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Selberg Zeta Functions and Jacobi Forms

Tsuneo Arakawa

§0. Introduction

0.1. The purpose of this paper is to generalize our previous work
[Ar2, 3] to the case of the spaces of Jacobi forms of a more general type.
We define Selberg zeta functions associated with certain theta multiplier
systems of SL2(Z). Those Selberg zeta functions can be continued to
meromorphic functions in the whole complex plane satisfying certain
functional equations in virtue of the general theory of Selberg trace
formula for SL2(R) due originally to Selberg [Sel, 2], and recently to
Hejhal [Hel, 2], Fischer [Fi]. A remarkable thing to be stressed is that
our Selberg zeta functions have close relations with the dimensions of
the spaces of Jacobi forms. We show that the dimensions of the spaces
of certain Jacobi forms of lower weights can be explicitly expressed in a
closed form with the use of the orders of the zeros of our Selberg zeta
functions via the Selberg trace formula. To describe the Selberg trace
formula we need the theory of real analytic Eisenstein series associated
with the theta multiplier systems of SLy(Z). As a byproduct we show
that the functional equation satisfied by the real analytic Eisenstein
series for the Jacobi group can be obtained from the one satisfied by
the real analytic Eisenstein series associated with the theta multiplier
systems.

0.2. We explain our results more precisely. Let | be a positive
integer and S a half-integral positive definite symmetric matrix of size
l. For v a positive integer and I', a subgroup of SLy(Z) of finite index
having the element —1,, we denote by J,,s(I') (resp. J; 5(I')) the space
of holomorphic Jacobi forms (resp. skew-holomorphic Jacobi forms) of
weight v and index S with respect to the Jacobi group I'/ (for the
precise definition see (5.3) in § 5). Let J'g”(I') and J; ™" (') denote the
subspaces consisting of cusp forms in J,, 5(I') and J;; 5(I'), respectively.
If I =1 (i.e, S is a positive integer), Jacobi forms of J,, g(I') have been
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studied by Eichler-Zagier [E-Z] from various points of view. In that
case (I = 1) skew-holomorphic Jacobi forms have been introduced and
studied by Skoruppa (cf. [Sk1], [S-Z1], [Sk2, 3]). Set Rg = (25)~1Z!/ZL.
Denote by d the cardinality of the set Rg (d = det(2S)). Let V = C?,
the C-vector space of column vectors (z,)rcrs (zr € C) equipped with
the scalar product (z,y)s = >, cp, Z+Ur for z = (z.), y = (y,) € V.
For each r € Rg the theta series 0,.(7, 2) is defined by (1.1) in § 1. It is
known that these theta series satisfy the theta transformation formula:

CtZSZ) (et + d)1/? Z trg(M)0y(7, 2)

q€ERs

with u.q(M) € C for any M = (CCL Z) € SLy(Z),

0,(M(r,2)) = e (

cT +

) and the branch of (¢r + d)¥/2 is chosen so

z
M =M
where M(7,2) = (M, o d

that —7 < arg(er +d) < 7. The d x d matrix U(M) = (urqg(M))rqeRrs
is a unitary matrix (or a unitary transformation of V') with respect to
the scalar product { , )s. Denote by x(M) the complex conjugate of
U(M). Since x(—13) has the eigen values +e™/2, the vector space V
has the decomposition V = V, @V_, V (resp. V_) being the e™*/%-eigen
subspace (resp. —e™*/2-eigen subspace) of V. The spaces V, and V_ are
X(M)-invariant subspaces of V for any M € SL2(Z). Denote by x4+ (M)
(resp. x—(M)) the restriction of x(M) on V (resp. V_). We define the
Selberg zeta functions Zr g4 (s), Zr s,—(s) associated with x4, x— by
the identity (1.8) in § 1. The zeta functions Zr g +(s) are absolutely
convergent for Re(s) > 1. We formulate the resolvent trace formula
(Theorem 4.1 in § 4) associated with I" and x following Fischer [Fi].
It can be shown that via the resolvent trace formula the zeta functions
Zr,s,+(s) are analytically continued to meromorphic functions of s in the
whole s-plane satisfying the functional equation (4.7). The dimensions
of the spaces of Jacobi forms can be computed in a closed form thanks
to the resolvent trace formula. In particular we obtain certain relations
between the dimensions of the spaces of Jacobi forms of lower weights
and the orders of the zeros of our Selberg zeta functions. Our main
results are the following:

dime Ji " (T) = Ar(k; S) ifk>1/2+2,

i
) dim¢ Jf_c,issl?(l") = pp(k; S) ifk<l/2—2,

where Ar(k; S), ur(k; S) (k € Z) are the numbers given by (5.9).
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(ii) Assume that [ is odd. Let ¢ denote the sign + or — according as
l=1 mod4orl=3 mod4. Then,

dimg JG; V%) jo.5(I') = Ords—s/s Zr,s.(s) + Mo ((1 + 3)/2; 5),

dime J(j41)/2,5(I') = Ords=3/4 Zr,5,¢(5),

dime T35, () = Ordyaja Zr,s,-2(5) + ur (L= 3)/2: S),
)=

dime J(141)/2,5(T") = Ords—3/4 Zr,s5,—c(5).

(iii) Assume that [ is even. Let € denote the sign + or — according as
=0 mod4or!=2 mod 4. Then,

dimc J;)5 7, (') = Ordsmy Zr,s,c(s) + Ar(1/2 + 2; 5),

dime T3S0 o(T) = Ordycy Zr,s.(s) + ur(l/2 — % 9),

dime{v € V | x(M)v =v for any M € I'} = Ords—1 Zr 5.(s),
and

dim(c ch/u;il S(F) + dim(c Jl*/;lffs(l—‘) = OrdS:1/2 ZF7S7_€(S).

In the last paragraph we obtain the functional equation satisfied by
the real analytic Eisenstein series for the Jacobi group.
We make two significant remarks.

Remark 1. Murase-Sugano in their note [M-S] have already ob-
tained a dimension formula for the space J;'s¥(I') under the condition
k > 1/2+42 (the first identity in the above (i )) They have used the trace
formula involving the Bergman kernel function for the space J, C:ISP (T).

Remark 2. In [Sk1] and [S-Z1] Skoruppa-Zagier calculated the di-
mensions of the spaces Ji ,,(SL2(Z)) and J7,,(SL2(Z)) in the case of
=1 and S = m, a positive integer:

dimc JLm(SLz(Z)) =0

1
dime J} (SLa(Z) = 2 3 1+ 6(m =)},
d|m,d>0

where the symbol §{m = 0) indicates 1 or 0 according as m is a square
of some integer or not. If I' = SLy(Z), then by these identities and the
above (ii), the Selberg zeta function Zr ,, 1 (s) has a zero at s = 3/4 of
a strictly positive order, and moreover, Zr ,,, —(3/4) # 0.

0.3. Hejhal [Hel, 2] and Fischer [Fi] discussed the Selberg trace
formula for SL2(R) associated with I', a discrete subgroup of SLa(R) of
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finite covolume, and x, a unitary multiplier system of I, in full details
with proofs. In the present paper we have employed Fischer’s resolvent
trace formula which fits very well to the calculation of the dimensions
of the spaces of Jacobi forms.

This work was done while the author was staying at Max-Planck
Institut fiir Mathematik in Bonn in 1989-1990, to which he expresses
his gratitude.

Notation. As usual we denote by C, R, Z, and N, the complex
number field, the real number field, the ring of rational integers, and the
set of positive integers, respectively. Denote by C' (resp. R!) the C-vector
(resp. R-vector) space of complex (resp. real) column vectors of size [
and by Z' the Z-lattice of integral column vectors of size [ in R!. Denote
by Sym;(R) (resp. Sym,;(Z)) the set of symmetric matrices of size [ with
entries in R (resp. Z). Let I'(s) and ((s) be the gamma function and
the Riemann zeta function, respectively. For a meromorphic function
f(z), denote by Res,—, f(z) (resp. Ord,—g f(2)) the residue of f(z) at
the pole z = « (resp. the order of the zero at z = 3). For z € C, denote
by Re(z) and Im(z) (or Im z) the real part of z and the imaginary part
of z, respectively. For a finite set A, #(A) denotes the cardinality of the
set A. We use the symbol e(a) as an abbreviation of exp(2mia).

§1. Theta multiplier systems of SLy(Z) and Selberg zeta
functions

We choose the branch of z* = exp(alogz) (z # 0, @ € R) with
—m < arg z < 7 throughout the paper.

