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The quotients of log-canonical singularities 
by finite groups 

Shihoko Ishii1 

Abstract. 

In this paper we study the quotient of an isolated strictly log­
canonical singularity by a finite group. As a result, we obtain the 
boundedness of indices of these singularities of dimension 3 and de­
termine all possible indices. We also determine the ramification in­
dices of the quotient map of a 2-dimensional strictly log-canonical 
singularities by a finite group. 

§1. Introduction 

A log-canonical, non-log-terminal singularity is called strictly log­
canonical. Let (X, x) be an isolated strictly log-canonical singularity 
over C. If its dimension is 2, then the index is 1, 2, 3, 4 or 6. This is ob­
served by checking the list of the weighted dual graphs of all strictly log­
canonical singularities. This is also proved by Shokurov [21] by means 
of complements and by Okuma [18] by means of plurigenera. In the 
3-dimensional case, the author heard that the boundedness of indices of 
such singularities is proved by Shokurov in [22]. In this paper, we study 
the quotient of isolated strictly log-canonical singularities by finite group 
actions. First, in case the group acts freely in codimension 1, we obtain 
a formula for the indices of the quotient singularity (Lemma 3.3). By 
this formula, we obtain a different proof of the above fact on indices 
for dimension 2. We then prove that the index of 3-dimensional strictly 
log-canonical singularity is less than or equal to 66. More precisely, a 
positive integer r can be the index of such a singularity if and only if 
cp(r) ::; 20 and r i= 60, where cp is the Euler function. This is related to 
the finite automorphisms on K3-surfaces, Abelian surfaces and elliptic 
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curves. Next we study finite groups which act non-freely in codimen­
sion 1. For the 2-dimensional case, we determine the quotients by these 
groups with the branch divisors. Thus it follows that the ramification 
index of each ramification divisor is 2, 3, 4 or 6. 

The author would like to express her gratitude to Professor Viyach­
eslav Shokurov for asking her the question on indices, which gave the 
motivation for this work. She is also grateful to Professors Viyacheslav 
Nikulin, Shigeyuki Kondo and Keiji Oguiso for providing her with useful 
information. 

§2. Isolated strictly log-canonical singularities. 

2.1. Isolated strictly log-canonical singularities are studied in [6]. 
In this section we summarize those results and add some basic facts on 
these singularities. 

Definition 2.2. Let (X, x) be a germ of normal singularity. If 

there is an integer r such that wt1 is invertible, the singularity is called 
a Q-Gorenstein singularity. We call the minimum positive such number 
r the index of (X, x) and denote by Ind(X, x). 

Definition 2.3. A Q-Gorenstein singularity (X,x) is called a log­
canonical singularity (resp. log-terminal singularity) if for a good res­
olution f : Y ------) X the canonical divisor on Y has an expression in 
Div(Y) ©Q: 

Ky= f*Kx + LmiEi 
i 

with mi ~ -1 (resp. mi > -1) for every irreducible exceptional divisor 
Ei with x E f(Ei)- Here a good resolution means a resolution whose 
exceptional set is a normally crossing divisor with the non-singular ir­
reducible components. We call mi the discrepancy over X at Ei or the 
discrepancy for fat Ei for each irreducible component Ei. 

2.4. In the case of index 1, a strictly log-canonical singularity is 
equivalent to a purely elliptic singularity ([6]). In this case we define 
the essential divisor in the exceptional divisor of a good resolution. It 
actually plays an essential role in the exceptional divisor ( cf. Lemma 
3.7 [6]). 

Definition 2.5. Let (X, x) be an isolated strictly log-canonical 
singularity of index 1 and f : Y ------) X a good resolution. Then one has a 
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representation 

Ky= f*Kx + LmiEi - LE;, 
iEI jEJ 

with mi ~ 0, In J = 0 and J # 0. The divisor EJ := I:;EJ E; is called 
the essential divisor for a good resolution f. 

2.6. Let (X, x) be an n-dimensional isolated strictly log-canonical 
singularity of index 1 and f : Y -+ X a good resolution with the essential 
divisor EJ. Since EJ is a complete variety with normal crossings, 

n-1 

nn-1(EJ,OEJ) ~ Gr']..nn-1(EJ,q = E9H~~1(EJ), 
i=O 

where Fis the Hodge filtration and H:j ( *) is the ( i, j)-Hodge-component 
of nm ( *, q. As the left hand side is a I-dimensional C-vector space 
(Lemma 3. 7 [ 6]), it must coincide with one of H~~ 1 ( EJ) ( i = 0, 1, 2, ... , 
n-1). 

Definition 2.7. An n-dimensional isolated strictly log-canonical 
singularity (X,x) of index 1 is said to be of type (0,i), if nn-1(EJ,OEJ) 
= H~~ 1(EJ). 

2.8. The type is independent of the choice of a good resolution 
(Proposition 4.2 in [6]). 

Example 2.9. A 2-dimensional srictly log-canonical singularity 
(X, x) of index 1 is of type (0, 1) if and only if (X, x) is a simple elliptic 
singularity and of type (0, 0) if and only if it is a cusp singularity. 

Proposition 2.10. Let (X, x) be a 3-dimensional isolated strictly 
log-canonical singularity of index 1 and of type (0, 2) and f : Y -+ X the 
canonical model, i.e. Y has at worst canonical singularities and Ky is 
f-ample. Let D be the exceptional divisor off with the reduced structure. 
Then Y has at worst terminal singularities and D is isomorphic to either 
a normal K3-surface or an Abelian surface. Here a normal K3-surface 
is a normal surface whose minimal resolution is a K3-surface. 

Proof. First note that EJ is irreducible by Lemma 6, [8]. Since the 
discrepancy for fat each exceptional component is negative (the proof of 
Lemma 3.7 [8]), Dis irreducible. Let g: Y'-+ Y be a proper birational 
morphism whose composite fog : Y' -+ X is a good resolution. One sees 
that Y has at worst terminal singularities. Indeed, if not, there exists 
an exceptional divisor Eo which is crepant for g. Then the discrepancy 
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at E0 for fog is less than 0, so E0 becomes another component of the 
essential divisor, which is a contradiction. Now one can prove that Y 
is non-singular away from finite points. If D has !-dimensional singular 
locus, then by the blowing-up at a I-dimensional irreducible component 
of the singular locus one obtains a component E1 whose discrepancy 
for f o g is -m + 1 < 0, where m is the multiplicity of D at a general 
point on the curve. It implies that E1 is another component of the 
essential divisor, which is a contradiction. Therefore D is non-singular 
away from finite points. On the other hand, since wy ~ Oy(-D) is 
Cohen-Macaulay, so is D. Hence by Serre's criterion Dis normal. The 
condition wy ~ Oy(-D) yields that wv ~ Ov. A normal surface with 
this condition and H 2 (EJ,0EJ) = C, where EJ is a resolution of D, is 
either a normal K3-surface or an Abelian surface ([23]). Q.E.D. 

§3. Finite groups which act freely in codimension 1. 

Definition 3.1. Let G be a group and (X,x) a germ of a singu­
larity. We say that G acts on (X,x) if G acts on a neighbourhood of x 
and fixes the point x. We say that G acts on (X, x) freely in codimension 
1, if there exists a closed subset S of codimension greater than or equal 
to 2 on a neighbourhood X such that G acts freely on X \ S. 

3.2. We denote the set of non-singular points of X by Xreg· Let 
(X, x) be a Q-Gorenstein singularity of index m and a group G act on 
(X,x). We denote the germ (X/G,x') by (X,x)/G, where x' E X/G is 
the image of x. Denote the maximal ideal of x by mx. Then it induces 
a canonical representation 

because G fixes the point x. 

Lemma 3.3. Let (X, x) be a Q-Gorenstein normal singularity of 
index m. Let G be a finite group which acts on (X, x) freely in codimen­
sion 1 and p: G -t GL(wt1 /mxwt1) ~ C* the canonical representation. 
Then 

Ind((X,x)/G) = ml Impl. 

