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Eigenvalue Properties of Schrodinger Operators
W. D. Evans, Roger T. Lewis and Yoshimi Saito

Abstract.

In Evans-Lewis [5] and Evans-Lewis-Sait5 [6], [7], [8], [9] we have
been discussing conditions for the finiteness and for the infiniteness
of bound states of Schrédinger-type operators using geometric meth-
ods. Here the ideas and results obtained so far are summarized and
presented in an expository manner. These bound states correspond
to eigenvalues below the essential spectrum of the operator. After
basic results are presented, Schrédinger operators of atomic type will
be discussed to show how these basic results can be applied to various
types of N-body Schrédinger operators.

Introduction

In [5], [6], [7], [8] and [9] we have been considering criteria for the
bound states of Schrédinger-type operators

(0.1) P= —Jg::l 9;a’*(z)0, +q(z) =z €R", 9;= o0,

to be finite or infinite (see Assumption 1.1 for the properties satisfied
by the coefficients a’*(z) and g(z)). These bound states correspond to
eigenvalues below the essential spectrum of the operator. The goal of
this paper is twofold:

(1) In §1 the basic results for the operator (0.1) will be presented in
a more self-contained and unified way, which we hope makes these basic
results easier to be understood. Our arguments are based on the geomet-
ric method using the Agmon spectral function which was introduced in
Agmon|[l]. We are going to show that our arguments become smoother
and more streamlined by restricting the operator P using only smooth
cut-off functions. This was introduced in [9]. Here we have an opportu-
nity to modify our way of deriving the basic results obtained in [5] and
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[6]. Other important ingredients are the results of Glazman [10, Chapter
1] on counting the eigenvalues of an abstract selfadjoint operator in a
given interval. Since the proofs of some of his theorems in [10] are too
succinct, we are proving these theorems in a more self-contained way so
that our main theorems will be understood more easily.

(2) In §2 we shall discuss the Schrodinger operator of atomic type

N
1 . ) .
(02) P=Py=) (—rAi + vgi(m’)> + Y wy(at - a),
i=1 mi 1<i<j<N
where
(0'3) ot = (xi’m§77$11/) € RY,

(see Assumption 2.1). We chose the operator (0.2) as an example to
give an idea how the general results obtained in §1 can be applied to
various types of N-body Schrodinger operators since it is easier to be
treated without being bothered by technical troubles. We are going to
compare our results to the celebrated results by Zhislin ([22], [23], [24],
[25]), Yafaev ([20], [21]) and others for the atomic Hamiltonian given by

N

(0.4) P:P(N,Z):Z(_%Ai_%)_‘_ 3 1

m 1<i<j<N |zt — 27|

We are also giving an another proof for the finiteness of the bound states
of the operator (0.2) with “short-range” potentials vj,, 0 < j <k < N,
i.€.,

(0.5) vir € LYARY)  (0<j<k<N).

The results given in §1 can be applied to other types of N-body
Schrodinger operators. In [8] we discussed N-body Schrédinger oper-
ators with their center of mass removed. Then the operator becomes
unitarily equivalent to the operator in §1, and hence we can develop
essentially the same theory as in §1 and §2. Thus we are able to treat
molecular Hamiltonians. We also discussed molecular Hamiltonians with
symmetry restrictions in [9]. The N-body Schrédinger operator with its
center of mass removed is considered in the Ly space whose elements are
square integrable functions over

(0.6) X ={z e R :miz! + maz? +--- + mpyz =0}
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- satisfying specified symmetry conditions. Again we found that we can
construct a parallel theory to those in §1 and §2. For these details see
[8] and [9].

While we try to make this work self-contained, we refer to our works
(5], [6], [7] and [8] when we use the exactly same propositions given in
the above papers. Some technical lemmas and theorems are proved in
the Appendices.

§1. The bound states of Schrodinger-type operators
Consider the Schrédinger-type operator

(1.1) P=-> 08;a*(z)dc+q(z) =z€R", 9=

Jik=1

Assumption 1.1. The coefficients a’* and q of the operator P is
assumed to satisfy the following (i) ~ (iii):

(i) Each a7* is a bounded, continuous, real-valued function on R™.

(ii) The matrix A(z) = (a’®(z)) is uniformly positive definite on
R™, i.e., there exists a constant ¢y > 0 such that

o (2)eEr > 0 3 JE[?

n
(1.2)
k=1 =1

for all z € R™ and (§1,&2,-+,6n) € C™.
(iii) ¢ € L1 (R™)10c-

We start with the following definition.

Definition 1.2. (i) Let 7 be a nonnegative, bounded C* function
on R™. Let the sesquilinear form on C§°(R™) x C§°(R™) be defined by

(13 paloel = [ {< V). V(09) >4 +ar'eip} s

where

= - Jkg o
(1.4) <&(>a j%z:la &Gk

(E = (51,f2a"'»§n)’f = (CI,C27"'7C"7») € Cn)

We set p,[¢] := pn[d, ¢]. For n =1 we denote p1[ , | simply by p[ , ].
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(ii} Define the Hilbert space Lo ,(R™) by
(1.5) Lo n(R™) = Lo(R™, ndx).

The inner product and norm of L ,(R™) are denoted by ( , ), and
Il , lls, respectively. For n =1 we simply write Ly(R™), (, ), and | ||.

The following assumption guarantees that p,, is closable on Ly ,(R™).

Assumption 1.3. For every € € (0,1) there is a C(e) > 0 such
that

(L.6)
/‘q_WP¢ESe/'|V¢PMr%C&)/‘|w%m, b€ CF(R™),
n R" R”

where ¢_(z) = max(—q(z),0).

It is known (Schechter [16, Theorem 7.3, p.138]) that (1.6) holds if
q— belongs to the Kato class, i.e.,

(L7) lim 9(z,y)la(y)ldy = 0,
T z—y|<r
where
|z — >~ ifn >3,
(1.8) g(z,y) =< |In|z — | if n =2, and
1 if n=1.

