. The
first equality says that the dual map * gives an involution on o(P;2).

(2) Assume that S = 0. Then s = m1/ny and o(P; 72)* = o(P™;
=), if my—ny > 1 and o(P; )" = o(P75ma), ¢f my =ng +1,
where P*:={(my,m1 — n1), (ma,n2),...,(me,ne)} and P~:={(m2, n2),

ceey (Me,me)}

There is a related result by Wall [W2]. The cases £ =0, s > 3 or
£ =1 and m; = ny + 1 are special cases of (1) and (2) respectively. It
follows from (2) that a cusp of type (k,k + 1) and a flex of order k — 1
corresponds each other by the dual operation.

Proof. Put Nj = ny---nj, N9 =n;...n, and N = N,. Putting
z'/N = t, we can parameterize C as z(t) = t" and y(t) = ¢(t) = 3, b;t?
where the coefficients are given by by = ¢; x/nG+v, if m; < k/N G+ <
mj+1/njp1 and k/NU+D € Z. Otherwise by = 0. By (1), we can
parameterize C* as u(t) = — 3 Lagi=N - (t) = > (4 —1)b;t’ where
(u,w) is the affine coordinates defined by u = U/V, w = W/V. Note
that val;u(t) = (s—1)N. We take a change of parameter 7 so that u(7) =
7G=DN_ Write t = 7Y _pe A(k)7*. The coefficients A(0), A(1), A(2), ...
are inductively determined from the equality u(t(7)) = 7~DN after
fixing A(0) which satisfies A(0)(*~ DN = —1/sbsp.

Assertion 2. Forp < mpyN*+t) — sN  A\(p) = 0 if p # 0 modulo
N®) . The first non-trivial coefficient \(p) with p # 0 (N®)) is A\(my
N&+D _ sN) and it is given by

k+1
mkN( +1) bmkN(k+1) )‘(O)mkN(’““)—sN+1

(k+1) _ - _
(15) A(meN sN) 55 —DINZ bew

Proof. Assume that we have shown A(p) = 0 for p # 0 modulo N*)
and p < p’ for some p’ < mpN*+1D) _ sN. Consider the equality:
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(PC): 7(s=DN = EJ>3N T N(}: A(q)79)7~N. We compare the
coefficients of 77 +sN=N_ Assume first that p’ # 0 (N®)) and p’ <
miN*+1) — sN. Then the term 77 **N=V in the right side comes only
from the first term (j = sN) of the summation and the coefficient is
—58(s — 1)Nbsy A(0)*N~N-1)(p'). Thus A(p’) = 0. By an induction, we
get A(p) = 0 for p < mp N*+1) — sN with p # 0 modulo N,

Now we consider the case p’=m;N*+1) _sN. The term NN
in the right side summation comes from j = sN and j = mpN®*+D,
Comparing the coefficient of 7™*N“*” =N in (PC), we have

—5(s — 1)Nbgn A(0)*N N1 X (m, N*+1) _ sN)
my N (E+1)
N
and the assertion follows from this equality. Q.E.D.
The other coefficients A(j)’s are complicated but they are not im-

portant. To determine the Puiseux pairs of the dual curve, we write
w(r) =3, d(j)7?. Then by a similar argument,

by, N+ AQ)™ NN — g

Assertion 3. (1) The coefficient d(j) vanishes for any j < sN
and d(sN) = (s — 1)bsn A(0)*N.
(2) The coefficient d(5) for j 0 (N®) vanishes for j < mpN*+D and
the first non-vanishing coefficient d(j) with j # 0 (N®) is d(my Nk+1),
which is given by d(mpN*+1)) = —bmkN<k+1))\(0)m'°N(k+l).

Proof. As w(t) = Z](% — 1)b;t7, the first assertion of (2) follows
immediately from Assertion 2. The second equality follows from

d(mjNUT)) = (% — 1)bsn A(0)* N "LsNA(m; NUFTY — sN)

ij(j+1)
N
= by, N+ A(0)™

- 1)bmj NG+ )\(O)m,- NG+D

N9 G ED.

Assume that S # (. Assume first that s = 2. Then u = 7V and
(C*,0%) € o(P;2). If s > 2, u(r) = 7YY and the assertion follows

NGHD .
from %l’l)jvl = (s—1;rr?1--~n,»' Assume that S = @ and s = m;/n;. Then

u(r) = rmi-n)N® 5nd ged(my — n1,ny) = 1. Thus the assertion
follows. This completes the proof.

(2) Reducible case. A similar assertion can be proved for reducible
curve germs. We do this for Brieskorn singularities. Let us consider a
germ of a Brieskorn singularity (C,0) € Bp 4 defined by a polynomial
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f(z,y) with the tangential direction y = 0. Let r = ged(p, q) and write
p=rni and ¢ = rmy. Let f = f;--- f, be the factorization and let C;
be the irreducible component of C defined by f;(x,y) = 0. Recall that
the Puiseux expansions of f;(z,y) in x for i = 1,...,r are the same up
to the term z™1/™1,

Theorem 16. (Local Duality-bis) Assume that p<q and (C,O)
€ 0(Bpq;s). Then s = q/p and (C*,0%) € 0(Bg-pq; 725) ifa < 2p. If
2p < q and s = 2, then (C*,0*) € 0(Bp,q;2). If 2p < q and s > 2,
(C*,0%) = U;_;(Cf,0%) and (Cf,0%) € o(P*; 227) with Pt = {(s,s—
1), (m1,n1)}. The Puiseux expansions of C¥ in ul/=Dm g =1, . |r
coincide up to the term u™/(s—1n1,

Proof. Assume first that my > 2n;. Then Cj is defined by a poly-
nomial f;j(z,y) of the form f;(z,y) = (y — fis a;xh)™M — c}“mml +
(higher terms) where ko = [m1/n1], as # 0 and s > 2. Here as, ..., ak,
are independent of j. In the proof of Theorem 14, we have shown
that (Cf,0%) € o(Pt; ;27) with P+ = {(s,5 — 1), (m1,n1)} and C;
is parameterized as u(t) = 74~ V™ and w(t) = D s<i<m /na d(i)r*™ +
> e m, d(§,1)7*. Thus the assertion follows from the observation d(s) #
0 and d(s),...,d(ko) are independent of j and d(j,m1) = ¢; x A(0)™*. In
particular, this implies that if s = 2, (C},0*) € 0(Bm,,n,;2) and C7 is
defined by a polynomial of the type g;(u, w)=(w—3 s<;m, /n, d(i)ut)™
—d(j,m1)wAu™ + (higher terms) where w = exp(2my/—1/n1) and
A = ny{ny — 1)m;/2. Thus the assertion follows immediately. The case
my < 2n; can be treated similarly. Q.E.D.