In particular, 

Ind((X,x)/G)::;; mlGI. 
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Proof. Denote the order of G by d, I Im Pl by r and Ind( ( X, x) / G) 
by I. Let g be a generator of Imp and E the primitive r-th root of 1 
which corresponds tog. Let w be a generator of wf1. 

By the pull-back of a generator of w¼~a, one has a G-invariant J-ple 
n-form 0 which is holomorphic and does not vanish on Xreg· Therefore 
I = mm' for some m' E N and 0 = hw®m', where h is a nowhere 
vanishing holomorphic function on X. Since 09 = 0 as an element of 

[I]/ [I] . ' ( ) "" ' "" ' , Wx mxwx, one obtams that Em h x w""'m = h(x)w""'m . Hence Em = 
l. This shows I 2'. mr. Next, to prove I :::; mr, we construct a G­
invariant mr-ple n-form which is holomorphic and does not vanish on 
Xreg· Denote an element of G which corresponds tog E Imp by the 
same symbol g. Let 0 be an mr-ple n-form w 0 w9 . .. 0 w9r-t and 0 be 
(1/d) Lo-EG 00-. Then 0 is an invariant mr-ple n-form. Let p(a) = gi 
for a E G. Then in wfr] /mxwfr], 00- = Eri+(1+2+ ... +r-l)w®r which is 

w®r if r is odd and -w®r if r is even. Therefore 0 = ±w®r + .\, where 
' [mr] s· 0- d [mr] 0- d h X h h 
A E mxw x . mce 'F mxw x , oes not vanis on reg, w ic 
shows that 0 is a required form. Q.E.D. 

Corollary 3.4. Let (X, x) be an isolated strictly log-canonical sin­
gularity of index l on which a finite group G acts. Let f : X ----+ X be a G­
equivariant resolution of the singularities and p: G----+ GL(wx / f*wx) '.::::' 
<C the induced representation. Then Ind((X, x)/G) = I Impl. 

Proof. For an isolated strictly log-canonical singularity of index 1, 
it follows that mxwx = f*wX. Q.E.D. 

Corollary 3.5. Let (X, x) be an n-dimensional isolated strictly 
log-canonical singularity of index l on which a finite group G acts. As­
sume that there exists the canonical model r.p : X' ----+ X and let E be the 
reduced exceptional divisor. Then the action induces a representation 
p: G----+ GL(Hn- 1(E,OE)) andlnd(X,x)/G = llmpl. 

Proof. Take a G-equivariant resolution f : X ----+ X. Then 
EBmc".O f*w1m admits the action of G. So the canonical model admits 
the equivariant action of G, therefore the exceptional divisor E also does. 
Since wx, '.::::' Ox,(-E) (proof of Lemma 7 of [8]) and X' is Gorenstein 
in codimension 2, Eis Cohen-Macaulay and WE'.::::' OE. These yield that 
Hn-l(E, OE) = <C. As Rn-lr.p*Ox, '.::::' Rn-l f*OX '.::::' <C, the surjection 
Rn-lr.p*Ox, ----+ Hn- 1(E, OE) is an isomorphism. On the other hand 
Rn-lf*OX is dual to wx/f*wx, on which one can apply Corollary 3.4. 

Q.E.D. 
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Corollary 3.6. Let (X, x) be an n-dimensional isolated strictly 
log-canonical singularity of index 1 on which a finite group G acts. 
Let f : Y ---+ X be a G-equivariant good resolution and EJ the es­
sential divisor. Then the action induces a representation p : G ---+ 

GL(Hn- 1(EJ, OEJ)) and Ind(X, x)/G = I Impj. 

Proof. It is clear that G acts on EJ. Since EJ is the essential 
divisor, Rn-l f*Ox, ~ Hn- 1(EJ, OEJ) by Lemma 3.7 (6]. On the other 
hand Rn-l f*OX is dual to wx/ f*wx, on which one can apply Corollary 
3.4. Q.E.D. 

§4. Index of isolated strictly log-canonical singularities 

4.1. In this section, one proves that the indices of isolated strictly 
log-canonical singularities of dimension 2 and 3 are determined. Here 
one should note that the boundedness of indices does not hold for log­
terminal singularities and non-log-canonical singularities even for 2-di­
mensional case. 

Example 4.2. (1) Let (Zm, Zm) be the cyclic quotient singularity 
C2 / G, where G is generated by 

(~ ~)-
Here f is a primitive m-th root of unity. Then the exceptional curve 
on the minimal resolution is IP'1 and its self-intersection number is -m. 
Therefore the index of (Zm, Zm) ism if mis odd and m/2 if mis even. 
This shows that the indices oflog-terminal singularities are not bounded. 

(2) Let (X,x) C (C3,0) be a hypersurface singularity defined by 
x4+y4+z4 = 0 and (Zm, Zm) is its quotient by the cyclic group generated 
by 

(
€ 0 0) 
0 1: 0 , 
0 0 1: 

where f is a primitive m-th root of unity. Then the index of (Zm, Zm) 
is m. This shows that the indices of non-log-canonical singularities are 
not bounded. 

4.3. Let 1r: (X,x)---+ (Z;z) be a finite morphism etale in codi­
mension 1. Then {X, x) is strictly log-canonical if and only if (Z, z) is 
(see for example Proposition 1.7, (7]). Hence by the canonical cover, an 
arbitrary strictly log-canonical singularity is regarded as the quotient 



The quotients of log-canonical singularities by finite groups 141 

of such a singularity of index 1 by a finite group which acts on the 
singularity freely in codimension 1. 

Definition 4.4. An isolated strictly log-canonical singularity is 
called of type (0, i), if its canonical cover is of type (0, i). 

Theorem 4.5. An arbitrary dimensional isolated strictly log-ca­
nonical singularity of type (0, 0) has index either 1 or 2. 

Proof. This is proved in Theorem 3.10, [7]. One can also prove it 
by using 3.6. Let 1r: (X,x)-+ (Z,z) be the canonical cover of an n­
dimensional isolated strictly log-canonical singularity (Z, z) and G = (g) 
the associated cyclic group. Let f : X -+ X be a G-equivariant good 
resolution of (X, x) such that 1r of factors through a good resolution 
g : Z -+ Z of (Z, z). Denote the essential divisor for f by EJ and its 
dual complex by r. Then g induces an automorphism g* on Hn-1(r, Z). 
Since (X, x) is of type (0, 0), C ~ H~'.!! 1 (EJ) and this is isomorphic 
to Hn- 1(r,C) by 2.5, [12]. Therefore Hn- 1(r,Z) is of rank 1. Let 
>. be a free generator of Hn- l (r, Z) Then g* ( >.) = ±>. + (torsion) in 
Hn- 1(r, Z). Therefore g*(>.) = ±>. in Hn- 1(r, q. Hence the order of 
the action of G on Hn- 1(EJ, OEJ) is 1 or 2. Now apply 3.6. Q.E.D. 

4.6. A non-singular projective variety Xis called a Calabi-Yau va­
riety, if it satisfies that w x ~ 0 x. It is well known that a I-dimensional 
Calabi-Yau variety is an elliptic curve and 2-dimensional one is either a 
K3-surface or an Abelian surface. An automorphism g on X induces a 
linear automorphism g* on f(X,wx) = C which is dual to Hn(X,Ox), 
where n = dimX. Now let us introduce a conjecture on finite automor­
phisms on Calabi-Yau varieties, which is essential to our problem. 

Conjecture 4.7. For n E N, there is a number Bn such that n­
dimensional Calabi-Yau variety X and a finite automorphism g on X, the 
order of the induced automorphism g* on Hn(X, Ox) = C is bounded 
by Bn. 

For n = 1, 2, the conjecture holds true. 

Proposition 4.8. For an arbitrary elliptic curve X, denote the 
order !Imp! by r, where p: Aut(X)-+ GL(H1(X,Ox)) = C* is the 
induced representation. Then <p(r) ~ 2, which means r = 1, 2, 3, 4 or 
6. 

