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Mapping Properties of Functions
of Schrodinger Operators
between LP-Spaces and Besov Spaces

Arne Jensen and Shu Nakamura

Abstract.

Sufficient conditions are given for the boundedness of f(H), H =
—A+4+V,in L? (Rd), 1 < p < oo0. Optimal results with respect to
the decay of f are obtained for LP-boundedness of e~ f(H) and
the nearly-optimal norm-estimate ||e_itHf(H)||B(LP) <Ca+ ),
t € R, v > d|1/2 — 1/p| is proved. Results are also obtained on the
mapping properties of e **# between certain Besov spaces.

81. Introduction

In this paper we consider mapping properties of functions f(H) of
a Schrodinger operator H = —A + V between LP-spaces. Let f be a
bounded Borel function on R. Then f(H) is defined using the functional
calculus and is a bounded operator on L?(R%). For 1 < p < oo the
operator f(H) is densely defined on LP(R%) and one may ask whether it
can be extended to a bounded operator on LP(R%). Results for p = oo
are obtained from those for p-= 1 via duality. If H = Hy = —A, then
f(Hp) is a Fourier multiplier, and conditions for LP-boundedness are
well-known. One of the goals of this paper is to extend to f(H) results
from the theory of Fourier multipliers.

The results in this paper extend and complement the results ob-
tained in [JN]. The main new ingredient here is a scaling result. We also

Received December 20, 1992.

The authors wish to thank E. B. Davies for stimulating discussions. AJ
wishes to thank L. Hérmander for explaining the origin of the almost analytic
continuation. Part of this work was carried out when AJ visited Department of
Mathematical Sciences, University of Tokyo, July 1992. The hospitality of the
department is gratefully acknowledged. This work was completed while both
authors worked at the Mittag-Leffler Institute. The support of the Institute
is gratefully acknowledged.



188 A. Jensen and S. Nakamura

obtain several results on mapping properties between Besov spaces. To
state the results, we need some definitions. Our main assumption on the
potential V is the following:

Assumption A. V is real-valued function on R%, and it is de-
composed as V(z) = Vi (x) — V_(z) such that V4 > 0, V, € K¢ and
V_ € K4, where K, is the Kato class of potentials.

For the sake of completeness, we recall the definitions of K4 and
K¢ (cf. [S, Section A2] for details, discussion and examples):

Definition 1.1. V € K, if:

For d>3, lim sup / —Il/%dy =0;
r—0,cRd |lz—y|<r Iw - yl

For d=2, lipswp [ loglle—y " HV()ldy =0
"02eR4 Jja—y|<r

For d=1, sup / |V (y)|dy < 0.
z€R4 J|z—y|<1

V € KX if x{jz1<r}(x)V(x) € K4 for any R > 0, where xq denotes the

characteristic function of Q.

Let V satisfy Assumption A. Then H = —A + V is defined on
L?(R?) using the quadratic form technique, see [S] for the details.

We consider functions in the following symbol class, which may be
denoted by S* = S((\)*,dA2/(\)?) in the notation of Hérmander’s
S(m, g)-class of pseudodifferential operators. Here (\) = (1 4+ A\?)1/2 as
usual. :

Definition 1.2. Let o € R. f € §* if and only if f € C®°(R)
and for any k > 0,

|k f] < G (N*7F,  AeR.

‘We now describe our main results and the contents of the paper. In
§2 we prove three main theorems. The following result is a variant of
one of the results in [JN].

Theorem 1.3. Lete > 0. If f € S7¢, then f(H) is extended to a
bounded operator in LP(R%), 1 < p < co.

The results in [JN] on the t-dependence of the norm of e~ ¥ f(H)
are extended in the following result:



L?- and Besov-estimates for Schrédinger Operators 189

Y >
d'% - %‘ If f € S7P, then e~H f(H) is bounded in LP(R?) and

Theorem 1.4. Let1 < p < oo and let § > d’%—%

le 2 f(H)|| <C (), teR.

This result is optimal with respect to the decay of f in the sense
that for H = Hy = —A the LP-boundedness of e %o (Hy+1)~7 implies
v >d|: - %I, see [Sj]. For results with optimal ¢-estimates, see [JN] and
the comments in §2.

We prove the following resolvent estimate:

1
Theorem 1.5. Letl <p<oo andlet = d’§ — 1} Then there
p
exists C > 0 such that

(=)

I =2 gy < O 2R

This estimate was proved by Pang [P] with 8 = d. Computing the
L'-norm of the explicit integral kernel of the free resolvent one finds that
this estimate holds with 8 = (d —1)/2 (p = 1). Thus we have no reason
to believe that our estimate is optimal.