Example 17. Let us consider a rational curve C = {f(z,y) = 0}
of degree 6 where f(z,y) = (z° + y3)? — 4y3x3. In the affine coordinate
(u,v) = (Z/X,Y/X), C is defined by (u+v3)? —4v3 =0. Thus C is a
Jung transform of the rational curve u? — 4v3 = 0 (See Ezample (6.6),
[04]). C has two singularities. One (2,3) cusp at P := (1,0,0) and one
srreducible singularity of Puiseux pairs {(3,2),(9,2)} at @ := (0,0,1).
By Theorem 7, the flex defect at Q is 61 and the Milnor number is 18.
Thus the dual curve should have three cusps and 3 nodes if C is generic
in the moduli. The dual curve is given by C* = {g(z,y) = 0} where
g(z,y) = 16y°+27y%+540y32—216y322+ 7292+ 218722421873+ 729z
Thus C* is a rational curve of degree 6 and it has three cusps and one
singularity at Q* := (1,0,0) of Milnor number 8 which is in the moduli
0({(9,2)};3) by Theorem 14. The discriminant of g in y is given by
cx?(z +1)5(8z — 1)°, ¢ # 0 and C* has a Bs,3 singularity at (—1,0,1).
C' is not generic as C* does not have three nodes but a B3 3. The reason
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18, C has a tri-tangent line t = —1. In fact, by computing the moduli
space explicitly, we can show that there does not exist any generic curve
in the moduli of C but every member has a tri-tangent line.

§3. Moduli of certain sextics and their dual

In this section, we consider various moduli spaces of sextics. Unless
otherwise stated, n,n*, g are the degree, the class number and the genus
of the curve in discussion respectively.

3.1. Moduli space M := M(6;X).

Let ¥ = {383,2,602,3} and consider the moduli space M := M(6; X)
of sextics with 6 cusps and 3 nodes. Let us denote the subset of M whose
curves are generic (i.e., Pliicker) by M'. It is easy to see that g(C) =1
for any C € M by the modified Pliicker formula. By the class formula
(3), the dual curves C* has degree 6. By Theorem 10 and Proposition
5, the dual curve C* has also 6 cusps for C € M’. As g(C*) = 1, they
have 3 nodes. Thus we have the self-duality: M'* = M’. However
M* £ M. The reason is that there exists an interesting degeneration in
this moduli as we will see below. First, the number of flexes on C € M
is 6 counting the multiplicity by Proposition 5. Thus the possible types
of flexes are (0) 6 flexes of order 1, (i) 4 flexes of order 1 and one flex
of order 2, (ii) 2 flexes of order 1 and 2 flexes of order 2, (iii) 3 flexes of
order 2 and (iv) 3 flexes of order 1 and one flex of order 3. There do not
exist other types as the dual curve has genus 1 and the sum of Milnor
numbers of the singular points of C* is less than or equal to 18 by the
modified Pliicker formula. The moduli space with these flex types are
difficult to study directly. So we consider their dual moduli spaces.

(1) Let 1 = {202,2,402.3, 3,4} and let N := M(6; Z1). The genus of a
curve in N7 is 1 and the class number is 6. Thus we have the inclusion:
N{* € M. Here we denote by N the submoduli of A; which consists
of the generic curves. A curve C € N}” is not a Pliicker curve but it
has 4 flexes of order 1 and a flex of order 2. We put M; := N]*. By
reciprocity law, C € M is in M; if and only if C has 4 flexes of order
1, one flex of order 2 and two bi-tangents.

(2) Let 3 = {,32,2,2,32,3,2[33’4} and N3 := M(6; 22). For C € N>, the
genus g(C) = 1 and n* = 6. The generic dual N3* consists of curves C
with 6 cusps and 3 nodes and 2 flexes of order 1 and 2 flexes of order 2.
We denote this dual image M}* by M.

(3) Let X3 = {303,4} and let N3 := M(6; X3). We see that g(C) = 1 for
any C € N3 and the generic dual V}* is again 6 cuspidal 3 nodal sextics
with 3 flexes of order 2. The moduli of such curves is denoted by Ms.
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(4) Finally let 34 = {B45,302,3} and let Ny = M(6;%4). We see that
g = 1,n* = 6 and the generic dual NV}" is again 6 cuspidal 3 nodal
sextics with 3 ordinary flexes and one flex of order 3. Put M, := N}*.

Let 7 be the moduli space of (2,3)-torus curves of degree 6 and
of type (2,3). The respective submoduli of torus type M NT, M;NT
and MnT are denoted Simply by Mtorus: Mi,tarusaM,torus l'espeCtiVel}’~
Non-torus moduli are denoted as Mgepn, M; gen, N gen respectively. The
main result about the structure of the moduli spaces M is:

Theorem 18. 1. The union M := M' UL, M; UL, N is in-
variant by the dual operation. Namely the dual operation C — C* gives
an involution on M. Furthermore the dual operation preserves curves
of torus type and non-torus type. Namely M.* = M., A/Za* =M,
and M o" =N{, fori=1,...,4 cmd a=torus or gen.

2. (Stratlﬁcatlon)Mtams—Mtoms —1 M torus and Mgen—Mgen

M; gen. Thus My = My gen and ./\f4 = Niagen. The moduli spaces
toruss Mitoruss Nitorus, 1 = 1,2,3 and N3 gen are irreducible. For

the moduli of the curves of torus type, we have the adherence relation:

7
torus o Ml ,torus ) M2 torus O MS torus,
7 /
torus ) Nl ,<torus ) NQ torus o 'A[B torus

3. (Alexander polynomial) For C € ﬂtoms, the Alexander polynomial
Ac(t) is given by t2 —t + 1 ([Lil],[D]). For non-torus curve C € Mgen,
zt is given by 1.

. (Fundamental groups) m P? - C) Zy+Z3 or m(P?—C) = Z
accordzng toC e Mtoms or C € Ms3 gen respectively.

Remark 3. We do not know if the other moduli spaces of non-
torus type are irreducible. If this is the case, the adherence relations and
the commutativity of the fundamental group holds for other non-torus
type sextics Mi gen, Nigen, i = 1,2,3. The moduli space Ny seems to be
irreducible.

3.2. Alexander polynomial

Let C be an irreducible plane curve of degree n and L, be the line
at infinity. We assume that L, intersects C' transversely. We consider
the Alexander polynomial A¢(t) with respect to Lo, and we call it the
generic Alezander polynomial. It has integral coefficients. For the defi-
nition of the Alexander polynomial, we refer to [Li2]. We recall several
basic properties of Ac(t).

(1) Ac(t) divides the Alexander polynomial at infinity (t"* —1)*~2(t —1)
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and also the product of the local Alexander polynomials at singular
points of C ([Li2] and [Lil]).

Let p : Y — P? be the embedded resolution of the singularity of
CU Ly Let g : Xy, — P? be the m-cyclic covering branched along
CU Ly and let p,, : Z,, — Y be the desingularization of the pull-
back of g, by p. Let A := Q[t,t71]. Then H;(Xw;Q) is a A-module
where t acts as the Deck transformation. Thus there are polynomials
A(t), .o Ak(t) with A|Ai41, 2 =1,...,k — 1, such that H;1(X; Q) is
isomorphic to the direct sum Zle A/(N) and Ag(t) = M(2) - Ae(2).
(2) The first Betti number b1(Z,,) of Z,, is equal to the sum Zi;l a;
where «; is the the number of different m-th roots of unity in the roots
of A\;(t) = 0 ([Li2]).

(3) Ac(2) is a cyclotomic polynomial and Ac(1) = 1 (see for example,
[R]). '

Consider the case m = n and we write Z := Z, for simplicity.
Combining these properties, the determination of the Alexander poly-
nomial is reduced to the calculation of the first Betti number of Z, or
equivalently to the calculation of the irregularity of Z.