Proof. This is a classical result and proved in various ways. For 
example, note that an automorphism of X is the composite of a group 
homomorphism and a translation. Since the translation has no effect on 
H 1 (X, Ox) = C, Imp is p(Aut(X, 0)), where Aut(X, 0) is the group of 
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automorphisms. Since Aut(X, 0) fixes the zero element of the group, it is 
a finite group oforder 1, 2, 4 or 6 (see, for example, IV, 4.7, [5]). Q.E.D. 

Proposition 4.9. (i) (10.1.2, [16]) For an arbitrary K3-surface 
X, denote the order I Impl by r, where p: Aut(X)-+ GL(H2 (X, Ox)) = 
C* is the induced representation. Then cp(r) ~ 20, in particular r ~ 66. 
Here cp is the Euler function. 

(ii) (3.2, [4]) For an arbitrary Abelian surface X, the order r of a 
finite automorphism on X satisfies cp(r) ~ 4, which means that r = l, 
2, 3, 4, 5, 6, 8, 10, 12. 

Now one obtains a new proof of the following result. 

Theorem 4.10. A 2-dimensional strictly log-canonical singularity 
has index l, 2, 3, 4 or 6. 

Proof. Let 1r : (X, x) -+ (Z, z) be the canonical cover of the strictly 
log-canonical singularity (Z, z) and G be the associated cyclic group. 
By 4.5, it is sufficient to prove the case that (X, x) is of type (0, 1). 
Let f : Y -+ X be the minimal resolution and E the exceptional curve. 
Then f is a G-equivariant good resolution with the essential divisor 
E which is an elliptic curve. By 4.8, I Impl = 1, 2, 3, 4 or 6, where 
p : G -+ GL(H1(E, OE)) = C* is the induced representation. Now 
apply 3.6. Q.E.D. 

Theorem 4.11. An isolated 3-dimensional strictly log-canonical 
singularity of type (0, 2) has index r, where cp(r) ~ 20. 

Proof. Let 1r : (X, x) -+ (Z, z) be the canonical cover of a 3-
dimensional strictly log-canonical singularity ( Z, z) and G the associated 
cyclic group. Let E be the exceptional divisor on the canonical model of 
X. Then by 2.10 Eis either a normal K3-surface or an Abelian surface. 
Note that the action of G on E is lifted onto the minimal resolution 
E of E. Since the singularities on E are at worst rational double, one 
obtains that r(E,wE) = r(E,we)- By the Serre duality, the action of 
G on H 2 (E, OE) is the same as the one on H 2 (E, Oe). Therefore by 
3.5 and 4.9 r = Ind(Z, z) satisfies cp(r) ~ 20. Q.E.D. 

Theorem 4.12. An isolated 3-dimensional strictly log-canonical 
singularity of type (0, 1) has index l, 2, 3, 4 or 6. 

4.13. For the proof of Theorem 4.12 one needs the discussion on 
the following divisor: Let EJ be a simple normal crossing divisor on 
a non-singular 3-fold. Assume EJ = E1 + E2 + ... +Es is a cycle of 
elliptic ruled surfaces Ei and every intersection curve is a section on the 
ruled surfaces. Decompose EJ into two connected chains E(i) (i = 1, 2) 
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with no common components. Let C1 and C2 be the irreducible curves 
of E(l) n E<2). Let p : E(l) -----, C and q : E<2l -----, C be the rulings 
and Pi : Ci -----, C be the restriction of p on Ci. Then one obtains the 
Mayer-Vietoris exact sequence: 

H 1(E(l), q EB H 1(E<2l, C) -----, H 1(C1, q EB H 1(C2, C) 

-----, H 2 (EJ,C)-----, 0, 

which is an exact sequence of mixed Hodge structure. By taking Gri, 
where F is the Hodge filtration, one obtains the following: 

H 1(E(ll,o) EBH1(E<2l,o) ~ H 1(C1,0) EBH1(C2,0) 

~ H 2 (EJ,0)-----, 0. 

Lemma 4.14. Assume that H 2 (EJ, 0) = <C. Let <I>IH1(e<;J,o) = 
'Pi and '11IH1(c,,o) = 1Pi• Then the following hold: 

( i) Im<p1 = Im<p2 = Im<I>; 
(ii) 1Pi is an isomorphism for i = l, 2 and Ker '¥ o (Pi EB p2) = ~, 

where~ is the diagonal subspace of H 1(C, 0) EB H 1(C, 0); 
(iii) fix C1, then the isomorphism ¢1 is independent of the choice of 

the decomposition of EJ as in 4.13. 

Proof If (i) does not hold, then Im <I> -::/- Im <p1, where Im <p1 is of 
dimension 1, because <p1 is a non-zero map from I-dimensional vector 
space. Therefore <I> becomes surjective, a contradiction to H 2 (EJ, 0 EJ) 

-::/- 0. For (ii), consider the composite: 

lC) 'P 1 1 H (E' , Oe(i>) ~ H (C1, Oc1) EB H (C2, Oc2 ) 

P~-~;-i H 1(C, Oc) EB H 1(C, Oc). 

One obtains that Im((p;'- 1 EBp;-1) o 'Pi)=~- Therefore 1Pi is not a zero 
map. For (iii), take another C~ and E(i)' (i = 1, 2) such that E<1l' n 
E<2)' = C1 nq. One may assume that q C E<1l and E<1l' c E(l) and 
E<2) c E<2)'. Let E<3l be a subchain of EJ such that E(l) n E(2)' = 
C1 ll E(3). Then C2, C~ c E<3l. By these inclusions, we obtain the 
commutative diagram: 

H 1(E(ll) EB H 1(E<2l) -----, H 1(C1) EB H 1(C2) ~ H 2 (EJ) -----, 0 

II ll II ii II 
Hl(E(l)) EB Hl(E(2)') -----) Hl(C1) EB Hl(E(3)) -----) H2(EJ) -----) 0 

! l II II ! l II 
H 1(E<1l') EBH1(E<2l')-----, H 1(C1) EBH1(C~) ~ H 2 (EJ)-----, 0. 
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So the restrictions of '1T and w' on H 1(C1, 0) are the same. Q.E.D. 

Proof of Theorem 4.12. Let (Z, z) be an isolated strictly log-cano­
nical singularity of type (0, 1), 1r : (X, x) - (Z, z) the canonical cover 
and G the associated cyclic group. Let f : Y - X be a G-equivariant 
good resolution and EJ the essential divisor. Then EJ is either as in (i) 
or (ii) of Theorem 6.8 in Appendix. 

Case 1. The case that EJ is as in (ii) of Theorem 6.8. 
Let EJ = E<-.> + E<0> + E(+) be the decomposition as in (ii). Then 

there is a ruling p : E<0> - Cover an elliptic curve C. Since each fiber of 
pis mapped to a fiber of p by the action of G, C admits the action of G 
and p becomes a G-equivariant morphism. Now by the Mayer-Vietoris 
exact sequence: 

H 1(E(-) + E(O}, 0) a, H 1(E<0> + E(+), 0) - H 1(E<0>, 0) 

- H 2(EJ, 0) - H 2(E<-> + E(o), 0) $ H 2(E<0> + E(+), 0) = 0, 

one obtains a G-equivariant isomorphism H 1(E<0>, 0) ~ H 2(EJ, 0). On 
the other hand there is a G-equivariant isomorphism p* : H1 ( C, 0) -
H 1 ( E<0>, 0). Since the action of G on H 1 ( C, 0) is induced from that 
on C, the order of the action on G on H 1(C,O) is 1, 2, 3, 4, 6 by 
Proposition 4.8. 

Case 2. The case that EJ is as in (i) of Theorem 6.8. 
If the intersection curves are all fixed under the action of G, the 

generater 9 of G induces an automorphism of each intersection curve. 
Take Ci and E(i) (i = 1, 2) as in 4.13. Then one obtains the commutative 
diagram of isomorphisms: 

H 1(C1) 

9101 ! 
H 1(C1) 

~ H 2 (EJ) 
! 9* 

~ H 2 (EJ). 

