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Spherical Designs and Tensors

J.J. Seidel

§1. Introduction

The set X of the 12 vertices of a regular icosahedron on the unit
sphere Q in R® provides a first example of a spherical 5-design (of
strength 5). It satisfies

7—11 Z h(z) z'/ﬂh(u) do(u),

reX

short, A)}re h = Aéfeh for all polynomials h in 3 variables of degree < 5

and n = 12. If the defining relation only refers to the homogeneous
polynomials of degree g, then we use the term spherical design of index
q. Thus strength ¢ means index 1, 2, ..., and gq.

The second part of the title refers to symmetric tensors, and to the
desire to express symmetric polynomials as the inner products of tensors,
for instance

d
Z hijraiajar = (h,a ® a ® a),

6,5, k=1

where a = (a1,az,...,aq) € R% =: V. The linear space S9(V) of the
symmetric g-tensors on V is spanned by the g-fold tensor powers ®%a :=
a®a® ---®a. This space is isomorphic to the space Hom (V) of
homogeneous polynomials of degree ¢ in d variables.

Section 2 deals with tensors in R?, in particular with the distribution
g-tensor D, and the Sidelnikov inequality. In Section 3 this leads to
the tensor-definition of spherical designs of index g and of strength g.
This notion was introduced by Delsarte, Goethals and Seidel, and was
further developed by Bannai. We recall that the combinatorial t-(v, k, A)
design can be phrased in analogous terms. Generalization to t-(v, K, A)
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designs with unequal block sizes from a set K suggests generalization
to multispherical designs as defined in joint papers with Neumaier and
with Delsarte. In the present Section 4 this is put into the natural
framework of isometric linear maps from real spaces with the 2-norm
into real Banach spaces with the g-norm, following Reznick and Lyubich-
Vaserstein. This leads to the main Theorem 4.4 on the existence of
cubature formulae, isometric embeddings, and (multi-)spherical designs
of index q. These all are corollaries of Hilbert’s solution of the Waring
problem. Their equivalence provides a link between combinatorics and
local Banach theory [LV93]

In Section 5 the notions of Eutactic star and Euclidean ¢-design are
phrased in the present terminology. The final Section 6 comes back
to spherical designs of strength ¢, and reviews the main results before
and after the omni-existence theorem by Seymour and Zaslavsky. The
paper ends with a new proof, by A. Blokhuis and the author, for the
construction by Hardin and Sloane of spherical 4-designs in 3-space, by
use of tensors. :

§2. Symmetric ¢g-tensors

We consider real d-dimensional Euclidean space V = R% with stan-
dard basis B = {ej,...,eq}. Vectors a € V are indicated by their

coordinates (a1, ..., aq) with respect to B, their standard inner product
by (a, b), and their g-norm by ||a||;. The coordinates of the g-fold tensor
power ®%a = a ® - -+ ® a, are the monomials of degree ¢ in ay,...,aq.

The space S9(V) of the symmetric q-tensors over V is spanned by the
tensor powers ®%a, a € V, and has dimension (d'fﬁ;l). Each basis B
defines an isomorphism of the symmetric algebra S(V') with the polyno-
mial algebra over R in d variables. [For these elementary facts of tensor
algebra see [Sha82], Chapter 10, in particular 10.5.2 and 10.5.1]. For the

inner products in S4(V) it follows that
(®%a,®b) = (a,b)?, (h,®"z) = h(z) € Homy(V),

for a,b € V, h € S%(V), h(z) the corresponding homogeneous polyno-
mial of degree ¢ in d variables. From now on we fix the dimension d and
the degree q. As a special symmetric g-tensor we define the distribution
g-tensor D as follows.

Definition 2.1.

D= /Q ®%udo(u).
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Here Q is the unit sphere in V| do is the normalized standard mea-
sure on {2, and the integral is explained in terms of coordinates. Clearly,
D =0 if q is odd.

