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On the Cohomology of Discriminantal Arrangements
and Orlik-Solomon Algebras
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Abstract.

We relate the cohomology of the Orlik-Solomon algebra of a dis-
criminantal arrangement to the local system cohomology of the com-
plement. The Orlik-Solomon algebra of such an arrangement (viewed
as a complex) is shown to be a linear approximation of a complex aris-
ing from the fundamental group of the complement, the cohomology
of which is isomorphic to that of the complement with coefficients
in an arbitrary complex rank one local system. We also establish
the relationship between the cohomology support loci of the comple-
ment of a discriminantal arrangement and the resonant varieties of
its Orlik-Solomon algebra.

Introduction

Let A be an arrangement of N complex hyperplanes, and let M (A)
be its complement. For each hyperplane H of A, let fy be a linear
polynomial with kernel H, and let Ay be a complex number. Each point
A=(...,AH,...) € CN determines an integrable connection V = d+Qx
on the trivial line bundle over M(A), where Qx = >, 4 Andlog fg,
and an associated complex rank one local system £ on M(A). Alter-
natively, if t € (C*)" is the point in the complex torus corresponding
to A, then the local system £ is induced by the representation of the
fundamental group of M (.A) which sends any meridian about H € A to
ty = exp(—2miAy).
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Due largely to its various applications, the cohomology of M(A)
with coefficients in £ has been the subject of considerable recent interest.
These applications include representations of braid groups, generalized
hypergeometric functions, and the Knizhnik-Zamolodchikov equations
from conformal field theory. See, for instance, the works of Aomoto,
Kita, Kohno, Schechtman, and Varchenko [1, 2, 21, 28, 30], and see Orlik
and Terao [25] as a general reference for arrangements. Of particular
interest in these applications are the discriminantal arrangements of [28],
the complements of which may be realized as configuration spaces of
ordered points in C punctured finitely many times. (Note that our use
of the term “discriminantal” differs from that of [25].)

The local system cohomology H*(M(A); L) may be studied from
a number of points of view. For instance, if A is real, that is, defined
by real equations, the complement M (A) is homotopy equivalent to the
Salvetti complex X of A, see [26]. In this instance, the complex X
may be used in the study of local systems on M(A). This approach
is developed by Varchenko in [30], to which we also refer for discussion
of the applications mentioned above, and has been pursued by Denham
and Hanlon [13] in their study of the homology of the Milnor fiber of an
arrangement.

If Ais K(m,1), that is, the complement M(A) is a K(m,1)-space,
then local systems on M (A) may be studied from the point of view of
cohomology of groups. Any representation of the fundamental group G
of the complement of a K(m,1) arrangement gives rise to a G-module
L, and a local system of coefficients £ on M(A). Since M(A) is a
K(m,1)-space, we have H.(M(A); L) = H.(G; L) and H*(M(A); L) =
H*(G; L), see for instance Brown [8]. The class of K(m,1) arrangements
includes the discriminantal arrangements noted above, as they are exam-
ples of fiber-type arrangements, well-known to be K(m,1), see e.g. Falk
and Randell [17].

For any arrangement A, let B(.A) denote the Brieskorn algebra of
A, generated by 1 and the closed differential forms dlog fir, H € A. As
is well-known, the algebra B(.A) is isomorphic to H*(M(A);C), and to
the Orlik-Solomon algebra A(.A), so is determined by the lattice of A,
see [7, 24, 25]. If L is a local system on M(.A) determined by “weights”
A which satisfy certain Aomoto non-resonance conditions, work of Es-
nault, Schechtman, and Viehweg [14], extended by Schechtman, Terao,
and Varchenko [27], shows that H*(M(A); L) is isomorphic to the co-
homology of the complex (B(A), 2xA). Thus for non-resonant weights,
the local system cohomology may be computed by combinatorial means,
using the Orlik-Solomon algebra equipped with differential u(\), given
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by left-multiplication by wyx, the image of 25 under the isomorphism
B(A) — A(A).

For arbitrary (resonant) weights, one has
dim H*(A(A), (M) < dim H*(M (A); £) < dim H*(M(A); C)

for each k. See Libgober and Yuzvinsky [23] for the first of these in-
equalities. The second is obtained using stratified Morse theory in [9],
and resolves a question raised by Aomoto and Kita in [2]. For resonant
weights, the precise relation between H*(A(A), u(A)) and H*(M(A); £)
is not known.

However, recent results suggest that H*(A(A), (\)) may be viewed
as a “linear approximation” of H¥(M(A); L), at least for small k. The
resonant varieties, RT*(A(A)) = {A € CV | dim H*(A(A), (X)) > m},
of the Orlik-Solomon algebra were introduced by Falk in [16]. For k =1
and any arrangement A, it is known that RT*(A(A)) coincides with
the tangent cone of the cohomology support locus of the complement,
L(M(A) = {t € (C)N | dimHY(M(A);£) > m}, at the point
(1,...,1), see [11, 22, 23]. For certain arrangements, we present fur-
ther “evidence” in support of this philosophy here.

If A is a fiber-type arrangement, the fundamental group G of the
complement M(A) may be realized as an iterated semidirect product of
free groups, and M(A) is a K(G,1)-space, see [17, 25]. For any such
group, we construct a finite, free ZG-resolution, Co(G), of Z in [10].
This resolution may be used to compute the homology and cohomol-
ogy of G with coeflicients in any G-module L, or equivalently, that of
M(A) with coefficients in any local system £. We have H.(M(A);£) =
H.(Cs(G) ®c L) and H*(M(A); L) = H*(Homg(C.(G), L)), see [8].

Briefly, for a fiber-type arrangement 4, the relationship between the
cohomology theories H*(A(A), u(X\)) and H*(M(A); L) is given by the
following assertion. For any X, the compler (A(A), u(A)) is a linear ap-
prozimation of the complex Homg(Co(G), L). We prove a variant of this
statement in the case where A is a discriminantal arrangement here. We
also establish the relationship between the resonant varieties R} (A(A))
and cohomology support loci %X (M(A)) of these arrangements, analo-
gous to that mentioned above in the case k = 1.