Since 9101 is of order 1, 2, 3, 4, 6 by Proposition 4.8, so is 9*. 
If 9(C1) = C2 for Ci -I- C2, then under the notation in 4.13 let 

h: C - C be an automorphism P2 o 9lc1 o p11. By the definition of h, 
we obtain the commutative diagram of isomorphisms: 

,J,' 
---2+ H 2 (EJ) 

! 9* 

~ H 2(EJ), 

where 1/;~ is induced from 1/;1 through 9. Here, note that H 2(EJ, 0) = C 
by the assumption of the singularity. So one can apply Lemma 4.14, (iii), 
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obtaining that 'ljJ~ = 1P2- On the other hand, as Ker '11 o (Pi EB p!i) = ~ 
by Lemma 4.14, (ii), it follows that 1P1 o Pi = -1P2 o p2. Hence, by the 
diagram above, the order of g* is 1, 2, 3, 4, 6 since that of h* is 1, 2, 3, 
4, 6 by 4.8. Q.E.D. 

Theorem 4.15. For a positive integer r the following are equiva-
lent: 

(i) r is the index of a 3-dimensional strictly log-canonical singularity; 
(ii) cp(r) S 20 and r-:/- 60, where cp is the Euler function. 

Proof. First assume (i), then by theorems 4.5, 4.11 and 4.12, it 
follows that cp(r) S 20. If there exists a 3-dimensional strictly log­
canonical singularity (Z, z) of index 60, then by 4.5 and 4.12, (Z, z) 
must be of type (0, 2). Let E be the exceptional divisor on the canonical 
model of the canonical cover (X,x), then Eis a normal K3-surface. Let 
G be the corresponding group of ~he canonical cover, then G acts on 
E whose induced action on H 2 (E, OE) is of order 60. Since this action 
is lifted to the minimal resolution E of E, one obtains a K3-surface E 
which admits an automorphism whose action on H 2(E, OE) is of order 
60. However, it is proved by Machida-Oguiso [13] that there is no K3-
surface with such an automorphism. 

Next assume (ii), then by [11] and [17], there is a K3-surface E 
with an automorphism g : E --+ E whose order and the order of induced 
automorphism on H 2(E, OE) are both r. Let G = (g}, 1r : E --+ E' = 
E/G the quotient map and£ an ample invertible sheaf on E'. Let Y' 
and y be the line bundles Spec EBm>O c®m and Spec EBm>O 7r* c®m on 
E' and on E, respectively. Then Y ~ E has the zero section Eo whose 
normal bundle is 1r* c-1 , so there is a contraction f : (Y, Eo) --+ (X, x) 
of Eo. Since the exceptional divisor Eo is a K3-surface, the singularity 
(X, x) is strictly log-canonical of index 1 and of type (0, 2) by [8]. One 
defines an action of G on ( X, x) in the following way: Let a be the action 
of G on E. On the other hand there is also an action r of G on Y' which 
is trivial on E', because Y' admits a canonical action of C* and G is 
considered as a subgroup of C*. Since Y is the fiber product E x E' Y', 
one obtains the action of G on Y which is compatible with a and r. It is 
clear that this action is free on Y \ Eo and Eo is G-invariant. Therefore 
one can introduce the action of G on (X, x). The quotient (Z, z) = 
(X, x)/G is strictly log-canonical of index r by Corollary 3.6. Q.E.D. 

4.16. The boundedness of indices of higher dimensional strictly 
log-canonical singularities is also expected to follow from Conjecture 4.7. 
On the contrary, if indices of n-dimensional strictly log-canonical singu­
larities are bounded, then Conjecture 4.7 holds for (n - 1)-dimensional 
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Calabi-Yau varieties. Indeed, as in the proof of Theorem 4.15, for ev­
ery Calabi-Yau (n - 1)-fold E and a finite order automorphism g, one 
can construct a strictly log-canonical singularity of index r, where r is 
the order of the induced automorphism g* on Hn- 1(E, OE)- Hence the 
boundedness of indices implies Conjecture 4.7. 

§5. Finite groups which act non-freely in codimension one. 

5.1. Terminologies in [10] are used in this section. Here one con­
siders a finite group action on a 2-dimensional strictly log-canonical sin­
gularity. If the action is not free in codimension 1, the index of the 
quotient is not bounded. 

Example 5.2. Let 71" : C ---+ lll>1 be a double covering from an ellip­
tic curve C. Then 71" is the quotient map by a group G = Z/(2). Let Zm 
and Xm be Spec EBi~O Op1 (mi) and Spec EBi~O 7r*Op1 (mi) respectively, 

then Xm admits the canonical action of G and the induced morphism 
if : Xm ---+ Zm is the quotient map. Since the zero sections of Xm and 
Zm are G-invariant, one obtains the quotient map 71"1 : Xm ---+ Zm, where 
Xm and Zm are the contracted space of zero sections in Xm and Zm, 
respectively. Here the singularity of Xm is strictly log-canonical of index 
1 and the singularity of Zm has the index m if mis odd and m/2 if m 
is even as one sees in Example 4.2, which shows that the indices of the 
quotients {Zm}mEN are not bounded. 

5.3. Let (X,x) be an n-dimensional normal singularity and Ga 
finite group which acts on (X, x) non-freely in codimension 1. Let 71" : 

(X, x) ---+ (Z, z) = (X, x)/G be the quotient map, then 71" ramifies at 
divisors on X. Let Bi ( i = 1, ... , s) be the branch divisors of 71" and Rij 
(j = 1, ... ni) the ramification divisors over Bi. Then the ramification 
index of ~i depends only on i, denote it by ei, because the generic 
points of ~i's (j = 1, ... , ni) are mapped to each other transitively by 
the action of G. As for a Weil divisor Don Z the pull-back 7r*(D) by 
finite morphism 71" is defined (see for example 1.8 in [2]), one obtains the 
formula of Q-divisors: 

( 
~ e· -1 ) Kx = 7r* Kz + L...., _i __ -Di . 
i=l ei 

Lemma 5.4. Under the notation of 5.3, (X,x) is strictly log­
canonical, if and only if the pair (Z, E:=l (1-1/ei)Di) is log-canonical, 
non-klt around z. 
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Proof. By 3.16 of [10] (X, 0) is log-canonical, non-klt around x, 
if and only if (Z, E:=l (1 - 1/ei)Di) is log-canonical, non-klt around 
z. Here note that (X, 0) is klt around x, if and only if (X, x) is log­
terminal. Q.E.D. 

Lemma 5.5. Let Z be a normal surface and D an effective Q­
divisor on Z such that Supp(D) contains a point z E Z. If (Z, D) is 
log-canonical, then (Z, z) is a quotient singularity. 

Proof. Let f : Z - Z be a resolution of singularities on z. First 
one will prove that wz = f*wz around z. Take a positive integer m 

such that mD is an integral divisor and wr1(mD) is trivial around z. 
Represent mD = Ef=1 riDi, where Di's are the irreducible components. 

Let w be a generator of wr1(mD), then vv.(w) =-Ti< 0 for every i. 
Since (Z, D) is log-canonical, one obtains 

V 

Kz = f*(Kz + D) + L miEi - D', 
j=l 

with mj ~ -1 for every j, where D' is the proper transform of D and 
E/s are the irreducible exceptional curves. Therefore 

Hence VEj ( w) = mmj ~ -m for every j. If an element O E w z satisfies 
VEj(O) < 0 for some Ej with J(Ej) = {z}, then VEj(Om):::; -m. Since 

om E wrl c wr1(mD), it follows that om = hw with h E Oz. Then 
-m :::; VEj(w) :::; VEj(Om) :::; -m, and therefore VEj(h) = 0. Hence 
h does not vanish at z, from which one may assume that h does not 
vanish on Z by deleting Z sufficiently. But this yields a contradiction 
vvi(om) = vv.(w) = -Ti < 0. Now one obtains that Wz = f*wz 
around z. Since Z is a normal surface, this equality implies that (Z, z) 
is a rational singularity, hence a Q-Gorenstein singularity. So one can 
represent 

with nj = mj + mj, where J*D = D' + EmJEj. By z E Supp(D), 
it follows that mi > 0 for every Ej with f(Ej) = {z}, which yields 
that nj > -1 for these j. A 2-dimensional log-terminal singularity is a 
quotient singularity. Q.E.D. 
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Theorem 5.6. Let (X, x) be a 2-dimensional strictly log-canonical 
singularity and a finite group G act on (X, x) non-freely in codimension 
1. Then the number of the branch divisors is at most 4 and the com­
bination of the ramification indices of the quotient map 1r : (X,x) -+ 

(X,x)/G are (6), (4,4), (3,3), (3,3,3), (2,2), (2,2,2), (2,2,2,2), (6,2), 
(4,2), (3,2), (6,3,2), (4,4,2), (4,2,2), (3,3,2), (3,2,2). 