An alternate method for obtaining LP-boundedness of f(H) can
be based on resolvent estimates as Theorem 1.5 and the representation
formula (cf. [HS])

$() = g [ @eF) (@ - 2) M az

where f is an almost analytic continuation of f. We discuss this ap-
proach and give some results in §3 and in the Appendix.

In §§4-5 we obtain results on mapping properties of e~ between
Besov spaces. We first introduce a class of generalized Besov spaces
and then show that under certain regularity assumptions on V these
spaces can be identified with ordinary Besov spaces. Generalized Besov
spaces have previously been considered in [Pe| in a different context.
For one particular case this approach was also used in [JP]. The ad-
vantage of using the Besov spaces is that one obtains results for e ¥
directly, avoiding the localization f(H). The main result is stated as
Theorem 5.2.
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82. Scaling and LP-estimates

In this section we show that estimates in [JN] are uniform with
respect to the scaling: H — 0H, 0 < 9 < 1, and apply it to improve
LP-estimates for f(H) and e ®H f(H). Throughout this section, we
suppose V satisfies Assumption A and assume o(H) C [0, 00) without
loss of generality.

1 1
Theorem 2.1. Let1 < p < o0, 8 > d‘i—g, and let g €
Cg°(R). Then there exists C > 0 such that
(2.1) lg@H)e™ " || g 1py SC B,  teR,

uniformly in 0 < 0 < 1. In addition, the estimate is uniform with respect
to g, if g runs in a bounded set G in C§°, i.e., if there is R > 0 such
that supp g C [—R, R] and |0%g| < C, for any a and any g € G.

Proof. The scaling operator Uy(6) on LP(R¢9) is given by
U, (0)p(z) = 69Pp(6x), 0<6<1, zeRY
and Up(#) is an isometry in LP(R?). Then we have
OH = U,(vB) ™ (Ho)Uy(v/3)

where Hy = Hy +Vj and Vy(z) = 8V (v/8z). In particular, this holds for
p = 2, and by the functional calculus we learn

F(6H) = Up(V0) ™1 f(Ho)U,(V0),

in LZ(R?), which in turn holds in any LP(R%) by a density argument.
Thus it suffices to show

(2.2) lg(Ho)e || 5 1y < C )P, teR

uniformly in 0 < § < 1.

The idea of the proof is now to check all the computations in [JN]
in order to conclude that the proof of (2.2) with § = 1 can be carried
out with constants uniform in 0 < § < 1. It seems that two points in
the argument require some comments. We discuss only these two points
and omit other details.

At first, the proof of [JN, Theorem 2.1] uses the Gaussian kernel
estimate for e ', We note that if T on LP(R?) has an integral kernel
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T(z,y), then the scaled operator T(0) = U,(v8)TU,(V8)~' has the
integral kernel given by 8%/2T(\/8x,/0y). Thus

e~ tHo — Up(\/é)e_teHUp(\/é)“l
has the integral kernel

(2.3) e tHo (g, y) = g4/2 (e™*H) (v/0z,V/0y).

On the other hand, under Assumption A, the integral kernel of e~*H

satisfies the bound

z — 2
|e_tH(w’ ZI)| < Cet_d/2eLt €xXp (_4!_(1%) ) t> 0? T,y € Rd)
for.some L > 0 and any € > O (see, e.g., [S, Theorem B.6.7] or [D]).

Hence e~ *H gatisfies

2
2.4 —t0H < Cse—d/Zt—d/z Lot _ |z — yl )
( ) |e ($7y)| —_ € exp 4(1+€)0t

Combining (2.3) and (2.4), we derive

|e-—tH9 (z y)| < O 2Lt exp [ — |z —yl?
TN = 4(1+e)t

2
< Cet™¥%eM exp <_ 4|?1 +ys|)t) ’

which is uniform in 0 < 8 <1.

The second part is concerned with the commutator estimates in [JN,
§3], where we need to have estimates for the operator norms on L?(R%)
for ||(Hg + M)~'/2|| and ||8;(Hp + M)~*/?|| on L*(R%) (M > 0 is a
sufficiently large constant). The former one is clear because it is bounded
by M~1/2. The latter follows once more from the scaling argument:

awU2(\/§)(0H+M)-1/2Uz(~/(7)‘1”
= ” (Uz(\/g)_lazUZ(\/g)) (0H + M)~V 2” |

0 (H + 67 M) | < [0 (# + a)~1/2|.