The paper is organized as follows. The Orlik-Solomon algebra of a
discriminantal arrangement admits a simple description, which fascili-
tates analysis of the differential of the complex (A(A), u(A)). We carry
out this analysis, which is elementary albeit delicate, in section 1, and
obtain an explicit (inductive) description of the differential p(A). In
section 2, we recall the construction of the resolution Co(G) from [10]
in the instance where G is the fundamental group of the complement of
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a discriminantal arrangement, and exhibit a complex (C*, §°(t)) which
computes the cohomology H*(M(A), L) for an arbitrary rank one local
system. We then study in section 3 a linear approximation of (C*, §°(t)),
and relate it, for arbitrary A, to the complex (A(A), u(A)). We con-
clude by realizing the resonant varieties of the Orlik-Solomon algebra of
a discriminantal arrangement as the tangent cones at the identity of the
cohomology support loci of the complement in section 4.

§1. Cohomology of the Orlik-Solomon Algebra

Let M, = {(z1,...,2zn) € C" | z; # z; if i # j} be the configura-
tion space of n ordered points in C. Note that M,, may be realized as the
complement of the braid arrangement A, = {z; = z;,1 < i < j < n}
in C™. Classical work of Fadell and Neuwirth [15] shows the projection
C™ — C¢ defined by forgetting the last n — £ coordinates gives rise to a
bundle map p : M, — M,. From this it follows that M, is a K(P,,1)-
space, where P, = m1(M,,) is the pure braid group on n strands.

The typical fiber of the bundle of configuration spaces p : M, —
M, may be realized as the complement of an arrangement in C*¢, a
discriminantal arrangement in the sense of Schechtman and Varchenko,
see [28, 30]. The fiber over z = (z1,...,2¢) € My may be realized as
the complement, M, ¢ = M(Ay¢), of the arrangement A, ¢ consisting
of the N = (3) — (g) hyperplanes '

o . - ker(zj —x;) £+1<i<j<n,
U ker(z; —z) 1<i<¢ £4+1<j<n,
in C"¢ (with coordinates x¢41,...,Z,). Note that M, ¢ is the config-
uration space of n — £ ordered points in C\ {z1,...,2¢}, and that the

topology of M, . is independent of z, see [15, 5, 20]. We first record
some known results on the cohomology of M,, ..

1.1. The Orlik-Solomon Algebra

The fundamental group of the configuration space M, ¢ may be real-
ized as P, ¢ = m1(My ¢) = ker(P,, — P;), the kernel of the homorphism
from P, to P, defined by forgetting the last n — £ strands. From the
homotopy exact sequence of the bundle p : M,, — M,, we see that M, ,
is a K(Py¢,1)-space. The cohomology of this space, and hence of this
group, may be described as follows.

Let € = EBéV:O &7 be the graded exterior algebra over C, generated
by e;;, £+1<j<mn,1<i<j. Let T be the ideal in £ generated, for
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1<i<ji<k<n, by
eijher—ejNejrtepNejpif 2041, and e Aejy if j<LO

Note that £€9 C Z for ¢ > n — £. The Orlik-Solomon algebra of the
discriminantal arrangement A, ¢ is the quotient A = £/7.

Theorem 1.2. The cohomology algebra H*(M,, ¢;; C)=H* (P, ¢;C)
is isomorphic to the Orlik-Solomon algebra A = A(A, ().

The grading on £ induces a grading A = @Z;g A? on the Orlik-
Solomon algebra A = A(A, ). Let a;; denote the image of e; ; in A,
and note that these elements form a basis for A! and generate A. From
the description of the ideal 7 above, it is clear that all relations among
these generators are consequences of the following:

aij Aajr —aik) ifj>£+1,
(1.1) ik Najr = {0 ifj <o,

for1<i<j<k<n.

This observation leads to a natural choice of basis for the algebra
A. For m < n, write [m,n] ={m,m+1,...,n}. If I = {iy,...,iq} and
J ={J1,...,Jq} satisfy the conditions J C [/ +1,n] and 1 <3, < j, for
each p, let a5 ;j = a4, j, A~ Nay, j,- If|J| =0,set a5 ;= 1.

Proposition 1.3. For each q, 0 < g < n — ¢, the forms ar,j with
|J| = q and I as above form a basis for the summand A? of the Orlik-
Solomon algebra A of the discriminantal arrangement A, ¢. Further-
more, the summand A9 decomposes as a direct sum, A? = @I Jl=q Ay,
where Ay = @;Cay, ;.

Remark 1.4. These results are well-known. For instance, if A =
A, is the braid arrangement, Theorem 1.2 follows from results of Arnol’d
[4] and Cohen [12], which show that H*(M,,; C) is generated by the forms
a;; = dlog(z; — x;), with relations (1.1) (with £ = 1). For any discrim-
inantal arrangement A, ¢, Theorem 1.2 is a consequence of results of
Brieskorn and Orlik-Solomon, see [7, 24, 25].

As mentioned in the Introduction, the discriminantal arrangements
Ay ¢ are examples of (affine) fiber-type or supersolvable arrangements.
The structure of the Orlik-Solomon algebra of any such arrangement
A was determined by Terao [29]. The basis for the algebra A(A, )
exhibited in Proposition 1.3 above is the nbc-basis (with respect to a
natural ordering of the hyperplanes of A, ;), see [25]. The Orlik-Solomon
algebra of any supersolvable arrangement admits an analogous basis,
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see Bjorner-Ziegler [6], and see Falk-Terao [18] for affine supersolvable
arrangements.

1.5. The Orlik-Solomon Algebra as a Complex

Recall that N = () — (£), and consider CV with coordinates \; ;,
£4+41<3j<mn,1<i<j Each point A\ € CV gives rise to an
element w = wx = Y A;j - a;; of Al. Left-multiplication by w induces
a map pd(A) : A9 — A9l defined by p¢(A)(n) = w An. Clearly,
pITHA) o u?(X) = 0, so (A*, u*(N)) is a complex.