For the calculation of the irregularity q(Z), the method by Esnault
([E]) and Artal ([A1]) is convenient. Let us recall it. Let Py,..., P, be
the singular points of C. Let L) be the divisor on Y introduced in
[E]. Then b1(Z) = 2¢(Z) = 23 p_g dim HY(Y; O(L™®)) by [E] and
HY(Y;O(L™®)) can be identified by the cokernel of the natural ho-
momorphism ox_sx : HO(P%0(k — 3)) — Y p, Ope p./ TP, kn Where
Zp, i is an ideal described as follows ([A1]). Let Ei,l,, ..., Eig be the
exceptional divisors over P; and let m; ; be the multiplicity of p* f along
E;j. Let K = —3L+ 3}, . ki;Ei; be a canonical divisor, where L is
a generic line, not passing through any of Pi,...,P,. Then the ideal
Zp; k,n is generated by the function germs g such that the pull-back p*g
vanishes along E; ; at least with the multiplicity —k; ; + [km; ;/n].

Nov/v\ we are ready to compute the Betti number of Zg for the sec-
tics in M. For the computation, we use canonical toric modifications at
singular points ([O6]). Assume that the singularity P; is non-degenerate
and the restriction of p : ¥ — P2 to a neighbourhood of P, is a toric
modification. Let ¥ be a regualr fan subdividing the dual Newton di-
agram I'*(f; P;) at P; which is used to construct the toric modification
and let P, ; =*(a;,b;;), j =1,...,¢; be the primitive covectors which
generate 1-dimensional cones and let E(P,-,j) be the corresponding ex-
ceptional divisor. Then using the equality dw—w A iya = ‘?—a" A iy%‘l, we have

a simple formula: K = —3L+ 3", .(ai; +bi; — 1)E\(P,-,j). Here (z4,9s)
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are the toric coordinates of the coordinate chart C2 and E (P;,;) is the
exceptional divisor corresponding to P; ;. Refer to Chapter III, in [O6]
for detail.

(a) For a cusp, y% — % + (higher terms) = 0, the exceptional di-
visors correspond to covectors Q; = (1,1), Q2 = ¢(2,3), Q3 = i(1,2).
We have K = —3L + E(Ql) +4E(Q2) + 2E(Qs) and (p*f) = '+
2E(Q1) + 6E(Q2) + 3E(Qs) (locally at each P;). Here C’ is the strict
transform of C. Recall the equivalence: a curve C € M’ is of torus
type if and only if siz cusps are on a conic (see [D]). Let C € M and
let P,...,Ps be the cusps. The nodes have nothing to do with the
Alexander polynomial. The non-trivial case is H'(Y;O(L®))). The
kernel of o35 : H 0(P2 0(2 Zl_ OPz /I 5,6 consists of conics
passing through P, ..., Ps. Thus dim Ker(ag 5) = 1 or 0 and therefore
b1(Zg) =20r0 dependmg on whether C is of torus type or not. By (1),
this also implies Ac(t) = (t2 —t + 1), a > 1, or 1 respectively.

(b) Now we consider (3,4)-cusp, y3 — z* + (higher terms) = 0. We
have four exceptional divisors, corresponding to Q; = t(l,l),Qz =
t(?:a 4)7 QS = t(2’ 3)1 Q1 = t(172)' KAZ —3L + E\(Ql) + GQ(QZ) +
4E(Q3) + 2E(Q4) and (p*f) = C' 4+ 3E(Q1) + 12E(Q2) + 8E(Q3) +
4E(Qa4)-

Let C € N3 be a sextic with 3 (3,4)-cusps. The non-trivial case
is again o2 5 : HO(P?;0(2)) — Z?ﬂ Op: , /Ip,56- Locally Ip, 56 is
generated by function germs g(z,y) such ‘that either it has no linear
term in a coordinate centered at P; or the conic g = 0 is tangent to the
tangent cone of C at P;. Thus dim Op: o, /Zp, 56 = 2. q is in the kernel
of 095 if and only if the conic ¢ = 0 passes through Py, P», P; and is
tangent to (the tangent cones of) C at P;,i = 1,2,3. Thus b;(Zs) = 2
(Ac(t) = (2 =t +1)8, B > 1) if and only if C is of torus type (cf.
Corollary 24). Otherwise b1(Zs) = 0. To show a@ = 8 = 1, we need a
little more discussion but in our case, this follows immediately from the
assertion on the fundamental group (see §5) and the Fox calculus. The
computation of by(Zs) for curves in Ny, N are similar.

(c) We consider a (4,5)-cusp, y* — z®° + (higher terms) = 0. We need
5 exceptional divisors, corresponding to the covectors Q; = (1,1),Q2 =
“(4,5), Q3 ='(3,4), Q4 = *(2,3) and Q5 = *(1, 2). The canonical divisor
is locally given by K = E(Q;) + 8E(Q2) + 6E(Q3) + 4E(Q4) + 2E(Q5)
and (p*f) = C' +4E(Q1) + 20E(Q2) + 15E(Q3) + 10E(Q4) + 5E(Qs).

Now we compute the Alexander polynomial of C € Ny. Thus C has
a (4,5)-cusp singularity at P; and 3 (2,3)-cusps at P, P5, Py. Observe
first that any two of P;,7 = 2,3,4 can not be colinear with P; by the
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Bezout theorem. Again we only need to compute Ker(o2,5). We can see
easily that Zp, 5 ¢ is generated by the functions without any linear term
at Py and Zp, 56 is generated by functions vanishing at P; for ¢ = 2, 3, 4.
Thus the dimension of the target is also 6. A conic ¢ = 0 is in the kernel
of o5 if ¢ = 0 has multiplicity 2 at P; and passes through P, Ps, FPy.
This is impossible. Thus A¢(t) is trivial. See also Proposition 27. We
thank to Anatoly Libgober for communicating us that the computation
can be also made using quasiadjunction formula as in [Lil].

3.3. Moduli space M

We first compute the moduli space M;opys = M N7 where M =
M(6;6082,3 + 3(2,2). We start from the expression f(z,y) = fa(z,y)® +
f3(z,y)? where

f2(z,y) = y® + y(a1,0 + @1,1T) + o0 + @017 + ap,2x? and

f3(z,y) = bsoy® + y?(ba,0 + b2,12) + y(b1,0 + b1,1Z + by,252) + bo o+

bo 1% + bo 222 + b 372

First we may assume that the nodes are at O = (0,0),4A = (1,1),B =
(1,-1) by the action of PSL(3,C). The submoduli of My consist-
ing of curves with three nodes at O, A, B is denoted by M¥, . As
PSL(3,C) orbit of M¥ . is M, it is enough to see the irreducibil-
ity of Mﬁms. Introducing the variables tp,t1,t2 such that f2(O) =
—t2, f2(A) = —t? and f2(B) = —t3, we can explicitly solve the equa-
tions f(Q) = %(Q) = giy(Q) =0, Q@ = O,A,B as they are linear
conditions. We can solve these equations, one by one so that the moduli
has 6 free parameters ai,0,a0,2,b2,1,%0,%1,t2 and the other coefficients
are uniquely determined as follows.