8, (Hp + M)—I/ZH =

Remark 2.2. Under additional assumptions, e.g., if d < 3, we know
that (2.1) holds with 8 = 1, 8 = d|1/2 — 1/p| (see [JN, Theorems 1.4,
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5.2]). In these cases, the estimate also holds with 8 = d|1/2 —1/p|
uniformly in 0 < @ < 1. The modifications needed are essentially the
same as above, so we omit the details.

Proof of Theorem 1.3. Without loss of generality, we may suppose
supp f C [—1,00). We choose ¢ € C§°(1/2,2) so that
o0
> oe@)=1, A>o0.

n=—oo

We let
er(N) =(27*)), AeR,k=12,...,

and let @o()\) € C$°(R) such that

PN+ e =1 Az -L
k=1

We decompose f using {¢r(\)} as follows:

FO) =Y FWee(V) =Y fu@7FN),
k=0

k=0

where fi(u) = @(u)f(2%p) for k > 1. Then it is easy to see that
supp fr C (1/2,2) for k > 1, and

|82 fi(p)| < Ca2F (2%u) 7% < Co27%%,  peR, k>0

Hence {2°F fk(ﬂ)}:__o is a bounded set in 'C§° (R). By Theorem 2.1, we
learn

(2.5) 5@ *E) | gy <C 27, k20,

Thus we conclude

”f(H)"B(LP) < Z ”fk(z—kH)”B(Lp) < CZz—ek < oo.
: k=0 - k=0



L?- and Besov-estimates for Schrédinger Operators 193

Proof of Theorem 1.4. Let f € S™P with 8 > d|1/2 — 1/p| and fix
v so that d|1/2—1/p| < v < B. Let ¢ and fi be chosen as in the
proof of Theorem 1.3. Then by the above argument and Theorem 2.1,
we learn

[le™" fu(6H) || gy < C27PF ()Y, tER, k20,0<6<1.
Setting § = 27%, t = 2*s, we have
le™H fe@7E M) 0y < € 2774 (285)T < € 2707k ()7

Summing over k we obtain

N A
le™H F ) sgzmy < D_ Nl fu@™ )|z
k=0
o0

SC(s) Y 27 Bk < o(s).
k=0

Lemma 2.3. Let m > d/2 be an integer. Then there exists C > 0
such that for z € {z€ C\R||z| < 2},

(26) [(H = 2)™(H +1)7™| g1y < Cllmz| 7742,

Moreover, the estimate holds uniformly in 0 € (0,1], if we replace H by
0H.

Proof. The idea is to mimic the proof of [JN, Theorems 1.1, 1.3],
so we give only a sketch. For the notation and the details, we refer to
[JN].

By commutator computations as in the proof of [JN, Lemma 3.2,
we have

(—n)! (H =27 (= m) 7| < Ciltm 27

sup
neZd

for z € {z € R\ R||z| < 2} with any ! € N. This implies

ez =270, = 16T = 27+ s [ =) (2 = 2) x|

< Clmz|~*L.
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We let ! > d/2 and apply [JN, Theorem 2.4] to obtain

- /2l
[|(H - 2) 1“B(l1(L2)) > C[” llll || CH -
S C |Imz|—(l+1)d/2l |Imzl-—(1—d/2l)

= C|Im z|_1_d/2 .

1 1—d/2l
)7 ”B(L2)

On the other hand, (H + 1)™™ is bounded from L'(R%) to I*(L?) ([IN,
Theorem 2.1]), hence

|(H —2)~"(H + 1)—m||3(L1)
<H = 2)" | g oy, IEH + D7 g in gy
<c|#H- z)_IHB(ll(Lz)) < Ctmz 772,
The proof of the last statement is analogous to the proof of Theorem 2.1,

so we omit the details.

Proof of Theorem 1.5. It suffices to consider the case p = 1. Other
cases follow by complex interpolation. We let 8 = d/2 and let m > d/2
be an integer. We first consider the case |z| < 2. We write z = z + 1y,
and suppose 0 < y < 2. By iterations of the first resolvent equation
(recall that we assume o(H) C [0, 00)), we have

m
(27) (H=2)"" =Y (z+1)F " H+1) ™ +(e4+1)™(H—2) " (H+1)™™
k=1
The first term is uniformly bounded, and we estimate the second term
by Lemma 2.3 to obtain
(2.8) |(H = 27| g1y < Climz|=™7,  |z|<2

Now we use the scaling argument again. By the last statement in
Lemma 2.3 we may replace H by H in (2.8) :

[(6H = 2)7! g 11y < ClImz] —A-1 |2/ <2, 0<6<1.
For |z| > 1, we let z = |z]- 2, |2| = 1, and let 8 = |2|~!. Then we obtain
[|(# - z)—1“B(L1) = [|(lz}(l=| " H - 2)) ~1“B(Ll)
= 2|7 ||(6H - 2) 1||B(L1)
< Clz| ™ Im 8| 7P~1 = C|2|P|Im 2| P72
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This completes the proof.