Remark 1.4. Assumptions 1.1 and 1.3 are slightly more strict than
those given in [6], [7], [8], [9] although usual N-body Schrodinger oper-
ators satisfy our assumptions. Since we assume that the matrix A(z) is
uniformly positive, the condition on gq_ seems to be easier to check (cf.
the condition H(1) in [6, p.383]).

Proposition 1.5. Let Assumptions 1.1 and 1.3 be satisfied. Let p,
be as in Definition 1.2. Then p,, is densely defined, symmetric, bounded
below, and closable in Lo ,(R™).

Proof. (1) Since it is easy to see that p, is densely defined, sym-
metric, and bounded below, we are going to give the proof that p,, is
closable. Let {¢;} be a sequence in C§°(R™) such that

{ 5lln — 0 (4 — o0),

49 oals — 5] — 0 (G, k = 00).
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We have only to prove that p,[¢;] — 0 as j — oo.
(2) It follows from Assumption 1.1, (ii) and Assumption 1.3 that
there exists a positive constant C; such that

(1.10) 61, = e+ Cullél = [ {RIVOOR +(as +1)iPl67) do

for ¢ € C§°(R™), where g, (z) = max{q(x),0}, and hence {n¢,} is a
Cauchy sequence in both H1(R") and L,(R",q,dz). Further, since
n¢; — 0 in Ly(R™) as j — oo, it follows that

(1.11) s— lim n¢; =0 (j — o0)
j—oo

in both H1(R™) and L2(R", ¢+dz) which implies that p,[#;] — 0.
QE.D.

Definition 1.6. Let p, be as above. Denote the closure of p, by
pn- Let Hy be the selfadjoint operator in L ,(R™) associated with p,
(see, e.g., Kato[13, Chapter VI]). For n = 1 H; will be denoted simply
by H. Define £(H,) b

(1.12) Y(H,) =info.(H,),
where o.(H),) is the essential spectrum of H,,.
Now we are in a position to introduce the Agmon spectral function.

Definition 1.7. Let S"! be the unit sphere. For any set U C
S™~1 and for positive numbers R and § define
Us:={we S" ! : dist(w: U) < 6};
I'(Us,R) :={x € R" : z = tw for w € Us and t > R}
K (Us, R; P) := inf{p[¢] : v € C5°(L(Us, R)), llll = 1};
(1.13) K{U:P):= lsiﬂr)lRlim K (Us, R; P);

and

M={weS" ' Kw:P)= 1§1f K(w: P)},
wesSn 1

where we write K(w : P) instead of K({w} : P), and the set M C §*~1
is called the minimizing set.

The following properties of the Agmon spectral function are impor-
tant.
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Proposition 1.8. Suppose that Assumptions 1.1 and 1.3 hold. Let
H be as in Definition 1.6.

(i) Then K(w : P) is a lower semicontinuous function on S*~! and
we have

(1.14) Y(H):= wggi,lril K(w: P),

and the minimizing set M is a compact set in S~ ! with

(1.15) M={wes! :K(w:P):wérAlS&n_lK(w:P)}.

(ii) For any U C ™71,

(1.16) K(U:P)=K({U :P)= inf K(w: P)
welU

The first part of the above proposition is due to Agmon [1, Lemma
2.7, p.38]. For the proof of (ii) see [6, Lemma 5, p.380].

Let us give a necessary condition for the bound states to be finite.

Theorem 1.9 ([6, Theorem 8]).  Let Assumptions 1.1 and 1.3 hold.
Let H be the selfadjoint operator associated with the closure p of p in
L2(R™). A necessary condition for the finiteness of the number of eigen-
values of H below X(H) is that for some 8o > 0 and some Rg > 0

(1.17)
KMs,R;P)=K(M : P)=X(H) for all 6§ > 6 and R > Ry.

Before proving the theorem we mention a simple fact on a linear
space.

Lemma 1.10. Let Y be a vector space over C. Let Yy and Y,
be linear subspaces of Y such that dimYs < oo and Y is the direct
sum of Y1 and Yz (d.e., YiNYs = {0}, and Y = Y, + Ys). Let Yy be
another linear subspace of Y such that dimYy > dimY>. Then we have
dim(Yo NnY;) > 1.

Proof. Let dimYs = m and let ¢, 2, -, dm be a base of Ys.
Let {f;}, 7 = 1,2,---,m + 1, be a set of m + 1 independent vectors
in Yp. Since Y is the direct sum of Y3 and Y3, there exist u; € Yi,
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j=12,---,m+landajz€C,j=1,2,---,m+1,k=1,2,---,m such
that

(118) i =uj+za’jk¢k (] = 1’29"'7m+1)'
k=1
Note that the system of linear equations

m+1
(1.19) Y cia=0 k=1,2,-,m
j=1

has a nontrivial solution (¢1, ¢z, -, €m+1)- Then we have

m+1 m+1
(120) fo = Z ijj = Z cjuj
j=1 j=1

is nontrivial and belongs to YN Y7, which completes the proof. Q.E.D.

Proof of Theorem 1.9. We are going to prove that the number of
eigenvalues of H below ¥(H) is infinite if

(1.21) K(Ms,R;P)<K(M:P)=3%(H) (§>0and R > 0).

The proof is divided into several steps.
(1) It follows from (1.21) that for each j = 1,2,--- there exist a
positive number R; and ¢; € C§°(I'(M 15, R;)) such that

() Ri<Ry<---<Rj <+ — 00,

(c) supp(#;) Nsupp(dx) =0 (5 # k),
(d) pld;] <Z(H)  (1=1,2,--").