First of all we recall theta transformation formulas for classical theta
series. Let | be a positive integer. Let S be a positive definite half-

integral symmetric matrix of size [ and fix it once and for all. Let Rg
denote the Z-module (25)71Z!/Z!. We set

d = det(25),
which is a positive integer. Then, #(Rs) = d. We write
S(u,v) =*uSv and S[u] =‘uSu for u,v e Ch

Denote by V = C? the C-vector space consisting of column vectors
(zr)rers (zr € C). Let (z,y)s be the positive definite hermitian scalar
product given by

<$7y>5 = Z ZTryr ("U = (wT)TERm Y= (yT)TGRs € V)'
r€Rg



Jacobi Forms 185

Denote by $ the upper half plane on which the group SLz(R) acts in a
usual manner. For each r € (25)71Z!, the classical theta series 6,.(7, z)
is defined by

1.1) 6.{r,z2)= Z e(tSlg+r]+2S(g+r,2)) (reH, zeCh.
A

By abuse of notation one can define 6,.(r, z) for each r € Rg. For each
T € 9, let Og . denote the space of holomorphic functions : C! — C
satisfying

0(z + AT + ) = e(—7S[\] — 28()\, 2))0(2) for any A\, u € ZL.

Obviously, 0,.(7,2) € Og,. We set, for A = (Z Z) € SLy(R) and
T€H, z€C
ar +5b z
T = o d J(A,7)=cr+d, and A(r,z)= <A7,m>.

For a real number u, denote by 0,(A4, B) (4, B € SLy(R)) the number
defined by

0.(A, B) = exp(ip(arg J(A, Br) + arg J(B, 1) — arg J(AB, 7))),

where argw (w # 0) is chosen so that —7 < argw < 7. The number
0.(A, B) is independent of the choice of 7 € § in the above definition.
Necessary properties of 0,{A, B) for later use are referred to (1.3.3)-
(1.3.9), p.18 of [Fi]. We arrange the theta series 6,(7,z) as a column
vector:
9(7_7 z) = (‘97‘(7—7 z))TGRs ev

It is known that the theta series 0,.(, z) satisfy the theta transformation
formula:

J(M,T)

for any M = ((z Z) € SL2(Z),

O(M(1,2)) = J(M,T)"%e ( S[z]> U(M)O(r, 2)

(1.2)

where U(M) is a certain unitary matrix of size d with respect to the
scalar product { , )s. For the proof of (1.2) we refer for instance to
Shintani [Sh]. For convenience we consider the complex conjugate of
U(M). Set

(1.3) x(M)=TUM) (M € SLy(Z)).
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Then the formula (1.2) implies the following property of x(M) as a
unitary multiplier system:

(1.4) x(M1M3) = 075 (My, Ma)x(M1)x (M) (M, My € SLy(Z)).

By this identity x becomes a unitary representation of SLy(Z) if [ is a
positive even integer. For each r € Rg, denote by e, the column vector
of V' whose ¢g-th component equals one or zero according as ¢ = r or not.
Namely,

er = (6rq)qeRrs, Orq standing for the Kronecker symbol.

Denote by L the matrix of size d (or a linear transformation of V)
characterized by

(1.5) Le, =e_, forany re€ Rg.
Substituting M = —15 in (1.2), we easily have
(1.6) x(—13) = e™V2L,

Since all the eigen values of L are £1, one can define V. (resp. V_) to
be the C-subspace of V' consisting of all vectors v € V satisfying

Lv=w (resp. Lv = —v).
We set
(1.7) RY={rcRs|r=—r modZ'} and do=#(RY).
Then,
dime Vi = (d+dp)/2 and dime Vo =(d —dp)/2.

Since every x(M) (M € SL2(Z)) commutes with L via (1.4), one can
define x (M) (resp. x—{(M)) to be the restriction of x(M) onto the
subspace V (resp. V_). Then, xy4+{M) and x_(M) are unitary endo-
morphisms of V; and V_, respectively. Under these preparations we
can define two Selberg zeta functions associated with y+. Let ' be
a subgroup of SLy(Z) of finite index having the element —15. Every
hyperbolic element P of I has an expression

N(P)Y/? 0 i
P=+A A
( 0 —NP)V2)

with N(P) > 1 and some A € SLa(R).
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Then, N(P) is uniquely determined and called the norm of P. Denote by
{P}r (resp. {Po}r) the I'-conjugacy classes of hyperbolic (resp. primitive
hyperbolic) elements of I'. Let id(V;) denote the identity map of V.
(e =+ or —). We set

(18) Zrse(s)= [  JJ detGd(Ve) — xe(Po)N(Po) ™),

{Po}r,tr Py>2 n=0

where ¢ is the sign + or — and where the first product indicates that
Py runs over the I'-conjugacy classes of primitive hyperbolic elements
of T' with tr Py > 2. The infinite products on the right hand side of
(1.8) are absolutely and uniformly convergent on any compact sets in
the half-plane Re(s) > 1 (see, for instance, Corollary 2.2.6 of [Fi]). Thus
the zeta function Zr g (), Zr,s,~(s) indicate holomorphic functions of
s in Re(s) > 1. Then the logarithmic derivatives of the zeta functions
have the form

Z/
ﬁ(s): > tr(xe(P))log N(Py)-
(1.9) h E N(P)~*
T——N(PF (Re(s) > 1),

where € = + or — and F; is the primitive hyperbolic element associated
to P with tr Py > 2.

§2. Certain L?-spaces of automorphic forms and Eisenstein
series

We recall some basic facts of Roelcke [Rol, 2] and Fischer [Fi] con-
cerning certain automorphic forms and Eisenstein series associated with
X in a manner convenient to our situation.

Let k be a rational integer and set

(2.1) k= (k—1/2)/2.

In the sequel let £(k) denote the sign + or — according as k is even or
odd. Then it is easy to see from (1.4), (1.6) that

X+ (M1 Ms) = 02 ( My, Ma)x+(My)x+(Ma)
(2.2) (M1, M € SLy(Z))
Xe(ky(—12) = € 2™ id(Very),
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where in the first equality the signs 4, — are chosen in the corresponding
manner. Notice that in (2.2), og,(M;, Mz), which takes the values %1,
depends on ! and not on k. We set

jm (T, k) = exp(2ikarg J(M, 7)) (M € SLy(R), 7 € 9).

We write jp(7) in place of jar (T, k) if there is no fear of confusion. This
factor of automorphy satisfies the property

(2.3) ja(BT)iB(T) = 02x(A, B)jap(T) (A,B € SLa(R), T € ).
We set

dw(r) =n"2dédn (€ = Re(7), n = Im(7)).
Let T be a subgroup of SL2(Z) of finite index with the element —15. Let

Hy,sr (resp. HZ(’;)F) be the space of measurable functions f:$§) — V
(resp. f:$ — V() satisfying

(2.4)
i) f(M7)=x(M)jm(r)f(r) (resp. F(MT)= Xcqy(M)jm(7)f(7))
foral M €T

i) / (7, F(r))s dw(r) < oo,
T\$

where T'\§) is a fundamental domain of T in §j. For instance, the space
H:, s,r is defined, only if k is even. If f is an element of Hy, sr, then by
(i) of (2.4) and (1.6), (2.3), the equality

Lf(r) = (=1)*f(7)

holds and accordingly f(7) is contained in V,(;). Thus each element f

of H, sr is canonically identified with an element of HZ(?F. Via this
identification we may set

e(k)
He,sr =H, sr-

Then the space Hy s, forms a Hilbert space via the Petersson scalar
product (f, g):

(f,9) = /F \ﬁ(f(T),g(%Ds do(r) (9 € Husr):
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We set
o? 0?2 0
A =72 (8—52_’_5?)_2”“78_5 (r=¢&+1n)
as in Definition 1.4.3 of [Fi]. Denote by D, the set of all twice continu-
ously differentiable functions f € H, gr with A.f € H, s (notice that
the condition (i) for A, f in (2.4) is automatically fulfilled). According
to Satz 3.1 of [Rol] the linear operator —A: D, — H.,s,r satisfies the
property
(_Amfvg) = (fa _A'ig) for fag € Dn
and moreover it can be extended to the unique self-adjoint operator
—A7:D; — M, g1 with D as its domain (Satz 3.2 of [Rol]).

For each cusp ¢ of I', denote by I'¢ the stabilizer of ¢ in I"T'¢ =
{M €T | M{ =C(}. Denote by h the cardinality of the I'-equivalence
classes of cusps of " and let (3, . . ., {x be a complete set of representatives
of the I'-equivalence classes of cusps of I'. Choose A7, ..., 4} € SLy(Z)
such that A7(; = 0o (1 < j < h). Then for each j there exists a positive
integer /; such that

1 l]-n

* *—1

){neZ} (1<j<h).