Remark 2.4. We could have used Theorem 1.4 instead of Lemma 2.3
to estimate the second term in the right hand side of (2.7). This gives,
however, a slightly weaker result, namely, the estimate with 5 > d|1/2—

1/pl.

§3. The almost analytic continuation and LP-boundedness

In this section we discuss an alternative approach to the proof of
the LP-boundedness of functions of Schrédinger operators. The idea
is to combine the almost analytic continuation method with resolvent
estimates.

We introduce the following definition concerning the almost analytic
continuation. A construction is discussed in the Appendix, and it is used
in the proof of Theorem 3.3.

Definition 3.1. Let f € S* for some o € R. A function f on C
is called an almost analytic continuation of f, if it satisfies

(1) f is a smooth function on C and f(z) = f(z) for z € R.
(2) For any N >0,

(3.1)

8; f(z)| <COn () Nm2Y, zec,

where 8; f(z + iy) = (8z + i9,) f(z + iy).

If fe S5 e >0, and if A is a selfadjoint operator in a Hilbert
space, then it is known that f(A) can be represented by the almost
analytic continuation of f and the resolvent of A:

(3.2) f(A) = 2-% /C (3zf(z)) (A—2)"dzdz

(see [HS] and [G, Appendix]).
In order to apply this formula to Schrédinger operators on LP(R¢9),
we need a priori estimates for the resolvent. Since the discussion of
this section is methodological in its nature, we start from the following
hypothesis, which includes the result of Theorem 1.5 as a special case.

Hypothesis (RE(8)). Let H be a Schrodinger operator on an
LP(R%)-space. We say that H satisfies RE(3), if

<o’

I = 2) " g < Tim 2|7+

ze C\R.
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Theorem 3.2. Suppose H satisfies Hypothesis RE(() on LP(R?)
with B > 0, and suppose f € S™¢ with e > 0. Then f(H) is extended to
a bounded operator in LP(R?).

Proof. Wetake N > 3, construct the almost analytic continuation,
and then apply (3.1) and (3.2) to obtain

1 <z>ﬁ —e~1-N N _
£ sy < 5= [ Cu—mzm ()7 llm 2 Vdzaz

~1—e—(N-5)
<C/ T 2] TSN By D) e dzdZz < 00.

Theorem 1.3 follows easily from Theorem 3.2 and Theorem 1.5 (the
proof of which is independent of Theorem 1.3) or a result by Pang [P].
We can also prove an analogue of Theorem 1.4 using the same idea. To
simplify the argument, we consider only the case f € CP(R).

Theorem 3.3. Suppose H satisfies RE((B) on LP(R?) with >0
and let f € C§°(R). Then for any vy > 8 +1,

(3.3) e~  f(H) || gsy SC )7,  teR.

Proof. Let fi(z) = e~%=f(z). Then it is easy to see that for any
s> 0, || fellgs < Cs (t)°, t € R. Hence, by Lemma A.2 we learn

/ |Im z| =7t
c

where f;(z) is the almost analytic continuation of f, as constructed in
the Appendix. Now letting e =y — 8 — 1 > 0, we obtain from RE(3)

Bzft(z)‘ dzdz < C. ()Y, e>0, t€R,

dzdz

lle=** £(H) “B(LP) = 2 l ¢4 _1”B(Lp)

(2)°
< C/ [T 2P
SC/|Imzl_7+€
<c@?,

. f; (z)l dzdz

3z f:(2) } dzdz
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since ft is compactly supported.

Combining this result with Theorem 1.5, we obtain (3.3) with v >
1+ d/2 for p = 1. Thus this direct approach does not give the optimal
result. Even if we had RE((d — 1)/2) (free case), we would only get
(3.3) with v > (d + 1)/2. We have lost at least order O((t)1/2) in
this procedure. There is another possibility, however. In the proof of
Theorem 2.1 (or Theorem 1 in [JN]), the representation

s = [ " eisRg(s)ds,  R=(H+ M),

—00

is used to obtain estimates for ||f(H)|l; and [|e~ f(H)|| 5 (see the
proof of Lemma 2.3 for the definition of ||-|| ;). An alternative is to use

the representation (3.2) instead, and then we obtain optimal estimates
for the t-dependence.