(1.22)

Let Xo be the linear subspace spanned by {¢; 5=1- Note that it follows
from (b) and (c) of (1.22) that

(1.23) plf] < Z(H)IIFII?

for any f € Xp.
(2) Let s be a positive number such that

(1.24) plel +sllgl> 20 (¢ € C°(R™).
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Define the sesquilinear form p(*) on C3°(R") x C°(R™) by

(1.25) pO[e, 0] = plo, o] +5(d,0) (9 € CCR™).

Since the potential ¢(*) = g(z) + s satisfies Assumptions 1.1 and 1.3, p(*)
is closable with its closure 5(*). Let H(*) be the nonnegative selfadjoint
operator determined through 5(*). Obviously we have D(5()) = D(p).
It follows from the uniqueness of the selfadjoint operator determined
by a symmetric closed sesquilinear form (Kato[13, Chapter VI, Theo-
rem 2.1 and Corollary 2.4, pp.322-323]) that H®) = H + sI, where I
is the identity operator on Ly(R™). Let E(*)(-) be the spectral mea-
sure associated with H(). Applying the second representation theorem
(Kato [13, Chapter VI, Theorem 2.23, p.331]) to the nonnegative closed
sesquilinear form p(*), we see that

(126)  FOL] = /R MIEOWFI?  (f € D) = D(5)).

Therefore we have
{ E@((~o0,N)) = E((~00,A—5))  (A€R)

27
(120 A= [ AIBQSE (€ D),

where E(-) is the spectral measure associated with H.
(3) Suppose that dim E(—oo,X(H)) = m < co. Then, setting

Y = E([Z(H), o)) L2(R"),
(1.28) Y, = E((—o0, Z(H))L2(R"),
Yo = Xo

in Lemma 1.10, we see that there exists a nonzero f; € Ly(R™) which
belongs to both X and E([X(H),00))L2(R"™). Therefore, fo satisfies
(1.23) with f replaced by fo, and it follows from the second relation of
(1.27) that

olfo] = /R AIE) foll?

(1.29) _ / T ONIEW fol?
2(H)
> S(H) foll*.

These two inequalities contradict each other, which completes the proof.
Q.E.D.
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In order to give a sufficient condition for the bound states of H to
be finite we are going to start with

Proposition 1.11 (cf. [5, Theorem 15], [6, Theorem 10]). Sup-
pose that Assumptions 1.1 and 1.3 hold. Let n be a nonnegative, bounded
C®™ function on R"™. Let Hy be the selfadjoint operator given by Defini-
tion 1.6. For any R > 0 define

(1.30) {KR = Kr(Hy) = inf'{Pn[¢’] : ¢ € CP(ER), |6lly = 1},
Koo = Koo(Hy) = Jlim Kr,

where

(1.31) Ep={zeR":|z|> R}.

Then, setting Koo = limp—co Kr, we have

(1.32) Ko = (H,).

Since the idea of the proof is essentially the same as the proof of
[5], Theorem 10 or [6], Theorem 15, we are going to give the proof in
Appendix.

The following corollary will be used later.

Corollary 1.12. Let n be a nonnegative, bounded C* function
on R™ such that all the first derivatives 9;n, j = 1,2,---,n are also
bounded on R™. Let p, and p = p; be as in Definition 1.2.

(i) Then we have D(p) C D(py), i.e., for w € D(p) and for any
sequence {¢;} C C§°(R™) such that ¢; — u in D(p), we have

3= Jim ¢;=u in D(7),

lim_py[¢;] = py[u]-

J—o0

(1.33)

(ii) On the other hand, for u € p, we have nu € D(p)

Proof. Since it follows from (1.10) that {¢,} is a Cauchy sequence
both in H!(R") and Ly(R™,gydz). Then it is easy to see that {¢;}
is also a Cauchy sequence in the norm || ||,,. The second part of the
corollary follows directly from the fact that p,[@] = p[n¢] for any ¢ €
Ce(R™). Q.E.D.
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Assumption 1.13. Let M be the minimizing set associated with
the operator P give in Definition 1.7. We assumed that M is a proper
subset of the unit sphere $™71.

Assumption 1.13 is introduced to exclude a phenomenon known as
the Efimov effect in the case of N-body Schrédinger operators. For more
detailed discussion and the references, see [6, p.381-382].

Lemma 1.14. Let Assumption 1.13 be satisfied. Let 6 be a suf-
ficiently small positive number, and let R be a positive number. Then
there ezist a = a5 p, 8 = PBs,r € C§°(R") satisfying

(i) a(z),B(z) € [0,1] and a(x)? + B(z)? =1 for all z € R™;

(ii) supp(a) C I'(Ms; R/2), witha =1 in I‘(M%;R);

(iii) supp(8) C X \T'(M3; R);

(iv) @ and B are homogeneous of degree 0 in R™\ B(R); and

(v) given € > 0 there erists C(e) > 0 such that

IVa()|* +|VB(z)]* < (ea(z)? + Cef(2)?) xa/l2l>  (z €R™),

where xa s the characteristic function of the set A := T'(Ms; R/2) \
F(Mg ; R), and M is the minimizing set.

For the proof see [6, Lemmas 9, 10, and Definition 11]. See also [9,
Lemma 3.1]. We can take 8 as w in (i) of Definition 11 of [6].

Proposition 1.15. Let Assumptions 1.1, 1.3 and 1.13 be satisfied.
Let B = Bs,r, 6,R > 0, be as in Lemma 1.14. Let pg and Hg be as in
Definitions 1.2 and 1.6 with n replaced by (3, respectively. Then we have

(1.34) Y.(Hg) > B(H).
Proof. Set N(§) = S 1\ Ms, and let v be a (sufficiently small)
positive number. Set
(1.35) N(6)y ={w € ™1 : dist(w : N(6)) <7}
Let T4> R. Then it follows that
(1.3 Kr(Hp) 2 K(N(0),,T : P),

where K1 (Hp) is as in Proposition 1.11, K(N(6),,T : P) is as in (1.13),
and we should note that pg[d] = p[B4], ||dlls = ||B¢||, and the cone
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I'(W(6)4,T) contains T'(N(8),T). Letting T — oo first and letting v —
0 next, we obtain

(1.37) - Ku(Hg) 2 K(N(6) : P),

which implies by Proposition 1.11 that

(1.38) Y(Hg) > K(N(6) : P).