We shall obtain an inductive formula for the boundary maps of the
complex (A®, u*(A)). The projection C*~¢ — C onto the first coordinate
gives rise to a bundle of configuration spaces, My, ¢ — Mgy 1., with fiber
M,y 041, see [15, 5, 20]. The inclusion of the fiber M, o411 — M, ¢ induces
a map on cohomology which is clearly surjective. This yields a surjection
m: A(Ane) = A(Ane+1). R

Write A = A(An¢) and A = A(A, ¢4+1), and denote the generators
of both 4 and A by a;;. In terms of these generators, the map =7
is given by m(ase+1) = 0, and 7(a; ;) = a,; otherwise. Let & € A
denote the image of w € A under 7. If we write w = Y ,_, +1 Wk, Where
W = Zf;ll Ai k- Gik, then& = ZZ=£+2 wk. As above, left-multiplication
by & induces a map f9(\) : A7 — A9+! and (A°*,7i*(\)) is a complex.
The following is straightforward.

o~

Lemma 1.6. The map 7w : (A%, p* (X)) — (A®, 2°(X)) is a surjec-
tive chain map.

Let (B*®, u%(A)) denote the kernel of the chain map 7. The terms are
of the form B? = @ A%, where £ + 1 € K and |K| = g. In particular,
B® = 0. We now identify the differential u%(X). If £ < m < n and
J C [m,n], let {k, J} denote the (ordered) subset {k} U J of [k,n]. For
a linear map F, write [F]* for the map ®¥F.

Proposition 1.7. The complex (B®, p%(\)) decomposes as the di-
rect sum of £ copies of the complex A®, shifted in dimension by one, with
the sign of the boundary map reversed. In other words, (B®, ug(A)) =

(A1), —[@=1 ().
Proof. Forl < q<n—£,wehave B = @A%ZH’J}, where the sum

is over all J C [£+2,n] with |J| = ¢— 1. Each summand may be written

q . 4 ) q—1 _ £ Ta—1
as Apiq.5y = Dicr0ier1 A AT Thus, BY = P aier1 A AT is

isomorphic to the direct sum of £ copies of A1 via the map B? —
[Aq—l]l, Qier1Nay g (O, ce ey QL ,O).
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Now consider the boundary map p%(A) : B9 — B+ of the complex
B*, induced by left-multiplication by w = Y7;"_, | wk. Let n = ag o1 A
ar,j be a generator for BY. Since a;; Aaj, =0 for all ¢, j < k, we have
w41 AN =0. Thus,

HEA) () =wAn=(w —we1) AN = —aiet1 A (W —wey1) Aar,.
Write (w —weq1) Aar, g = €1 + &2 in terms of the basis for A specified in
Proposition 1.3, where & € Dy cx Ak and &2 € By 1¢x A%~ Then
we have wAn = —a; g1 A(E1+E€2) = —a;e+1/AE2. Checking that WAar,; =
& in A, we have uh(A)(aie41 Aar,g) = —aier1 A9 (A)(ar,s). Thus,
with the change in sign, the boundary map p}(A) respects the direct
sum decomposition B® = (A*~1)¢, Q.E.D.

1.8. Boundary Maps
We now study the differential of the complex (A®, u*(A)). The di-

rect sum decompositions of the terms of the complexes A®, A®, and B®
exhibited above yield

A= @”‘:q Ar= (@Z+1€J A3) ® (@ulw A?I) = B¢ A"

Let g : A7 — B9 denote the natural projection. AVVith respect to
the direct sum decomposition of the terms A9 = B? @ A%, the boundary
map p*(A) of the complex A® is given by u9(A)(vi,v2) = (uF(A)(v1) +

TI(A)(v2), 19(A)(v2)), where ¥9(A) = 7p o u9(A) : A2 —» BI*tl In
matrix form, we have

o e (A )

Since A® is the complex associated to the discriminantal arrange-
ment Ay ¢4 in Cr~¢-1 and B® (A"l)e decomposes as a direct sum
by Proposition 1.7, we inductively concentrate our attention on the maps
WI(A). Fix J C [¢+ 2,n], and denote the restriction of ¥I(A) to the
summand A% of A? by ¥%(X). For n € A%, since np(wr An) = 0 if
k¢ {£+1,J}, we have ¥J(A)(n) = wer1 A+ 3¢, mB(wj An). Thus,

1 ¢
VI(A): AS = AT 5y = Bt Gmyer1 A A

For 1 < m < {4, let mpm 41 : A?Z:l,J} — @m,e+1 N A% denote the
natural projection. Then (the matrix of) ¥%(X) : A% — (AqJ)e may be
expressed as

(1.3)
TIA) = (T1,e41 0 CG(A) -+ Tmeg10TG(A) oo meern 0 TH(N)),
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and we focus our attention on one such block, that is, on the composition
1
(1.4) Tm,e41 0 TI(A) : AY — A‘{IIJ} — am,e+1 N AY.

Write J = {j1,...,Jq} and for 1 < p < g, let J, = {j1,...,Jp} and
JP =J\J,. Iif p=0, set Jo =0 and J® = J. Then for ar; € A%, it
is readily checked that mpm ¢+1 0 ¥9(A)(ar,7) = Tme41 0 TB(W A ag,g) is
given by

(1.5)

q
Tm,e1 © ¥4 (A)(ar,s) = szo Tm,e+1 0 TB(Wj, Aar g ) Aage e,

where jo = £ + 1. In light of this, we restrict our attention to m,, ¢41 ©
ng(wj, Aar,y). We describe this term using the following notion.

Definition 1.9. FixJ = {j1,...,jq} € ¢{+2,nJandm < £. IfI =
{i1,...,iq} and 1 < iy, < jjp for each p, a set K = {ky,,..., ks, ks, } is
called I-admissible if

L. {is),...,8s,} © I\ {ig} and is,,, = ig;

2. {ks;,1s,} = {m, £+ 1}; and

3. {ks, s, } = {ksp_1,Jsp,_ } forp=2,...,t + 1.

Note that the last condition is vacuous if K is of cardinality one. Note
also that 1 < k,, < j,, and ks, # is, for each p.

Lemma 1.10. We have
Tm,e+1 0 TB(wj, Aary) = ZK Akg,iq@m,e+1 AN bjy Awe- Abj,

where the sum is over all I-admissible sets K={ks,,... , ks, , ks,,, = kq},
and

bj — ai,,,j,, - ak;nj;- pr € {sla e ,Stvq};
r ai, j, ifpé¢ {s1,...,5,4}

Proof. Let a;; and ax ; be elements of A%j}. Write r = min{i, k}
and s = max{i, k}. From (1.1), we have either a; ; Aax; = ar s A (ag,; —
a;;) if s > £+ 1, 0r a;5 Nag; = 0if s < £. It follows from these
considerations, and a routine exercise to check the sign, that summands
Aky,jg@me+1 Abjy A+ - Abj of T o1 0 Te(wj, A ag,y) arise only from

I-admissible sets K. Q.E.D.

