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Introduction

Let (V,x) be a (complex) n-dimensional isolated singularity. Given
a Hermitian metric on V'\{z}, say ds2, the r-th L? cohomology group of
V at z is defined as the inductive limit of the L? de Rham cohomology
groups H(Tz)(U \{z}, ds?), where U runs through the neighbourhoods of
z. Recently, L. Saper [10] established a remarkable result that there
exist Kahler metrics on V\{z}, complete near z, for which the r-th
L? cohomology groups of V at x are zero whenever r > n. It implies
an important fact that the intersection cohomology group of a Kahler
variety with isolated singularities carries a canonical Hodge structure.
Relying on Saper’s result, the author could show that the L? cohomology
vanishing as above is also true with respect to the restriction of the
euclidean metric associated to any holomorphic embedding (V,z) —
(c, 0) (cf. [7]). The purpose of the present article is to complement
these works by giving a self-contained version of the latter work. Namely
we shall first establish an abstract vanishing theorem as a consequence
of a new L? estimate with respect to a certain family of metrics and
weights which seems to be of interest in itself. Then we shall proceed
to apply it to prove a vanishing theorem of Saper type with respect to
a certain class of complete Kdhler metrics which is actually wider than
Saper’s ones. Hopefully our method will be available to investigate the
L? cohomology of spaces with non-isolated singularities. Next we shall
give a new proof of our previous result mentioned above. The argument
here is essentially the same except that we do not appeal to the existence
of a projective variety containing (V, z) and tried to make the argument
more transparent. Therefore some part of the proof will be only sketchy.
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§1. Notation and basic facts

We shall first prepare notations and state without proofs several
known facts that we use afterwards.

Let (X, ds?) be a Hermitian manifold of dimension n, and let Cp(X)
be the set of compactly supported C-valued C*° differential forms on
X. We set

CH(X) :={ue Co(X);deg u =17}

and
CHI(X) == {u € C§TU(X);u is of type (p,q)}-

Let ¢ be any real-valued- C* function on X. We set
(u,v)y = / e Punxw for wu,ve Cy(X),
X

where #(= *4,2) denotes the Hodge’s star operator and ¥v the complex
conjugate of xv. Then Cy(X) is a pre-Hilbert space equipped with the
above inner product. We define L, (X)(= L,(X, ds?)) to be the comple-
tion of Co(X) with respect to the associated L? norm || ||, = +/(, )o-
We shall refer to ¢ as the weight of the L? norm. For any densely de-
fined closed linear operator, say T, from L,(X) into itself, we denote
its domain, image and kernel by Dom T', Im T and Ker T, respectively.
The adjoint of T will be denoted by T. As usual ¢ will not be re-
ferred to if ¢ = 0. By d we shall denote the exterior derivative, and
by O (resp.d) the (0, 1)-component (resp. (1,0)-component) of d. Their
maximal closed extensions will be denoted by the same symbol unless
there is fear of confusion. By an abuse of language we often identify
00y with the complex Hessian of ¢.

Proposition 0. Suppose that there exists a C™ function v : X —
R such that

1) ds? = 200¢
2) |0%| is bounded.
Then

lull < C(10ull + [|0*ull) < C(lldull + [|d*ul])
for any u € C{(X) with r # n. Here C = 4sup |8¢|.

For the proof see [8].
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We set

H{y (= H{3(X,ds%)) := Kerd N L"(X)/Imd N L"(X)
HES(X) (= HRS (X, ds?)) := KerdN LP9(X)/Im & N LPI(X).
One can deduce from Proposition 0 the following.

Proposition 1. Let (X,ds?) be a complete Kdihler manifold
equipped with 3 satisfying 1) and 2). Then H&)(X) (resp. Hg;z(X))
is zero whenever r # n (resp. p+ q # n). Moreover H(2)(X) and

Hf’z’;z P(X) (0 < p < n) are Hausdorff spaces with respect to the quotient

topology.
For the argument needed here, see 1] or [2].