Since dist(N(6), M) > 0, Proposition 1.8 can be applied to get
(1.39) S(Hg) > KWN(8) : P) > K(M : P) = S(H),

which completes the proof Q.E.D.

Theorem 1.17, which is one of our main results in this section, is
the application of an abstract result by Glazman [10] to the operator H.
Here we are going to give his result as follows:

Proposition 1.16 (Glazman, {10, p.13-15]). Let A be a selfad-
joint operator defined in a Hilbert space H. Let Ao be a fixed real number.
Let E(-) be the spectral measure associated with A. Then the dimension
of E((—o0,Xo))H is finite if and only if there exists a linear subspaces
F and G of H such that dim G < oo, H is the direct sum of F' and G,
and

(1.40) (Af =Xof, f) 20 (f € FND(4)),

where (, ) denotes the inner product of H, and D(A) denotes the domain
of A. Then the number of eigenvalues A of A such that A < Ap does not
exceed the dimension of G.

Since the proof is given rather implicitly in Glazman [10], we shall
give a proof in Appendix.

Let € > 0. In order to give a sufficient condition for the finiteness of
the bound states of H, we are going to introduce an operator P, defined
by

P.=-— Z 9,0 ()0 + ge(z),
(1.41) Jk=1

ge(z) = (=) — l—gj—zm,
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where xa is as in Lemma 1.14. Since the behavior of ¢, at infinity is the
same as g, we have

(1.42) Y(H)=KM:P)=K(M:P)=3%X(H).

Theorem 1.17 ([7, Theorem 13|). Let Assumptions 1.1, 1.3, and
1.13 hold. Suppose that there exist 6y > 0, € > 0, and Ry > 0 such that

(143) K(Ms,R;P.) =X(H) for all 6 < ég, and R > Ry.
Then H has no more than a finite number of eigenvalues in (—oo, X(H)).

Proof. (1) Let & = asy,Ry, B = Bso,R, b€ as in Lemma 1.14. Let
¢ € C§°(R™). Then, using the IMS localization formula (Ismagilov [12],
Morgan [14], Morgan and Simon [15]), and (v) of Lemma 1.14, we have

(1.44)
016 = [ (V@) + aladi® - (af} + 1BE)¢) do + polo]

> [ (9@ + adao o+ psle] — [ Foxalol
R™ R™

|z
where C, is a positive constant depending only on € and xa is as in
Lemma 1.14 with R and é replaced by Ry and §p. Then (1.44) is com-
bined with (1.43) to give
(1.45)
C€ o) n
0l6) = S ladl + polé] = | Txalbolds (6 € OF(RY).

||

(2) Define the linear form pj; on C§°(R™) x C§°(R") by

Ce _
(1.46) Pld, ¢l = palo, o] — /R  TEXaBofPdz.

|z

Then, since the potential
/ Ce
(1.47) q(z) = q(z) — WXA(“’)

satisfies Assumptions 1.1 and 1.3, the linear form pk is closable with its
closure f3. Let Hj be the selfadjoint operator in Ly s(R") determined
through 5. Thus, using the denseness of C5°(R™) in D(5) and Corollary
1.12, we obtain from (1.45)

(148) plul > S(H)llaul? + Fplu]  (u € D(5)).
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(3) By noting that ¢'(z) — g(z) — 0 uniformly as |z| — oo, it follows
from Propositions 1.11 and 1.15 that

(1.49) S(H}) = S(Hp) > S(H).

Therefore, the spectrum of Hj in (—oo, ¥ (H)) is only a finite number
of eigenvalues with finite multiplicity. Let 1,2, -, @, be the eigen-
functions corresponding to these eigenvalues. Set

(L50)  F={ueLy(R"): (u,f%;) =0, j =12, m}.

Then F< is the linear m-dimensional subspace spanned by wi, 3 =
1,2,---,m. Let w € D(p) N F. Then'it follows from the second repre-
sentation theorem of the closed symmetric linear form (e.g., Kato [13,
Chapter IV, Theorem 2.23]) that

Fplu] = /R |y (\ull3
(1.51) _ [ , 2
- /2 o MIE

> X(H)|Bull?,

where Ej(-) is the spectral measure associated with Hy. This, together
with (1.48), gives

(1.52) plu] > S(H){l|eu|? + [|8ul?} = S(H)||ull®
for any u € D(p) N F, and hence we have
(1.53) (Hu — Z(H)u,u) >0 (ue D(H)NF).

Thus, the condition (1.40) in Proposition 1.16 was verified, which com-
pletes the proof. Q.E.D.

Corollary 1.18. The number of eigenvalues of H below X(H) is
less than the number of eigenvalues of Hp below ¥(H) for H 2, given
above.

Remark 1.19. Notice the gap between the conditions (1.17) in The-
orem 1.9 and (1.43) in Theorem 1.17. We are led to the following ques-
tion:

Under Assumptions 1.1, 1.3 and 1.13, are there conditions which

can be imposed upon M that will insure that (1.17) is a necessary and
sufficient condition for the finiteness of o(H) N (—oo, X(H))?
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When stronger conditions are imposed on g, then (1.17) (with ™1
substituted for My and the location of M left unspecified) is known to
be a sufficient condition for the finiteness of o(H) N (—o0, X(H)), see
Simon [18, pp.517-518|, and the related “open question” on p.518 of
that article. However, these stronger conditions do not include N -body
systems for N > 3.