The positive integer I; is uniquely determined by the I'-equivalence class
of the cusp ;. Put, for each 5 (1 <j < h),

Aj:.z.—m(l O)A;f and Tj = A;'UA;,

f] 0 I
11
where U—<0 1>;

3
Then the stabilizer T'¢; is generated by the elements —1; and Tj.
We have to consider a further decomposition of the set Rg =
(25)~1Z!/7}. Let R% be the subset of Rg given by (1.7). Then there
exists a subset RS of Rg such that

(2.5)

Rs = R4 U RS U{-R3} (disjoint union),

where —Rg denotes the subset { —r | r € Rg } of Rg. We fix such a
subset R3S once and for all. Moreover for the fixed integer & we define
the subset Rg y as follows:

R3 URY if k is even,
Rgy = 7 ey .
R3 if k is odd.
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Set, for each j (1 < j < h)andr € Rg,
(2.6) Vjr = X(A;f)_ler.

Then for each j, {vjr}rers forms an orthonormal basis of V. Set, for
cach j (1<j < h),

i if r € RY
(vjr + (=D*v; _,)/vV2  ifr € Rs — RY.

v

(2.7) Wiy = {

By the property (1.5), we have Lv;, = v; _,. Therefore, {wj,}rers,
forms an orthonormal basis of V(1.
It is easy to see from the definition (1.1) of 8,.(7, z) that

0.(1 + n, z) = e(nS[r])0.(7,z) for any n € Z and r € Rs.
In view of the relation

O(r,z) = Z 0.(1, 2)e,

r€Rs

and by the linearly independence of the theta series {6,.(7, 2)}rers, We
thus have

X ((é llj)) er = e(—1;S[r])e, for any r € Rs.

This identity is changed into the form
(2.8) X(Tj)vjr = e(=1;S[r])vjr (1< j < h, 7€ Rg),
since one can prove
X(AFT AT ™) = X(A)x(Ty)x (A7)
similarly as in Corollary 1.3.8 of [Fi]. We further decompose the set Rg

into two parts. Set, for each j (1 < j < h),

Rs..,={rcR L;SlrleZ
9 { {reRsx| LS € 2)

R.:‘,j,k = {7‘ S RS,k I ljS['r‘] € Z}.

Let f:$ — V be a twice continuously differentiable function satis-
fying the condition (i) of (2.4) and —A, f = s(1 — s)f with some s € C.
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We discuss the Fourier expansion of f at each cusp (;. As we have seen
before, f(7) is a V(x)-valued function. Therefore the function

fa; (1) = 5a; (A7) F (A7)

can be written in a linear combination of w;, (r € Rg ):

0= fawie

TERs,k

For any real number z, let (z) denote the real number with the conditions
z—(z)€Zand 0 < (z) <1. We set

(2.10) Bir =(=1;S[r]) (1 <j<h,r€Rs)
Then we see easily from (i) of (2.4) and (2.8) that
fa,(T+1) = e(Bir)fa,(1)  (r € Rsp).

As is discussed by Roelcke [Rol, pp.300-301] and Fischer in Proposition
1.5.4 of [Fi] in a general situation, f7 (1) has a Fourier expansion of the

form:
(211)  fi,(r)=ujm) +q;(r) (7 €9H, {=Re(r), n=1Im(7)),
where

G(r) =D gfa(me((n+ B;:)¢)

nez lf e Rg,j,k
uj(n) =0
and
G = D gnnens)
n€Z—{0} ¢
if r € RS .
. brjn® + crjm' s#1/2 BT Tk
ui(n) = 1/2 1/2
brin'’? +cpn'/?logn s =1/2

with some functions g7 ,, (1) and some constants br;, c-;. Thus f(7) has
a Fourier expansion at each cusp (; of the form:

F(7) = ja, (1) H{u;(Im(A;7)) + q;(A;7)}
(212) oy = Y wmwe, G = Y GO,

TE€Rs,k r€Rs,k
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where u}(n), ¢} (7) are the same as in (2.11).

Now we define the real analytic Eisenstein series at each cusp (;
associated with T', x following Definition 1.5.3 of [Fi]. We set, for each
j(A<j<h)andre€ Rg;,,

(2.13)
E;n(1,8) = Z Oan(Ajy M) (M) wipja,m(r) " (Im A; M),
MEFCJ‘\F

The infinite series on the right hand side is well-defined and absolutely
convergent for Re(s) > 1. Since the vectors wj, are in V), on the
right hand side of the definition (2.13), x(M)~! may be replaced with
Xe(ky (M) ™! according to the definition of x+. It is easy to see that

E;jr(MT,s) = x(M)jm(r)Ejr(7,s) forany M €T

J

and that
—AgEjr(x,8) = s(1 = 5)Ejr(*, 5).

The Eisenstein series Ej,(7,s) has the Fourier expansion at each cusp
¢; of the form:

EjT(T, S) = jAl (T)*l{ujr’l(lm Ay, S) + qjr,l (ALT, 8)},

where u;r1(n,s) (n > 0) is the constant term (i.e., the zeroth Fourier
coefficient) and where w;,1(n, ), g;ri(7, s) have the forms similar as in
(2.12). The constant term u;, (1, s) has the following expression:

ujra(n,8) = 8" wir + pira(s)n’ = (n>0)
with a certain V,(x)-valued function pj,;(s). Set
©irip(s) = (Djri(s),wip)s (1< j<h,7€R5;, pE Rsp)

Notice that @;rip(s) = 0 if p € Rg; ;. These functions ;. ip(s) are
holomorphic in Re(s) > 1. We set

h
loo = Z #(Rg,j,k)-
j=1

We note that t., depends on & mod 2. This number ¢, represents the
degree of singularity of x.(x) (see Notation 1.5.1 of [Fi]). The to X too
matrix ®(s) is defined by

(214) @(S) = (QDJ'TJP(S)) (1 < .77l < h> LS Rg,j,kn pe Rg‘,l,k)7
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jr being the line index, Ip being the column index, both in lexicographic
order. By (10.30) in [Ro2], we have

Pintp(s) = Pipr(3)  (Le., *@(s) = &(3)).

Let E(r,s) denote the d X ty-matrix whose column vectors are the
Eisenstein series E;,(7, s):

E(7,8) = (Ejr(7,8))j=1,...h; TERY

The main theorem for the Eisenstein series due to Selberg [Sel,2] and
Roelcke [Rol,2] is formulated in our terminology as follows (see also 1.5,
pp-28-35 in [Fi]). The special case of [ = 1 (I being the size of the matrix
S) and I" = SLy(Z) is discussed in [Ar2].

Theorem 2.1. The Eisenstein series E;.(T,s) and @jr1p(s) are
analytically continued to meromorphic functions of s in the whole com-
plex plane that are holomorphic in the half plane Re(s) > 1/2 except for
the real segment (1/2,1]. They satisfy the functional equations

E(r,1—35)=E(1,8)'®(1 —s) and ®(s)®(1—3s)=1;_.

Namely,

E;n(r,1— (1,8)@irip(l —9),

ufﬂ;~

Z Z i, lp (plp “1(1 ) = 5j'r',iq

= 1p€RS“c

(1 S Z,J S h, re RS,j,k’ q S Rg,'i,k‘)’

8jriq being the Kronecker symbol. Moreover the Eisenstein series
Ej.(7,5) (1 <j <h,r€RY,,) are linearly independent for s # 1/2, if
all E;r(7,s) are holomorphic at s.

This theorem has an application to the determination of the func-
tional equation satisfied by real analytic Eisenstein series for the Jacobi
group, on which we shall discuss in the last paragraph.

§3. Computation of tr x(M)

To describe the resolvent trace formula for 7‘[,:: s,r as explicit as
possible with the help of the special properties of the theta multiplier
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systems x+, one has to calculate the traces of x(M) (M € SLy(Z)) in a
convenient form. The calculation of tr x (M) has been done by Skoruppa-
Zagier [S-Z2] in the case of I, the size of S, being one. They extended
U(M) to certain linear operators of the space ©g , of the theta series
and computed the traces of those operators by analyzing their explicit
actions on theta series. In the present paper we select another method
which is based on the theory of Bergman kernel function of the space
Og . It seems that such a method is essentially known, but for the
convenience of the reader we exhibit it here briefly.
Let G = SLy(R). First we define the Jacobi group G”. Set

31)  GT={(M,(\p),p) | MEG,\peR, peSym(R)}.
Then, G forms a group by the composition law

9192 = (M1 Ma, (A1, p1) M2 4 (A2, p2),

p1+ p2 — 1Ay 4 TN+ X g + pg BAY)
(95 = (Mj, (Njy p5),05) € G7, j=1,2)

with (A", p*) = (A1, p1) Ma.