Let V be a reduced irreducible complex space of dimension 7 which is
properly embedded into C" so that V contains the origin as the possibly
unique singular point. Let z = (z1,- -+, zn) be the coordinate of CV and
let ||z]| := (Ei\_]__l |2:|2)1/2. We put V' = V\{0} and denote by |z||v+ the
restriction of the function ||z|| to V’. Then —8dlog log (§]z||;;}) defines
a complete Kéhler metric on V{ := {2z € V';||z|| < §}. As a corollary of
Proposition 1 we have

Proposition 2.
H{y)(V§, —8dlog log (8]|zlly)) =0 if r#n

and
HES(Vs, —09log log (8]|z]ly1)) =0 if p+a#n.
Moreover

Hy) (V5, —08log log (8l|zlv7)) and HE

&y P (V4, —0d1og log (8]|2ll7))

are Hausdorff spaces.
Proposition 3.

lim H{y) (V3,00(—log log||2[[y7)) =0 if r>n

and
hm Hg’zg(%’,ag(—log logllz|y) =0 if p+gqg>n.

Furthermore the homomorphism

lim H7y) (V7 08(~ log log]=[[3)) — lim H"(V})
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18 bijective if r < n—1 and injective if r = n—1, and the homomorphism

hrn Hg’z’f’(Vé’, d0(—log log|z||ly1)) — }i_{% HP(VY)
18 bijective if p+q < n—1 and injective if p+q=mn—1. Here H"( - ) and
HP4( -} denote respectively the r-th de Rham cohomology group and the
Dolbeault cohomology group of type (p, q).

We put Vs := {z € V; ||z|| < 6} and
H{yy(Vs) = H{y) (V5,00 2[13)
HES(Vs) 1= HES(VZ, 00)213)

by an abuse of notation.

Proposition 4.

(1) lima_o Hfy (V) = lims—o HGI(Vs) =0 if r,p+q > n.

(2) The homomorphism
1- iy 3 ' /
tim H{y (V) — lim B (V)
is bijective if r < n—1 and injective if r = n—1, and the homomorphism

HE (Vi) — HP9(VY)

is bijective if p+q <n — 1 and injective p+q=mn — 1.

We note that (1) follows from Proposition 3 via a singular pertur-
bation (cf. [5] or [9]), whereas (2) is a consequence of direct application
of Andreottei-Vesentini’s vanishing theorem (cf. [5, Supplement}).

So far the results have quite straightforward and self-contained
proofs. However, to proceed further we must rely on the following deep
result.

Theorem (Hironaka [H]|). There exists a complex submanifold
VccVxpY for some N’ such that the projection CN x PN — ¢V
induces a proper bimeromorphic morphism from V onto V, say . More-
over (V, ) can be chosen so that

1) ly\x-1(0) 18 bijective.

ii) m~1(0) is a divisor whose associated line bundle is isomorphic to
the restriction of the pull-back, by the projection CV x PV PN’, of
the dual of the hyperplane section bundle.
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ili) The support of 7=1(0) is a divisor of simple normal crossings.

Once for all we fix a (V, ) satisfying i)~iii). By iii) there exist
nonsingular divisors E1,- -, Ep, (E; # E; if i # j) such that

suppr 1 (0) = E1 U - U E,,.

By (v,w) = (v1,- -, vk, w1, -, Wp_g) We denote a coordinate around a
k-ple point of suppm~1(0) such that v; - -+ -vg = 0 is a local defining
equation of suppm—!(0). By ii) there exist positive integers p1,-- -, pm
such that the sheaf ®[2,O(—E;)P: is very ample. Hence there exists a
nonsingular integral m x m matrix (p;;) with p;; > 0 such that

1) " ,O(—E;)Pi4 are ample for all j.