Recently Donig [3] answered the open question in the affirmative.
While the conditions imposed on his potential is slightly more strict than
ours, Coulomb potentials satisfy his condition.

§2. Schroédinger operators of atomic type

In this section we consider the (N + 1)-body Schrédinger operator
of atomic-type

N
1 ) ) .
(2_1) P = PN = Z (——Z——T;l—Az + ’UOi(wz)) + Z 'Uij(xz —_ ,’I}J),
i=1 v 1<i<i<N
in R¥Y, where N > 3,

xi:(mi,mé’---,wi)ERu (i=1’2’“.’N)’

(2.2) m; >0 (t=1,2,---,N),
T = (wl’x2’ e awN) € RVN)

and Ai is the Laplacian in R¥ with respect to the variables z¢ =

(2%, 2%, -, 2%) with v > 3. The atomic Hamiltonian is given by
S| 1

2.3 P=P(N,Z)= ——A; - _—

( ) ( ) Z( 2m i Ix1')+ Z |.’L‘7’—JZ"7|,
i=1 1<i<j<N

where N, v are as above, and m and Z are positive numbers correspond-
ing to the mass and charge of the nucleus, respectively.
The sesquilinear form p associated with the operator (2.1) is given

N
A= [ Viele) Tpds
’l—‘ N
24 Voi :I)i T 7 X
(24) 3 [, e )oeew)

s 3 [ et - )@ b

1<i<j<N /RY
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for ¢, € C$*(R¥N), where

0 9 0

2.5 i 2 9 .9

for i =1,2,---,N. For the potentials v;;, we assume the following

Assumption 2.1. For 0 <:i < j < N, v;; is a real-valued function
satisfying
(i) vij € Lip(RY),
(ii) lim)y| o0 vi5(y) = 0, and

(i) (vis)— € M(R?).
Then, setting

(7 '207'21727"")]\[,
(2.6) Vij(z) = Uoj(xi) J ¥ J. . )
v (z* — 27) (1<i<j<N),
where z = (z1,2%,---,z") € R*YN as in (2.2), and
(2.7) Z%J(w Z Vij (@),

1<i<j<N

we easily see that g(z) satisfies Assumptions 1.1 and 1.3 (see Agmon [1,
Lemma 4.7 for the proof that ¢ € M(RY). Thus, the corresponding
sesquilinear form p (or, more exactly, the closure g of p) determines a
selfadjoint operator in Ly(R¥"). Henceforth, the selfadjoint realization
will be denoted by P again.

We are now introducing the subsystems of the operator P.

Definition 2.2 (Subsystems of P).
Let S*V~! be the unit sphere of R"N. For w € §¥N~! define the
subsystem P, of P by

(2.8) Z Ty A + Z voi(z*) Z vij (@' — z7),

wi=0 wiz=wi
where w = (w!,w?,---,w) and Y i_, [or > ;] means summation
over those indices ¢ for which w' = 0 [or those pair of indices (4, j),

1 <i < j <N, for which w* = w7]. The selfadjoint reahzatlon of P, in
L?(R¥YN) will continue to be denoted by P,,.

The following fact given by Agmon [1, Lemma 4.8, p.66] will play an
important role:
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Proposition 2.3 (K(w) and subsystems (Agmon 1, Lemma 4.8])).
Let P be as in (2.2) and satisfy Assumption 2.1. Let P, be the sub-
system of P defined above. Then, for any w € S¥N—1

(2.9) K(w; P) = K(w; Po) = X(Po) = A(Po),

where A(A) and X(A) denote the infimum of the spectrum and essential
spectrum of A, respectively.

Let M be the minimizing set for the Schridinger operator P of
atomic type (see Definition 1.7).

Definition 2.4 (Sets M; and subsystems P;). Fori=1,2,---, N,
define

(2.10)
M;={w=(w"w? ") 1w =§nforne §¥1,j=1,2,---,N},

where 6;; = 1 and §;; = 0 for 7 # 7. The set M, is a closed subset of
SvN—=1_ Let P, be given by (2.8). Since for any w € M; the subsystem
P, has the same form, we set P, = P; for w € M;, i.e.,

N
1 . .
(211)  Pi==) o Aj+ ) vg(@)+ Y vrla? —ab),
j=1""7 g 1<j<k<N
Jj#i and k#i
The subsystem P, is the subsystem of (N —1) electrons zt, - - -, =1 zi+1,
N
.. s x .

In this section we assume that the lower bound X(P) of the essential
spectrum of P is determined only by subsystems of N — 1 electrons.

Assumption 2.5. Let P be the atomic-type Hamiltonian (2.1).
Let M be the minimizing set of P. Assume that

N
(2.12) Mc | M.

i=1

Assumption 2.5 implies that the minimizing set M is not only a
closed set of S*V~1, but also a proper subset of S*¥~1. Thus, this
assumption implies Assumption 1.12 for our operator P.



Eigenvalue Properties of Schrédinger Operators 43

Definition 2.6 (Operators P, and L;). Let P be as above and for
eachi=1,2,---, N define

1 i j k
(213) P/=- E %Aa’ + E , voj (@) + E vik(z? — %),
J#i J#i 1<j<k<N
J#i and k#i

The selfadjoint realization of P/ in Ly(R¥(N~1) is also denoted by P,.
We also set

1
m;

A; + ’l)ol'(.'ti) + Z vjk(:vj - Cl?k).
1<j<k<N
j=t or k=1

(214) Li=P-P=—

Now we are in a position to give a criterion for the finiteness of the
bound states of the atomic-type Hamiltonian P.

Theorem 2.7 (Finiteness of bound states ([7, Theorem 3.4)).
Let P be given by (2.1) and let Assumptions 2.1 and 2.5 be satisfied.
Let P! and L; be as above. Suppose there exist positive numbers 6y, Ry,

and € such that

(2.15) (Lt &) gy /R 162 da

PE

for each i = 1,2,--- N such that M; C M and for every ¢ €
CP(T((M)sy; Ro)). Then P has at most a finite number of bound
states.