Proof. Use the notation of 5.3. By Lemma 5.4 (Z, I:(1-1/ei)Di) is 
log-canonical, not klt and by Lemma 5.5 (Z, z) is a quotient singularity. 
Let p : C2 -+ Z be the quotient map. Since p is etale in codimension 
1, Kc2 = p* Kz. Then by Lemma 5.4 (C2, I:(1 - 1/ei)P* Di) is log­
canonical, non-klt. In the following classification theorem of such pairs, 
one can see that the number of the branch divisors is at most 4 and the 
combination of the values of ei's are (6), (4, 4), (3, 3), (3, 3, 3), (2, 2), 
(2, 2, 2), (2, 2, 2, 2), (6, 2), (4, 2), (3, 2), (6, 3, 2), (4, 4, 2), (4, 2, 2), 
(3, 3, 2), (3, 2, 2). Q.E.D. 

Theorem 5.7. The pair (C2, I:(1-1/ei)Di) is log-canonical, non­
klt around O if and only if (ei) and (Di) are as follows up to analytic 
isomorphism around 0: 

(1.1) e1 = 6, D1 = (x2 + g = 0), where g = La+b~J OabXayb 
(003 =/ 0); 

(1.2) (e1, e2) = (4, 4), D1 = (x = 0), D2 = (x + y2 + g = 0), where 
9 = L2a+b~3 OabXayb; 

(1.3) (e1, e2) = (3, 3), D1 = (x = 0), D2 = (x + y3 + g = 0), where 
9 = L3a+b~4 OabXayb; 

(1.4) (e1, e2, e3) = (3, 3, 3), D1 = (x = 0), D2 = (y = 0), D3 = 
(x + y = 0); 

(1.5) (e1, e2) = (2, 2), D1 = (x2 + g = 0), D2 = (y2 + h = 0), where 
g= Lna+b>2n+l OabXayb (ao2n+1 =/ 0, n? 1), h= La+mb>2m+l f3abXayb 
(/32m+1,o =i 0, m? 1); -

(1.6) (e1, e2, e3) = (2, 2, 2), D1 = (x = 0), D2 = (x + y2 + g = 0), 
D3 = (x + f3yn + h = 0), where g = E 2a+b>J OabXayb, 

h = Lna+b~n+l f3abXayb (n? 2), /3 =/ 0 and if n = 2, /3 =/ 1; 

(1.7) (e1, e2, e3) = (2, 2, 2), D1 = (x = 0), D2 = (x + yn + g = 0), 
D3 = (y2 + h = 0), where g = Lna+b>n+l OabXayb (n ? 1), h = 

La+mb~2m+l f3abXayb (f32m+1,o =/ 0, m 2:'.:-1); 
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(1.8) (ei, e2, e3, e4) = (2, 2, 2, 2), Di = (x + CXiY + hi = 0) for i = 
1, ... , 4, where deg hi ?: 2 and ai-/:- CXj (i-/:- j); 

(1.9) (ei, e2, e3, e4) = (2, 2, 2, 2), Di = (x = 0), D2 = (y = 0), 
D3 = (x+y = 0), D4 = (x+ayn+g = 0), whereg = Lna+b>n+l CXabXayb 
(n ?: 2) and a-/:- 0; -

(1.10) (ei,e2,e3,e4) = (2,2,2,2), Di= (x = 0), D2 = (x+yn+g = 
0), D3 = (y = 0), D4 = (y+xm+h = 0), where g = Lna+b>n+i O'.abXayb 

(n?: 2), h = La+mb2m+i f3abXayb (m?: 2); -

(2.1) (ei, e2) = (6, 2), Di = (x = 0), D2 = (x + y3 + g = 0), where 
9 = L3a+b24 O'.abXayb; 

(2.2) (ei, e2) = (4, 2), Di = (x = 0), D2 = (x + y4 + g = 0), where 
9 = L4a+b>5 O'.abXayb; 

(2.3) (ei, e2) = (3, 2), Di = (x = 0), D2 = (x + y6 + g = 0), where 
9 = L6a+b27 O'.abXayb; 

(2.4) (ei, e2) = (3, 2), Di = (x = 0), D2 = (x2 + g = 0), where 
g = La+b23 O'.abXayb (ao3 -/- 0); 

(2.5) (ei, e2) = (2, 3), Di = (x = 0), D2 = (y2 + g = 0), where 
9 = La+b23 O'.abXayb (a30 -/- 0); 

(2.6) (ei, e2, e3) = (6, 3, 2), Di = (x = 0), D2 = (y = 0), D3 = 
(x + y = 0); 

(2.7) (ei,e2,e3) = (4,4,2), Di= (x = 0), D2 = (y = 0), D3 = 
(x + y = 0); 

(2.8) (ei, e2, e3) = (4, 2, 2), Di = (x = 0), D2 = (y = 0), D3 = 
(x + y2 + g = 0), where g = Z::2a+b23 CXabXayb; 

(2.9) (ei, e2, e3) = (3, 3, 2), Di = (x = 0), D2 = (y = 0), D3 = 
(x + y2 + g = 0), where g = Z::2a+b23 O'.abXayb; 

(2.10) (ei,e2,e3) = (3,2,2), Di = (x = 0), D2 = (x + y3 + g), 
D3 = (y = 0), where g = Z::3a+b24 CXabXayb. 

Proof. Denote Z::Di by D. Since (1-1/ei)?: 1/2, (C2,1/2D) is 
log-canonical around 0. Therefore 1/2 :::'. lcth(C2 , D, 0), where 
lcth(C2 , D, 0) is the log-canonical threshold of (C2 , D) around 0. On the 
other hand lcth(C2, D, 0) :::'. 2/ mult0 D by 8.10 of [10]. Hence mult0 D :::'. 
4. 
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Case 1. #{ei} = 1. 
In this case e = ei ~ 6, because (e - 1)/e = lcth(C2 , D, 0) and the 

right hand side is shown to be ~ 5/6 by 8.16 of (10]. 
Subcase 1.1. multo D = 2. 
First consider the case that D is analytically irreducible. Let n 

be the number of successive blowing-ups of C2 at the singular point of 
the proper transforms of D to get the resolution of D. Then by two 
more blowing-ups at the suitable centers, one obtains a log-resolution of 
(C2 , D). Let Ei (i = 1, ... , n + 2) be the exceptional curve of the i-th 
blowing-up and mi the log-discrepancy of (C2 , (1-1/e)D) at Ei, which 
means: 

where f: C2 --t C2 is the log-resolution and Dis the proper transform 
of D. It follows that mi = i - (1 - 1/e)2i for i = 1, ... , n, mn+l = 
n + 1 - (1 - 1/e)(2n + 1) and mn+2 = 2n + 2 - (1 - 1/e)(4n + 2). 
Therefore if e = 2, (C2 , (1 - 1/e)D) is klt for every n. If e = 3, it is 
klt for n = 1, 2 and non-log-canoninal for n ~ 3. If e = 4 and e = 5, 
it is klt for n = 1 and non-log-canonical for n ~ 2. If e = 6, it is 
non-log-canonical for n ~ 2 and log-canonical, non-klt for n = 1. Now 
one obtains that (C2 , (1 - 1/e)D) is log-canonical, non-klt, if and only 
if e = 6 and D has a double cusp at 0 which can be resolved by the 
blowing-up at 0. By Lemma 5.8 below one obtains the defining equation 
of D and this case turns out to be (1.1). 