2)Let 1 < iy <--- <ix <m (1 <k < m). Then det(pi,iy)h 5y 7#0

k
whenever ﬂ E; #0.
a=1

Therefore we can find C*® metrics along the fibers of @2 ; O(—E;)P*, say
a;, whose curvature form is positive. Let s; € I'(V, O(E;)) be so chosen
that E; = {y € V; s;(y) = 0}, and let o; be the length of s7%7 . ... . shm
with respect to a;. Then —log log .aj_l is a plurisubharmonic function
on a neighbourhood of suppr=1(0), say U. We set

m
do? = —852 log log aj_l on U\SUPP”T_I(O)-

j=1

Then do? may well be identified via 7 with a Kahler metric on Vy :=
Vs5\{0} for sufficiently small §. We shall refer to do? as a Saper metric
afterwards. We note that, around any k-ple point of suppm~1(0),

k —
(3)  do?~> _ids :
=1 Ivilzlog |’U,~- 'vk]_
1 k n—k
dvidv; + 3 dw; d),
+10g"v1"""0k‘_1(; v U+jz::1 Wj w])

where A ~ B means that there exists a ¢ € (0,00) such that ¢c™1A4 <
B < cA.
The following is also an immediate consequence of Proposition 3.
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Proposition 5. For sufficiently small § and a Saper metric do?

on VY,

1) H{y) (Vy,do®) = HE (V,do®) =0 if rp+q>n.

2) The canonical homomorphisms
H{y) (Vs,do®) — H"(V§)

are bijective if r <n — 1 and injective if r =n — 1.
3) The canonical homomorphisms

HES(V{, do?) — HPA(VY)
are bijective if p+q <n —1 and injective if p+q=n — 1.

We call a Saper metric do? dominating if do? > —80 log log||2||3-
Here A 2 B means that cA > B for some ¢ € (0,00). Existence of a
dominating Saper metric is assured also by Hironaka’s theorem. Namely,
applying Hironaka’s desingularization theorem in a more precise form,
we can find (V,7) so that the maximal ideal of 0 is pulled-back by
7 to an invertible sheaf (cf. [H]). For such V it is clear that do? >

—~8dlog log || 2|l

§2. An abstract L? vanishing theorem

In what follows we assume that X admits a C*° negative plurisub-
harmonic function ¢ such that —log (—¢) is strictly plurisubharmonic,
and derive an L? estimate for the O-operator with respect to the metrics
do? :=2(—00log (—p) +€ddp) (e > 0) and weights —ep.

For simplicity we set

Le(X) i= L_.,(X,do?)

(u7 v)e = / e“fu N *£U,
X

where *. denotes the Hodge’s star operator with respect to do?, and
lJulle := v/ (u, w)e.

Note that L.(X) D Ls(X) if € > 6.

The adjoint of an operator T with respect to ( , ). will be de-
noted by T by an abuse of notation. For simplicity we set A, :=
x7Le(v/—1(80(— log (—¢) + €¢)))*., where e( - ) stands for the exterior
multiplication from the left hand side.
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Proposition 6. Ifp+qg<n,
lull? < 8(lloull? + 19z ull?)
for any u € CYY(X) and £ > 0.
Proof.  Since |0log (—¢)|as2 < 1 we have
([v/—1e(801log (—¢)), Ac]u, u).
<llulle(H0ulle + 19z ulle + 0 ulle + [|8-ulle)-
Here we put 9, := (9*)?. Hence for any C > 1 and o > 0 we have
(4) ([vV=1e(981og (—¢)), Aclu, u)e
1 — 3 ok *
<20]full? + 5 Co ™ (1ulZ + 1922 + |0"ulZ + |9eu])?).

