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On December 21-24, 1987 the author gave a series of four talks 
entitled "PDE methods in Complex Differential Geometry" in Tokyo 
University on the occasion of a conference in Differential Geometry or
ganized by Professor T. Ochiai. The present article is an expansion of 
these lectures. Since the lectures only covered recent results in Com
plex Differential Geometry related to the author's own research, I find 
it more appropriate to change the title to the present one. Moreover, 
as will be seen, PDE methods are only one of the major components of 
the methods to be described, the other component consists of algebro
geometric or complex-analytic techniques. The emphasis will very often 
be on the interplay between these two components of the methods em
ployed. The four lectures are on harmonic mappings and holomorphic 
foliations, uniformization of compact Kahler manifolds of nonnegative 
curvature and compactification of complete Kahler manifolds - the case 
of positive curvature and the case of Kahler-Einstein manifolds of finite 
volume. 

A common theme of these lectures is the study of Hermitian lo
cally symmetric manifolds and/ or their underlying complex manifolds. 
There are two different perspectives. First, Hermitian locally symmetric 
manifolds can be regarded as very special manifolds. To demonstrate 
that in a certain sense they are isolated phenomena one proves rigidity 
theorems on the complex structure and/ or metric structure by imposing 
topological or geometric conditions. Classical examples of such theorems 
include the complex case of Mostow's Strong Rigidity Theorem [Mosl] 
and the theorems of Berger [Ber2] and Gray [Gray] characterizing com
pact Kahler manifolds of nonnegative sectional curvature. Another per
spective is to view Hermitian locally symmetric manifolds as models of 
a rather general class of manifolds. For example, locally irreducible Her
mitian locally symmetric manifolds can be regarded as special cases of 
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Kahler-Einstein manifolds. From this perspective one can try to show 
that other manifolds of this general class enjoy properties similar to 
them. 

The first two topics fall within the first perspective. Motivated by 
Mostow's Strong Rigidity Theorem and the local rigidity theorems of 
Calabi-Vesentini [CV] and Borel [Bol] on the complex structure of com
pact quotients of bounded symmetric domains, Siu [Siu4, 6] studied the 
question of strong rigidity of complex structures of such manifolds. He 
used the method of harmonic mappings. One is then led to proving 
that certain harmonic mappings into such manifolds are holomorphic 
or anti-holomorphic. In the first lecture on "Harmonic mappings and 
holomorphic foliations" we give a general survey of results obtained us
ing this method, placing emphasis on the special case when the target 
manifold is an irreducible quotient of the polydisc. This is the case when 
Bochner-Kodaira formulas for harmonic mappings into such manifolds 
are not strong enough to yield strong rigidity. In the compact case, as 
initiated by Jost-Yau [JYl, 2] and completed by Mok [Mok6], one has 
to use holomorphic foliations arising from the integral formula. We will 
cover the more general case when the target manifold is only assumed 
to be of finite volume with respect to the Bergman metric. 

The second lecture, entitled "Uniformization of compact Kahler 
manifolds of nonnegative curvature", addresses in particular the prob
lem of characterizing Hermitian symmetric manifolds of compact type 
by curvature conditions, including the Frankel Conjecture, as solved by 
Mori [Mo] and Siu-Yau [SY3]. We use the method of parabolic evolution 
equations as initiated by Hamilton [Haml]. We adopt the characteri
zation of Riemannian locally symmetric manifolds of Berger [Berl] and 
Simon [Si] in terms of the holonomy group. Consider a compact Kahler 
manifold (X, g) of nonnegative holomorphic bisectional curvature and of 
positive Ricci curvature at some point. Replacing g by an evolved metric 
using Hamilton's flow we construct on the projectivized tangent bundle 
of X a subset S invariant under parallel transport. We use Mori's theory 
of rational curves and the deformation theory of complex submanifolds 
in the construction of S. This is an example in which one sets the 
stage by using methods of PDE and completes the proof by bringing in 
techniques of algebraic geometry. 