Lemma 5.8. Let (D,0) c (C2 ,0) be a double cusp defined by an 
equation f = 0. Let n be the number of successive blowing-ups of C2 at 
the singular point of the proper transforms of D to get the resolution of 
D. Then f = x 2 + g, where g = Ena+b>2n+l OabXayb, ao2n+1 # 0 by a 
suitable coordinate transformation. -

Next consider the remaining case that D is the union of two non­
singular curves. Let n be as above, then the successive n-blowing-ups 
give a log-resolution. Define Ei and mi (i = 1, ... , n) in the same 
way as above. Then mi = i - (1 - 1/e)2i for i = 1, ... , n. Therefore 
(C2 , (1-1/e)D) is log-canonical, non-klt, if and only if e = 4 and n = 2 
or e = 3 and n = 3. By Lemma 5.9 below, the former is (1.2) and the 
latter is (1.3). 

Lemma 5.9. Let D C C2 be the union of two non-singular curves 
Di and D2 defined by equations Ji = 0 and h = 0. Let n be the 
number of successive blowing-ups of C2 at the singular point of the proper 
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transforms of D to get the resolution of D. Then Ji = x and h = 
x + yn + g, where g = Lna+b>n+i O'.abXayb by a suitable coordinate 
transformation. -

Subcase 1.2. multo D = 3. 
In this case, (C2 , (1-1/e)D) is log-canonical, non-klt, if and only if 

(1.4) or (1.6) holds. It is proved in the same way as in Subcase 1.1, and 
the proof is omitted. 

Subcase 1.3. mult0 D = 4. 
In this case, (C2 , (1-1/e)D) is log-canonical, non-klt, if and only if 

(1.5), (1.7), (1.8), (1.9) or (1.10) holds. The proof is omitted. 
Case 2. #{ei} > 0. 
In this case mult0 D :::; 3. Indeed, if mult0 D = 4, then lcth(C2 , D, 0) 

1/2 by the inequalities in the beginning of the proof of the theo­
rem. This is a contradiction to the fact that (C2 , I:(1 - 1/ei)Di) is 
log-canonical around O with E(l - 1/ei)Di > 1/2D. 

Subcase 2.1. multo D = 2. 
Since D is reducible, D is the union of two non-singular curves. Let 

n, Ei and mi be as in Subcase 1.1. Then mi = i{l - (e1 - l)/e1 -
(e2 -1)/e2 }. Therefore (C2 ,I:(1-1/ei)D) is log-canonical, non-klt, if 
and only if (n, e1, e2 ) = (3, 6, 2), (4, 4, 2) or (6, 3, 2). These are the cases 
(2.1), (2.2) and (2.3), by Lemma 5.8 and Lemma 5.9. 

Subcase 2.2. multo D = 3. 
One can devide into two cases: 
(1) multo Di = 1 and multo D2 = 2 and 
(2) mult0 Di = 1 for i = 1, 2, 3. 
Under the first case, (C2 , I:(1-1/ei)D) is log-canonical, non-klt, if 

and only if (2.4) or (2.5) holds, and under the second case, if and only 
if (2.6), (2.7), (2.8), (2.9) or (2.10) holds. The proof is in the same way 
as in Subcase 2.1. Q.E.D. 

5.10. More generally, 2-dimensional log-canonical pairs are clas­
sified in [15] by the terminology of dual graphs of minimal good resolu­
tions. 

§6. Appendix : The essential divisors of type (O, 1) 

In this section one studies the configurations of the essential divisors 
of strictly log-canonical singularities of index 1 and of type (0, 1). The 
configurations of such divisors were studied in [7]. But the proof skipped 
some steps and in £.10, p.186, [7] it used a contraction criterion stated 
in p.61, §4, [20] which has a counter example (Proposition 3, Example, 
[3]). So in this appendix, we give a new proof including complete steps 
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for the structure of the essential divisors. As a consequence we obtain a 
weaker result than stated in [7], but it is sufficient for our discussion in 
the preceding sections of this paper. 

Definition 6.1. Let (X,x) be a normal singularity which admits 
an action of a group G. A birational proper morphism g : Y -+ X is 
called a G-equivariant GQ-factorial terminal model of (X, x), if 

(1) G acts on Y and g is G-equivariant, 
(2) Y has at worst terminal singularities, 
(3) every G-invariant divisor on Y is a Q-Cartier divisor and 
(4) Ky is nef. 

If (X, x) is of dimension 3, there exists a G-equivariant GQ-factorial 
terminal model (relative version of 7.6 [1]). 

Some parts of the following lemmas are proved in [7], but for the 
reader's convenience we give here the proofs. 

Lemma 6.2. Let (X, x) be a 3-dimensional isolated strictly log­
canonical singularity of index l and of type (0, 1), f : X -+ X a good 
resolution and EJ the essential divisor on X. Then 

( i) EJ is not irreducible, 
(ii) every intersection curve of EJ has positive genus and 
(iii) there is no triple point on EJ. 

Proof. If EJ is irreducible, then H 2(EJ,OEJ) = C consists of 
(0, 2)-component, which is a contradiction. Take an irreducible com­
ponent Ei of EJ and put E'j = EJ - Ei. Consider the exact sequence: 

H 1(Ei, OE;) (f) H 1(E'j, oE'f) - H 1(Ei n E'j, O) - H 2 (EJ, OEJ - o, 
induced from the Mayer-Vietoris exact sequence and Proposition 3.8 of 
[6]. Since H 2 (EJ, OEJ) consists of the (0, 1)-component, there is (0, 1)­
component in H 1(Ei n E'j, 0). Therefore Ei n E'j contains at least 
one curve of positive genus. Note that this holds for an arbitrary good 
resolution. Here, if l is a rational intersection curve of EJ, take the 
blowing-up a : X'-+ X with the center l. Then the divisor E0 = a-1(£) 
is an essential component on X' and the intersection curves of E'.J on 
Eo are all rational, where E'.J is the essential divisor on X'. This is a 
contradiction to the fact proved above. If there is a triple point p on 
EJ, take the blowing-up at p. Then one also has an essential component 
with only rational double curves on it. Q.E.D. 

Lemma 6.3. Let g : Y -+ X be a G-equivariant GQ-factorial ter­
minal model of a 3-dimensional isolated strictly log-canonical singularity 
(X,x) of index 1 and D the reduced inverse image g-1(x)red· Then 
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( i) Ky= -D, 
(ii) the singularities of D are normal crossings except for finite 

points and 
(iii) D is Cohen-Macaulay, therefore isolated singularities on D are 

normal. 

Proof. By the proof of Lemma 7 of (8], Ky = g* Kx - I: aiDi with 
ai > 0 for all irreducible component Di of D. Here by the assumption 
on the singularity, the negative discrepancy is -1, which yields (i). Let 
C be an irreducible component of 1-dimensional singular locus of D and 
m the multiplicity of D at a general point of C. Take the blowing-up 
a : Y' -+ Y at the center C and denote the exceptional divisor over C 
by D0 . Then the discrepancy for go a at Do is 1 - m, because Y and C 
are both non-singular at a general point of C. Then by the assumption 
on the singularity (X, x), m must be 2. If the singularity of D is not 
ordinary at a general point of C, then, by successive blowing-ups of 
Y with suitable curves as centers, one obtains a partial resolution g" : 
Y"-+ X factored through g with Ky,, = -D;_-D;-n;-(other terms), 
where Di, D; and n; are components of g"-\x)red and intersect at 
a curve C'. By passing through the blowing-up of Y" with center C', 
one obtains a good resolution f : X -+ X, which has a discrepancy -2 
at one component, a contradiction. (iii) follows from the fact that D is 
<Ql-Cartier and the discussion as in 0.5 of (9]. Then by Serre's criterion, 
isolated singularities of D are normal. Q.E.D. 