Since
16*ul|2 + [|0:ul2
=[|0ul2 + 182 ul? + ([V—Te(c88¢), Ac]u, ).,
we have
(IV=Te(98log (—p) — £88p), AcJu,u), — 20]u?
<Co 1 (||OulZ + [10%ull?),
so that

(1~ ) Tel=080), Adlu,u), + (1 — 20) u?
<Co (J3ul2 + |zul?)
Since dlog (—p) = —p~188p + 2000,
(1VTe(03¢), Aclu, ). < 0

1
if degu < n. Hence, letting o = 1 and C = 1 we obtain

lull? < 8(l0ull? + 19z ull?)

for all u € CFY(X) with p+ ¢ < n.

Now we can state our vanishing theorem.

253
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Theorem 7. Let X be a complex manifold of dimension n ad-
mitting a negative plurisubharmonic function ¢ such that —89log (—¢)
is a complet Kihler metric. Take any f € LP9(X,—801log (—p)) with
p+q < n. Then f € Im if and only if there exist g. € Le(X) for every
€ > 0 such that 8g. = f.

Proof. Since L.(X) D Lo(X), ‘only if’ part is clear. To prove ‘if’
part, one has only to apply Proposition 6.
O

We note that
O-u = Ou + €0y N u.

Hence
[0ull3e < |8-ull2 + 4e™2||ull2,
since sup e*?|edp|2 . < sup e'-t? =4e2
o te(—00,0)
Therefore we have

(5) 10gll3. < A(lgli2 + 1199112 + 118241I2)

for.any g € Dom(d + 8;). Here we may choose A = n - 2" + 4e~2. Thus
we obtain the following version of Theorem 7.

Theorem~8. Let X and ¢ be as above, and take any
f € L"(X,-80log (—¢)) with r <n. Then f € Imd if and only if there
erist go € LT~ Y(X) for every € > 0 such that dg. = f.

§3. Application of a topological lemma

Let (V,0) < (C",0) be as before, and let p: W — V be any proper
holomorphic map such that p|y~ ,-1(q) is bijective and W is nonsingular.
We set Ws = p~1(Vs) and W} = Ws\p~*(0). The following fact, first
pointed out in [4], is crucial for our purpose.

Lemma 9. The canonical homomorphisms
H"(Ws) — H™(0Wys)

are surjective for r < n if 0 < § € 1. Here OW;s denotes the boundary
Of Wg.

For the proof, see [3] or [6].
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Let ds? be a Hermitian metric on V. We put
H(Tz),o(WéaP*d52) =
{u € L™ (W}, p*ds*);du=0 and suppu € Ws}
/{u € L"(W}, p*ds?); Jv € L" "1 (W}, p*ds®) such that
suppv € Ws and dv = u}.

Then Lemma 9 implies the following.

Proposition 10. Let r < n. Suppose that the metric ds? enjoys
a property that C§(Ws) C L™(W{, p*ds?) for § > 0. Then the canonical
homomorphism

H{ (W5, p*ds®) — HSH (W5, p*ds®)

is injective for 0 < 6 < 1.

Proof. Let u € L™ (W{, p*ds?),suppu € W and du = 0. Assume
that there exist a v € L™(WY, p*ds?) satisfying dv = u. If § is chosen so
that d||z]|v/ # 0 on 8V for all ¢ € (0, 8], from Lemma 9 there exists a
measurable r — 1 form g on W5 with suppg N Ws,3 = 0 such that g and
dg are locally square integrable on Ws and a locally square integrable
d-closed r form w on W5, C* on Ws/,9, such that v = w + dg outside a
compact subset of Ws. By assumption v —w—dg € L™ (W}, p*ds?). Since
supp(v—w —dg) € W;s and d(v—w —dg) = u, the assertion was proved.

O

Corollary 11. Under the above sttuation, suppose moreover that
ds? is complete and r = n — 1. Then the homomorphism

Hy o(W5, p*ds®) — Hiy (W5, p"ds®) (0<6<1)
has a dense image.