The third and fourth lectures cover two aspects of the general ques
tion of compactifying complete Kahler manifolds. In the third lecture, 
we study the "Compactification of complete Kahler manifolds of positive 
curvature". The main motivation behind the study is the non-compact 
analogue of the Frankel Conjecture stating that a non-compact complete 
Kahler manifold of positive sectional curvature is biholomorpic to en. 
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We can prove this conjecture only in the case of t:VO complex dimensions 
with additional geometric conditions on curvature decay and volume 
growth. In higher dimensions and with the same geometric conditions 
we can prove that such manifolds are biholomorphic to affine-algebraic 
varieties. In particular, they can be compactified complex-analytically. 
The non-compact analogue of the Frankel conjecture can be regarded 
as a conjecture on the rigidity of the complex structure of the com
plex Euclidean space, on which one can construct complete Kahler met
rics of positive sectional curvature. In this regard we are viewing the 
underlying complex structure of the simply-connected, fl.at Hermitian 
symmetric manifold en as a rigid structure. On the other hand, one 
can regard the method of proof as a general scheme of compactifying 
complete Kahler manifolds satisfying geometric conditions that are in a 
certain sense "parabolic". In this regard, en is considered as a model 
of this general class of parabolic manifolds. With regard to this second 
perspective, Demailly [Del] proved independently a theorem character
izing affine-algebraic varieties by properties of exhaustion functions and 
curvature conditions. A general approach to compactifying complete 
Kahler manifolds is to use L2-estimate of[} of Andreotti-Vesentini [AV] 
and Hormander [Horl] and to show that holomorphic functions or holo
morphic sections of certain line bundles can be used to embed the man
ifold. To achieve the last point one proves certain finiteness theorems. 
The first step in this direction is to prove a version of Siegel's Theorem 
( on a field of meromorphic functions) with growth conditions. The for
mulation of such a Siegel's Theorem is motivated by the proof of Siegel's 
Theorem for compact Kahler manifolds. 

The last lecture is on "Compactification of complete Kahler-Einstein 
manifolds of finite volume." This topic is an example in which arith
metic quotients ( arising from torsion-free arithmetic subgroups) of finite 
volume in the Bergman metric of bounded symmetric domains are re
garded as models of complete Kahler-Einstein manifolds of finite vol
ume. There is an extensive algebraic theory of the compactification of 
such arithmetic varieties, due to Satake-Baily-Borel [Satl, 2] [Bai] [BB] 
and Ash-Mumford-Rapoport-Tai [AMTR]. From the complex-analytic 
point of view, with a few exceptions, the arithmetic varieties are special 
cases of pseudoconcave manifolds admitting a complete Kahler-Einstein 
metric (or, more generally, a positive line bundle). This perspective 
was adopted in Andreotti-Grauert [AGl]. Their method can be used 
to show that such arithmetic varieties can be embedded as open sub
sets (in the complex topology) of projective-algebraic varieties. Very 
recently, Nadel-Tsuji [NT] adopted once more this point of view and 
proved a compactification theorem for certain pseudoconcave manifolds 



4 N gaiming Mok 

that implies the staterp.ent that arithmetic varieties can be compacti
fied complex-analytically. From the differential-geometric point of view, 
arithmetic varieties are special cases of complete Kahler- Einstein man
ifolds of finite volume and bounded curvature. Siu-Yau [SY 4] proved a 
compactification theorem for this latter class of complex manifolds when 
the sectional curvature is pinched between two negative constants with
out the Einstein assumption. Their theorem complements the theorems 
of Satake-Baily-Borel to include the rank-I non-arithmetic case. In the 
second half of my last lecture I also sketch the proof of a theorem of 
Mok-Zhong [MZ2] showing in particular that complete Kahler-Einstein 
manifolds of finite volume and bounded curvature can be compactified 
complex-analytically provided that the underlying topological manifold 
is of finite topological type. In the proof of both Siu-Yau [SY4] and 
Nadel-Tsuji [NT] they used Siegel's Theorem for pseudo concave man
ifold (Andreotti [An]). Nadel-Tsuji also used the existence of Kahler
Einstein metrics on bounded domains of holomorphy. In the proof of 
Mok-Zhong [MZ2] we used a Siegel's Theorem with growth, Bezout es
timates, Oka's characterization of domains of holomorphy and the char
acterization of analytic sets locally as sets of density with respect to 
some plurisubharmonic potential functions, as given in Bombieri [Boml]. 
Partly as a motivation for the proof of the compactification theorem of 
Mok-Zhong [MZ2] we also sketch a proof of a local compactification theo
rem for bounded domains of holomorphy in terms of the Kahler-Einstein 
volume ([Mok12]}. 