Remark 3.4. The almost analytic continuation technique was in-
troduced by L. Hérmander in a series of lectures on Fourier integral
operators held in 1969, see also [H1] and [H2, Chapter 3|. It was used
extensively by A. Melin and J. Sjéstrand in their work on Fourier in-
tegral operators with complex phase functions. The representation for-
mula (3.2) first appeared in [HS], and has recently been used extensively
in the study of many-body Schrédinger operators.

Remark 3.5. An axiomatic approach to the functional calculus
based on (3.2) and RE(3) has been given by Davies [D2].

84. Generalized Besov spaces

Throughout this section we consider a fixed selfadjoint operator H
on the Hilbert space LZ(R?). Our goal is to associate with H a family
of spaces in such a manner that this family becomes the usual Besov
spaces for H = —/\. We define the spaces for an arbitrary selfadjoint
operator on L?(R%), under certain assumptions on this operator, which
are verified for H = —A 4+ V by Theorem 2.1.

Assumption 4.1. For any ¢ € C§(R) let p(H) denote the
bounded operator on L?(R¢) obtained via the functional calculus. As-
sume that ¢(H) extends to a bounded operator on LP(R%), 1 < p < oo.

REMARK. As mentioned in §1 the operator ¢(H) on L®(RY) is ob-
tained as the adjoint of the corresponding operator on L!(R?), hence is
uniquely determined.
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Assumption 4.2. Let H satisfy Assumption 4.1. Let ¢ € C§°(R).
Assume that for any p, 1 < p < oo, ||p(0H)||5(1») < c for all 6 € [0, 1],
with ¢ independent of 6.

If V satisfies Assumption A, then H = —A + V satisfies Assump-
tion 4.2 by Theorem 2.1 (with t = 0). Fix ¢ € C§°(R) with supp(yp) C
{A|1/4 <|A| €4} and

[e o)

Y eI =1, A#o.
j=—oc0
Define
o) =1-) @47}, AeR,
j=1
and

Yi(A) =p@7N), j=12,..., A€R.

Definition 4.3. Let H satisfy Assumption 4.2. Let p, g, s satisfy
1<p<o0,1<qg<o00,and s> 0. For v € LP(R?) define

=0

1/q
> ‘ q
(41) e (Z (22 nwj(H)vn,,))
For ¢ = 0o the definition is modified in the obvious way The generalized

Besov space is defined by

By(H) = {v e L’(RY)] vl ggecary < oo}

Lemma 4.4. Let H satisfy Assumption 4.1. Let u € LP(RY).
Then

lleell, < Z Il (H)ull,,

where the sum may equal +o0o.

Proof. Let 1 < p < oo. If u € LP(R?) N L?(RY), then we have
u = Z;’;O ¥;(H)u, and the assertion is clear. It follows for general
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u € LP(R?) by the density argument. The case p = oo follows by the
duality argument.

Proposition 4.5. Fors >0, 1< pg< o0 ands =0, q=1,
1 < p < oo, the space B,*(H) is a Banach space with the norm given

by (4.1). It is a subspace of LP(R?).

Proof. 1t is easy to see that (4.1) defines a norm on Bp?(H). Let
- (v*)ken be a Cauchy sequence in B,(H). Consider first the case ¢ = 1.
Then by Lemma 4.4 and s > 0

llull, ZH@/J] Jull, 22“’ 195 (H)ull, = llullps a)

Let ¢ > 1. Let ¢’ denote the exponent conjugate to g. Then ¢’ < co and
for s > 0 we have

1/¢

lull, <>l (H)ull, < | Y2770 lll ooy -
Jj=0 j=o

In either case we conclude that B}?(H) is a subspace of LP(R%) and
that the given sequence (v*)ren is a Cauchy sequence in LP(R?), hence
convergent in LP to a limit v € LP(R?). Define

& =27 |lo;(H)v"||,
& = 2% ||ly;(H)vl, -

Then {f — & as k — oo for each j = 0,1,2,.... Furthermore, since
[|v* B <€ for all k, we conclude that (§])J€N € (I(N).

We have now proved v € By?(H). It remains to prove convergence
of the sequence £* = (£¥)jen to £ = (£;)jen in £4(N). Since (£*)en is
a Cauchy sequence in ¢9(IN) and the components converge, this result is
straightforward to prove. Details are omitted.

Now we prove a mapping property of e~ “*H between abstract Besov
spaces associated with H.

Theorem 4.6. LetV satisfy Assumption A and let H = —-A+V.
Assume s > 0,1 <p, q < oo, andﬁ>d|%—%. Then

(4.2) e~*H ¢ B(BSY*P(H), B2 (H))
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with norm bounded by c (t)”.