Now write Ty, ¢41 0 7B(wj, Aayj) = YR )\fgylamyeﬂ Aag,j, where
the sum is over all R = {ry,...,rq}, 1 <7, < jp, 1 < p < g, and
Ak €C.
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Proposition 1.11.  The coefficient A%, ; of am,e41 Aar,s in
Tm,e+1 0 Ta(wj, Aag y) is given by

Mo = (COIRENY

where the sum is over all I-admissible sets K such that R\ RNI C K.

Proof. Let K = {ks,,...,ks,,kq} be an I-admissible set. As-
sociated with K, we have the term Ay, j am.e+1 A bj; A -+ A bj, of
Tm,e+1 © T(ar,7 A wj,) from Lemma 1.10. If R\RNI ¢ K, it is
readily checked that this term contributes nothing to the coefficient
A%.1 Of @mes1 A agr,y. On the other hand, if R\ RN I C K, then
the above term contributes the summand (—1)/F\EM 1), - to the coef-
ficient A% ;. Q.E.D.

We now obtain a complete description of the map 7, ¢41 0 ¥I(X) :
A% — amep1 A AY from (1.4). Write

Tme+1 0 Y5 (X)(ar,g) = ZR A% 1@m,e41 AaR,J,

where, as above, the sum is over all R = {ry,...,7q}, 1 < 75 < Jp,

1<p<gq,and A} ; €C. Let eg; = 1if R = I, and e ; = 0 otherwise.
R ) )

Theorem 1.12. The coefficient A{“ of Gm,e41 N AR,y in
Tm,e41 © U (X) is given by

Ay = (~1)IR\EN (6R,1>\m,e+1 + ZJ,EJ > o« )\k,j)v

where, if j = jp, the second sum is over all I -admissible sets K =
{ksys- - ks, k} for which R\RNI C K.

Proof. From (1.5), we have
q
Tm,e+1 0 ¥ (ar,7) = szo Tm,e+1 © Ta(wj, Aar, 5,) Nagp gr,

and the summand corresponding to p = 0 is simply A e+1ame+1 A a1, J.
. J

For p > 1, write T 410 (W), Aar,,s,) = 2 og, AR, 1, 0me+1 N CR,,J,,

where the sum is over all R, = {ry,...,7p}. For a fixed R, the coefficient

of @m e41 A aR,1 in T, g1 0 Te(w A ag,7) may then be expressed as

J q Jp
Ag = e€rrAmes1 + E :p=1 AR,.I,0

where R = R, UIP. Note that we have R\ RNI = R, \ R, NI, for such
R.
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By Proposition 1.11, we have )‘IJil;,,I,, = (~1)IEANBOLIS™ N S
where the sum is over all I,-admissible sets K with R, \ R, NI, C K.
Thus,

J q R,\R,NI
Ag = e€eriAmet1 + Zp_l(_l)l » A Ol ZK Ak

and since R = R, UI?, we have R\RNI=R,\R,NI, C K. QE.D.

Remark 1.13. Inlight of the decomposition of the boundary maps
of the complex (A*, u*(A)) given by (1.2) and (1.3), the above theorem,
together with the “initial conditions”

0 ] 0 1 n o n k—l , ‘
O R D D D DD B v

provides a complete description of the boundary maps p*(\).

§2. Resolutions and Local Systems

The fundamental group of the complement of a discriminantal ar-
rangement, and more generally that of any fiber-type arrangement, may
be realized as an iterated semidirect product of free groups. For any
such group G, in [10] we construct a finite free ZG-resolution C,(G) of
the integers. We recall the construction of this resolution in notation
consonant with that of the previous section.

Denote the standard generators of the pure braid group P, by v,
1 <4 < j < n, and for each j, let G; be the free group on the j — 1
generators 7; j,...,%Yj-1,j- Lhen the pure braid group may be realized
as P, = G, x--- x Ga. More generally, for 1 < ¢ < n, the group P, =
ker(P, — P;) may be realized as P, y = Gpx---xGp41. Note that P, =
P,:. For £ < j, the monodromy homomorphisms Pj_;, — Aut(G;)
are given by the (restriction of the) Artin representation. For s < j,
we shall not distinguish between the braid «, s and the corresponding
(right) automorphism v, € Aut(G;). The action of v, , on Gy is by

. s =1 _ ~1
conjugation: Vrs(7i,5) = Yy Y Yrs =% " Vij' % » Where

Yr§Vs,j ifi=rori=s,
(2.1) 2z =S [V vs,y] ir<i<s,
1 otherwise.

See Birman [5] and Hansen [20] for details, and as general references on
braids.
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2.1. Some Fox Calculus

We first establish some notation and record some elements of the
Fox Calculus [19, 5], and results from [10] necessary in the construction.

Denote the integral group ring of a (multiplicative) group G by ZG.
We regard modules over ZG as left modules. Elements of the free module
(ZG)™ are viewed as row vectors, and ZG-linear maps (ZG)* — (ZG)™
are viewed as n X m matrices which act on the right. For such a map
F, denote the transpose by F'T, and recall that [F]* denotes the map
@Y F. Denote the n x n identity matrix by I,,.

For the single free group G; = (v; ;), a free ZG;-resolution of Z is
given by

(2.2) 0 - (26, 2526, 7 -0,

where Aj; = (v1; -1 -+ V-1, — 1)T, and € is the augmentation
map, given by €(v; ;) = 1. For each element v € P;_; ¢, conjugation by
< induces an automorphism 7 : G; — G}, and a chain automorphism -y,
of (2.2), which by the “fundamental formula of Fox Calculus,” can be
expressed as

(Za;y— —2 26,
(2.3) lymo:f l&
(ZGj)j_l L ZGJ

where J(vy) = (‘—9%—2:’—]’)) is the (j — 1) x (j — 1) Jacobian matrix of
Fox derivatives of 7, and 4 denotes the extension of v to the group
ring ZG}, resp., to (ZG;)?~1. For a second element B of Pj_1,, we
have (7 8)e = (807)e = fe 07 by the “chain rule of Fox Calculus”:
J(Bov)=B(T(N))-T(B). In particular, T(y~') =51 (T (7).
Now fix £, 1 < £ < n, and consider the group P, ¢ = Gn X+ - X Ggyy.
Let R = ZP, ¢ denote the integral group ring of P, ¢, For v € Pj_1, as
above, define m : R — R by m,(r) = - 7. From (2.3) and extension
of scalars, we obtain
R 20, (261 ~225 R @gg, LG,
lm»,@ﬂ(v)o:r lmvm

L id®A;
R ®za, (ZG;)~t 2220, R @0, 2G,
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The map m,®J () o¥ and the canonical isomorphism R®z¢, (ZG;) ~*
> RJI~! define an R-linear automorphism p;(7y) : R9~! — R~ whose
matrix is v - J(v), see [10, Lemma 2.4]. Furthermore, we have the
following.