Proposition 12. Let do? be a Saper metric on Vy associated to
a desingularization 7 : V — V, and let Vs := m=1(V;). Then

CE(Vs) € L7 (V\suppr—(0), do?).
Proof. Let u € C§(V;) be any element, and let D be a neighbour-

hood of a k-ple point of suppm~1(0) with coordinate (v, w) as described
before. Since do? satisfies (3), we have

ul* < (log vy - -+ - 7H)"
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if [v] < 1/2. Let dV{,) be the volume form of do®. Then (3) implies that
dVigy ~ lvg - --- v "2 (log vy - -+ -vkl_l)_”"“.

Therefore, if r < n

1/2 1/2
N / (t1 ti)
0 0
x (log ((ty - -+ - te) ") TR e L dty
1/2 1/2
< / (ta tr) ™t
0 0
x (log ((ty- -~ -tk)—l)—’“—ldt1~ oo dty

§4. A homotopy operator

Let 7 : 17(5) — V be as before. Once for all we fix C° metrics along
the fibers of O(F;) and denote by |s;| the length of the canonical section

s; of O(F;). Then we put s := m1n|31| and V ={y €V;s <o}
Note that ‘/(5) is a tubular neighbourhood of suppr 1(0) if0<o<x1.
We may choose é so that 8‘7(5) is piecewise smooth and there exists a
piecewise smooth retraction rs : f/'z&)\suppw‘l(O) — 817(5) which is up

to a local diffeomorphism of ‘7'(5) of the form

(v, w) — ((6+ lvi| = |vs])e?™8 %, - - - 58V oot (84 |vg| — |vi|)earg”’°,w)
on {y; lvi(y)| = 11<nl£1 lvj(y)|}. Note that any differential form f on
<<

‘7(5) \suppm—*(0) splits into the sum ds A fo + f1, where f; = g; - rih;
for some functions g; and differential forms h; on 817(5) in the piecewise

smooth sense. For any u € C0(1~/(,5)), with a splitting u = ds A ug + uq
as above, we put

Ksu :=/ uo(t, - )dt,
5
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where t denotes the s-variable. Clearly Ky is extendable by continuity
to a linear operator on the space of locally square integrable forms on

%\suppﬂ'_l(O), which shall be denoted also by Ks. Note that d(Ksu)
if du = 0 and suppu € \7(5).

§5. L2 vanishing theorems for isolated singularities

From now on we put V(’é) = 17(5) \supp7~1(0). Combining Theorem
8 with Proposition 2 and Corollary 11 we obtain the following.

Theorem 13. Let ¢ be a C*° negative plurisubharmonic function
on Vi (0 < 8 < 1) such that ds* := 209(—log (—¢)) is a complete
Kahler metric on Valo' Suppose that the following conditions are satisfied.

(2) o (Via) € LP (VY ds?)

(b) K extends to a continuous linear map from L”(Vé’o,dsz) to
L2 (Vi ,ds? + 2¢88¢p) if e > 0 and Vi) € Vs,
Then

;EI%) H(”Q)(Vg,dsz) =0.

Our next task is to apply Theorem 13 to prove that girr%) H (’;) (V{,do?)
= 0 for any Saper metric do?.

Lemma 14. Let do? be a Saper metric on V. Then there ezists
a negative C* plurisubharmonic function ¢ on V§ such that

(i) 200(—log(—y)) =do? on Vs/a-

(i) 280(—log(—¢)) is a complete Kihler metric on V{.

Proof. Let ; be as in §1 and put

m

O = — H(— logo;)7, for n€(0,1).
i=1

Then
65(,0,,
dlogo; dlogo;
logo; logo;

=(—¢n) Z(—logai)‘"aé(—(— log o;)") — 0 Z

Since 85(—(— logo;)") > n(1—n)(—logo;)" 28 log 0;0log o;, we obtain
80, > 0if 0 <n < 1/2. Let A be a C* convex increasing function such
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that A(¢) = —%10g2 on (—oo,—log2) and A(¢) =t on (—%logZ,oo).
Then we put

¢ = @172 + A(log (8]|21[57))-

Clearly ¢ satisfies (i) and (ii). O

From Proposition 12 it follows immediately that (a) is true for do?
since so is it for 200(— log (—¢)), where ¢ is as above. We are going to
show that (b) is also true for this choice of ¢.