For the proof see the proof of Theorem 3.4 in [7].
Let us next discuss the infiniteness of the bound states. It follows
from Assumption 2.5 that there exist some ¢ C {1,2,---, N} such that

M; € M. In view of Theorem 1.9 we are looking for a condition which
guarantees the existence of a sequence of functions {F,} such that

(2.16) F, € C°(D'(My)s,,; Rn))

with é,, | 0 and R, T oo as n — oo, and

(217)  p[Fy] = (PFy, F)2mevy < E(P) (n =12, ,N),
which gives the inequality (1.21) immediately. Write z € R*V as

(2.18) x = (2%, 2') (' = (z*,---, 2", 2", ... ).
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We are going to find F,, with the form
(2.19)  Fo(z',2') = 0,(z")pn(z) (n= No,No+1,--),

where Ny is a positive integer determined later. As for 6,,, we have the
following

Proposition 2.8 |7, Proposition 4.4]. Letgq > 1. Then there exists
a sequence {0} = {0n 4} of functions on R” such that, forn=1,2,--,

1) 6, € C(RY),

2) 0nllL2mey =1,

3) suppf, C {z! € RV : n? < |z¢| < 5n9},

4) there exists a constant Cy = Ca(q), independent of n = 1,2,---,
satisfying

1

)

C
0< (—2 Aien,en)LZ(Ru) < -nTzq

The construction of 8,, n = 1,2,---, is easy and direct. See the
proof of Proposition 4.4 of [7].
In order to discuss the construction of ¢, (z’), we need the next

Assumption 2.9. The potentials v;;, 0 < i < j < N, satisfy

(220) V5 € MloC(Ru).

Let i be as above. Then it follows from the HVZ theorem (see [11],
[19], [22]) combined with Assumption 2.5 that X(P) = A(P/) < 0 and
E(P!) > A(P}), and hence A(P}) is the lowest eigenvalue (ground state)
of P/ with the eigenfunction ®;(z’). In fact, suppose that 3(P}) = A(P]).
Then we see from the HVZ theorem that there should exist a subsystem
P! of P/ such that

(2.21) A(P!') = £(P)) = A(P}) = Z(P).

This contradicts Assumption 2.5 since the lower bound A(P]’) of the
subsystem P;’, which is different from any PJ’ ,j=1,2,--+, N coincides
with X(P). It follows from [1, Theorem 5.9] that the eigenfunction ®;(z")
decays exponentially. Similarly, using Assumption 2.9, too, we can prove
that any first derivatives of ®;(z’) decay exponentially ([7, Proposition
4.2]). Now we shall prove that ¢,(z") in (2.19) can be constructed by
truncating ®; using a smooth function, and then approximating with
functions in C$°(R¥(N-1)),
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Proposition 2.10. Let Assumptions 2.1, 2.5, and 2.9 hold. Then,
for some positive integer Ny and each integer n > Ny, there exists ¢, €
Cse (RN 1)) satisfying

||¢n”L2(Rv<N—1)) =1,
(2.22) supp ¢, C {2’ € R" W1 |2/| < 2n},

—nco

(P; ¢n, ¢n)L2(Rv(N—1)) <EP)+C1

n

with positive constants ¢y and Ci.

For an integer 1 <7 < N set

(2.23) I(z) = voi(z*) + Z vk(z? — ).
1<j<k<N
j=t or k=i

We have P = P, + I,.

Theorem 2.11 (Infiniteness of bound states, [7, Theorem 4.7]).

Let Assumptions 2.1, 2.5 and 2.9 be satisfied. Suppose that there
exists an integer 1 < i < N, M; C M, positive numbers 6y, Ry, ¢y, and
s € (0,2) such that

(2.24) Li(z) < —cula’| ™ (z € T((Mi)so; Ro))-
Then P has infinitely many bound states.
For the proof see the proof of {7, Theorem 4.7] and [7, Proposition

4.5]. We have only to show that the sequence {F,, } above satisfies (2.17).

The following theorem on the finiteness and infiniteness of the bound
states for the atomic Hamiltonian is well-known: Zhislin ([22], [23], [24],
[25]), Yafaev ([20], [21]), and others.

Theorem 2.12 (Zhislin ([22], [23], [24], [25]), Yafaev ([20], [21]),
and others). Let N,v > 3 be integers. Suppose that Assumption 3.2 is
satisfied for P = P(N, Z) given by (2.2).

(i) Suppose that

(2.25) Z<N-1

Then P = P(N,Z) has at most a finite number of bound states.
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(ii) Suppose that
(2.26) Z>N-1.
Then P = P(N, Z) has infinitely many bound states.

Using Theorems 2.7 and 2.11 we can give a proof of the above cele-
brated theorem except the case Z = N — 1. Let Z < N — 1. Since it is
easy to see that, for z € I'((M,;)s; R) with 0 < 26 < 1, we have

{Mﬂ>(1—®mh

2.27 . .
(2.27) |zt — 27| < (14 26)|=|,

it follows that, for ¢ € C(T'((M;)s; R)),

A . .
(2.28)  (Lig, ) r2meony 2 /R [— =] + Z |zt — 27|]|¢)? dz
J#i

vN

|p|* dz

N-1 Z
2 [ o ~ sl

€
> — |2 dz
> [

if 6 > 0 is sufficiently small and R > 1, where

. N-1 Z
1426 1-6

Thus we see that the condition (2.15) in Theorem 2.7 is satisfied for

every ¢ = 1,2,---,N. In the case that Z > N — 1, see the proof of
Theorem 4.8 of [7].

(2.29) > 0.