Lemma 2.2 ([10, Lemma 2.6]). For each j, 2 < j < n, the action
of the group P;j_1¢ on the free group G; gives rise to a representation
pj: Pj—1,6 — Autr(RI~1) with the property that pj(y) = m, ® J(y) 0¥
for every v € Pj_1,.

Remark 2.3. Via the convention p;(vyp4) = Ij—; for ¢ > j, the
above extends to a representation p; : P, ¢ — Autg(R7~!) of the entire
group P,,. We denote by p; : R — Endgr(R’~!) the extension of
p; to the group ring R. We also use §; to denote the homomorphism
Homp (R™,R") — Homg (R™U~D R*U-1) defined by replacing each
entry x of an m x n matrix by j;(z).

2.4. The Resolution

We now recall the construction of the free resolution € : Co =
C.(G) — Z over the ring R = ZG from [10], in the case where G = P, ¢
is the fundamental group of the complement of the discriminantal ar-
rangement An .. If J = {j1,...,Jq} C [£ + 1,n], recall that for p < g,
Jp = {j1,--,Jp} and J? = J \ Jp,. For such a set J, let C; be a free
R-module of rank (j; —1)--- (jg — 1).

Let Co =R, and, for 1 < ¢g<n-—4let C, = @IlequJ, where
the sum is over all J C [¢ + 1,n]. The augmentation map, € : Co — Z,
is the usual augmentation of the group ring, given by e(y) = 1, for
v € P, . We define the boundary maps of C, by recursively specifying
their restrictions A” to the summands CqJ as follows:

If J = {j}, we define A; : C{ = R"1 — R = Cy as in the resolution
(2.2), by AJ = (’71,]' -1 s 'Yj—l,j - 1)T

In general, if J = {j1,...,7q}, then J' = {jo,...,5,} and J;_1 =
{41,--+1Jg-1}, and we define A; : C] — C’;I]ll by Ay = —p;,(As,_,)

Now define A7 : C’&’ —~ @I, CJ\?')} by

A
J dq dp dq—1
AT = (Ap AR A (A ] )

where d, = (ji —1)--- (jp — 1).

Finally, define 9, : Cy — Cy-1 by 0, = ZIJI A’
=q



Cohomology of Discriminantal Arrangements 39

Theorem 2.5 ([10, Theorem 2.10]). Let R = ZP, ¢ be the inte-
gral group ring of the group P, . Then the system of R-modules and
homomorphisms (Ce, 0s) 1s a finite, free resolution of Z over R.

Remark 2.6. The proof of this result in [10] makes use of a map-
ping cone decomposition of the complex (Co,0,). This decomposi-
tion may be described as follows. Let (6.,5.) denote the subcom-
plex of (C,,8,) with terms C, = Derr¢ ;C/, and boundary maps
5,1 = 04| a, given by restriction. The complex C, may be realized as

-~

Co = Co(Pre41) ®p,, R, where € : Co(Py e41) — Z is the resolution
over ZP, ¢41 obtained by applying the above construction to the group
Pn,€+1 < Pn,2~

Let (D,, L) denote the direct sum of £ copies of the complex C.,
with the sign of the boundary map reversed. That is, D, = (éq)f
and 85 = —[5,1]@. The terms of this complex may be expressed as
Dy = @,y 1ex Cf 1, where |[K| = q. Using this description, define
amap Z, : Dy — C. by setting the restriction of =4 to the summand
C’{ﬁl of Dq to be equal to Ay : C’,ﬁl — C;]] C/\aq, where K = {£+1}UJ.

As shown in [10], the map E, : Dy — C, is a chain map, and the
original complex (C,,d,) may be realized as the mapping cone of Z,.
Explicitly, the terms of C, decompose as Cq = Dy_1 P 6*,,. With respect
to this decomposition, the boundary map 9y41 : Cgy1 — Cy is given by

Bg1(u, v) = (—0P (), Zq(u) + Byy1(v)).

2.7. Rank One Local Systems

The abelianization of the group P, is free abelian of rank N =
() — (g) Let (C*)" denote the complex torus, with coordinates t; ;,
£+1<j<n,1<i<j. Each point t € (C*)N gives rise to a rank one
representation v @ Ppy — C*, 7;; +— t;;, an associated P, ¢-module
L = L, and a rank one local system £ = Ly on the configuration
space My, . The homology and cohomology of P, , with coeflicients
in L (resp., that of M, ¢ with coefficients in L) are isomorphic to the
homology and cohomology of the complexes Co := Ce ®p, , L and C* :=
Homep, ,(Cs, L) respectively, see [8].

The terms, C; = Cy ®& C and C? = Homp, ,(Cy, L), of these
complexes are finite dimensional complex vector spaces. Notice that
dim Gy = dim C? = dim A7 =} ;,_,(j1 — 1) -+ (jq — 1), where the sum
is over all J C [£ + 1,n]. Denote the boundary maps of C, and C*® by
84(t) : C; — C,y-q and §%(t) : C? — CI! . As we follow [8] in our
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definition of C*®, these maps are related by
(2.4) 6°(t)(u)(z) = (—1)?u(8g+1(t)(x))

for v € C? and z € Cy41. To describe these maps further, we require
some notation.