ap = —t3,

ap,1 = —1-— %t% - %t% + t(z) — ag,2,

a1 = —0610— %t% + %t§7

bo,o = t(?;

bog = —3to(—1— 3t1 — 3to+to —ao2),

bio = —3toaio,

boz = boi1+3ts—3to+ 3ty — 3toare + 1243 — 3toaoe

—gtot? + Ftatd + 3traos + Jtaare + Sta(—aro — 3t} + 5t3)
—%to(—am — %t% + %t%) + %tz — %tltz

—3totd + 3totd + 3taao2 + 3taaro + 1xtat?,
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bos = 3§t3-— 3113 + 3402 — 3tat% — 3taa,2 — St2a1,0
—%tz - 34t% - %tlao,z + 3tia10 + %toao,z
+3ts — 3tatd + 313 — 3t — by + Stot? + 3to,

bin = =3ty 4 3t + 3toare + 33 — 3tot? + 3¢,
+3t1a0,2 — 3t1a10 — 3to(—ar,0 — 23 + 12) — 343 + 31142
-I-%tot% - %tztg - %tzao,z - %tzal,o - %tzt%,

bia = —5t3+ 3tot? — 31113 — 3t1a0,2 — 3tia10
—3t1(—a1,0 — 313 + 3t3) + 3to(—ar,0 — 317 + 3t3) — St3
+2t1t2 — 3totd + Stot2 + §t2a0 2+ §t2a1,0 + tatd,

bao = St — Statd — Stat? — 3o+ 343 - 3ty — by,

bso = 53— St + Stat? + 3t — %t{’ - Ztl

Thus the moduli space Mﬁms is a Zariski-open subset of C® and this
proves the irreducibility of the moduli Mf’ims and Mopys-

Remark 4. Let Miorys,cot be the submoduli space of Miorys for
which three nodes are colinear. Miorys,col @5 a codimention one sub-
variety of Myorus and Miorus — Miorus,col S Zariski dense in M. To
see this, first we consider the submoduli Mtoms col Whose curves have
theree nodes on O and D := (1,0) and E = (0,1). They are defined
by h(z,y) = 0 where h(z,y) = ha(z,y)® — ha(z,y)? and ha(z,y) =
y2 + (AIO + An:l!)y + T02 + 3T02$C2 and h3(:1:,y) = B30y3 + y2(320 +
le.’L') + y(2T0A10 - 3.’12TOA11 s —T()Alo.’l,' ) + Tg - ng’:Bz

For a given generic curve Cy € .Mtoms col» We can explicitly find
a family of curves Cs := {f(z,y,s) = 0} in M such that three nodes
of Cs are at D,E and O; := (0,5). We omit the explicit polynomial
equation as it is long and the computation is boring. Instead we give an
ezample. f = f§ — f% where fo :=1+y? — 52 + 322 + 2syz + 5222 and
f3 =2y% +6y? +35% — 2yz2s% + 1 — 922 + %z — Zsyx — 3s%x% + Oya?s —
9ys — 4y?s + 2ys>.

3.4. Moduli spaces J\fi,to,.us and the degeneration
We consider the moduli spaces N7 torus; N2 torus and N3 torus. Let
= (0,0),A = (1 1),B = (1, ——1) be as above. We compute the sub-
mOdUh spaces Nl torus7N2 torus"/\[3 torus*
(1) Moduli space N torus- Consider first wams, the moduli of
torus sextics fa(x,y)® + f3(z,y)? = 0 with a (3,4)-cusp singularity at
O and 2 nodes at A, B and four ordinary cusps. As the sum of the
intersection multiplicity of fo = f3 = 0 is 6, it is necessary that f»(O) =
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0 and four other cusps are also on the conic fa(xr,y) = 0. The condition
for O to be a (3,4)-cusp is given by the following four linear equations:
£2(0) = f5(0) = %2(0) = 42 (0) =o.

Proposition 19. The above (8,4)-cusp condition is the same as
the limit of the node condition at O for to — 0: f(0) = 2L(0) =
3L(0) =o.

Proof. In fact, using f»(0) = —t3 and f3(O) = t3, we have 2£(0) =
t3(3t0%%(0) + 2%%(0)). Thus the limit for t¢ — 0 gives %%(O) =0

The same argument applies for %%(O). Q.E.D.
Therefore the moduli is given by substituting ¢, = 0 in M and
it has 5 free parameters ajg,@a0,2,b2,1,%1,t2 where fo(A) = —t2 and

f2(B) = —t3. We see that Nf’;oms and (thus N torys also ) is irre-
ducible. Geometrically this implies the following. Let fi(x,y) be the
family given by fixing generic a0, 9,2, b2,1,t1, 2 and to = ¢ in the mod-
uli space Miorys. Then the conic fz4(x,y) = 0 approches to the node
at O when ¢ — 0. Actually one can see by a direct computation that
there are two cusps among six cusps on a conic which approach to O so
that they produce a (3,4)-cusps on Cp = {fo = 0}.

(2) Moduli space N3 torus. Now we consider the moduli space
wams. The curves in this moduli have 2 (3,4)-cusps at A and B (and 2
other cusps) on the conic f2(z,y) = 0 and a node at O. By Proposition
19, the conditions at A, B are replaced by t; = ¢t = 0 in M. Thus
it has 4 free parameters a1,0,a2,0,b2,1,t0 where f2(0) = ~t2. and the
moduli space coincides again to the one which is obtained by substituting
t1 = t2 = 0 in the moduli space M¥_ . Thus we see that wams and
N2 torus are irreducible.

(3) Moduli space N3 torus- Finally the moduli space wams
with three (3,4)-cusps are given by M N {to = ¢t; = t2 = 0}. The
corresponding polynomials are given by f = f5 + f2 where fa = y? +
y(a1,0—a1,0z) +(—1—ao2)z+ao2x? and f3 = by 1(y% —x%)(z—1). This
is equal to the subspace of M, given by Mf,ms N{to =t1 =t2 =0}.

We have shown in the above argument that A ¢orys is on the bound-
ary of Miorys. By the same argument, we can see that j_\/i,toms D
.N;'+1,t,,rus for ¢ = 1,2. This proves the stratification assertion in Theo-
rem 18. The fact Ny torus = @ will be proved in 4.2.

3.5. Proof of (M\torus)* = ﬁtorus‘

A polynomial f(z,y) is called even in y if f(z,y) = f(z,—y) for
any (z,y). To prove the assertion, it is enough to show that there is
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a Cy € M., such that Cg € M orus- In fact, assuming this for a
moment and taking C € My, we can connect C and Cy by a piecewise
analytic path Cr(;), 0 <t < 1 such that C;o) = Co, C;1y = C and
Cruy € Mtoms for any ¢ < 1. For 0 <t < 1, the topology of the
complements C? - Cr@),t < 1 and Cc? T(t) is independent of t as
they are locally p-constant family at every singular point. Thus they
have the same topology and therefore they have the same Alexander
polynomial. In particular, they are torus curves. By Lemma 4, the
polynomial g;(u,v) which defines the dual curves C7 ) can be assumed
to be analytic in t at ¢ = 1. Thus this implies that g¢;(u,v) is also
a torus curve. By tl/lg reciprocity law, this implies that the dual of a
non-torus sextic in M is again a non-torus curve. Now we prove the
existence of Cy. In fact, we can take any torus curve C defined by an
even polynomial f(z,y) € Mj,,,,- Even curves are given by putting
a1,0 = 0 and 3 = t; in the moduli parameters. It is easy to see that the
dual curve C* is also even. Thus it has six cusps which are symmetric
with respect to the y-axis and generically these 6 cusps are not on the
x-axis. Thus there exists a conic which passes through these 6 points.
Now by [D], C* is a torus curve. Or more directly, we can give Cj as
the following curve. Q.E.D.