The center of the group G” is given by the subgroup

{(12a (07 0)79) |pe Syml(R) }

Then any element M of G and any Y of R! x R! may be canonically
identified with the elements (M, (0,0),0) and (12,Y,0) of G/, respec-
tively. We often write M (resp. Y') in place of the corresponding element
(M, (0,0),0) (resp. (12,Y,0)) of G’. Denote by D the product of the
upper half plane $ and C:: D = § x C'. The Jacobi group G’ acts on
D in the manner

z+ AT+ p
g _—
9(7, 2) (M (E —— )

(g = (M’ ()‘uu')vp) € GJv (T,Z) € D)

(3.2)

A factor of automorphy Ji s(g, (7, z)) associated with the given S and
an integer k is defined by

Jr,s(g, (1,2))

=J(M,1)*e (— tr(Sp) — 7S[A] — 2S(\, 2) +

J(M,T)
(g = (M7 (/\7/*L)7p) € GJ? (Ta Z) € D)
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Then it satisfies

Jr,5(9192, (7, 2))

(3.3) J
=Jk,5(91,92(7, 2)) Ik, 5(92, (7, 2)) (91,92 € G”).

For each 7 € §, denote by L. the Z-lattice Z'7 + Z! in C! and by
Ct /L, a fundamental domain of L, in Cl. For any z € C' we write
z = uT + v with u,v € R! and define a volume form dw(z) on C! by

l !
dw(z) = H du; H dv; with u = (u;), v = (v).
j=1 j=1
For 6,6, € ©g r, a scalar product (01,6) is defined by
(01,62) = /l/ 01(2)05(z) exp(—4mns|u}) dw(z) (n=Imr).
Ct/L,

It is easy to show the following orthogonality relation for the theta series
9»,(7', Z) (7‘ S Rs):

0 a#b mod 7'

3.4) {(O4(T,%),0u(T, =
(3:4) (Ba(r, ), 8(r, ) {2_ldet(,5')_1/2n_l/2 a=b mod Z'.

It is known that {6,.(7,2)},crs forms an orthogonal basis of the space
Ogs,r. We set, following (1), § 2 in [S-Z2],

hs((7,2), (7', 2')) = e(=Slz = 7]/ (r = 7).

We easily have

(3'5) hS((T7 Z)’ (7,7 Z,)) = hS((TIa ZI)’ (Ta Z))’

hs(g(’i’, Z)v g(Tlv Z,))

(35 U ,
:JO,S(97 (T’ z))hS((7_7 z)’ (T ) % ))JO,S(g’ (TI>Z/)) (g e )

Lemma 3.1. Let 7,7 € $ and z € C'. Then,

/(Cl hs((1,2), (7', 2"))0. (7', 2") exp(—4mn' S[u']) dw(z")

T =1

12
= det(25)! ( ) 0 (1, 2) for any r € Rg,

2in’
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where ' =Im 7’ and 2/ = /T’ + v with v’,v € R’

Since the proof is done by a straightforward computation with the
use of (1.1), we omit it.
Via Lemma 3.1, a linear map ¢: Og . — Og,» can be defined by

(L‘r,‘r’g)(z)
_ [C hs((7,2), (7', ))6(") exp( 4 S[u]) du(2).

We set
HS((T7 Z)7 (T/7 Zl))

BT = 3 (=78 = 25(\, D)hs((r,2), (7', 2 + A’ + ),
A LEZL

which is absolutely convergent for any (7, z), (v, 2') € D and indicates
a holomorphic (resp. anti-holomorphic) function in (7, 2) (resp. (7/,2')).
Then we get immediately, for § € Og .,

(tr,r0)(2)

(3.8) = /cl/L Hs((7,2),(1,2)0(2") exp(—4nn’ S[u']) dw(2’).

The following lemma shows the essential feature of the function
Hs((7,2), (7, 2)).
Lemma 3.2. Let 7,7 € 9 and 2,2’ € C'. Then,

— /2

Hg((1,2), (7, 2")) = (det §)~1/2 (i) Z 0. (7,2)0.(7", ).

27
r€Rg

Proof. As a function of 2/, Hs((7,z),(7/,2')) belongs to the space
Og, and therefore,

HS((Ta Z), (TI7 Z/)) = Z A - 97‘(7,7 z/)

r€Rg
with some functions A, in 7, 2, 77. On the other hand Lemma 3.1
immediately implies

T—1 2
trrr(0(1', %)) (2) = det(25) 7! ( 2 ) 0,(7, 2).




Jacobi Forms 197

Thus getting this identity together with (3.8), we can calculate A, and
hence have the assertion of Lemma 3.2.
q.ed.

We have, immediately by Lemma 3.2,
(3.9) Hs((r, Z)’(Tlvz/)) = Hs((1',2'), (T, 2)).

It follows from (3.5), (3.7), and (3.9) that this function has another
expression:

HS((Ta Z)a (T,a Z,))

(3.10) — Z Jo,s(X, (1,2)) ths(X (T, 2), (7', 7).
XeZx7!

The following integral expression for tr U(M) easily follows from the
theta transformation formula (1.2), Lemma 3.2, and the orthogonality
relation (3.4).

Proposition 3.3. Let M € SLo(Z) and T € $). Then,

(3.11)

det(25)™! (MT —T

2im

1/2
) J(M, )2 tr U (M)

= / Jo,s(M, (T, Z))_le(M(T, 2), (1, 2)) exp(—4mnS[u]) dw(z).
Cl/L,

For simplicity set L = Z! x Z!, on which any integral matrix of size

two acts by right multiplication. We have, by the expression (3.10),
JO,S(M7 (7-’ Z))_IHS(M(Ta Z)? (7—7 Z))
(3.12) = 3 Jos(XM, (1,2) " hs (XM (r,2), (7, 2)).
XeL

Lemma 3.4. Let M € SLy(Z) with det(M — 15) # 0. For each

X € L, the element XM in G’ can be expressed as
XM=Y"'MX'Y -3

with X')Y € L and 3 = (12,(0,0), p), p € Sym,;(Z), where we notice that
XM =X"+Y(1,— M) in L. Moreover by this expression, X runs over
all elements of L, if and only if Y runs over all elements of L and X'
over all residue classes of L modulo L(M — 15).

We omit the proof, which is easy.
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Lemma 3.5. Let M € SLa(Z) with det(M — 13) # 0. Then,

Mr—-7 12
det(25) 7! , J(M, )2 tr U (M)
(3.13) ( 2 )
= > InMX),

XeL/L(M-12)
where we put

I(r, M; X)

= [cl Jo.s(MX,(7,2)) ths(MX(1,2), (1, 2)) exp(—4mnS|u]) dw(z).

Proof. 1t is easy to see from (3.12), Lemma 3.4 and (3.6) that

Jo,s(M, (, 2)) Y Hg(M(, 2), (T, 2))

=Y S B s(YTIMXY, ()7

YeL XeL/L(M~1s)

hs(Y_lMXY(T, z),(T,2))

Ii

> S Jos(MX,Y(r,2)7

YeL XeL/L(M-12)

chs(MXY(1,2),Y (1, 2))|Jo,s(Y, (1,2))| %

Since we have
90,5 (Y, (7, 2))| 7% exp(—4mnS[u]) = exp(—4mnS[u + A])
(v = () € L),
the integral on the right hand side of the equality (3.11) turns out the

expression on the right hand side of the equality (3.13).
qg.ed.

Now we compute tr U(R) for elliptic elements R of SLy(Z).
a b
Let R = (c d

point of R (we may choose T =1 or e

) be an elliptic element of SL2(Z) and 7 € § a fixed
2mi/3)  Set, for simplicity,

w=cT+d, ¢ =1 —T(= 2in).