11
Remark 4.7. Note that the above result holds with 8 = d ‘ 2~ 5

under restrictions on d (e.g. d < 3) or under additional assumptions on
V, see [N, §5].

Proof. Fix x € C§°(R) such that p(A) = x(A)p(A) for all A € R.
For j > 1 and u € LP(R?) we have from Theorem 2.1

953 ||Q0(4_jH)6_itHu”p — 98] X(4—jH)e—i(4jt)4_chp(4—jH)’U:”

p
< 2P (1 |lo(4 H)u|, -

The estimate for 7 = 0 follows from Theorem 2.1. The result now follows
from the definition of the norm (4.1) and the covering argument.

We note the following results, which are useful in the next section.

Proposition 4.8. LetV satisfy Assumption A. Assumel < p,q,q1
< oo ands > s; > 0. If either s > s; or s = 51 and ¢ < qu, then B)Y(H)
is continuously embedded in By (H).

Proof. The argument in the proof of [BTW, Theorem 2.2.1] carries
over unchanged to our generalized Besov spaces.

Lemma 4.9. Let V satisfy Assumption A and let s > 0, 1 <
p, g < oco. Let M € R. Then By(H + M) = B*(H) with equivalent
norms.

Proof. A simple covering argument, which is omitted.

§5. Identification with ordinary Besov spaces

We have chosen the definition of B,?(H) in such a manner that for
H = —A this space is identical with the usual Besov space, which we
here denote B,?. In applications it is of interest to know conditions on
V which imply B(H) = By? (with equivalent norms).

Our result on this question is based on the real interpolation method
and interpolation spaces defined via semigroups. We refer to [BL] for
the results needed. We recall a few results from [BL, Section 6.7]. Let
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G(t), t > 0, be a strongly continuous bounded semigroup on a Banach
space X’ with infinitesimal generator A. For u € X’ define

w(t,u) = sup IG(s)u —ullx -

The real interpolation method constructs a family of Banach spaces
between the domain D(A) of A (with the graph norm) and X, denoted
(X,D(A))g,q: 0< 8 <1,1<q< o0. In [BL, Theorem 6.7.3] it is shown
that the norm ||u||( X,D(A))e., 18 €quivalent to the norm given by

o0 1/q
(5.1) llull, + ( / t=%9 71t u)th> .
0

The usual LP-type Sobolev space of order m € N is denoted W*(R?).

Assumption B(p,m). Let 1< p < oo and let m € N. Let V
satisfy Assumption A, and let H = —A+ V. Assume there exists M > 0
such that (H + M)~™ is a bounded map from LP(R?) to W;*(R%) with
a bounded inverse.

Theorem 5.1.  Let V satisfy Assumption B(p,m) for some m €
N and 1 <p < oo. Then for 1 < g < o0, 0< s < 2m, By H) = Bp*?
(with equivalent norms).

Proof. Let V satisfy Assumption B(p,m). We first show that
—(H + M)™ — L generates a strongly continuous bounded semigroup
with M, L > 0 and the domain of the generator is W;"(Rd). Without
loss of generality we may assume M = 0 and H > 1. Then by Theo-
rem 1.3, U(t) = e *#" is bounded in L?(R%). Moreover, by Theorem 2.1
Uiy = e~(t"""H)™ g uniformly bounded with respect to t € (0,1].
Hence there is L € R such that U ()| g(z0) < Celt for any t > 0. Thus
—(H™ + L) generates a bounded Cy semigroup. The strong continu-
ity follows from the fact that it is strongly continuous in L?2(R?). The
expression of the resolvent by the semigroup:

A+K)'=- / e KU(t)dt, K>L,
0

where A is the generator of U(t), implies (H™ + K)™! = (A + K)™ 1,
and hence the domain of A is W"(R?). We assume L = 0 in the sequel
in order to simplify the notation.

Now we let A = —H™ and let G(¢), ¢ > 0, denote the semigroup
generated by A. Let D = D(A) = W* (R?). Note that the usual Sobolev
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norm and the graph norm of A are equivalent norms on D, as can be
seen using the closed graph theorem.
Fix g, 1 < g < oo (the case ¢ = oo requires obvious modifications

in the arguments below) and s, 0 < s < 2m. Define 8 = 2i It follows
m

from the real interpolation method (see [BL]) that
Bp? = (L*,D)g,q-
Thus to prove the theorem it suffices to prove
B;’Q(H) = (Lpa D)G,q

with equivalent norms. We follow essentially the arguments in [BL, p.
160-1]. Let ¢, v; denote the functions from §4 used in our definition of
the generalized Besov spaces.