Concerning Assumption 2.5, [7] gave a proof of the following theorem
(Theorem 5.2):

Theorem 2.13. Let N,v > 3 be integers and P = P(N, Z) be as
in (2.2). Suppose that

(2.30) Z>N-2.

Then the operator P = P(N, Z) satisfies Assumption 2.5, i.e., the lower
bound of P is determined only by subsystems of N — 1 electrons.

Finally consider the case where the potentials are “short-range”, i.e.,
vij € L, /2(RY). It is known that the bound states are finite in this case
(Sigal [17]). We are going to give another simple proof for the slightly
more general version.
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Theorem 2.14. Let Assumptions 2.1 and 2.5 hold. Suppose that
(2.31) ('Ujk)_(-)GL,,/z(R”) (0<j<k<N, j=i ork=1)

for any i such that M; C M, where (vji)— 1is the negative part of vji.
Then the operator P given by (2.1) has at most finite bound states.

Proof. Lete > 0. Let §y be a positive number such that 1—2§, > 0.
Then there exists Ry > 0 satisfying

(2.32)

[/H , {w)-w)} )" <e <j<k<N, j=iork=1i),
Y|>ckRo

where ¢ = 1 — 28y. Let ¢ € C3°(T'((My)s,; Ro)). Since we have

(2.33) z € T((M;)so; Ro) = { |z¥| > (1 — 60)Ro,

|.’Ili — iL‘j| > (1 — 260)R0,
it follows from the Holder inequality that

(2.34)
/ (v0r)— (&) ¢ e
Rv

vai) V2 i1 2w/(v=2) g i\ =D/V
[ i) —)jof as’
RV

< [/ {(Ujk)—}u/2 dmi]2/"[/ |g[2/ (=2 dmi](V*Q)/V’
ly|>cRo R

\

where 1 < j < k< N, j=1ior k=i Itfollows from a Sobolev-type
inequality (e.g., [4, Theorem II1.3.6]) that

(235) [/ l¢|2u/(u—2) dmz] v-2)/v < '7'/R [vz¢|2 diEi,
Rv v

~ being a positive constant depending only on v. Then we obtain from
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(2.34) and (2.35) that

(2.36)
ORI R SN CAREER T

1<j<k<N
j=t or k=i

< (2N - 1)e/ |Vig|? dx
Ru

for any ¢ € C3°(T'((My)s,; Ro))- The inequality (2.36) is combined with
the Hardy inequality

o [ o . 4 [ woas
2.37 / “—dr* < — dz* < V| dz*,
@30 e oF o 0P T S o2 fo IV Y

where ¢ € C°(R¥N), to give

(2.38)
(Lid, ®) Lo moy —/RV

4e i
ZAWD—@N—U%—ngﬂVMWw

for any ¢ € C§(I'((M,)s,; Ro)). Therefore, choosing € > 0 suffi-
ciently small, we see that the right-hand side of (2.37) is nonnegative for
¢ € C&(I'((Mi)so; Ro)). Thus the condition (2.15) is satisfied, which
complete the proof. Q.E.D.

Appendices
A.1 The infimum of the essential spectrum of H,

Proof of Proposition 1.11.
(1) Let A € o.(H,) with a singular sequence {u,}, i.e.,

() u; € D(Hy)  (1=1,2,"),
() luilla =1 (G =1,2,),
(A.L1) (c)w— limu; =0  inLy,(R"),

J—0o0

(d) s— j]inolo(Hn - Au; =0 inLy,(R™).
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Introduce an inner product ( , ),, and norm || ||,, in C§°(R™) by

(A1.2) { (¢, 9o, = Pl®; ¢l + C1(¢, 0)n)

8115, = (6, 8)p, ]2,

where the positive constant C} is as in (1.10). Note that we obtain from
(1.10)

2
v 2de < =||9)2
s { | e < 2oz,
8lln < lI8ll,,
for ¢ € Cg°(R™). Then C§°(R™) becomes a pre-Hilbert space with the
inner product ( , ),, and norm || ||,,, and the domain D(p,) of the
closed linear form p, is the completion of C§°(R"™) by || ||,,. The inner

product and norm of D(p,) will be denoted again by ( , ),, and norm
Il 1lp,- We have

(A.1.4) { (u,v)p, = Pnlu, v] + C1(u, v)y,

lullp, = ll¢ll7

for u,v € D(py).

(2) Since C§°(R™) is dense in the Hilbert space D(g,), there exists
a sequence {¢;} C C§°(R™) such that

(A.15) luj = @illo, =0 (G — o0).
Then it follows that

(@) lgslly =1 (G — o00),
(A.1.6) (b) w— lim ¢; =0 in D(py),
(©) polds] =2 (G — o0).

In fact, (a) follows directly from (b) of (A.1.1) and (A.1.3). As for (b),
we have for any v € D(p,)

(A.1.7)
(6,V)p, = ($5 — Uj,V)p, + (uj,0)p,
= (¢J - uj’v)l)n + ((Hn - )\)’LLJ','U),, + ()‘ + Cl)(ujyv)

— 0
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as j — oo, where we have used (c), (d) of (A.1.1), and we should note
that

(A.1.8) Plujyv] = (Hyuj, v)y
(see, e.g., Kato [13, Theorem VI.2.1, p.322]). Finally, since we have
palds] = 65113, = Cullsll;
= [lusll2, — Culluslls + s
(A-1.9) = pnlus]+;
= ((Hp — Nuj, uj)q + )‘”%”12; +
= A+ ((Hy = Nug, wj)n + %5

where v; — 0 and ((H, — A)u;,u;), converge to 0 as j — oo, we obtain

(d).