Example 20. For example, we take an even polynomial f = f3 +
f3 where fao(z,y) = y? — 1 — 2z + 2% and fa(z,y) =1+ y* (-3 +2) +
3z — 322 — 3. The dual curve is defined by Lemma 4 by the polynomwl
g(z,y) = 4842+ 720y%z* + 357y4x? + 59y° + 206815 + 962y 2x3 — 24yiz -
761x*+11516y2z2 — 1486y* — 1407823 + 14620y%x — 2466122+ 12699y2 —
21924z — 6728. Now the torus decomposition is obtained as followS'
9(z,y) = 5992(z,y)® — 355793(z,y)? where 92(:6 y) =+ %+ sgx +
12222 an g3(z,y) = —6117 — 7463z — 4639x% + 3622> +2773y +177y z.

§4. Moduli space of three cuspidal sextics of type (3,4)

In this section , we study the moduli space N3 of plane curves of
degree 6 with 3 (3,4) cusps which are not necessarily of torus type. To
study the moduli of sextics with 3 (3,4)-cusps, we may assume hereafter
that the cusps are on O = (0,0), A= (1,1) and B = (1,-1).

Lemma 21. Let Q be the set of smooth conics which pass through
O,A,B and let 7 : Q — P! x P! x P! be the mapping defined by
m(Q) = (ToQ,TaQ,TsQ), Q € Q. Here TpQ is the tangent line of Q
at P. Then m is an embedding and the image 7(Q) is characterized as
follows. Let a, B,y € P! be the respective tangent directions of Q at O, A
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and B. Then we can write 8 = (b,1), v = (¢,1) and a = (a1,a2) and
they satisfy the equality: (b+c)a—(2—b+c) =0 (respectivelyb+c¢=0)
if ag # 0 with a := ay/ag (resp. if a3 =0). The corresponding conic is
defined by q(z,y) = yv> + y(c+b)(1 —x) + (=2 — c+ b)x + (1 + ¢ — b)z?.

Lemma 22. Assume that C = {(z,y) € C*r(z,y) = 0} be a
reduced plane curve of degree 8 which has singularities at O, A, B. Then
C is the union of 3 lines (x — 1)(y? — z%) = 0.

The proofs of Lemma 21 and Lemma 22 are elementary and omitted.

Lemma 23. Assume that C) = {(z,y) € C?; f(z,y) = 0} a germ
of a smooth curve at the origin. Let Co = {(z,y) € C;g(z,y) = 0}
be another germ of a curve at the origin. Let d be the multiplicity of
g ot the origin and let gq4(x,y) be the homogeneous part of g of degree
d, which defines the tangent cone of Cy. Let p,q be positive integers
such that p < dq. Consider the germ of a plane curve C = {(z,y) €
C?, f(z,y)? — g(z,y)? = 0}. Assume that each irreducible component of
94(z,y) = 0 intersects Cy transversely at the origin. Then (C,0) € Bp 4q
and the tangential direction at the origin coincides with that of f = 0.

Proof. Changing local coordinates if necessary, we may assume that
f(z,y) =y and g4(z,y) = E?:o a;y'z¢~*. The assumption implies that
ag # 0. Thus fP(z,y) = y? and ¢%(z,y) = g4(z,y)? + R where orderR >
dg+1. Thus we can write f(z,y)?—g(z,y)? = y? —afz¥+R'(z,y) where
the order of R'(x,y) with respect to the weight wt(z) = p and wt(y) = dg
is strictly larger than pgd. Thus the assertion follows. Q.E.D.

Corollary 24. Let C = {(z,y) € C?% f(z,y) = 0} be a reduced
sextic with 3 (8,4)-cusps at O, A, B. The following conditions are equiv-
alent.

(1) f(z,y) is written as c17%(y? — 22)? + c2q(z, y)® for non-zero c1,c2 €
C* and the conic q(z,y) = 0 is smooth and passes through O, A, B.

(2) There exists a conic q(z,y) = 0 which passes throuh O, A, B such that
the respective tangent line of the conic is equal to that of C at O, A, B.
(3) C is a torus curve of type (2,3).

Proof. The implication (2) = (3) follows from Degtyarev [D] or
Tokunaga [T]. Q.E.D.

4.1. Moduli space N3.

Now we compute the moduli space Nf of sextics with 3 (3,4)-cusps
at O, A, B. Assume that C € Nf . By Bezout theorem, the tangent
cone at O is not y £ x = 0. The stabilizer H# of ./\/’3# in PSL(3,C)
has dimensioin two. Thus under the action of H#, we may assume also
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that the tangent cone of C' at O is given by x = 0. So we compute
the submoduli NF# of N whose tangent cone at O is z = 0. Let
H## be the stabilizer of Nf #_ 1t has dimension one. We start from
the expression f(z,y) = >_;, <6 a; jy'z?. We can normalize the coef-
ficient ag,0 = 1 and we have 27 coefficients. The multiplicities of f at
O, A, B are 3 by the assumption. Thus at each of these three points,
the partial derivatives of order < 2 must vanish. This gives 3 x 6 = 18
linear relations and we can eliminate 18 coefficients and we have still
9 coefficients left. For the other computation, we consider the projec-
tion 7 : M — P! x P! x P! which is defined by the tangent cone
directions at O, A, B. We fix (o, 3,7) € P! x P! x P! and we study
the fiber 7~ 1(a, B,7). First we observe that 3,7 # (1,0), i.e., 3 and
v are transverse to the vertical line x = 1 by Bezout theorem. Thus
we can put 8 = (b,1), v = (¢,1). By the assumption, & = (1,0). Let
hs(f)(Q)(u,v) be the following homogeneous polynomial of degree 3:
3 3 3 3

§ 538 QU + § 5y (Quv + S5l (Quo® + § T Q).