Assume first u € (L?,D)g 4. Let ®(A) = p(A)(exp(—A™)—-1)"1, A €
R. Note ® € C§°(R). Using Theorem 2.1 we find 11@(4"jH)1|B(LP) <c
for 7 =0,1,2,.... Therefore

1% (H)ull, = [|@(477 H)(G(4™™) = 1)ul|, < cw(d™™, ).

Using (4.1) we conclude

o 1/q
lullpsacery < e | llull, + | Y (@¥9w(@72™,u))0
=0
Since w(t,u) is an increasing function of ¢ and we have
2—2"1(1—1)
/ t7007 gt = ¢22™999 = 2%99
2—2mj
we get
[e 2] o) 9—2m(ji—1)
S 2 (272mi )t = 3 / 027 gy
§=0 =027
oo 9—2m(i—1)
< CZ/ t=% 10 (¢, u)9dt
=0 9—2mj

o0
< c/ t=997 1 (t, u)dt.
0
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Using (5.1) we conclude
(5:2) ||““B;»‘1(H) < C”””(LP,D)H,q

which proves the first half of the theorem. To prove the second half,
assume u € BpY(H). Theorem 2.1 implies

Using

IG(s)u - ul, < [ |G Al dr

and
1G(s)u — ull, < 2|ull,

we get (see also Lemma 4.4
w(t,u) < ey min{l,£4™} |4 (H)ul, -
j=0

We estimate the integral term in (5.1). The integral is split as

oo 00 > 4™k
5.3 ~--dt=/ e dt+ / .- dt.
( ) /0 1 kZ=0 —m(k+1)

We introduce the notation a; = ||4;(H)ul|,. For t € (4=mk+1) 4—mk)
we have min{1,t4™/} = 1, if j > k + 1, and min{1,t4™} = ¢t4™J. if
j < k. This result is inserted in the sum in (5.3) to get

oo q4—mk k ) 1
t=a-1 t4m™io; 4 a; | dt

3 A PO E P OE
k=0 j=0 j=k+1

e k ? ) oo 4

<SSt o3| $5

k=0 | j=0 k=0 | j=k+1

e} k g e oo a
:cz Z4M(1—9)(J—k)(491maj) +CZ Z 40m(k=3) (483m

k=0 |j=0 k=0 |j=k+1

Since u € ByY(H), (4%™a;)jen € €4(N), and in both cases above we
have convolution by a sequence in £!, so we use Young’s inequality to
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conclude
1 1/‘1 oo ] q l/q
([ eoatura)  <c S (e wcnu,)
The other term in (5.3) is estimated using Holder’s inequality:
o) 1/q o0 e ! Ya
( / =091 t, u)th) < / 0T N "oy | dt
1 1 j=0
/e

oo oo
=c E a; <c E 40"”04
i=0 =0

Combining these estimates we get
(5.4) ”u“(LP,’D)e,q < C”UHB;W(H)
which proves the second half of the theorem.

Theorem 5.1 combined with Theorem 4.6 implies the following map-
ping property of e *# between (usual) Besov spaces.

Theorem 5.2. Let V satisfy Assumptions A and B(p,m), and let
H=-A+V. Assume 1 < p, ¢ < 00, B >d|5 — 1| fy>d|———| and
0<s<2(m~—p). Then

(5.5) e™"H ¢ B(Byt?P1, BS9)

with norm bounded by c (t)”.

Concerning the Assumption B(p, m) we note that for m = 1 we can
use standard perturbation results to show that if V' is bounded relative
to the Laplacian on LP(R%) with relative bound less than one, then the
condition is satisfied. Several sufficient conditions for this to hold can be
found in [Sc]. For m > 1 some regularity is needed. If V € C*(R?) with
all derivatives bounded, then Assumption B(p,m) holds for all m > 1
and all p, 1 < p < .

Remark 5.3. Note that the proof of Theorem 5.2 also yields

(5.6) e”H ¢ B(B2P4, LP(RY))
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under the same assumptions. In this form the result is a direct general-
ization of the results on the free Schrédinger equation in [BTW].

Remark 5.4. In the proof of Theorem 5.1 we have shown that
—(H+M)™ — L generates a bounded Cj semigroup. This result has also
been obtained by Davies [D2] in an abstract framework, cf. Remark 3.5.

Appendix. A construction of an almost analytic continuation

In this appendix we propose a construction of an almost analytic
continuation, and discuss its properties. We start by constructing an
almost analytic continuation of f € C§°(-2,2).