Lemma 2.2.
<D’D> =4, (D)®qa> =5|[a|!g,

1‘3-~-(q—1)
dd+2)---(d+q—2)

This follows from the properties of the inner product in S%(V') re-
ferred to above, and from the well-known formula

/Q<“a v)?do(u) = /ng do(u) = 6.

Another useful formula is the inequality of Sidelnikov [Sid74] for a finite
setUCQCV,|Ul=n.

where § = if ¢ is even, § =0 if q is odd.

Lemma 2.3.

1 5 1
0<|D~~ > @i =5+ — > (u,0)e.
uclU u,velU

Proof. The square of the 2-norm of D — % Y wey ®%u is the inner
product of that tensor with itself. Now evaluate and use Lemma 2.2.

Q.E.D.

§3. Designs in Euclidean space

Definition 3.1. A spherical design of index ¢ is a finite subset U
of size n of the unit sphere Q in V = R, such that

1
D= - ®%u.

Thus, a spherical design represents an extremal case of Sidelnikov’s
inequality, cf. [GS81], and by Lemma 2.3

1
;2‘ Z <U7U>q = 6;
u,velU
is an equivalent definition. Also equivalent is:

-3 b = [ hw)dotu),

welU Q
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for any homogeneous polynomial h of degree g; just take tensor inner
products of both sides of 3.1 with any ¢-tensor h. Hence, the present
definition 3.1 is equivalent to the original definition of the notion in
[DGS77]. For the case of odd g the same definition is accepted with
D =0.

Remark. The name design is justified for the following reason. A
combinatorial ¢-(v, k, A) design consists of a v-set V and a collection X of
k-subsets (blocks) of V' such that any t-subset of V' is in exactly A blocks.
Describing the blocks by v-vectors having coordinates z; € {0,1} with
>y &; = k, we can prove [Sei90] that the definition above is equivalent

to requiring that

'Yw=() % s

= e<(?)
for all square-free monomials

f(x) = T51)To2) " To(r), O € Sym(v).

As a consequence, both spherical designs of strength ¢ and combinatorial
t-(v, k, \) designs can be defined by similar formulae of the type

Aveh = Aveh
X Q

the average over the vectors of the finite set X equals the average over all
vectors, for given sets of test functions h. The analogy still goes further.
The combinatorial ¢-(v, K, A) designs with unequal block sizes from the
set K serve as a model for the multispherical designs to be introduced
in the next section.

§4. Linear maps subject to condition (D)

Spherical designs are often produced by linear maps of Euclidean
spaces. Let

F : R¥> RV z—y=Fz

be a linear map with standard N x d matrix F. We denote again by
F the set of the vectors in R? which correspond to the rows of this
standard matrix. We take ¢ even and consider the following condition

(D).
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Definition 4.1. A linear map F from R? into R satisfies con-
dition (D) whenever
D=¢§) &,

feF

where D is the distribution g-tensor for R

If all row vectors f of the standard matrix F' have equal length,
then condition (D) says that F is proportional to a spherical design of
index g in R?. However, if the row vectors of F' are not requested to
have equal length, then they are arranged in R? on various concentric
spheres; we then say that these vectors form a multispherical design of
index ¢ in RY, cf. [NS88, Sei90]. The tensor formula in Definition 4.1
can be phrased in different terms, yielding equivalent notions.

Theorem 4.2. The existence of a linear map F' satisfying condi-
tion (D) is equivalent to the existence of any of the following formulae:

Cubature: / h(u)do(u) =6 Z h(f), h € Hom 4(R%).
@ feF
Waring:  (2,2)7% = iy = 3" (£,2)9, @€ R
fer

N
1
Isometry:  ||zfl2 = ||yllq := (Z yd) /q, z € R
v=1

Proof. Take tensor inner products of both sides of (4.1), first with
any symmetric g-tensor h, and then with any tensor power ®%x. This
gives the cubature and the Waring formulas. The last formula is a
rewriting of its predecessor since the coordinates of y = Fx are the
inner products of z with the row vectors f of the matrix F'.

Cubature formulae for homogeneous polynomials, as above, can also
be expressed by use of weights for a finite number of points on the unit
sphere 2 C R%.