The condition for O, A, B to be (3,4)-cusps with the above tangent
cones is h3(f)(A) = ca(v—bu)3, h3(f)(B) = cg(v—-cu)® and h3(f)(0) =
cou? for some non-zero constants ca,cp,co € C*. By an easy compu-
tation, we have cy4 = 8, cg = —8. Solving h3(f)(A) = 8(v — bx)3,
ha(f)(B) = —8(v — cu)® and h3(f)(O) = cou®, we can eliminate the
remaining coefficients so that the moduli space Nf # is given by

NE# =7 ({((1,0), (5,1), (¢, 1)) € P x PY x P,
(b+c)(b® —3b—bc+3+3c+c?) =0})
The other coefficients are given by

aso = 3(b+e¢), asy=-3(b+¢),

aso = —1+age—6(b+c’) —4(b°-c%) +3(b-0),

as; = —4-2a96+12(0% +c?) +3(c—b) — 8(b* — ),

as2 = 2+age—6(0b%+c?),+4(b® - ),

agy = —12(b+c)+6(b% —c?), ass = 18(b+ c) — 12(b? — ¢2),
asgs = —6(b+c)+6(b*—c?),

azs = 14—18(b—c)+18(b* + c?) — 8(b® — ¢*) — 2ap 6,
—16 4 4ag,6 — 36(b% + %) + 30(b — ¢) + 16(b* — ),

a3 =
aza = 5+8(c—b%) +18(b% + c?) + 12(c — b) — 2a6,
ar2 = 12(b+c) +12(c* — b%) + 4(b* + ?),

az = —24(b+0)+30(c* - b?) — 12(6° + &%),
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ara = 15(b+c) —24(b% — ) +12(6% + ),

ars = —3(b+c)+ 60 —6c%) — 4% + ),

aos = —8—4(c—b) 12002+ %) +12(b—¢),

aoa = 11+ age+ 2462+ c2) + 21(c— b) + 8(c® — b?),
aos = —4—2ag6—12(b% +c*) —9(c—b) —4(c® — %)

where ag ¢ is a free parameter. The quotient of the moduli /\/’f # | H##
has two irreducible components, given by the respective quotients of
Nfl# i=7"1({b+c=0}) and N;fg‘* =717 1({b? - 3b—bc+3+3c+c?=
0}). Therefore the quotient of moduli space N3/PSL(3; C) has also 2
irreducible components N3 ;/PSL(3; C) and N33 /PSL(3; C).

Remark 5. The moduli space Nfz# consists of two irreducible
components Ly := 77 ({(ao,6,b,c);c— (b—3)/2+ (b—1)v/31/2}). How-
ever taking a 1 € H*# such that ¥(0) = A,(A) = O and Y(B) = B,
we can easily see that Y(Ly) = L_, Y(L_-) = L} and thus Nf2#/H##
is irreducible.

Lemma 25. The component Nf ; coincides with the submoduli of
sextics of torus type C € N3 torus which has 8 (3,4)-cusps at O, A, B.
N7y coincides with N, gen defined in the section 3.

Proof. The assertion follows from Lemma 21 and Corollary 24. In
fact, for f corresponding to the above parameters and ¢ = —b , the
torus decomposition is given by f(z,y) = fa(x,y)® + kf3(z,y)? where
f2(@,9) = ¥* + (2b— 2z + (1 - 20)22, fs(z,y) = (v — 2%)(z — 1) and
k=6b—1+8b®—12b% + ag .

4.2. Moduli space Nj.

We consider the moduli space of sextics with one (4,5)-cusp at the
origin and 3 (2,3)-cusps. First we will show that Ny torus = 0. In fact,
assume that there exists a sextic f(x,y) = f2(z,y)3+f3(z,y)? = 0in Ny.
It can be easily observed that O must be on the conic fa(z,y) = 0. As
the multiplicity of f at O is 4, f3 has multiplicity at least 2 at the origin
and thus f, also has multiplicity 2 at O. Thus fa(z,y)® has multiplicity
6 at O and O can not be a (4,5)-cusp.

By Bezout theorem, any two of 3 cusps and the origin can not be
colinear. Therefore by the action of PSL(3, C), we can assume that the
locus of 3 cusps are either A = (1,1), B =(1,-1) and C = (1,0) if they
are colinear or A = (1,1),C = (1,0) and C’ = (0,1). The moduli space
N3 seems to be irreducible but we only give examples in this paper.
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Example 26. 1. Let Cy = {f(z,y) = 0} where

f(z,y) := y® —6y° +6y°x +16y* — 22y*x + 4yiz? — 32y32 4 68y3z2 —
36y3x3 4 24y222 — 58y 223 + 3592 — 8yx3 +18yx? — 10yx® + 24 — 22° 4 25.
Co has a (4,5)-cusp singularity at the origin and 38 (2,3)-cusps at A =
(1,1),B =(1,-1) and C =(1,0).

2. Let C1 € Ny be defined by f(z,y) = 0 where

f(z,y) = y8 +y* —2y5—22° + 6y5z — 10y x — 5y*x? + 4y3z — 49322 +
12y323 4 69222 — 49223 — 5y2z? + 4y — 10yz* + 6yx® + 4IyPx — 4Ty'z —
8Iy*x? + 12Iy3x? — 121y%x3 + 8Iy%x? + 4Iyx* — 4Iyx® + x5 + z* where
I =+/=1. Then C; has three cusps at A,C,C".

We can check that the dual curve has 6 cusps and 3 nodes in both
examples. We assert that

Proposition 27. For any C in the irreducible component of Ny
containing Cy, 7 (P? — C) = Zs.

Proof. We show that m; (P2 —C;U{x = 0}) & Z, using a pencil lines
through O where C} is in 2 of Example 26. Identifying P?—{z = 0} with
C?2, the generic pencil line intersect the affine curve C;NC 2 at two points
and therefore 71 (P?—C;U{z = 0}) is generated by two generators. Thus
it is enought to show the existence of a pencil line which is tangent to C.
This can be done by taking y = 2/7z or y = (—3 + 41) /5 x respectively.
Now the surjectivity 7r1(P2 - C1U{z =0} — m1(P% — Cy) proves the
commutativity of m; (P2 — C). Q.E.D.

We thank to Artal Bartolo for the suggestion of this choice of the
pencil.

§5. Fundamental group of torus curves

In this section, we prove that

Theorem 28. 7, (P?—C) & Zy * Z3 and m1(C? — C) = B3 for a
generic C € N3 1.

Here Bj is the braid group of three strings. This theorem implies
the next stronger assertion.

Theorem 29. 1 (P? —C) & Z, * Z3 and m,(C* — C) = B for
any C € Mipras, Ni torus and Mi torus fori=1,2,3.

Proof. This can be proved by a direct computation. Here is another
proof. Take C € Mj,.,. for example. Then we can take a family
C; so that Cp = C and C; is a 6 cuspidal sextic (without nodes) for
t # 0. We can also find another family D, such that D; = C and
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Fig. 1. Graph of g =0

Dy € N3y and D, € M}, for t # 0. By a standard argument,
we have surjective homomorphisms ¥; : m (P2 — D) — m(P? — O)
and 1o : m (P2 -C) — 71'1(P2 — C1) which are isomorphisms on the
first homology groups. Thus they induce surjections on the commutator
groups. On the other hand, we know that 1r1(P2 —Cy) & Zy x Z3 and
the commutator group D(Z; x Z3) is a free group F(2) of rank two
([Z],[01]). Thus we obtain a surjective homomorphism 2 0 9 : F(2) =
D(m(P? — Do) — F(2) = D(m1(P? — C1)). This implies that the
kernel of 13 o 9 is trivial by Theorem 2.13, [M-K-S]. Thus 1, are
isomorphisms. Q.E.D.