Jacobi Forms 199

We have RX(7,2) = (7,(z + A7 + p)/w) for X = (A, u) € L. Noticing
that z = ur +v (u,v € RY) and c/w + 1/(w?¢) = 1/¢, we see easily that

(3.14)
JO,S(RX’ (Ta z))_th (RX(T? Z), (7-7 Z)) eXP(—47T775[U])

=e(rS[A] +25(A, 2) — cSlz + A1 + p|/w)
re(=S[(z + A + ww™ —2/C)e(S[z ~ 7/¢)
= e(=*(\T + ©)S(AT + p)/¢)

e (2(14;“’)5(@2) +28 (L?Li)z) +25 (/\LELME))

= e(—t (M + w)S(AT + p)/C)e ((tu tv);,( ) + 2(tutu)Pw>

(7]
v

where we put

1, 71
P= (Tlll Tll’> (€ GLy(C)),

1-w ((f‘i’ifs (r ;;)S) (€ M2i(C))

. _S()”—"i‘ﬂ)/C 21
== (S0 rmrug) €

The matrix 3 is a point of the Siegel upper half plane of degree 21. If we
put A = —2mi3 and note that ((w — 1)/w)? = (t — 2)/w with t = a +d,
then by a standard calculation of the integral,

Cw

and

—w 1/2
I(r, R; X) =e(=*(A\T 4+ p)S(AT + 1) /<) (m)

-det(S)te(2nitz* PA™! Px).

Since 7 is a root of the quadratic equation: ¢r2 + (d — a)7 — b = 0, an
elementary calculation shows that the integral I(T, R; X) equals

det(28)71(2 — t)—l/2(_w)l/2
- ((—% " 2(1_2—75)) 0T + WSO +u))
= det(25)‘1(2 - t)—l/2(_w)l/2

-eﬁéywm—w—wﬂxm—ﬂwﬂ.
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Each elliptic element R of SLy(R) is SLy(R)-conjugate to some element
(C°S" ‘Si”) with 0 < 8 < 27. We write (R) for this 0 if R is to be

sin@ cos@
specified. Thus the following expressions for tr U (R) for elliptic elements
R of SLy(Z) immediately follows from Lemma 3.5 and the above last
identity, if we notice that RT = 7 and w = J(R, 7).

a b

Proposition 3.6. Let R = (c d) be an elliptic element of

SLs(Z) and set t = a +d. Then,

trU(R) =
e(R) Z 1
ez e| 5 S = (a—d)S(A p) —cSul) |,
2-1) (AweL/L(R—12) ( 2 )
where

e~ T2 0<6(R)<m
e(R) = ,
emi/2 m < §(R) < 2m.

Remark. In the case of [ = 1, this proposition is nothing but only
a special case of Theorem 2 in [S-Z2].

We set, for v =2 or 3,

G, (8) =vi/? Z e(*xSx/v).
x€(Z/vZ)t

Denote by J (resp. W) the matrix <(1) _é> (resp. (} _(1)>) of

SL2(Z). Tt is well-known that {J, J*, W, W2 W* W5} forms a complete
set of representatives of the SLy(Z)-conjugacy classes of elliptic elements
of SLy(Z). Obviously, 8(J) == /2, (W) = 7 /3. We have, immediately
by Proposition 3.6,

trU(J) = e "2Gy(9), trU(J3) = e™/2G4(S),

(3.15) trU(W) = e /2, trU(W?) = e ™4/2G4(89),
trU(W*) = e™/2.G3(S),  trUW?®) = emil/2,

Let T" be a subgroup of SLy(Z) of finite index having the element —15.

Denote by { R}r the I'-conjugacy classes of elliptic elements of I" and for
each elliptic element R of I' denote by 2v(R) the order of the centralizer
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Zr(R) of R in I'. Let ¢(z) denote the logarithmic derivative of the
gamma function:

P(z) =T"(2)/T(2).

Let k be an integer and x the number given by (2.1). Now to describe
the resolvent trace formula in an explicit form we compute the following
function of s in a reasonable form (see Theorem 2.5.1 of [Fi]):

1
(3.16) e > C(Rk;s)
{R}r 0<b<n
where R runs over a complete set of representatives of the I'-conjugacy
classes of elliptic elements of ' with 0 < §(R) < 7 and where we put

(3.17)
ie2in9(R)

C(R,k;0) = trxew(B) - o rpsr gy

v(R)-1 . .
) Z P (R)(25+1) s+e+7Y) e~ O(R)(2541) s—rHI\Y
v(R) v(R)

=0

Denote by e, (") (v = 2 or 3) the number of I'-conjugacy classes of
elliptic elements of I' of order 2v. Since any elliptic element R of ' is
SL;(Z)-conjugate to one of J, J2, W, W2 W% W5 and by Corollary
1.3.8 of [Fi], x+(URU) = x+(U)x+(R)x+(U)~! if U € SLx(Z) and
0 < 8(R) < m, the quantity (3.16) equals

2

281_ {ea(1)C( i)+ es(T) D2 OOV, i),

(3.18)

a b
For any element A = (c d

c of A. We have, by the identities (1.4), (1.6), and the definition of x4,

) € SLy(R), denote by c¢(A) the (2, 1)-entry

tr x(M) = tr x4+ (M) + tr x— (M)

, M € SLy(Z)).
trX(—M):0’25(—12,M)€7”l/2(trX+(M)-—trx_(M))( € SLy(2))

We notice that, if ¢(M) > 0, then, oox(—12, M) = (—1)!. In this case
we get,

1 )
tr Xy (M) = 5 (60 X(M) + ™D ey (M)  if (M) > 0.
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Therefore with the help of (3.15) and the equality (1.3), the traces which
we need are expressed as follows:

6 Xe(r) (F) = G2(S)(™? + ™) /2,
(3.19) tr Xk (W) = (€72 + e™*G(S)) /2,

6 Xe(ry (W) = (€72 - G5(S) + ™) /2.
We define the numbers €,(n;S) (v =2 or 3, n € Z) by

e2(n; S) = —G2(S) cos((n + 1/2)7/2)
sin{(n +1—1)7/3)

(3.20) (5= 2sin(r/3)
g omi(nt1/4—1)/3 _ A TEN.2mi(nt1/4—1)/3
4sin(r/3) (G3(S)e Ga(S)e ) :

Then it easily follows from (3.17), (3.19), and (3.20) that

C(J, k;s) =
1

§ 2 alk =25 S) (0o = n-+)/2) = (s 4 1-5)/2)

J=

(3.21) iC(W“ ki) =
5 Dotk =205 S)(((s — r+)/3) — Y(s + o+ 2 = 5)/3).

Jj=0

Tt is worth while to mention that ez(n; S), e3(n;S) take only the values
0, £1,if Il =1 (i.e., S is a positive integer) or S = 1;.

§4. Selberg trace formula

Let k be an integer and x the number given by (2.1). Let (k) de-
note the sign + or — according as k is even or odd as before. The theta
multiplier system x.(xy defined in § 1 satisfies the property (2.2) and
hence forms a unitary multiplier system of SLy(Z) in the sense of Defi-
nition 1.3.4 in [Fi]. Therefore the general theory of the resolvent trace
formula (Theorem 2.5.1, p.106 in [Fi]) can be applicable to our space
’HE(k)F which is associated with x.). Recall that ’H F is canonically
identified with the space H, s as we have observed in 8§ 2.
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Let Ao, A1, ..., An, ... be all the eigen values of the self-adjoint
operator —A: D — H, s r counted with multiplicities. Since they are
all real numbers, one can arrange them in the manner

M<M< . <M<

Moreover one can Wl‘ite
1
Ay =1/4472 with 7, €[0,00)U ;(0, o) (neNuU{0}).

Set, for s,a € C,

o 1 1
(4.1) Dy, sr(s,a) = Z ((5 —1/2)2 4712  (a—1/2)2 +7°721> .

n=0

It is known for instance by Theorem 1.6.5 in [Fi] that the infinite series on
the right hand side of (4.1) is absolutely convergent and that Dy, s (s, a)
indicates a meromorphic function of s, a.

‘We note that
dim¢ Vs(k) = (d+ (—1)kd0)/2.

Denote by v(I'\$)) the volume of a fundamental domain I'\ §) with respect
to dw(T): v(T\$) = fl"\i) dw(T).

In view of the results in § 2 and the expressions (1.9), (3.16), (3.18),
(3.21), the resolvent trace formula of Fischer ([Fi], Theorem 2.5.1) can
be reformulated in our situation as follows.