Definition 6.4. An irreducible component of 1-dimensional sin­
gular locus of D is called a double curve of D. If a double curve is the 
intersection of two irreducible components, it is called an intersection 
curve. 

Proposition 6.5. Let (X, x) be a 3-dimensional isolated strictly 
log-canonical singularity of index 1 and of type (0, 1) and G a finite 
group acting on (X,x). Let g: Y-+ X be a G-equivariant G<Q)-factorial 
terminal model of (X,x) and D the reduced inverse image g- 1(x)red· 
Let a : D' -+ D be the normalization. Then the structure of D is as 
follows: 

(i) the case D is irreducible then D is one of the following: 
(i-1) a normal elliptic ruled surface with two simple elliptic sin­

gularities or 
(i-2) a normal rational surface with a simple elliptic singularity 

OT 

(i-3) a rational surface with a double curve C such that a- 1 (C) is 
an elliptic curve or 
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(i-4) an elliptic ruled surface with a simple elliptic singularity and 
a double curve C such that a-- i ( C) is an elliptic curve or 

(i-5) an elliptic ruled surface with two double curves Ci and C2 
such that a--i(Ci), a--i(C2) are disjoint elliptic curves or 

(i-6) an elliptic ruled surface with a double curve C such that 
a--i ( C) consists of two disjoint elliptic curves; 

(ii) the case D is not irreduible then D is one of the following: 
(ii-1) a cycle of elliptic ruled surfaces with sections as double 

curves or 
(ii-2) a chain of surfaces D = Di + ... + D 8 (s 2: 2) with elliptic 

intersection curves, where D2, ... , Ds-i are elliptic ruled surfaces and 
each of Di and Ds is as follows; rational surface or elliptic ruled surface 
with a simple elliptic singularity or elliptic ruled surf ace with a double 
curve C such that a--i(C) is an elliptic curve. 

(iii) the singularities of D' are at worst rational double points except 
for simple elliptic singularities appeared in (i-1), (i-2), (i-4) and (ii-2). 
Moreover, D' is non-singular along a--i(C), where C is a double curve. 

Proof. First of all, note that the singularities on Y are isolated, 
because Y has at worst terminal singularities. By (i) of 6.3, the equality 
wv = Ov holds away from finite points. Since Dis Cohen-Macaulay by 
6.3, this equality holds whole on D. Therefore 

Kv, = -a--i(double curves of D). 

Let r.p : b -+ D' be the minimal resolution, then one obtains 

with ~ 2: 0, where r.p* Kv, is the numerical pull-back defined in [19]. 
Now it follows that - Kb is an effective divisor on each component of 
D. Denote an irreducible component of D by Di and the corresponding 
component of D' and b by D~ and Di, respectively. Then by [23], a pair 
(Di, r) r E I - K D; I is one of the following: 

(1) Di is a rational surface and r is an elliptic curve; 
(2) bi is a rational surface and r is a cycle of rational curves; 
(3) bi is an elliptic ruled surface and r is two disjoint sections; 
( 4) bi is a ruled surface of genus 2: 2 and r = 2C0 + rational curves, 

where Co is a section. 
But in our situation, (2) and (4) do not occur. Indeed, assume 

Di is a component such that Di and r are as in (4). Take a good 
resolution f : X -+ Y isomorphic on points which are non-singular on 
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D and on Y. Let Ek be the proper transform of Dk on X. Represent 
K5c = -I:kEk + I:F;:f-exceptionalmiFj. Then 

(6.5.1) KE;= - LEklE; + L miFilE;• 
k,fi F; :f-exceptional 

Here non-empty Fi IE; is either corresponding to a double curve of D or 
a point on D, while EklE; corresponds to a double curve of D. Note 
that f IE; factors through Di and an irreducible component of r is either 
corresponding to a double curve or a point on D. Therefore 

(6.5.2) 

where Cb is the proper transform of Co and ei is either corresponding 
to a double curve or a point on D. By the uniqueness of the representa­
tion, (6.5.1) and (6.5.2) coincide, which shows that there is a component 
Fi with mi = -2, a contradiction to the condition on the singularity 
(X, x). Next if Di is a component such that Di and r are as in (2). 
Then in the same way as above one can prove that there exists an es­
sential component Fi which intersects Ei at a rational curve, which is a 
contradiction to Lemma 6.2. 

Now one has only to consider the case (1) or (3). Note that each 
component of r corresponds to either a double curve or a point on D. 

First assume that D is irreducible. Consider the case that D and r 
are as in (1). If r corresponds to a double curve, then one obtains (i-3). 
If r corresponds to a point, then one obtains (i-2). Next consider the 
case that D and rare as in (3). If both components of r correspond to 
points, then one obtains (i-1). If both components of r correspond to 
double curves, then one obtains (i-5) and (i-6). If one component of r 
corresponds to a double curve and the other to a point, then one obtains 
(i-4). 

Next assume that D is reducible. Then at least one component of 
r of Di corresponds to a double curve of D. Hence the structure of D 
is either (ii-1) or (ii-2). 

For the statement (iii), take any point p E D' which is not the 
simple elliptic singularity stated in (i-1), (i-2), (i-4) and (ii-2). If p is 
not in the curve corresponding to a double curve of D, then p is rational 
double, because Ki> = cp* Kv, around p. Assume p is on the curve 
C' c D~ corresponding to a double curve of D and cp is not isomorphic 
at p. As Kvi = -C' around p, it follows that Kv-. = -6 - A, where . . 
6 is the proper transform of C' on Di, A > 0 and An C =/- 0, which 
is a contradiction to the configuration of r. Therefore this point p is 
non-singular. Q.E.D. 
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In order to prove the structure theorem of the essential . part of 3-
dimensional isolated strictly log-canonical singularities of index 1 and of 
type 1), one need the following lemmas. 

Lemma 6.6. Let Xi (i = 1, 2) be non-singular 3-folds, E an ir­
reducible non-singular divisor with Kx1 = -E, C a non-singular curve 
on E. and f: X2-+ X1 a proper birational morphism isomorphic away 
from C. Denote the proper transform of E by E' and represent 

Kx2 = -E' + 
F; :J-exceptional 

Then m; 2: 0 for an irreducible component F; with J(F;) = C, and 
m; = 0 for such F; with moreover J(F; n E') = C. 

Proof. By replacing X1 by a small analytic neighbourhood of a 
point on C, one obtains a smooth morphism 1r : X1 -+ A C C such 
that Ht n C is one point {pt}, where Ht = 1r-1 (t) for t E A. Denote 
1-1(Ht) by Ht, Ht nE' bye and Ht nE bye. Then for a general t EA, 
Ht is irreducible, non-singular and the intersection Ht n F; = e; is a 
reduced curve for F; with f(F;) = C. Therefore by Kx1 IH, = KH, and 
Kx2 Iii, = K ii,, it follows that 

KH, = -e, 

Kii. = -e+ L m;e;. 
J(F;)=C 

Here flii, : flt-+ Ht is a proper birational morphism between non-sin­
gular surfaces, therefore the composite of blowing-ups at points. Hence 
m; 2: 0 for all e; and m; = 0 for e; with e; n e # 0. Q.E.D. 