Waring’s formulae refers to the classical problem of expressing in-
tegers as sums of g-th powers of integers. This problem was solved by
Hilbert, cf. [Ell71, Rie53, Rez92].

Isometry refers to the linear map F from R? with 2-norms, into R
with equal g-norms, so to isometric embedding of R into RY. The
existence of such an isometry is the ¢ = 0 case of Dvoretzky’s theorem
for finite dimensional Banach space, cf. [LV93, p.329], [Sei%4]. Q.E.D.

The solution of Waring’s problem by Hilbert (1909) was later simpli-
fied by Stridsberg (1916) and others. In the formulation of G. J. Rieger
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the essential Lemma of Hilbert reads as follows; its proof in [Rie53] covers
less than 2 pagesc.

Lemma 4.3. Given d € N, q € 2N, there exist N € N and an
identity

(z, ) q/2 E rv{ay,z)?, forz € RY,

with positive rational 7, and nonzero integral a, ;.

In addition, for N = N(d, q) we have, [LV93],

d+1g—1 d+qg-—1
<N(d,q) < .
() v < (7]
As a consequence of Hilbert’s Lemma 4.3, and of Theorem 4.2, we now
have the following existence theorem.

Theorem 4.4. Given d € N and q € 2N, there exist N € N
and a linear F : R? — RN satisfying (D), hence satisfying Cubature,
Waring, Isometry, and forming a multispherical design of index q.

85. FEutactic stars

Let G, of size n, denote a symmetric idempotent matrix, that is,
G'=G =G

Then G has the eigenvalues 1 and 0, of multiplicities d and n — d, say.
We can write G = HH?® with H'H = I of size d. Hence G is the Gram
matrix of n vectors y € Y C R, called a Eutactic star Y, since its
vectors are the projections into R? of an orthonormal frame of a space
R™ which contains R? as a subspace, cf. [Sei76]. We show that the set
Y is a multispherical design of index 2 (and of strength 2 if in addition
its vectors add up to zero). Indeed,

Z(w,y)z = trG2=trG=Z<y,y>=d=

z,yeYy yeY

= 3= (S Il [ () dota)

yeyY
equivalently,

S yey= (3 lyl? )/umda(u

yey yeYy



Spherical Designs and Tensors 315

If G has a constant diagonal, then Y is a spherical design of index 2. If
the diagonal of G is not constant, but consists of p distinct numbers, say,
then Y is a multispherical design of index 2, also called a Euclidean de-
sign of index 2. Then Y has the same regularity condition as a spherical
design, but its vectors are distributed over p concentric spheres. The ex-
istence of Eutactic stars is implied by the following theorem by Sofman
[Sof69). '

Theorem 5.1. Symmetric idempotent matrices G exist iff
trace G = rank G, diagG > 0.

In other words, stars consisting ofnvectors inR%at lengths ¢1,. .., &,

are eutactic iff
G4 +&=d 0<4 <1

Examples of spherical 2-designs are provided by strongly regular graphs,
since the defining equations for their adjacency matrix A define a sym-
metric idempotent Gram matrix G with zero row sums as follows:

1 k—s

(A—r)(A—sI)=pd, AJ =kJ, G:= (A—sI—

J).

T—S8

Likewise, the minimal idempotents of any association scheme yield spher-
ical 2-designs, cf. [God93], Chapter 13. Some strongly regular graphs
yield spherical t-designs with ¢ > 2. For example, Smith graphs on 16,
112 and 162 vertices yield spherical 3-designs, and those on 27 and 275
vertices yield spherical 4-designs. In fact, any distance regular graph
is represented by a spherical 3-design X in an eigenspace if and only if
Yeexa®a®a =0, see [CGST8], [God93, p. 275].

A straightforward generalization of a balanced eutactic star is pro-
vided by the following notion [NS88].