Theorem 4.1 (Resolvent trace formula for H,sr). LetT be a
subgroup of SLa(Z) of finite index having the element —13. Let k be an
integer and k the real number given by (2.1). Denote by p(s) the deter-
minant of the scattering matriz ®(s) given by (2.14): ¢(s) = det B(s).
Assume that s,a € C with Re(s),Re(a) > 1 and |s|—s, |s| —a & NU{0}.
Then,
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(4.2)
Dkﬂgyp(s, a) =

— (@ (1) do)o(T\D) (s + ) + (s — )

1 Zig,
VOTSek) (o

+
2s—1 ZF,S,E(k)

231_ 1{622(3P) > ek —25;5)

=0

((=52)5 (25522

o) S stk — 2is9)

=0

(o7 ()

+——-—1—[—log2‘—i-——L—1)—fi-o— logH H sin(7f3;,)

2s—1
j= lreRS K

+

_|_

+ @(s + K) — (s — ) (M—*——d Zﬁ])

Ftoo (s — &) — (s) — (s +1/2))]

1
28 fpar <I>( )

- {the same expression with s being replaced by a},

where we set

é-par;i'(s) 225 1

221 [ L 1 ¢’ .

CAm - /24 i) dt
4m /~oo<(3_1/2)2+t2 1/4_|_t2) go(l/ +it) d

= > B (1<ji<h).

rERY

—— tr(L,. — $(1/2))+
(4.3)

and

8,7,k
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Moreover the integral on the right hand side of (4.3) is absolutely conver-
gent for Re(s) > 1/2 and &par,0(s) is analytically continued to a mero-
morphic function in the whole s-plane (see also Lemma 2.4.19 and (2.4.6)

of [F)).

It has been verified by the expression (2.4.6), p.103 of [Fi] that
&par,#(s) has at most simple poles whose residues are rational integers
and that in particular it has a simple pole at s = 1/2 with the residue
(too —tr®(1/2))/2 € Z (note that ®(1/2) is a hermitian matrix with
®(1/2)2 = 1,_ ). Proposition 2.17 of [He2], p.440 implies the functional
equation of &p,r & (s):

(4.4) €par,a(8) + par,a (1 — 5) = —(5),

AN

which can be verified also by Lemma 2.4.16 and (2.4.6) of [Fi].

Now we determine briefly the explicit form of the functional equation
satisfied by our Selberg zeta functions Zr g +(s). Denote by G(z) the
Barnes G-function which is an entire function of z satisfying G(z+1) =
I'(2)G(z). For the precise definition of G(z) we refer to Definition 3.1.1
of [Fi]. Following Fischer [Fi], we define the functions Zi(s), Enyp(s),
Zen(s), and =5, (s) as follows:

Nk
=1(s) = exp(TE R y(ry9) s log(em) + 51— 5)

+ (1/2+ k) logT(s + k) + (1/2 — k) log (s — &)
—logG(s+K+1)—logG(s —k+1)}),
Ehyp(8) = Zr,s,6(k)(8),
1 s — K +])/2) e2(k—25;85)
a0 = {11 (25 7m)

62(F)/4

2 s—k+74)/3) e3(k—25;5)
I:I (F((8+ K+ 2 —J)/3)>

7

es(T)/3
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and

h
= — o—h(d+(~1)*do)s/2 | I'(s+ k)
(s) =2 1 (5

(d+(~1)*do) /4~ B;

(o Te=m N N
<F(5)I‘(s+1/2)) jl;[lrejo’k( Bir)~°.

Then, Zi(s), Zen(s), Eja.(s) define holomorphic functions in
C — (—o0,|&|). Set

(1]

*(5) = E1(5)Znyp(s)Een(s)Zpar(s)-

Then the resolvent trace formula (Theorem 4.1) turns out

Dkys’p(s,a,) =
4.5 1 =* 1 =
49 1 ( =0 +spar,q>(s>) R ( =@ +gw,¢.(a)) |

Via this formula and by (4.4) the function (2*'/Z*)(s) is continued ana-
lytically to a meromorphic function in the whole s-plane which satisfies
the functional equation

(4.6) (EY/E)(s) + EY/ET)1 = 5) + (¢'/#)(s) = 0.

By the same formula (4.5), (E*'/=*)(s) has only simple poles with the
residues all rational integers. Therefore, Z*(s) itself can be continued
analytically to a meromorphic function in the whole s-plane and the
equation (4.6) implies the functional equation of Z*(s):

(4.7) E*(1—3s)=p(s)2%(s) (see [He2], Ch.10, (5.7) and [Ar3]).

This functional equation follows also from (3.1.3), (3.2.1) of [Fi]. It has
been proved in (3.1.4), p.116 of [Fi] that Zy,,,(s) itself can be continued
to a meromorphic function in the whole s-plane.

Let Hi 51, Ak, Dy, Ay, and D be the same as in § 2. For s € C,
denote by H, s r(s) the subspace consisting of f € D with —A f =
s(1—s)f. Let di s r(s) denote the multiplicity of the eigenvalue s(1 — s)
of the self-adjoint operator —A}: Ay — H, gr. It has been proved by
Roelcke in Satz 5.6, 5.7 of [Rol] that

(4.8) HR,S,F(S) = {f € Dy l —Agf=s(1—- s)f }
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Obviously,

(4.9) di,s,r(s) = dimgc Hy s, (s).

Furthermore by the definition of the numbers r,, (n € NU {0}),
He,sr(s) # {0} if and only if s =1/2 =+ ir, for some n.

We are much concerned with the subspace H,, s (k) (resp. Hy sr(—k))
if kK > 0 (resp. & < 0), by evaluating at s = k (resp. s = —k). As is
easily seen from the results of Roelcke in § 2-5, [Rol], we have

(4.10)
Hesr(k) ={f€Hesr!| n “f(r) is holomorphic in 7} if £ >0,

Hesr(—k) ={f € Hesr | n°f(r) is anti-holomorphic in 7 }
if Kk <0,

1 denoting Im 7.

§5. Dimension formulas for the spaces of Jacobi forms

We recall the definition of Jacobi forms and skew-holomorphic Ja-
cobi forms following Eichler-Zagier [E-Z| and Skoruppa [Sk2].

Let G’ be the real Jacobi group given by (3.1) acting on D = $ x C!
via (3.2). Assume that I is a subgroup of SL2(Z) of finite index with
—12 eT. Set

I = {(M,(\p),p) | M T, \,peZ, peSym(Z)}.

Then I'Y forms a discrete subgroup of G7. Let v be a positive integer.
For any function ¢: D — C and g = (M, (\, 1), p) € G7, we set

(8l1,59)(7: 2) = J,5(g, (1,2)) " ¢(g(7, 2)),

(815,59)(7:2) = Jo,s(g, (1,2)) "1 - (J(M, 7)) "I (M, 7)| " b(g(7, 2)).-
It is immediate to see from (3.3) that, for g;,g2 € G/,
(5.1)  ¢lu,59192 = ¢lu,591l,592 and @[} 59192 = 9|} 59115, 592

For each element M of SLy(Z), put Moo = (, which is a cusp of T
Denote by I'¢ the stabilizer of ¢ in I'. Then the subgroup M ~'I': M of
SL2(Z) is generated by
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(5.2)

—15 and ((1] ];[) with a uniquely determined positive integer V.

The space J,,5(I") (resp. J;; 5(T')) of holomorphic Jacobi forms (resp.
skew-holomorphic Jacobi forms) of index S and weight v is defined to

be the space consisting of all functions ¢: D — C which satisfy the
following three conditions:

(5.3)

(i)  ¢(r,2) is holomorphic in 7 and 2
(resp. ¢(T, z) is a smooth function in 7 and holomorphic in z).

(i1)  ¢(7, z) satisfies the identity
dlosy=¢ (resp. 9|} 57 = @) for any vy e I'/.

(iii) ~ The function ¢|,,sM (resp. @|; sM) for any M € SLz(Z) has a
Fourier Jacobi expansion of the form

(plu.sM)(T,2) = > e(n,r)e(nt /N + *rz)
n€Z, re7
4n—NtrS~1r>0

(resp. (9l}, sM)(,2)
- Z c(n,r)e (N + z;y( rS™1r) +t7'z)),

nez, reZt
4n—Ntrs—1

where 7 = Im 7 and we choose a positive integer N as in (5.2) for
each M. Furthermore in the above (iil), M (€ SLa(Z)) is identified
with the corresponding element of G7.

Denote by J; s (T') (resp. J;; §*) the subspace of cusp forms of J,,s(I')
(resp. J; ¢(I')). Namely, CuSp(].") (resp. J,, §**P(T")) consists of all Jacobi
forms ¢ € J, g(T") (resp. all skew—holomorphlc Jacobi forms ¢ € J; ("))
whose Fourier coeflicients c(n,r) in the above (iii) equals zero if 4n —
NtrS=lr =0.