We fix x € C§°(R) such that 0 < x(z) <1,

(@) 1, if|z| <1,
X =0, if|z] > 2,

and let p(z) = fow x(y)dy. For f € C§°(-2,2), we define f(z), z € C by

(A fe+ i) = @0 ix(e/2x0) [ " P06 fe)de,

— 00
where f(£) denotes the Fourier transform of f(z).
Lemma A.l. f(z) is an almost analytic continuation of f(x).

Proof. 1Tt is easy to see that f(z) € C5°(C) because f € S, and

e=*®8 is a smooth bounded function. It is also easy to see that f(z) =
f(z) for z € R since p(0) = 0. It remains to show (3.1). By direct
computation we have

(8:F) @ +iy) = (8: +1,) fla + i)
— (2 Vx(a/Dx(w) [ 601~ ))e IO )
+@n) 2 @/ Dxty) [P0 de
+i(2m) 7 2x(2/2)x (v) / e Pt f(¢)dg

(A.2) =I4+0+1I.

To estimate the first term, we note that p'(y€) = x(y&) =1 if |y¢| < 1,
hence
11— p" @&l = 11 = x(¥)| < x{we1>13 (¥, €)
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where xq denotes the characteristic function of 2. Then we have
1T} < C/l&lX{m e1213 (0, O £(£)1d€

(43) <c [ 1™ i)l < clal

since f € S. To estimate the second term, we note that f (z) =0 on
supp x/(z/2). Hence

z\ e (iy)k FO) (z 2
Ole(g)kzzo(y) fH( )__: (27r)—1/2 ’ /Z( y§) ’zgf(é)dé.

k!
k=0

We subtract this from (II) to obtain

(e—p@z) Z (- yf)k)

k=0

|I|<C £ (€)ldg

<c / IV (6)lde
(A4) < clyNH.

The estimate for (1) is easy since it is supported away from the real
axis.

Once an almost analytic extension is constructed for a C§°-function,
it is then standard procedure to extend it to f € S* We include the
construction for the sake of completeness. Let ¢ € C§°(1/2,2) as in the
proof of Theorem 1.3, and let ¢;(x) € C§°(R) defined by

k() = (x27%z), k=1,2,..., z€R,

wo(z) =1— Z(pk(a:), z € R.
k#0

We decompose f € S as

f@y= Y f@ei@) =Y. fi@Vz),

j=—00 Jj=—00

where fi(y) = @(sign(k)y)f(2*ly) for k # 0 and fo(y) = f(y)wo(y)-
Now we can apply the above construction to each f;(z) to obtain f;(2).

Note that we can modify the construction such that f](z) is supported
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in {z|Rez €[1/4, 4], Imz| <2} for j > 0andin {z|Rez € [-4, —1/4],
[lm z| < 2} for j < 0. Then f(z) = Z;’i_w fi(2772) defines an almost
analytic continuation of f. Further details are omitted.

Compared with the other known constructions of an almost analytic
continuation, our method seems to have the advantage of being straight-
forward, namely, we do not use asymptotic sums. On the other hand, we
need no differentiability of f to define f(z), and the proof of Lemma A.1
shows that (3.1) with N = a € Ry follows from f € Hj, s > a + 3/2.
In fact, it is known that f € Ci+%(R) is sufficient to construct f(z)
satisfying (3.1) with N = a (E. B. Davies, private communication, see
also [D2]). Our construction may be not as precise as Davies’, but the
next lemma is sufficient for our application in §3.

Lemma A.2. Let R > 0 be fized, and let f € H:([-R, R]) with
s > 1. Then for any € > 0 there is C = C(R, €) such that

(A.5) /C IIm 2|~*+< |8, f(z)|dzdz <C\fllg; -

Proof. It suffices to consider the case R = 1, and we may assume
f(2) is defined by (A.1). As in the proof of Lemma A.l, we decom-

pose Oz f as 8zf = I+I+ 1. We start by estimating (I). As in the
computation to derive (A.3), for each y we have

([lea-vswerief a)” < [1eeior)

< Olyl* ™ 1115 -

1/2

Hence by Plancherel’s theorem, we have

/[Imz|_s+E|I(z)|dde=/ ly|~*¢| I(z + iy)|dzdy
c |||yl <2

1/2
<c (/ |I(w+iy)|2dx) yI=+<dy
ly| <2

C [ (1 g ) iy
lyl<2

c ( / |y|—1+fdy) 1lls = C 11l -
lyl<2 _

INA
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On the other hand, (A.4) implies

| (= + )| < Clyl* ™" 1 fll gy »

and the estimate for (II) follows from this. The estimate for (I) is easy
and we omit it.
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