Proof of Theorem 28. For the proof, we take the following sextic
curve G := {(z,y) € C% f(z.y) = 0} € N3,1 where f(z,y) = fo(z,y)>+
193 £,(z,4)? and fa(z,y) = 42 +22 — 22 and fa(z,y) = (@ —1)(z? ~ ).
Our curve C is even in y. Let us consider a polynomial g(z,y) defined
by g(x,y) := f(z,,/y). Then C is obtained by the double covering
branched along y = 0 of the curve g(z,y) = 0 and the singular fiber
for g(z,y) = 0 with respect to the pencil {z = n;n € C} is defined by
the roots of Ay(g) = —4243623(130z — 103)(z — 1)® = 0. The graph
of the real curve C(g) = {g(z,y) = 0} is given in Figure 1. It has
two compact components in its real graph. By Lemma 2.2 of [O5] and
by the equality g(z,0) = 1/2 - 23(—16 + 127z — 21822 + 105z%), we get
Ay(f)(z) = ex®(—16 + 127z — 21822 + 10523)(130z — 103)%(z — 1)16,
with some constant ¢ € C*. Let p : C2 — C be the first projection and
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Fig. 2. Generators (xz = s — €)

we consider the pencil given by L, = p~1(n) as usual. We have chosen
f so that the singular pencil lines are all real and given by 8y < --- < 35
where Gy = 0, 81 = 0.173--- , 32 = 0.792---, B3 = 103/130, B4 = 1,
Bs = 1.110---. Here f3;,i = 1,2,5 are non-zero roots of g(z,0) = 0
and the corresponding line £ = f; is simply tangent to C at (5;,0)
for i = 1,2,5. Hereafter ¢ is assumed to be a sufficiently small positive
number. We use the notation {0, 7} := o707~ o777, Thus {0,7} =¢
is equivalent to o070 = ToT where e is the unit. We often use the
equivalence: {0,7} =e <= {0,0707 !} =e <= {0,070} =e. We
compute the fundamental group m1(C2—C}) by Zariski’s pencil method.
We first take generators p, &1,&2,p',€1,€5 of m1(Lgg—e — Lg,— N Ch) as
in Figure 2. In the following figures, for simplicity of drawing pictures,
we denote a small lasso oriented counterclockwise by a path ending by
a bullet e as in {O5]. As the monodromy relation at z = Ss,
we get tangent relations & = &, &) = €. At x = (5, we also get a
tangent relation £; = £{. Thus we can put £ := & =& =& = &,. The
generators are reduced to £, p, p’. For further computation, we freely use
the relations which have been obtained. Figure 3 shows the situation
of our generators at x = B4 — £. We get the monodromy relations at
x = Ba: € = (Ep)(€pE~")(€%p)7" and EpE~t = (£2p)E(€%p) 7" at (1,1)
and £ = (p'€2)(¢71p'€) (€%~ and £19€ = (/E1)E(P'E2) 1 at (1,—1)
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Fig. 3. 2 =0(1—¢

which reduce to:
(30) {¢&,p}=e, {&p'}=e

At = (5 we get a tangent relation: (£2p)£(€2p)~! = (p'€2)~1¢(p'€?)
which reduces to

(31) Epe~t =¢71p'e

Put 5 = £p£~1. Then we can take £, p as new generators. The relation
(30) gives the relation {£,p} = e. We can see that the monodromy
relation at x = fy is derived from the above relations. Thus we have
shown that

(32) m1(C? - C1) = (€, b €p€ = pER) = Bs

The fundamental group 71 (P? — C}) is obtained by adding the rela-
tion p’¢4p = e which is equivalent to (£5€)? = e. Thus this group is
isomorphic to Zy * Zz. See [03] for the proof. :

§6. Non-torus sextic with three (3,4)-cusps

In this section, we will show that the fundamental groups 7r1(C2 -C)
and m; (P? — C) are isomorphic to cyclic groups Z and Zg respectively
for a generic member C of N3 2. The main difficulty is that, it seems,
there does not exist a generic curve in N3 5 which is defined over real
numbers for which the singular points are real and the singular fibers
are all real. Thus we have to admit some singular points which are not
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Fig. 4. Graph of C,

real points or some non-real singular fibers. We take the following curve
C5 defined by

f(z,y) = v® +y*(18 — 30z + 92?)
+43(3V3I — 9V3Iz + 9V3Iz? — 3v3Iz®)
+y2(9z — 5122 + 632° — 181%)
+y(—3V3Iz? + 9v3Iz® — 9V/3Ix* 4 3v/3Ix%) — 2® 4 92 — 92°

where I = v/—1. We can easily see that C2 € N3 2. By the construction,
C3 has three (3,4)-cusps at O, A, B. Now we change the affine coor-
dinates by (z,y) — (z,yl), to make the defining polynomial to have
real coefficients. Thus in the new coordinates, Cs has three cusps at
0, A',B' where A’ = (1,I),B’ = (1,—1I) and the defining polynomial
F(z,y) is a real polynomial given by F(z,y) = f(z,yI). The discrim-
inant of F(z,y) in y, Ay(F)(x), which describes the singular fibers is
given by cx8(9463x5 + 1358385 — 1346423z* + 327013223 — 23709512 +
364014z + 22599)(x — 1)'6 with some ¢ # 0. The singular pencil lines

are on the real line and correspond to £ = 7, ¢ = 1,...,8, where
m<m<n<m<n<n<n<mnadm = —-21678---,
Ny = —0468---, n3 = 0, ;u = 0.287--- 5 = 0.872.-. |, g = 1,

77 = 2.580 -+ and g = 3.629 - - -. The real graph is given as in Figure 4.
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Fig. 5. Generators of 71(C? — C3)

We observe that in the real graph of F', there is a small oval passing
through the origin and 4 non-compact components. (One branch is far
left outside of the figure.) The singular fibers x = 71, 92,14, 75,77, 78 are
tangent to Cs in the real graph. The lines x = 19,74 are tangent to the
oval. The singular fiber x = 713 passes through a cusps at the origin and
T = 1 passes through two cusps at A’, B’. By an easy computation, the
principal part of the defining polynomial at three cusps O, A’, B’ (with
respect to the coordinates centered at the singular points) are given by
(v3y — )3 +16z* = 0 at O, —8(2z + yI)® + (54 — 6+/31)z* = 0 at A’
and 8(2z — yI)3 + (54 4+ 6v/3I)z* = 0 at B'. First we take generators
a, 3,7, p,&, v in the fiber £ = 3 + € = € as in Figure 5.