Let k be a rational integer and « the number given by (2.1). Now we
consider the relation between the spaces of Jacobi forms and the spaces
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Hesr(k) (k> 0) or He sr(—k) (k < 0). First assume that k > 0 (i.e.,
k > 1/2). We set, for each element f = (f.)rers € He,s,0(K),

(5.4) ¢(r,2) = > 0" fr(1)0r(r,2) ((1,2) € D,p=1Im7).
rE€ERg

This identity is written of the form

(5.5) d(r,2) = (" f(7),0(7,2))s.

In this case it is not difficult to see from (1.2) and the identity (i) of (2.4)
that ¢|x,sM = ¢ for any M € I'. Moreover the identity ¢|x sX = ¢ for
any X € L follows directly from (5.4). In the Fourier expansion (2.11)
of f € Hysr(k) at each cusp (; (1 < j < h), the functions n~"*g;(7)
and n~"u;(n) are found to be holomorphic functions in 7 and constant
functions, respectively, since ™" f(7) is holomorphic in 7 according to
(4.10). Taking the square integrability (2.4), (ii) of f(7) into account, we
see from (2.11), (2.12) that n~ " f(7) has the following Fourier expansion
at the cusp (;:

n_nf( ) AJ7T) w2 Z i A iT UJ’I"

r€Rs
(5.6)

T) = Zajme((n + Bjr)T) with aj € C,

n=0

where {v;,},crs is an orthonormal basis of V' given by (2.6) and 3;,’s
are the constants defined by (2.10). Moreover by the square integrability
of f(7) again, we observe that in the case of k > 1/2,

(57) Ajrn = 0 if n=0 and ,Bj,n = 0.

Substituting the expression (5.6) for n7"f(7) in (5.5) and then using
(2.5) and the theta transformation formula (1.2), we have

B(r,2) = 17 T s (A3, (1,2) 7 Y Fn((A37)/1)6:(A3 (T, 2)),

T€Rg

which turns out the identity

(Blrs AT (T 2) =17 ) f53(7/1)0:(7, 2).

T€ERg



210 T. Arakawa

Thus we see easily from (5.6) that ¢| k,sA;ffl has a Fourier-Jacobi ex-
pansion of the form

(Blk,sA;7H)(1,2) = Y. gmrelnr/l;+trz)
n€zZ, reZ!
4n—lj°'rS‘1'rZO

Moreover if k£ > 1/2, then by the property (5.7), the Fourier coefficients
c;j(n,r) are necessarily zero if 4n —I;*rS~!r = 0. Consequently we have
proved that, by the correspondence (5.4), for f € H, sr(x),

¢p€Jps() if £x>0 and ¢e JP(T) if x>1/2.

Conversely, since each ¢(7, z) € Ji s(I') belongs to the space Og,, as a
function of z, ¢ has the expression of the form (5.4) with holomorphic
functions f.(7) (r € Rg) on . It is easy to see from the condition (ii)
of (5.3) and (1.2) that f = (f,)rcrs satisfies the condition (i) of (2.4).
Moreover it follows from the Fourier-Jacobi expansion of ¢ ((iii) of (5.3))
that the function n~"f(7) has a Fourier expansion of the form (5.6) at
each cusp ¢;. In this case as is easily seen, if 0 < x < 1/2 (resp. k > 1/2),
then, f = (f-)rers corresponding to ¢ € Ji s(I') (resp. ¢ € J."¢"(I))
via the correspondence (5.4) is an element of H, sr(x).

Next assume k < 0. Let g(7) = (g-(7))rcrs be a V-valued function
on §. We consider the correspondence g = (g, )rcrs — ¢ by

(5-8) ¢(7—7 Z) = Z anT(T)OT(T? Z) = <nng(7,)’@(7_’ Z)>S

r€Rg

In a manner similar to the case of k > 0, it can be shown with the use of
(1.2) that the space H, s r(—#) corresponds one to one onto the space
Jik,s(T) (vesp. J'GE(D)) if —1/2 < k < 0 (resp. k < —1/2) via the
correspondence (5.8): g — ¢. Thus we obtain

Proposition 5.1. Let k be an integer and k = (k —1/2)/2.
(i) Ifk=1+1/2 (resp. 1/2 < k < 1+1/2), then the space J; 5°(T)

(resp. Ji,s(I')) is isomorphic to the space H, sr(k) via the correspon-
dence ¢ — (fr)rers tn (5.4) as C-vector spaces.

(i) Ifk<1/2—1 (resp. 1/2~1<k <1/2), then the space J; 5 §(T)
(resp. Ji_y 5(T)) is isomorphic to the space H. sr(—k) via the corre-
spondence ¢ — (gr)rers in (5.8) as C-vector spaces.

In the final step of this paragraph we employ Theorem 4.1 (the
resolvent trace formula for H; sr) to calculate the dimensions of the
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spaces of Jacobi forms. Set, for any integer k,

(5.9)
Ar(k; S) =d—%%(k—/ — Do(T\$) — e2(F) - ea(k; S)
- egér) vea(ks S) + M iﬂ, — teo,
pr(k; S) Lwl)d“( k+l/2—1)v(F\ﬁ)+e2iF) cex(k—2; )
+63:())r) Sk —4:8) — (d+ 1)*dy) +2h:ﬂj

Since the scattering matrix ®(s) given by (2.14) depends on I, S, and
the weight k, we write ®(s) in place of ®(s) if the weight k is to be
specified. Our main theorem is the following.

Theorem 5.2. Let S be a positive definite half-integral symmetric
matriz of size l and k an integer. Assume that T is a subgroup of SLa(Z)
of finite index having the element —15.

(i) Ifk>1/2+2 (i.e, k> 1), then, dimc J'¢"(T) = Ar(k; S).
(i) Ifk<l/2—2(ie, k < —1), then, dimc J;"°P(T) = pr(k; S).

(iil) Suppose thatl is odd. Let & denote the sign e((1—1)/2). Namely, €
takes the sign + or — according asl =1 mod 4 orl =3 mod 4. Then,

dime JE8 , (T) = Resy_a/a(Zh 5,0/ Zr,5.£)(s) + Ar((1 +3)/2; 9),
dime J{i; )2 5(T) = Ress—3/4(Zr 5./ Zr,5,¢)(5),

dimg J(, 575 5 (T) = Ress—3/a(Zr 5/ Zr,s5,-<)(s) + ur (L — 3)/2; 5),
dimg Jig41)/2,5(") = Res,= 3/4(Zr s,—e/2r,5,-¢)(s).

(iv) Suppose that | is even. Let & denote the sign €(1/2). Namely, €
takes the sign + or — according asl =0 mod 4 orl =2 mod 4. Then,

dimg Jyj5b, o(T) = mult(lry) + Ar(l/2 + 2; 5),
dimg J}55%5 o(T) = mult(1r,y) + pr(l/2 - 2; 5),
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and

. cu 1
dln’l(c Jl/;—il,s(r) = 5 ReSszl/Q(ZII—\7S7_E/ZI‘,S,—5)(S)a

1 1
+ 5)\1‘”/2 -+ 1, S) + Z(too —tr @l/2+1(8)),
. * Cus 1
dime J;577 5(I') = 5 Res,—1/2(Z1 5, /Zr,5,-)(8),

1 1
+ §Mr(l/2 = 158) + (too — tr Ryy5-1(s)),
dime ch/“zsil’s(F) + dim¢ Jl7;‘f£S(F) = Res;—1/2(21 5,/ 2r,5,-<)(8),

where mult(1r, x) denotes the multiplicity of the identity representation
1r of ' occuring in the unitary representation x.

Proof of Theorem 5.2. In the resolvent trace formula (4.2) we con-
sider (2s — 1)Dy s r(s,a) as a meromorphic function of s with a being
fixed (Re(a) > Max(1,|x|)). Notice that the residue at s = p of this
function equals di sr(p) (resp. 2dk,sr(p)) if p # 1/2 (resp. p = 1/2),
by the definition (4.1) and that di sr(p) = di,sr(l — p). Moreover we
note that the function (z) has simple poles at z = —n (n € NU {0})
with the residue —1 and has no other poles.

First assume that || > 1. We see easily from the expression on the
right hand side of (4.2) that the residue at s = K (resp. s = —k) of the
function (2s — 1) Dy sr(s,a) coincides with Ap(k; S) (resp. ur(k;S)) if
k > 1 (resp. & < —1). The assertions (i), (ii) immediately follows from
(4.9) and Proposition 5.1.