Consider the evaluation map R x (C*)¥ — C, which takes an ele-
ment f of the group ring, and a point t in (C*)" and yields f(t) := #4(f),
the evaluation of f at t. Fixing f € R and allowing t € (C*)V to vary,
we get a holomorphic map f : (C*)Y — C. More generally, we have the
map Mat,x,(R) x (C*)V — Mat,»s(C), (F,t) — F(t) := i(F). For
fixed F € Matyxq(R), we get a map F : (C*)V — Mat,(C). With
these conventions, if dim C, = r and dim C44; = s, the boundary maps
of the complexes C, and C* may be viewed as evaluations, 8,(t) and
§9(t), of maps 8, : (C*)N — Mat,x(C) and 67 : (C*)¥ — Matsx,(C).

We shall subsequently be concerned with the derivatives of these
maps at the identity element 1 = (1,...,1) of (C*)V. The (holomorphic)
tangent space of H'(M, ¢ C*) = (C*)V at 1 is HY(M,,;C) = CV,
with coordinates ); ;. The exponential map Ty (C*)N — (C*)V is the
coefficient map H!(M, ¢;C) — HY(M, ¢;C*) induced by exp : C —
C*, Ay M = t;,;. For an element f of R, the derivative of the
corresponding map f : (C*)N — C at 1 is given by f. : CV — C,
f,(\) = 4 f(...e¥3 . ..). More generally, for F € Mat,xs(R), we

_%1:=0

have F, : CV — Mat,.»,(C).

§3. A Complex of Derivatives

We now relate the cohomology theories H*(A®, u®* (X)) and H*(Mp; L)
by relating the complexes (A®, u®(A)) and (C®,8°(t)). As above, let
(84)+ and 87 denote the derivatives of the maps 8, and §? at 1 € (C*)N.

Theorem 3.1. The complex (A®, u®*(X)) is a linear approzimation
of the complex (C*,8°(t)). For each A € CV, the system of complex
vector spaces and linear maps (C*,85(\)) is a complex. For each q, we
have A? = C9, and, under this identification, p3(X) = 81(X).

From the discussions in sections 1.1 and 2.7, it is clear that A? = C9.
In light of the sign conventions (2.4) used in the construction of the
complex (C*,8°(t)) and the fact that (A®, u*(\)) is a complex, to show
that (C*,45(\)) is a complex, and to prove the theorem, it suffices to
establish the following.

Proposition 3.2. For each q, we have p?(X)=(—1)4 [(6q+1)*()\)]T.
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The maps p?(A) were analyzed in section 1.5. We now carry out a
similar analysis of the maps (8441)«(A).

3.3. Some Calculus

We first record some facts necessary for this analysis. Recall that
R denotes the integral group ring of the group P, ¢. For f,g € R, the
Product Rule yields (f - g).«(A) = f.(A) - g(1) + £(1) - g« (A). Similarly,
for F € Matyxq(R) and G € Matyx,-(R), matrix multiplication and the
differentiation rules yield

(3.1) (F-G).(A) = F.(A) - G(1) + F(1) - G.(A).

As an immediate consequence of the Product Rule, for v,{ € P, ¢ and
7 = [{,7] a commutator, we have (y~!). = —v,, and 7. = 0. Conse-
quently, (¢ ¢ )w = 7.

Now recall the representations p; defined in Lemma 2.2, and used in
the construction of the resolution C,. Associated to each v € Pj_1 ¢, we
have a map p;(7) : (C*)¥ — Aut(C/~1'). Since 7y acts on the free group
by conjugation, we have p,(v)(1) = I;_;. Identify End(C’~!) as the
tangent space to Aut(C7~!) at the identity, and denote the derivative of
the map p;(y) at 1 by p;(y)« : CV — End(C7™1).

Define (). : Pi-1,¢ — Hom(CY, End(C7~1)) by (p,).(7) = p;(7)~-
The chain rule of Fox Calculus and a brief computation reveal that (p;).
is a homomorphism, and is trivial on the commutator subgroup P, ,.
This yields a map CV — Hom(C", End(C'~1)), Ar.s — p;(7r,s), which
we continue to denote by (p;)«. For v € Pnpe, view the derivative,
Y (AX) = > ¢r sAr, s, Of the corresponding map - as a linear form in the
Ar,s. Then we have the following “chain rule”:

(3:2) i) =D ers(p)e(Ars) = (P)(1(N)-
In particular, p(vr,s)« = P.(Ars), which we now compute.

Lemma 3.4. Forr < s < j, the derivative of the map p;(7r,s) is
given by p;(vr,s)«(A) =

)\r,s | 0 0 0 0
0 /\,-Ys -+ )\s,j 0 —/\r,j 0
0 0 )\r,s | PSR 0 0
0 Yy 0 Ars + Arj 0
0 0 0 0 Ans-Lisi
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Proof. The matrix of p;(vrs) is Vrs - T(rs), where J(vrs) is
the Fox Jacobian. Thus, p;(vrs)(t) = trs - T(¥rs)(t) = (trs - Li-1)
T (Yr,s)(t), where T (7yrs)(t) is the map induced by the Fox Jacobian.
By the Product Rule (3.1), we have

P;i(¥r,s)e(A) = (Ars - Lj=1) - T (1r,6) (1) + T (7r,)5(A)-

The action of 7,5 on the free group G; = (v, ;) is recorded in (2.1). Com-
puting Fox derivatives and evaluating at t yields the familiar Gassner
matrix of 7, s (See [5]): J(’Yr,s)(t) =

1 0 0 0 0
0 1-trjttrts; 0 trj(1—tn;) 0
0 U I[s—r—l — 0 ’
0 11, 0 tr 0
0 0 0 0 Li—s1
. T
where 4@ = ( (1 —t'r+1,1 —trj) o (I—te—15)(1— )) . Since
T (vr,s)(1) = I;_q1, the result follows upon dlﬁerentlatmg T (r,s)(%).

Q.ED.

3.5. Boundary Map Derivatives

We now obtain an inductive formula for the derivatives of the bound-
ary maps of the complex (C,, 8.(t)). The mapping cone decomposition
of the resolution (C,, 8, ) discussed in Remark 2.6 gives rise to an anal-
ogous decomposition of the complex (C,, 8(t)). Specifically, the terms
decompose as Cqg = D,_1 & éq, and with respect to this decomposition,
the matrix of the boundary map 8441(t) : Cqy1 — Cq is given by

_aP =
S )

Up to sign, the complex (D,,82(t)) is a direct sum of £ copies of the
complex (C., «(t)), which arises from the group P, ¢+1 < Py ¢. In light
of this, we restrict our attention to the chain map =, and its components
A{g41,7y, their evaluations E4(t) and Ayeyq s3(t), and the derivatives
of these evaluations at 1.