Take any k-ple point = € suppr~!(0) and a neighbourhood D > z
with a local coordinate (v, w) around z as before. From the obvious
asymptotics of do? and 99y around z, the metric do? = do? + €8y is
estimated as

k n—k

dv;dv; 1
6 d 2> 14 dw..d.;
() Uerv;l,uiz logs —10gsj2=; Wjaw;
and

o dvdo;  F
(7) do? <> |Ui|21 + Y dw;dw;.

i=1 j=1

Let D; = {y € D;|v;(y)| = 11<11121k |vj(y)|}. We shall estimate ||Ks ul|,p,
<<

(8" < §) for each i. Fixing i we set t; = |vj|—|v;| for j # ¢. Furthermore
we put 0; = argv; for 1 < j < k. Then (6) and (7) are rewritten in terms

of a (piecewise smooth) local coordinate (s,ty,- - V- Sty 61,00, O,
Wi,* -, Wn—k) 8S
Re da’2 ds Z dt?
€ ™~ s2(logs)? poy (t; + s)%(log s)?
(8)

kde? 1 ey
¢ R dw.dw;
+; (logs)? * —logs ej; ;i
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and

Redo? <% 4 i a7
e — — 7 .
O'ENSQ Z(t]+s)2+z i

J#i =1

n—k

+ Re Z d’ll)jd’lf)j.

j=t
Take any 6" > 0 with Vi) € Vs and let u = ds A ug(s,-) + ui(s,") €
C’(?(V('&,)), where 4o and u; are determined as before. Then we put

o2, , = / wol2dVe, for t <o,
{y;s(y)=t}

where dV.; denotes the volume form with respect to do?|{y;s(y) = t}
(in the piecewise smooth sense). Note that s < |ds|. <1 and

HUOH?E),t S (logt_1)2"||u||%0)’t
by (8) and (9). Therefore

I Ksul2 p,
s
/ up(t, -)dt
& e,D;

& s s
S [ (] Mol lasigas [ paslods ) s/#idsi
0 & &

& .
< / lull2s*/2~ (log s™1)2"*ds < JJull?
0

~

2

ife>0.
Thus we have verified (b) for ¢. Consequently we obtain the follow-
ing.

Theorem 15.
lim 3 (3, do) =0
for any Saper metric do?.

We now turn our attention to more general metrics. First we prepare
a comparison lemma.
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Lemma 16. Let X be a complez manifold, let ds? (i = 0,1) be
C*>® Hermitian metrics on X satisfying ds3 < ds?, and let Q@ C X be
a domain whose boundary 0X) is compact. With respect to the metrics
ds? := eds? + (1 — €)ds?, ¢ € [0,1], with associated L? norms || ||,
suppose that ds? are complete and there ewist a compact subset K C Q
and a constant C independent of € € [0, 1] such that

(10) lulleo < Cllulle.x + lldulleq + 2 qulle0)

for any u € Dom(d + df ) N L™1(Q,ds?). Here di o, denotes the ad-
Jjoint of d with respect to || |cq and r is a nonnegative integer. Then

dim H(T;)ﬂ(Q,dsf) < 00. Moreover

(11) dim H{yy (2, dsg) < dim Hfyy (R, ds?)
if
(12) dim H(,? (Q, dsg) < dim H{\7(Q, ds?)

hold for j = £1 and € € [0,1].

Proof. That dim H, (T;%l(ﬂ, ds?) < oo follows from (10) is well known

{cf. [2]). Suppose moreover that (12) holds. Then there must exist a
constant C’ such that

(13) [ulle,o < C'(ldulle.q + [l gulle,0)

if u € Dom(d +df o) N L™1(Q, ds?) © Ker(d + df o). (See [8] for the
argument.) (13) shows that dimH(Tz)(Q,ds%) < dimKer(d + df o) =

dim H(Tz)(Q, ds?). d

By Lemma 16, we have the following generalization of Theorem 13.