Definition 5.2. A Fuclidean t-design of strength t is a finite sub-
set Y of R? subject to the conditions, for k =1,2,...,¢t,

& = (X Iyl) [ etudotu)
T,

Similar definitions can be given for finite weighted sets (Y, w) in R¢
and, more general, for measures € of strength t in R?. This last notion
is defined by

/R PWED =3 /m lyl* de(y) /Q pi(z) do(z),



316 J.J. Seidel

equivalently, see [NS88, Sei90], by

/Rgpd£=/mpd§ov; v € O(d).

Here O(d) is the orthogonal group in R%, and
RO :=U,cprS,rS={yeR : (y,y) =7}, r€ RCRT,

denotes any union of concentric spheres in R¢, and the condition should
hold for all polynomials p of degree < ¢, restricted to R{2:

t
p=Y_pr € Pol,(RQ), pr € Hom (RY).
k=0

Thus, a Euclidean t-design is a measure of strength ¢ having finite sup-
port. A spherical t-design has finite support on the unit sphere, with
equal weights.

It is interesting to interpret the strength ¢ conditions

/Q fW)g(y) de(y) =
as the equality of inner products:

<f,9>5 = (f,9) ra,

for all polynomials f and g of degree < e < t/2. This is related to rotat-
able designs, and to Kiefer’s theorem on optimal experimental designs
[NS92]. This is also related to Fisher-type inequalities for Euclidean
t-designs Y, [DS89]. Indeed, (f, g)v = ([, 9) ro implies the isometry

Pol.(Y) & Pol . (RQ),

f(z)g(z)du(z), u=p(RQ),
RO

and for the dimensions of these linear spaces it follows that

2p—1

Y| > dimPol . (RQ) = ) dimHom._;(R%)
=0

a 2pz_1<d+e—i—1>

- i)
1=0

For 2p > e+1, and for p = 1, this formula reads |Y| > (d':e), and |Y] >
(dji'f;l) + (d;ff) respectively. For the second case, a tight spherical

t-design Y in R% is defined by |Y| = (dj'ile) + (dj;f), for t = 2e, and

Y| = 2(‘@;}1), for t = 2e + 1, antipodal case. We shall come back to

tight spherical t-designs in the next Section 6.
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§6. Spherical designs

The early constructions of spherical designs by Delsarte, Goethals,
Seidel [DGST77, GS79, GS81], by Conway and Sloane [CST7], and by
Bannai [Ban84b, Ban84a, Ban86] have their basis in combinatorics and
in finite group theory, and use the harmonic analysis of the unit sphere.
Highlights are the sphere version of Delsarte’s linear programming bound
(Theorem 5.10 of [DGS77]), and the proof, by analytic and number-
theoretic methods by Bannai and Damerell of

Theorem 6.1. There exist no tight spherical 2e-designs in R¢ for
d >3, e > 3. There exist no tight antipodal (2e+1)-design in R?, except
ford=24,t=11.

Tight spherical t-designs do exist for t = 2, 3, 4, 5, 7, 11. For details
we refer to [DGS77, BD80|] and [God93, Chapter 16].

In the group case, originated by Sobolev [Sob62], and rediscovered
in the present context by Conway and Sloane [CS77], the designs are
the orbits of a finite subgroup of the orthogonal group O(d) in d-space.
Bannai [Ban84b] introduced the notion of a t-homogeneous subgroup
T" of O(d) by the property that for each point z of the unit sphere
) the orbit z' is a spherical t-design. This works if the coefficients
hi, ha ..., hs vanish in the Molien series of I':

2
Z(M—:h0+h1>\+--~+ht)\t+ht+1)\t+1+---.

Here hy, is the dimension of the linear space of the I'-invariant harmonic
polynomials of degree k. This applies to finite reflection groups and be-
yond, [GS81].

Example. The icosahedral group As has the Molien series
T4+ A0 )

hence there is a spherical 5-design for every orbit of the icosahedral
group: the icosahedron itself, the dodecahedron, the icosidodecahedron,
the football, etc. It is interesting to observe that a spherical 9-design
is obtained as the orbit of any zero of the polynomial that spans the
As-invariant harmonic polynomial of degree 6.