Next assume that |«| < 1. Suppose that ! is odd. Then, |x| = 3/4 or
1/4. If || = 3/4 (i.e., k = (I £ 3)/2), then the first and third identities
in the assertion (iii) easily follows in a manner similar to the case of
|&] > 1. Let k = +1/4 (k = (I £ 1)/2). We calculate the residue at the
pole s = 3/4 of the function (2s—1) D, s,r (s, a) on the both sides of (4.2).
We get, by Proposition 5.1 and the relation di sr(1/4) = di sr(3/4),
the second and fourth identities in (iii).

Suppose that [ is even. Then, |k| = 1, 1/2, or 0. If kK = 1 (i.e.,
k =1/2+ 2), we have, in a manner similar to the case of |k| > 1,

dim¢ ch/“zsiz(l") = Ress=1(Zr 5./Zr,s,.)(s) + Ar(1/2 4+ 2; S).

If Kk =0 (i.e,, £ = 1/2), we calculate the residue at the pole s = 1
(=1 — k) of the function (2s — 1) Dy g r(s,a) similarly and get

dk,s,r(0) = Ress=1(Zr 5./ Zr,5.)(s)-
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By (4.8), (4.9), we have
di,sr(0) =dimc{v eV | x(M)v =v for any M €T} =mult(1r, x).

The second identity in the assertion (iv) is quite similarly verified. If
|k| =1/2 (i.e., k =1/2+ 1), again by calculating the residue at the pole
s = 1/2 of the function (2s —1) Dy s,r(s,a) in two manners via the trace
formula (4.2), the third and fourth identities in the assertion (iv) are
similarly derived (cf. Proposition 2.2, (i) of [Arl]). It is easy to see from
(5.9) that
Ar(l/2+1;8) +pr(l/2 - 1;8) = ~te,
since ez(n; S) (resp. e3(n;S)) depends on n mod 4 (resp. » mod 6).
Denote by wfrylp(s) the (jr,Ip)-entry of the matrix ®(s) to specify the
weight k. Applying Lemma 1.1 of [Arl] to the present situation, we see
easily that
Sy (5) =~ (s),
since x, x+ depends only on S and not on k. Therefore the last identity
in (iv) follows.
q.e.d.

§86. Real analytic Eisenstein series for the Jacobi group

In this paragraph we assume that I' = SL9(Z) for simplicity (we can
get rid of this assumption, but it is much more tedious to treat with any
subgroup I" of SL(Z) of finite index).

For r € (25)7!Z!, s € C, and k € Z, define a function ¢4 . ,: D — C
by

Okrs(T,2) = e(7S[r] +25(r,2))n° ™" (n=Im7, k= (k—1/2)/2).

Let 1"{,0’ 4 denote the subgroup of the Jacobi group I'Y given by
1 n
Fio,+={<(0 1),(0,u),p> IneZ, pel, peSym(Z)}.

We set, for each r € (28)71Z' with the condition S[r] € Z,

61) Erse(1,2):8)= D ($rmolrsn)(n2)  ((1,2) € D).

YET, I

By (5.1) and the property @k slk,5v1 = ¢r,rs for any v; € Fgo7+, the
infinite series on the right hand side of (6.1) is well-defined and, as we
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shall see later, absolutely convergent for Re(s) > 1+1/4. As a complete
set of representatives of the right cosets I‘go’ +\I‘J , we may take the set

{(M,(X,0),0) | M eTI\T, A eZ'},
1 n
+
where Foo—{<0 l)lnEZ}.

Then we have

E]C,S,T‘((Ty Z), S)

= ¥ SR (_FACZ}_)S[zO

(6:2) MeDE\T q€Zt
. —Z_ 8S—K
e(MT Slg+7r]+2S(g+, J(M,’T))) (Im M7)*7",
where M = (CCL Z) We divide the first summation into two parts

according as ¢ = 0 or ¢ # 0. We denote by E',ﬁ,S’T((T, z),8) (resp.
E,ﬁyIS,T((T, z),s)) the infinite series obtained by replacing the first sum-
mation With 37, r+ \p =0 (T€SP- D prert 1, e0) OD the right hand side

of (6.2). Then we get, in a manner similar to the argument in p.18 of
[E-Z] (see also [Ar2], § 3),

B 5.((7,2),8) =n° " (0r (7, 2) + (=1)*0_(7, 2)),

S K

EéIST((T,z),s) = Z Z h :
(e,d)=1, c£0 qez! (cT +d) ICT+d| (s—x)

. (—cS{z ~(g+7)/d]

ct+d

+ S[q + r])

Replacing ¢ with A — ¢q and d with d + ¢p, we have another expression
for EéfS’T((T, z),s):

S—K

Ells (2= > Y. eSS +1])

-(F((T +d/c,z— (A+71)/c),s)+
(-D)*F((r +d/ec,z + (A+7)/c), s)),

(6.3)
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where we put

S[z + 4]
P29 =2, 2 e ”> (T +p)F e(—ﬁi_)'

pEZ geZ!

It is easy to see that this infinite series F((7, z), 8) is absolutely conver-
gent for Re(s) > (1+1/2)/2 and moreover from the expression (6.3) that
E',ﬁ’IS’T((T, z), 8) is absolutely convergent if Re(s) > 1+1/4. Thus we have
proved the assertion concerning the absolutely convergence of the infinite
series (6.1). By the expression (6.2), the Eisenstein series Ey, g -((T, 2), 5)
depends on r mod Z!. Hence one can define Ey, s (7, 2), s) for r € Rg
with S[r] € Z. In the case of I' = SLy(Z), h, the number of the I'-
equivalence classes of cusps of I, equals one. Hence we denote by R ,
(resp. R, ) for the set RS, , (resp. Ry, ;) (see (2.9) in § 2). In this
case we may put A} = 15 and v1, = e, (r € Rg) in (2.6). Denote by w,
in place of wy, in (2.7). Set

' 2 r € RY
€ =
\/§ TERs—ROS.

Moreover we denote by E, (7, s) in place of the Eisenstein series E1,(7, s)
given by (2.13).

Proposition 6.1. Letr € Rg,. Then,

Ek,S,r((T, Z)) 3) =€ " tET(’T, 5) : 6(77 z)

Proof. 1In virtue of (6.2) we have

Ey.s.((1,2),s)

- M;\F J(M,7)"*(Im M1)* " e (-J—(MT)S[Z]) 60, (M(,2))
= Y J(M,7)*ImMT) "
MET oo \T'
e (— J(J\Z, T)S[z]) ey + (—1)Fe_,)O(M(r, 2)),

where I', is the stabilizer of the cusp oo in I' = SLy(Z). Namely,

oo—_{j:(l ")|nez}
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Thus the theta transformation formula (1.2) implies the assertion of
Proposition 6.1.
q.e.d.

We have, in this case of h = 1, t = #(R%;). We arrange the
Eisenstein series Ex s-((7,2),s) as a column vector of ¢{,-components:

Ek’s((T, Z), S) = (Ekys’r((’r, Z), S))’I‘ERg’k € Chee,

For r,p € RY,, we write simply @rp(s) for the function @i, 1,(s) in
(2.14). In this case, ®(s) = (@rp(s))rperz,- Denote by ®*(s) the
too X too-matrix whose (r, p)-entry is given by €€, '@y (s):

P*(s) = (frf;lS"rp(s))anRg,k-

The following is a direct consequence of Theorem 2.1 and Proposition
6.1.

Theorem 6.2. The Fisenstein series Ei s.((7,2),s) can be ana-
lytically continued to meromorphic functions of s in the whole s-plane
that are holomorphic in the half plane Re(s) > 1/2 except on the interval
(1/2,1]. They satisfy the functional equation

Ers((1,2),1—s) = ®*(1 — s)Ex s((1, 2), 5).

Moreover, Ey s,,((7,2),5) (r € Rg ) are C-linearly independent for s #
1/2, if they are holomorphic at s.

Remark. Sugano [Su] obtained Theorem 6.2 under a certain con-
dition for S (then, t, = 1) by a different method which is based on
an explicit calculation of the Fourier coefficients of the Eisenstein se-
ries. More information on the Eisenstein series can be obtained by his
method.

Example. If [ =1 and S = m is a square free positive integer,
then ¢, = 1 and ®*(s) = ®(s) = ¢(s). In this case we have computed
an explicit form of ®(s) in [Ar2]. We exhibit it here again:

e~ mik/2 92— 237['F(28 _ 1) 4(43 _ 2) H 1 _|_p3/2—2s

(s) = V2m F(s + Kk)T'(s — k) C(4S -1 i 1+ pl/2-2s’

where x = (k —1/2)/2.
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