We give here a brief description of the background in PDE methods 
used in these lectures. In Lecture I we use the existence theorem for har
monic maps (Eells-Sampson [ES]) from compact domain manifolds into 
compact target manifolds with nonpositive sectional curvature, obtained 
by the method of the heat flow. In Lecture II we use the short time exis
tence for the parabolic evolution equation of Hamilton ([Haml]}. While 
in general Hamilton resorted to the Nash-Moser Implicit Function The
orem in the Kahler case the short time existence is very simple since the 
Kahler condition allows one to reduce the parabolic evolution equation 
to a scalar equation (cf. Bando [Ban]). The principal PDE technique of 
Lectures III and IV is the L2-estimate of 8 of Andreotti-Vesentini [AV] 
and Hormander [Horl]. In Lecture III we also use standard estimates 
on the Green kernels of certain complete Riemannian manifolds based 
on the iteration techniques of Nash-Moser. In Lecture IV in the formu
lation and proof of the local compactification theorem of [Mokl2] and 
the compactification theorem for pseudoconcave manifolds of [NT] we 
need a-priori estimates and existence theorems for the complex Monge
Ampere equation. In addition to this, we also use Demailly's asymptotic 
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Weyl formula ([De2]) for the Dirichlet boundary condition. 

The presentation of the various topics in these notes depends to a 
certain extent on the availability ( or the lack) of reference materials. 
For example, in Lecture I on Harmonic Mappings and Holomorphic Fo
liations, since there is a general survey in [Siu8] on the application of 
harmonic mappings to problems of strong rigidity, more details will be 
given to the development after the survey. Summaries of the portion of 
results in Lectures II and III due to the author are available in [Mok8] 
and [Mok4] resp. [Mok4] is more generally a survey on complete Kahler 
manifolds of positive curvature. Since there is no systematic account of 
the materials covered in Lecture IV, we will be more thorough with this 
topic ( on com pactifying Kahler- Einstein manifolds). In general, we will 
give motivations to the approaches adopted to facilitate the reading of 
the original materials. A historical perspective and systematic outlines 
of the methods will be given but technical details will be omitted. It is 
my hope that the present notes will give a flavor of an aspect of the sub
ject for which the key lies in understanding the interrelation between 
the differential-geometric, complex-analytic and algebra-geometric as
pects of the problems. 

I wish to thank Prof. Ochiai for inviting me to deliver this series 
of lectures in Tokyo University. Thanks are due to Shigetoshi Bando 
and Ryoichi Kobayashi for arranging my trips to Tokyo and Tohoku 
Universities and for their hospitality and unfailing help. I would also 
like to take this opportunity to thank T. Mabuchi for inviting me to 
Osaka University and to Koji Cho for making my stay in Tokyo a very 
pleasant one. Finally, my thanks to I-Hsun Tsai and Sai-Kee Yeung in 
Columbia University, who gave me a lot of help during the write-up and 
proof-reading of the manuscript. 
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The Uniformization Theorem in one complex variable asserts that 
a simply-connected Riemann surface is conformally equivalent to the 
Riemann sphere P 1 , the complex plane C or the unit disc D.. These 
Riemann surfaces carry Hermitian metrics of constant Gaussian curva
ture + 1, 0, -1 resp. Accordingly, there is a trichotomy into the elliptic, 
parabolic and hyperbolic geometries. 