For J = {jla""jq} ¢ [€+27n]7 let Py = ﬁjq o"‘oﬁjl and dj =
(J1 =1)---(Jg — 1). Then Agpy1,5y = (=1)7p;(Ag41), where Agyq =
('Yl,e+1 -1 - Yeeq1— 1)T, and the matrix of Aty jy is £-dy x d;
with dy x dj blocks (—=1)9p;(VYm,e+1 — 1), 1 < m < £. We concentrate
our attention on one such block.
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Fix m, 1 <m </, and let M denote the matrix of p;(Ym,e+1 — 1).
Similarly, let M’ denote the matrix of p Jyr (Ym,e+1 —1). Then M is the
matrix of p; (M'). Since M is djxd, its rows and columns are naturally
indexed by sets R = {r1,...,rq}and I = {i1,...,4q}, 1 <rp,ip < jp—1.
We thus denote the entries of M by Mg ;. With these conventions, we
have
(3.4) Mg, = [p;, (MR 1)), ;.
where, for instance, I' = Iy = I\ {iq}.

Now consider the block M(t) of Ay, 53(t) arising from the block
M of the matrix of Ay, 53 above. Recall the notion of an I-admissible
set from Definition 1.9, and recall that eg; = 1if R= 1, and egy =0
otherwise.

Theorem 3.6. Let J C [£+ 2,n] and let M denote the matriz
of pi(Yme+1 — 1). Then the entries of the derivative, M, (), of the
evaluation M(t) are given by

[ML(A)]r,1 = (—1)/FARNI <6R,1>\m,e+1 + ij ZK )\k,j),

where, if j = jp, the second sum is over all I -admissible sets K =
{ksy--. ks, k} for which R\RNI C K.

Proof. The proof is by induction on |J|.

If J = {j}, then M = v p41 - T (Ym,e+1) — Lj—1 is the matrix of
Pi(Ym,e+1 — 1), 50 M(t) = ¥y, g11(t) - T (Ym,e41)(t) — Lj—1. Since the
derivative of the constant I;_; is zero, the entries of M, (A) are given by
Lemma 3.4 (with 7 = m and s = £+1). In this instance, we have I = {i},
and a set K = {k} is I-admissible if k # ¢ and {k,i} = {m, £+ 1}. It
follows that the case |J| =1 is a restatement of Lemma 3.4.

In general, let J = {j1,...,Jq-1,7J¢} and, as in (3.4) above, write
Mg, = [pj, (Mllf’:-”)]rq,iq' Then we have

M(E)lr.t = [Bs,(Mpr)(®)]  and

Tqilq

ML)zt = [Bs, (Mp,1)e(N)]

Tqslq

By induction, the entries of the matrix M/ (\) are given by

ML (M) g, = (—1)IFAEOT (GR’,I“\m,eH + Zj,,EJ/ ZK /\k,,,,-,,)7
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where J' = Jy_1 = J \ {jq}, and for j, € J’, the second sum is over all
I,-admissible sets K for which R"\ R'nI' C K.
By the chain rule (3.2), the entries of M.() are given by

(3.5)
M. as =[5, (Mie,r)e )] = [(03,) (M) (V)]

= [$(er s ) Omer) + 30 37, (03)- )]

Tqslq

Tqslq

where S = (-—1)|Rl\lell. By Lemma 3.4, for r < s < j4, we have

(3.6)

‘ Ars + Ay g, if ig =14 and {kg,iq} = {r, s},
I:(qu)*()‘r,s)]r L= —Argda if ig # rq and {rq,iq} = {r, s},
o 0 otherwise.

The entries of M, () may be calculated from (3.5) using (3.6), yield-
ing the formula in the statement of the theorem. We conclude the proof
by making several observations which elucidate this calculation.

First consider the case R’ =I'. Then S =1 and egr,;r = 1. If ry =
iq, then the first case of (3.6) yields a contribution of Ay, ¢41 + Ag,,j, to
[M.(N)]}, 1, provided that {kq,is} = {m, £+1}. Note that this condition
implies that the set K = {k,} is I-admissible (and that k, # i4). Note
also that in this instance we have R=I, R\RNI=0C K, egs =1,
and |[R\RNI|=0.

If R = I' and 74 # 14, then the second case of (3.6) contributes
~Arg,iq 80 MM g g if {rg,iq} = {m, £+ 1}. In this instance, the set
{rq} is I-admissible. Since R’ = I’ and r4 # i4, we have [R\ RNI| = 1.

For general R’ and I', suppose that S - Ag,;, is a summand of
[M,(A)] g+ for some p < g — 1. Then, by the inductive hypothesis,
this summand arises from an I,-admissible set K = {k,,,...,ks,, kp}
with R'\ R'nI' C K. If ry = iq, then the first case of (3.6) yields a
contribution of S-(Ak, 5, +Ak,.j,) t0 [M«(A)] g ;, provided that {kg, 4.} =
{kp,jp}. For such kg, it is readily checked that the set K U {k,} is I-
admissible. Also, since rq = iq, we have R\RNI=R'\R'NnI' C K.

If, as above, S- A, ;, is a summand of [M[ (A)] g, ;, and rg # ig, then
the second case of (3.6) contributes —S - A, j, to [M.(A)]g ; provided
{rq»iq} = {kp.jp}. In this instance, the set K U{r,} is I-admissible, and
since 14 # iq, we have R\RNI = (R'\R'NnI')U{rs} C KU {rq}, and
I[IR\RNI|=|RF\R'NnI'|+1.

Applying these observations to (3.5) above completes the proof.

QED.
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3.7. Proof of Proposition 3.2

We now use Theorems 1.12 and 3.6 to show that the dlfferentlal
of the complex (A*,u*(A)) is given by p?(A) = (=1)7[(8g+1)« (/\)]
where (84)«(A) is the derivative of the boundary map of the complex
(C., 84(t)), thereby proving Proposition 3.2 and hence Theorem 3.1 as
well.

The proof is by induction on d = n — £, the cohomological dimension
of the group P ¢, (resp., the rank of the discriminantal arrangement
Ane).