The monodromy relations at x = 72,4 are tangential relations and
they are given by
(R1): B =&, B = ~. Eliminating the generators -, £ using (R1), the
monodromy relation at x = 53 is given by 8(8p8) = (BpB)p, p(BpB) =
(BpB)¢ which reduces to the cusp relation: (R2) : Bp8 = pBp. To read
the monodromy relations at x = 75 and 7, we need to know how the
six roots y1(z),- - ,ye(z) of F(z,y) = 0 in y move when z moves on the
real axis from = 14 + € — 75 — € and then on the circle |t — 75| = ¢
clockwise to £ = 155 + € and then on the real line from = = 75 + € to
T = ng — €. Here we have chosen y;(x) to be continuous on z so that

1. the imaginary parts S(y1(x)), S(y2(x)) are positive and y3(z) =
Ji(z) and y4(z) =P2(z) on pu+e <z <ms—cand s +e <z <
N6 — €. We assume that S(y1(n4 + €)) < S(y2(na + €)).
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Fig. 6. Generatorsinx =15 + ¢

2. ys(z) and yg(x) are real and ys(r) < ys(z) for g+ <z < ns—¢
and
3. S(ys(z)) > 0 and yg(x) =Ts(z) for ms +e <z <16 —&.
The most delicate part of the argument is the determination of the braid
of these six roots y;(z),j =1,...,6 over g + ¢ <z < 15 — € and over
75 + € <x < ng —e. We claim that

Assertion 4. The ordering by the real part on non-real solutions
is preserved on y +e <z <ns—¢e and s + € < x < ng —&. Namely we
have

(33) R(y1(z)) < R(y2(z)), m+e<z<ns—¢
(34)  R(y1(z)) < R(ys(z)) < R(y2(z)), Mm+e<z<me—e

We assume this for a while. Then braids over the intervals (14 +
g,ns —€) and (15 + &, Mg — &) are uniquely determined. Thus in the fiber
of r = 15 + €, the generators are deformed as in Figure 6. Then the
monodromy relation at z = 75 is given by
(R3): p~lvp = Bap~!. Now we have to read the monodromy relations
at £ = ng(= 1). Thus we start from the fiber z = 5 + ¢ as in Figure
6. The local equation of our curve at A’, B’ are given by the equations
—8(2z +yI)® + (54 — 6+/3I)z* and —8(2x —yI)® + (54 + 64/31)z*. Thus
the topological behaviors of three roots yi,ys2,ys or ys, ys,ys over the
circle |z — ng| = £ look like satellites going arround the earth (= +2z1).
The generators are deformed as in Figure 7 on the fiber x = g — € and
the monodromy relations are given by 8(pB80) = (pB6)B, B(pBE) =



274 M. Oka

Fig. 7. Generators at x =ng — ¢

(pB8)p at A’ and (o~ 'Ba)(roa1Ba) = (roa~Ba)o, o(roa1Ba) =
(roa~1Ba)r, at B'. As 0 = B~ 1p~lvpB = a by (R3), 0 = a and
7= (vpB) lwBr= (vpB) = B 1p~1BpB = p by (R2), the above relations
reduces to: '

(35) a(pBa) =(pBa)B, B(pPa) = (pBa)p
(36) (a7 Be)(pBe) = (pBe)a, a(pBa) = (pBa)p

The second relation of (35) reduces to pa = ap by (R2). By the last
relation, the first relation of (35) reduces to the braid type relation:
afa = Baf. As a(pBa) = pafa = pBaf, we get from (36) that 8 = p.
Thus Ba = af by (35). Combining the last braid relation, we get
a = B. By (R3), we obtain the relation v = a. Therefore 7;(C? — C) is
generated by a single generator a and thus 7r1(C2 —C) 2 Z and therefore
(P2 - C) = Zs. Q.E.D.
Appendiz. Outline of the proof of Assertion 4. The following proof
is essentially due to Maple. We consider the polynomial h(z,u,v) :=
F(z,u+vl) for z,u,v real and let F.(z,u,v) and F,(z,u,v) be the real
and the imaginary part of h(x,u,v) respectively. They are given by

Fo(z,u,v) := v® + bgv* + byv? + by,

37
(37) Fy(z,u,v) := dsv® + d3v® + dyv
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where the coefficients are polynomials of x,u. We omit their explicit
forms.

Suppose that there exists an zo € (N4 +¢€,7m5 —€)U (15 +£,m6 —€) so
that either R(y1(zo)) = R(y2(z0)) or R(y2(x0)) = R(ys(zo)). We may
assume R(y1(z0)) = R(y2(x0)) for example and put up = R(y1(z0)) € R.
This implies that the equation h(zg,ug,v) for v has four real solu-
tions £3(y1(z0)), £ (y2(xo)). Therefore the equation Fe(xo,uo,v) =
F,(xo,u0,v) = 0 has four real solutions. As Ay(F)(z) = 0 has no solu-
tions on the intervals (n4+¢, 15 —€)U(n5 +¢, 16 —€), v can not be 0. Thus
putting F)(z,u,v) = F,(z,u,v)/v, Fe(zo,uo,v) = F.(To, uo,v) = 0 has
four real solutions +S(y1(zo0)), £3(y2(z0)). As F!(xo,uo,v) has degree
4 in v, this implies that F)(zo, uo,v) divides Fe(xo, up,v). Thus the re-
mainder R(z,u,v) of F, by F, as a polynomial of v must be identically
zero for = zg,u = ug. Put R = cov?+c¢p. ¢z and ¢y are polynomials of
x,u. Thus (o, u) is a common real solution of cg = ¢g = 0. Let S(z)
be the resultant of ca, ¢y as polynomials of u. We do not give the explicit
forms of cg(z,u), ca(x,u), S(x) here but S(z) is a polynomial of degree
48 and (z—1) has the multiplicity 27. Note that S(z¢) = 0 is a necessary
condition to have a real partner ug so that ca(xo, uo) = co(zo,uo) =0
but it is not a sufficient condition as the possible partner uy might be
not real. Similarly even if we have a real solution (xp,up) € R? of
co = ¢p = 0, the four roots of F)(zo,up,v) = 0 might not be real num-
bers. Anyway Maple gives the unique real solution on the interval (0, 1):
To = .29572934753 - - -. We check the solutions of F(xg,y) = 0. We see
that this does satisfy our requirement. Q.E.D.

§7. Application

In our previuos paper, we have constructed a Zariski’s triple for
plane curves of degree 12 with 27 cusps. In this section, we construct a
new example of Zariski’s triple {Fy, F», F3}. They have degree 12 and
12 (3,4)-cusps.

(1) Let F; be a torus curve of type (3,4) defined by f3(z,y)* +
fa(z,y)® = 0 where f3 and f4 are generic polynomials of degree 3 and
4 respectively. The Alexander polynomial A, (t) is given by (t2 — ¢ +
1)(t* — t2 +1). The fundamental groups are given by

m1(C? = Fy) = (p1, p2, p3; p1(p3p2p1) = (p3p2p1)pz,
p2(p3p2p1) = (p3p2p1)ps)
and m; (P? — F}) & Z3 * Z4 by [01].
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(2) Let F; be a generic cyclic (2,2)-covering Cz 2(C1) where Cy is a
torus sextic of type (2,3) with three (3,4)-cusps which is, for example,
defined by f(x,y) used in the proof of Theorem 28. Then F; is defined
by f((x—a)?+a, (y—b)2+0b) for generic a,b. The Alexander polynomial
AF,(t) is given by t?2 — t + 1 by Theorem 3.4 of [O4]. The fundamental
group (C2 — F5) is isomorphic to the braid group Bz and m (P2 - F,)
is a central extention of Zs * Z3 by Zy ( Theorem 3.4 , [04]).

(3) Let F3 be a generic cyclic (2,2)-covering of non-torus three (3,4)-
cuspidal sextic Ca, constructed in Section 4. The fundamental groups
71(C? — F3) and m;(P? — F3) are isomorphic to cyclic groups Z, Z2
respectively.

Thus there are at least three connected components in the moduli
of 12 (3,4)-cuspidal plane curves of degree 12.
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