These model manifolds with their canonical metrics of constant 
Gaussian curvature are precisely the Hermitian symmetric manifolds of 
complex dimension one. Their analogues in arbitrary finite dimensions 
are respectively the bounded symmetric domains with the Bergamn met
ric, the flat Euclidean space en and the Hermitian symmetric manifolds 
of compact type ( e.g., the projective spaces pn with Fubini-Study met
rics, the hyperquadrics Qn and the Grassmannians G( r, n), with the 
induced metrics from standard embeddings into pn.) 

The subject matter in my lectures will be related in one way or 
another to Hermitian locally symmetric manifolds or their underlying 
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complex manifolds. We begin with the bounded symmetric domains n 
( cf. Hegalson [Hel], Chap. VIII, §3, p.364ff. for general reference). A 
bounded domain n is called a bounded symmetric domain if for each 
point x E n there exists a holomorphic automorphism a,, E Aut(n) 
which is a non-degenerate involution (symmetry) at x in the sense that 
a! = id and that xis an isolated fixed point of a"'. Any bounded do
main D carries a Bergman metric dsb. Aut(D) acts holomorphically and 
isometrically on (D, dsh) as a real Lie group. By composing the involu
tions it follows that for a bounded symmetric domain n, (n, ds~) is in 
particular homogeneous under the connected component Auto(n) = G 
of Aut(n). G is semi-simple and non-compact. Fix o E n and let K 
be the isotropy subgroup of G at o. Then G / K with the Riemannian 
metric ds 2 induced by the Killing form of G is a Riemannian symmetric 
manifold. Under the identification of n with G / K as a homogeneous 
Riemannian manifold the Bergman metric ds1 agrees with ds2 up to 
normalizing constants. In particular ( G / K, ds 2 ) is Kahler. There are 
canonical Harish°Chandra realization of G / K as bounded convex do
mains in en containing the origin o such that the symmetry at o is 
simply the reflection z - - z. 

As a first example consider n = A. In this case ds~ agrees with 
the Poincare metric (up to a constant factor). Automorphisms of A are 
linear fractional transformation F(z) = (az + b)/(cz + d) preserving the 

unit disc A. Identifying cp with the matrix [: : ] G can be realized as 

the group of linear transformations preserving the indefinite quadratic 
from x 2 - y2 in 2 variables up to {±1}, 1 denoting the identity matrix. 
Thus, G = SU(l, 1)/{±1}. K is then the circle group U(l)/{±1}. 
By abuse of notations we usually write A = SU(l, 1)/U(l). (A,ds~) 
carries constant negative Gaussian curvature. Immediate generalization 
to higher dimensions include the polydisc An and the unit ball Bn in 
en. In case of An the sectional curvatures are nonpositive. In case of 
Bn = {z E en : llzll < 1} the Bergman kernel function is determined 
by K(z,w) = cn/(1 - z · w)n+ 1 . The Bergman metric is defined by 
the Kahler potential log K(z, z ). By direct computation we see that 
( Bn, ds1 .. ) has negative sectional curvature. In both the case of An and 
Bn the Bergman metric is Kahler-Einstein in the sense that the Ricci 
form is proportional to the Kahler form ( with a negative proportionality 
constant). This is in fact true for all homogeneous bounded domains D. 
In fact, denoting by dA the Euclidean volume form, both K(z, z)·dA and 
the volume form H · dA of the Bergman metric are, up to constants, the 
unique invariant (n,n)-forms under Aut(D), and we have Kahler form 
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= ia8logK(z,z), Ricci form= -ia8logH. 
From the general theory of Riemannian symmetric manifolds we 

know that for any bounded symmetric domain n, (D, dsh) is of non
negative sectional curvature. Identify n with G / K and let g = e + p 
be the Cartan decomposition of g. Let o denote the identity coset eK 
and identify the real tangent space T0 with p. T0 i,o and T 0 o,i are then 
identified with complex linear subspaces p+ and p- of Pc = p @a C. 
Denote by R the curvature tensor and by Q the Hermitian bilinear form 
on T0