(3) Let a(z) be a C* function on R™ such that

(A.1.10)

0 zeBp={zeR":|z| <R},
a(z) =
1 z € Epyy,

0 < a <1, and |Va| is bounded on R™. Set |¢|4 = [< &,& >4]/2 for
& € C™. Then it follows from the identity

(A.1.11)
[V(ang)% = o®|V(n¢)[% + [Veliingl® + 2anR{ < V(n¢), Va >4},
where ¢ € C§g°(R™), that

(A.1.12) [V(eng)l% < (1+6)|V(n¢)% + Csxr,rr1lndl?

for ¢ € C§°(R™), where § is an arbitrary positive number, x g r+1 is the
characteristic function of {x € R” : R < |[z| < R+ 1}, and

(A.1.13) Cs= (1461 max Val4.

Further we have

(A114)  g(z)a®ng|® = gr.a®Ing|* — g—o?|ng)?
= o?qy > — g_Ing|* + (1 — o®)g_|ng|?
< qlngl® + (1 - o?)q_|ng|*.

Therefore, it follows that
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(A.1.15)
poforg] < (1+8)pald] + Cs /

mofdo+ [ (- a?)a-lngf da.
BR+1 R"
Here it follows from Assumption 1.3 and (A.1.3) that

(A.1.16)

[ a=otgnofda
<{ [ atmoraa} ([ al-a?mof s}
<{ [ V@R ds+ clel}
(0 | 19(- ame)da + C@)Na - a2}
-
< Callgllo, {01181, + OO [ Ingl a2,

Bry1

where C(1) and C(62) are as in (1.6) with € replaced by 1 and 62, re-
spectively, Cs is a positive constant independent of §, and C’(6) is a
positive constant which may depend on §. Thus, combining (A.1.14)
with (A.1.15), substituting ¢ = ¢;, and taking note of the definition of
Kp, we obtain with another constants Cj and C"”(8)
(A.1.17)
Kgllag;]l7

< pnlog;]

<@+ 6)pn[¢j1+c;||¢jnpn{6n¢,-||,,n+C"<6>[/B Ind; ? da]/}.

(4) Using (A.1.6) and the Rellich theorem, we see that, for any
0 < R < oo,

(A.1.18) / Ing;|? dz — 0
Br

as j — oo, where we should note that (c) of (A.1.1) and (A.1.5) imply
that

(A.1.19) w— lim ¢; =0 in L, ,(R").

0



52 W.D. Evans, R.T. Lewis and Y. Saito

From (A.1.18) we see that
(A.1.20)  lim |lag,|?
j—o0

— i ([ lelPdo+ [ (1—a?)ionl dz)
j—oo " JRn R™
= lim 9513
=1.
Thus, by letting j — oo in (A.1.17) and using (c) of (A.1.6), (A.1.18),
and (A.1.20), it follows that
(A.1.21) Ko < (1+8)A+6C5Cs

with C3 = sup; ||#;]|p,. Since é is arbitrary, we have proved that Ko, < A
for any A € o.(Hy), ie., Koo < X(Hy).

(5) Let 4 < X(Hy). Then in (—oo, ] the spectrum o(H,) of H,
consists of a finite number (M say) of eigenvalues A\g, k = 1,2,---, M,
repeated according to multiplicity, with corresponding eigenfunctions
or € D(Hy,) C D(py). Let E,(-) be the spectral measure associated
with H;. Then note that we have

(A1.22)  pyld] = (Hpo,9)y

M o0
= Z)\kl(¢a ©r)nl? +/ Ad(E,(\)¢, &)

m

ko

fany

> ) Ael(@ k)l + pll By (1, 00)) 0]l 7

= =

(A = w)l(¢, r)n|* + ulloll7

=
Il
-

for ¢ € D(H,). Further, since D(H,) is dense in D(p,), the inequality
(A.1.22) holds for any ¢ € D(p,). Now choose {¢;} C C5°(R"™) such
that

(a) ]lggo Pn[¢j] = R,
BLB) B sl =1 (G=12--),

(c) suppg; Nsuppge =0  (j,£=1,2,---, j #£).
Let ¢ = ¢; and make j — oo in (A.1.22). Then it follows that
(A.1.24) Ky > u,
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where we should note that ¢; converges to 0 weakly in L, ,(R"™) as
j — oo. Since p < X(H,) is arbitrary, we obtain K., > X(H,), which
completes the proof. Q.E.D.

A.2 Proof of Glazman’s theorem

Proof of Proposition 1.16.
(1) Suppose that the dimension of E((—00, Ag))H is finite. Then set

o G = E((—o0, \o))H.

Then the dimension of G is finite, and H is the direct sum of F’ and G.
Further, for f € D(A) N F we have

(“nn= | T AdEW |2

Ao
A22
422 > Mol B([o, o) I
= )‘0(f3 f)a
where || || denotes the norm of H, and we have used the relation

IE([Xo, )|l = || f|| for f € F. This implies that (1.40) is satisfied.
(2) Suppose that there exists subspaces F' and G of M satisfying
the conditions in Proposition 1.16. Set m = dim G and suppose that

(A.2.3) dim E((—o00, Ao))H > m + 1.
Then it follows from Lemma A.1.1 that
(A.2.4) E((—00,M0))HNF # 0.

In fact we can assume that there exists a nonzero element fy such that
(A.2.5) fo € E((—00, A0 — w))HNFND(A)

with g > 0 because we can choose the m 4 1 independent elements
f1, f2, -+, fm+1 in E((—00, Ag)H so that all f; belong to E((—o0, Ao —
u)H N D(A), which is possible in either case where the spectrum of A in

(—o00, Ag) contains the essential spectrum or it consists only the discrete
spectrum. Thus it follows that

Ao—p

(Afo, fo) = / NIE) foll?

—0o0

< Xol|E((—00, Ao — 1)) foll?
= Ao(fo, fo)-

(A.2.6)
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This contradicts (1.40). Therefore, we have shown that

(A.2.7) dim E((—o0, Ao))H < m,

which completes the proof. Q.E.D.
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