Proposition 17. Let ¢ and Vé'0 be as in Theorem 13, and let ¢
be a C™ plurisubharmonic function on V(s’0 such that

1) 99 is a complete Kihler metric

2) |0Y|s5y is bounded

3) 08y S 06(— log (~)).
Then %EI%) H,) (V5,00¢) = 0.

Proof. We put dsg = 80v and ds? = 89(—log (—¢)). Then we can
apply Lemma 16 in virtue of Proposition 1. O

Thus the existence of dominating Saper metrics implies the follow-
ing.
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Corollary 18.  lim H, (V4,88(—log log||z[|7)) = 0.

_ Finally we shall prove the L? cohomology vanishing with respect to
80||z||%.,. For that purpose we prepare another lemma.

Lemma 19. Let Q and ds? be as in Lemma 16 except that ds? is
not necessarily complete and instead of (10) we assume the estimate

(14) [eullen < Cllulle,x + lldullea + 112 qulle,0)

for any € € (0,1] and u € Dom(d + d o) N L™*(Q, ds?). Here 1. are
continuous functions on Q with values in (1,00) such that

(15)  me — no uniformly on compact subsets of 1.

(16)  There exists a sequence of C™° functions {x,};2; on Q satisfying

1) ldxulasz < mo
o0 —
il)  suppxu is compact and |J suppx, = Q
pu=1

ili) 0<x,<1andx,=1 onsuppxu—1.
Assume moreover that

(17) dim H{3;" (2, dsp) < dim H{5* (9, ds?).

Then dim H. (Q,ds?).

(&, ds?) < dim H7,

(2

Proof. To be precise, let dpnax and dpi, denote respectively the
maximal and the minimal closed extensions of d on L(Q ds3). By (16,i)
we have

Domdmax N{u e L(%, ds?); Imoullo,n < oo} C Dom dmiy.

Similarly u € Domd} . if ||noullo,q < oo and x,u € Domdy,,, for all u.
Suppose that dim H(,, (2, ds?) > dim H, (9, ds?). Then there must ex-

ist a finite dimensional subspace W C L7 (2, ds3)N Ker dmax consisting of
0 and non-dpax-exact forms, and a sequence f, € W (u=1,2,--) such
that || fullo = 1 and x.fuL Ker (d+d5,, ) in L7(Q,ds? ). Therefore,

by (14) and (17) there must exist a constant C’, g, € LT_I(Q,dsf/H)
and h,, € L™+'(Q,ds},,) such that

Xufu = dgu +dy;, ohu
le1/ugulli/ua < C
ler/phullijpo < C.
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Choosing weakly convergent subsequences of f,, g, and h, we thus ob-
tain f € W g € Domdpn and h € Domd},,, such that f = dping +
df R Since f € Kerdmax, df . h = 0. Therefore f = 0. On the other
hand f # 0 since ||fu]l1/, = 1 and W is finite dimensional. This is a
contradiction.

d

Combining Corollary 18 and Lemma 19 we obtain the following.
Theorem 20.

lim, F3 (V5 80))[3) = 0.

Proof. Put ds? = 89)||z||%,,ds? = 89(—log log ||z||;,/) and let n.
be the smallest eigenvalue of 89(— log log ||z[|;;/) with respect to (1 —
e)ds3+eds?. Since the other eigenvalues of 89(— log log ||z||;+) are equal
to each other, we have the estimate (14) for r = n (cf. [8]). (16) follows
from the fact that (¢logt)~! is non-integrable on (0,1/2). (15) is trivial.
(17) is a consequence of Corollary 18 together with Proposition 3 and
Proposition 4. O
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