In the case d = 1, the complexes A® and C, are given by

A° ”—(—’\—)>A] and C; —?i(—t)—> Co

respectively, where A = Cy = C, A! = ®;<,Ca;,, and C; = C*L.
The boundary maps are p®(A) : 1 — Yicn din - Gin and O4(t) =
(tin—1 -+ tnoin— 1)T. Identifying A' and C; in the obvious
manner, we have p°(A) = (—1)0[(31)*()\)]T

In the general case, we identify A? and C, in an analogous manner.
In particular, the rows and columns of the matrix of the boundary map
8,+1(t) : Cy41 — Cq are indexed by basis elements a;,j of A7+ and
A?, or simply by the underlying sets I and J, respectively. To show that
pi(A) = (-1)? [(6q+1)*(A)]T, we make use of the decomposition of the
complex A® established in Proposition 1.7, and that of C, stemming
from the mapping cone decomposition of the resolution C, described
in Remark 2.6. Recall from (1.2) and (3.3) that with respect to these
decompositions, the boundary maps may be expressed as

i = (HEA) 0 _(-97(®)  Eq(t)
M(A)—(l\;fz(x) ﬁq(») and 3q+1(t)—( 0 5q+1(t)>'

The e maps /ﬂ (A) and 8q+1(t) are the boundary maps of the com-

plexes A® and C, arising from the cohomology algebra A(Ap ¢+1) and

fundamental group P, ¢41 of the complement of the discriminantal ar-
rangement A, ¢41. So by induction, we have fi9(A)=(—1)7[(8g+1)«(A)] i

for each g. Since the complexes B® 2 (4°)¢ and D, 2 (C,)! decom-
pose as direct sums, with boundary maps p%(A) = —[@?"1(A)}¢ and
8? (t) = —[84(t)]¢ the inductive hypothesis also implies that

= (-1 [[@a1 )] = (1 [-@D). ]
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Thus it remains to show that ¥9(\) = (—1)‘7[(Eq)*()\)]T. For this,
it suffices to show that the restriction ¥%(\) : A — A?zrﬁl’ gy of ¥7 (A)

is dual to the derivative of the summand Ay j)(t) : Cgﬁl’J} — Cg

of B,(t) for each J = {j1,...,Jq} € [+ 2,n]. As noted in (1.3), the
matrix of \Ifg(k) is dy x £-d; with dj x dj blocks 7y e41 © \I/?](A),
where dy = (j1 —1)---(jq — 1). Similarly, from the discussion in sec-
tion 3.5, we have that the matrix of A{z.{_l’.]}(t) is £ -dy x dj with
dg x dg blocks (—1)?(p s (¥m,e+1)(t) —la, ). Comparing the formulas ob-
tained in Theorem 1.12 and Theorem 3.6, we see that T, ¢+10 ¥%(A) =

[pJ('ym,gH)*()\)]T. It follows readily that

TIA) = (1) [(Agesn, ). N T

completing the proof.

§84. Cohomology Support Loci and Resonant Varieties

In an immediate application of Theorem 3.1, we establish the re-
lationship between the cohomology support loci of the complement of
the discriminantal arrangement A, » and the resonant varieties of its
Orlik-Solomon algebra.

Recall that each point t € (C*)V gives rise to a local system £ =
L on the complement M, , of the arrangement A, ¢. For sufficiently
generic t, the cohomology H*(M, ¢, L) vanishes (for k < n — £), see
for instance [21, 10]. Those t for which H*(M,, ¢; L) does not vanish
comprise the cohomology support loci

K (Mp,e) = {t € (C)V | dim H*(M,, ¢; L¢) > m}.

These loci are algebraic subvarieties of (C*)V, which, since M, is a
K(Py ¢, 1)-space, are invariants of the group P, .

Similarly, each point A € CV gives rise to an element w = wy € A!
of the Orlik-Solomon algebra of the arrangement A,, ,. For sufficiently
generic A, the cohomology H*(A®, u®(\)) vanishes (for k < n — £), see
[31, 16]. Those A for which H*(A®, 4*())) does not vanish comprise the
resonant varieties

RT(A) = {X € CN | dim H*(A®, u*(N\)) > m}.

These subvarieties of CV are invariants of the Orlik-Solomon algebra A
of An,g.
Recall that 1 = (1,...,1) denotes the identity element of (C*)".
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Theorem 4.1. Let A, ¢ be a discriminantal arrangement with com-
plement My, ¢ and Orlik-Solomon algebra A. Then for each k and each
m, the resonant variety RJ*(A) coincides with the tangent cone of the
cohomology support locus XX, (M, ¢) at the point 1.

Proof. For each t € (C*)V, the cohomology of M, , with coef-
ficients in the local system L is isomorphic to that of the complex
(C*,8°(t)). Sot € Tk (M, ) if and only if dim H*(C*,5°(t) > m. An
exercise in linear algebra shows that

¥k (Mp0) = {t € (C*)V | rank §*7}(t) + rank 6*(t) < dim C* — m}.

For A € CV, we have A € R} if dim H¥(A®, u*(X)) > m. So, as
above,

RT(A) = {A € CV | rank p* =1 (M) 4 rank p*¥ (M) < dim A* — m}.
By Theorem 3.1, dim A* = dim C* and p*(A) = 8%(X\) for each k. Thus,
™(A) = {X € C¥ | rank 851 (A) + rank 6¥(\) < dim C* — m},
and the result follows. Q.E.D.

The cohomology support loci are known to be unions of torsion-
translated subtori of (C*)V, see [3]. In particular, all irreducible com-
ponents of ©¥ (M, ;) passing through 1 are subtori of (C*)". Conse-
quently, all irreducible components of the tangent cone are linear sub-
spaces of CV. So we have the following.

Corollary 4.2. For each k and each m, the resonant variety R7}(A)
is the union of an arrangement of subspaces in CN .

Remark 4.3. For k =1, Theorem 4.1 and Corollary 4.2 hold for
any arrangement A, see [11, 22, 23]. In particular, as conjectured by
Falk [16, Conjecture 4.7], the resonant variety R7*(A(A)) is the union
of a subspace arrangement. Thus, Corollary 4.2 above may be viewed
as resolving positively a strong form of this conjecture in the case where
A= A, ; is a discriminantal arrangement.
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