Lemma 6.7. Let Xi (i = 1, 2) be non-singular 3-folds, E1 and E2 
irreducible non-singular divisors which cross normally at a curve C and 
Kx1 = -E1 - E2. Let f : X2 -+ X1 be a proper birational morphism 
such that Ei n E~ = 0 and Ei + E~ + E F; is of normal crossings, where 
Ef 's are the proper transforms of Ei 'sand F; 's are exceptional divisors. 
Represent 

Then there exist ruled surfaces F1, ... , Fr over C such that Ei + F1 + 
... +Fr+ E~ is a chain whose intersection curves are all sections of F; 's 
and m; = - l for j = 1, ... , r, m; 2: 0 for j # 1, ... , r and f ( F;) = C. 
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Proof. Take the same 1r as in the previous lemma and use the same 
notation Ht, Ht, Pt, ej. Denote Ht n Ei by ei and Ht n EI bye~. Then 
for general t E ~, 

KH, = -e1 - e2, 

K I I+ '°' fl, = -e1 - e2 ~ mjej. 
f(F;)=C 

Since flir, is a composite of blowing-ups at points, there exist e1, ... , er 
such that {ei, e1, ... , er, e;} forms a chain of rational curves in some 
order and mj = -1 for j = 1, ... ,rand mj ~ 0 for j-=/- 1, ... ,r such 
that f(Fj) = C. For the assertion on F/s (j = 1, ... , r), note first 
that the general fiber of Fj -+ C is a disjoint union of non-singular 
rational curves, therefore Fj is a ruled surface. Next take Fi such that 
F1 n Ei -=/- 0. Then flFi : F1 -+ C is the projection of ruled surface, 
because F1 intersects Ei at a curve isomorphic to C. Therefore e1 is 
irreducible. Then take F2 such that F1 n F2 -=/- 0. If F1 n F2 is not a 
section of flFi, e1 ne2 consists of more than one point, which contradicts 
to that {ei,e1,e2, ... } forms a chain. So flF2 : F2-+ Chas a section 
F1 n F2, which shows that it is a projection of a ruled surface over C 
and e2 is irreducible. Inductively one obtains the assertion on Fj 's for 
j = 1, ... ,r. Q.E.D. 

Theorem 6.8. Let (X,x) be a 3-dimensional isolated strictly log­
canonical singularity of index 1 and of type 1) and a finite group G act 
on (X, x). Then either: 

(i) there is a G-equivariant good resolution f: X-+ X such that the 
essential divisor EJ is a cycle E1 +E2+ ... +Es, (s ~ 2) of elliptic ruled 
surfaces, where Ei and Ei+l intersect at a section on each component 
for i = 1, ... , s (Es+l == E1) or 

(ii) there is a G-equivariant good resolution f : X -+ X such that the 
essential divisor EJ contains a G-invariant chain E<0) = E1 + ... + Es 
(s ~ 1) of elliptic ruled surfaces, where Ei and Ei+l intersect at a section 
on each component for i = 1, ... , s - 1. There are mutually disjoint 
subdivisors E<-) and E(+) of EJ such that EJ = E(-) + E<0> + E(+), 
where E(-) n E(o) is a section of E1 and E(+) n E(o) is a section of E 8 • 

Proof. Let g : Y -+ X be a G-equivariant GQ-factorial terminal 
model of (X,x) and D the reduced inverse image g- 1(x)red· 

Assume that D is as in (i-1) of Proposition 6.5. Then there are 
two simple elliptic singularities P1, P2 on D. Take a G-equivariant good 
resolution f : X -+ Y and denote the proper transform of D by E and 
!-exceptional divisors by F/s. Represent Kx = -E + ~mjFj. Since 
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mj = 0 for non-JIE-exceptional curve FJIE by Lemma 6.6, it follows 
that 

(6.8.1) KE= 
F; :fl E -exceptional 

On the other hand, recall that Kb= -C1 -C2, where C/s are the fibers 
of the simple elliptic singularities and disjoint sections of the elliptic 
ruled surface. Hence denoting the proper transform of Ci by Ci and the 
canonical morphism E-+ iJ by'¢, one obtains: 

(6.8.2) 
e; :,p-exceptional 

where nj ~ 0 because 'ljJ : E -+ iJ is a composite of blowing-ups at 
points. 

Noting that an !IE-exceptional divisor is either Ci or '¢-exceptional, 
compare (6.8.1) and (6.8.2). Then one obtains that there are components 
Fi and F2 such that FilE = Ci with m1 = m2 = -1 and mj ~ 0 for 
every Fj (j-:/ 1, 2). Let E(-) be the sum of the essential components in 
J-1(p1), E(+) that in J-1(p2 ). If one puts E<0) = E, then these satisfy 
the condition in (ii) of the theorem. 

Assume that D is as in (i-2) of Proposition 6.5. In the same way 
as above, one obtains that there exists only one essential component F 
which intersects E. Since the intersection curve F n E is G-invariant 
elliptic curve, one obtains another G-equivariant good resolution with 
the properties in (ii) of the theorem by compositing the blowing-up at 
F n E. In this case, the exceptional divisor of the blowing-up becomes 
E(O)_ 

Assume D is as in (i-3) of Proposition 6.5. Let f : X -+ Y be 
a G-equivariant good resolution passing through the blowing-up at the 
double curve C which is G-invariant. Denote the proper transform of D 
on X by E and the elliptic curve on E corresponding to C by C. Then 
there exists an !-exceptional curve F1 such that F11E = C. Represent 
Kx = -E + "£.mJFJ· Then by Lemma6.6, it follows that 

(6.8.3) 
F;: f IE - exceptional 

Since Kb = -C', where C' is an elliptic curve corresponding to the 
double curve C, it follows that 

(6.8.4) KE= -C+ 
e; :,p-exceptional 
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Here one obtains ni 2: 0, because '¢ : E - iJ is a composite of blowing­
ups at points. Noting that an /IE -exceptional curve is '¢-exceptional, 
compare (6.8.3) and (6.8.4). Then it follows that m1 = -1 and mi 2: 0 
for j =I l such that Fi IE -# 0. Therefore there exists only one essential 
component F1 which intersects E and the intersection Fi n E is G­
equivariant. elliptic curve. By taking the blowing-up at F1 n E, one 
obtains E(o) which satisfies the conditions in (ii) of the theorem 

Assume that Dis as in (i-4) or (i-5) of Proposition 6.5. In the same 
way as in (i-1), one obtains that the conditions in (ii) of the theorem 
hold by denoting the proper transform of D by E(O}. 

Asssume that D is as in (i-6) or (ii-1) of Proposition 6.5. Take 
a G-equivariant good resolution f : X - Y, decompose D into the 
irreducible components D1 + ... + D8 (s 2: 1) and denote the proper 
transform of Di on X by Ei. By Lemma 6.7, the essential divisor EJ 
on X contains a subdivisor E'.J with the property in (i) of the theorem. 
Represent E'.J = I:;=l Ei + I:~=l Fj. Let F be an /-exceptional divisor 
not contained in E'.J. Suppose first FIFj =I 0 for some j = l, ... , t. 
If f (FIFj) is a point, then it is contained in a fiber of the ruling of 
Fj, therefore it is rational. Then by (ii) of Lemma 6.2, F is not an 
essential component. If f(FIF;) is a curve, then by Lemma 6.7, F is 
not essential. Next suppose that FIE; =I 0 for some i = 1, ... , s. If 
FIE; is /IE;-exceptional, then it is rational, because the singularities on 
the normalization D~ of Di are all rational by (iii) of Proposition 6.5. 
Therefore by (ii) of Lemma 6.2, F is not essential. If FIE; is not /IE;­
exceptional, then by Lemma 6.6, Fis not essential. Now it follows that 
EJ = E'.J by connectedness of the essential divisor. 

Assume that D is as in (ii-2) of Proposition 6.5. Decompose D into 
irreducible components D1 + ... + D 8 • For the cases= 2, by taking the 
blowing-up at D1 n D2 one can reduce into the case s = 3. So one may 
assume that s 2: 3. Let f : X - Y be a G-equivariant good resolution 
and Ei the proper transform of Di- Then by Lemma 6.7 in the essential 
divisor EJ on X there exists a chain of elliptic ruled surfaces starting 
with E2, including Ei (2 < i < s -1) and finishing with Es-I such that 
the intersection curves are all sections on ruled surfaces. Note that this 
chain is G-invariant, because D2+- . . +Ds-1 is G-invariant. In the same 
way as in the case (ii-1), one obtains that there are only two essential 
components which intersect this chain, and the intersection is sections of 
E2 and of Es-1• Denote this chain by E<0) and the sum of the essential 
components in 1-1(D1) by E(-) and that in 1-1 (Ds) by E(+)_ Then 
these satisfy the conditions in (ii) of the theorem. Q.E.D. 
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