Bannai [Ban86] also introduced the notion of rigidity. A spherical
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t-design in d-space is rigid whenever all sufficiently close spherical
t-designs are equivalent under the orthogonal group O(d). Bannai con-
jectures that for given d and t there are finitely many rigid ¢-designs
mod O(d). For rigidity and reflection groups cf. [Sal94]

Finally we mention the relations between representations of a finite
group I" and the spherical designs generated by I. A representation of
T on a real vector space V is a homomorphism p : I' — GL(V). The
representation is irreducible if V' contains no proper I'-invariant sub-
space. So irreducibility means real irreducibility. The following theorem
[GS79] deals with representations into the space Harmy of the harmonic
polynomials of degree k in d variables.

Theorem 6.2. If the representations py of I' on Harmy, are irre-
ducible for k < s, then T is 2s-homogeneous.

The converse of this theorem was also claimed and proved in The-
orem 6.7 of [GS79]. However, Bannai [Ban84b, Ban84a| convincingly
demonstrated the falsity of both the statement and its proof, by coun-
terexamples involving the unitary subgroup U(d) of O(2d).

In 1984 Seymour and Zaslavsky [SZ84] proved

Theorem 6.3. VgV, 3,,Vn>n, there exists a spherical design in R?
of strength t and size n.

The proof of this existence theorem is not constructive, and the
function no(d, t) is important. It would be interesting to have a proof of
this theorem that relates to Hilbert’s lemma.

Meanwhile, several results have been obtained in this area about
new counstructions, as well as about the value of ng, by Mimura, Wag-
ner, Bajnok, Rabau-Bajnok, Grabner-Tichy, Korevaar-Meyers, Hardin-
Sloane, and others. The first explicit construction of spherical ¢-designs
for arbitrary t was given by Wagner [Wag91], cf. [GT91]. The explicit
construction by Bajnok [Baj92] uses

no = C(d)t°®),

Korevaar and Meyers [KM93] show that in 3-space there exist spher-
ical t-designs consisting of O(t3) points and conjecture O(¢?) points.
They think that for R? the number O(¢¢~1) should be possible, cf. also
[Kor94], Remark 3.3.4.

Hardin and Sloane [HS92] used their computer program Gosset to
find many new spherical 4-designs. This was achieved by minimizing the
socalled average prediction variance I(D) for designs D fitting a qua-
dratic model in the unit ball B in d-space. Here I(D) := trace MpM !
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for the moment matrices

1 1
Mo =5 3 pulolpule) Ma = 17 | paep(e) dofo)

of the 1(d + 1)(d + 2) basic polynomials p, of degree < 2 in d vari-
ables. Restricting to designs D with b points on the unit sphere £ and
¢ coinciding points in the origin (b + ¢ = n), they found that in ex-
tremal situations for I(D) the b points on €2 form a spherical 4-design.
They conjecture that, for d < 8, the list of their findings is complete.
Thus, even in ordinary 3-space many new spherical t-designs have been
discovered, cf. also [Rez95] and [HS95].

Hardin and Sloane found infinitely many distinct spherical 4-designs
on 12 points in 3-space by rotating the northern hemisphere of a regu-
lar icosahedron about a diameter NS over an arbitrary angle, cf. also
[Sal94]. A. Blokhuis and the author have the following independent proof
by tensors: Let X = NUPUQU S, with poles N, S and planar regular
pentagons P and @, denote the vertex set of a regular icosahedron. Let
P(¢) denote the pentagon obtained from P by a rotation ¢ about NS.
Decompose its vectors in and orthogonal to the equator plane following
z:(®) = pi(¢) + u, and observe that

eE@+0= Y (1)Ene)s @

a+b=s

Since p;(¢) form a spherical 4-design we know that Ele ®%p; (@) is
independent of ¢ € O(2), for a = 1, 2, 3, 4. Therefore, the half-rotated
N U P(¢) UQU S has sums of the a-th tensor products independent of
¢, hence equal to the a-th tensor products of the icosahedron. Since the
regular icosahedron is a spherical 5-design, the half-rotated icosahedron
is a spherical 4-design, for any ¢ € O(2).
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