1 '0 @ T0 o,i determined by Q(l@ (; l@ () = R(l, {; (,(). Then Q 

is negative semi-definite on T0 l,O @ T0 o,i. In fact, if v = L aiili @ (j E 

To l,O 181 To O,l, then 

Here I: %[li, (1] E ec = e @a C; [ ] denotes the Lie bracket on 
9c = g @a C; and 11-11 denotes the Hermitian norm on ec induced by 
the Killing form of g. This stronger notion of nonpositivity of curvature 
will be important for the application of harmonic maps to questions of 
strong rigidity. It corresponds to saying that the Hermitian holomorphic 
vector bundle To is negative in the dual sens.e of Nakano in Hermitian 
Differential Geometry (cf. Siu [Siu7]). Also, as remarked above, (D, dsh) 
is Kahler-Einstein. 

(1.2) Some remarks on quotients of bounded symmetric 
domains 

Classically, quotients of n by torsion-free discrete groups of holo
morphicautomorphisms Aut(D) furnish a rich class of complex spaces. 
Of particular interest to number-theorists and algebraic-geometers are 
quotients of n by arithmetic lattices r. As a first example we map the 
unit disc ~ conformally to the upper half plane H so that Aut(H) ~ 
SL(2,R)/{±1} and take r 0 = SL(2,Z)/{±1}. Then, r 0 is an arith
metic lattice and the quotient space H /r O parametrizes effectively iso
morphism classes of elliptic curves. In general the arithmetic lattices r 
act properly discontinuously on the bounded symmetric domains n but 
they may have fixed points (as is the case of r 0 ). However, there always 
exists subgroups r' of r of finite index such that r acts on n without 
fixed points. (Equivalently, r' is torsion-free.) X = D/r' may be com
pact or non-compact, but it is always true that X is of finite volume 
with respect to the quotient Bergman metric ( cf. Raghunathan [Rag]). 
In case of B 2 and B 3 , there are also examples of lattices which are not 
arithmetic (Mostow [Mos2]). 
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From now on by a quotient of a bounded symmetric domain n we 
will always mean the quotient of n by a torsion-free group ofholomorphic 
automorphisms. r will always stand for a torsion-free discrete subgroup 
of Aut(n) such that X = n/r is of finite volume with respect to the 
Bergman metric. In case r is arithmetic and X is non-compact there is a 
well-developed theory of compactification due first to Satake-Baily-Borel 
(See Lecture IV for more details.) In particular, X is biholomorphic to 
a non-singular quasi-projective variety. Resolving singularities of the 
compactification if necessary, this is equivalent to saying that X is bi
holomorphic to Z - W for some non-singular projective-algebraic variety 
and Z is a divisor with at worst normal crossings. By the Arithmeticity 
Theorem of Margulis ( cf. Zimmer [Zim]) the non-arithmetic lattices r 
occur essentially only in the situation of rank-I bounded symmetric do
mains (i.e. Bn ). The compactification of such X = Bn /r by methods 
of differential geometry was achieved by Siu-Yau [SY 4]). 

(1.3) Local rigidity for compact quotients of bounded 
symmetric domains 

Let X = n/r be compact. In case n =~.Xis a compact Riemann 
surface of genus g ~ 2. From Teichmiiler theory, it is well-known that 
the space of complex structures on the underlying smooth surface is 
effectively parametrized by a complex space of complex dimension 3g -
3 > 0. In particular the complex structure of X can be locally deformed. 
That this is an exceptional phenomenon for general X = n/r was disco
vered by Calabi-Vensentini [CV] in 1960, followed by Borel [Bol]. They 
showed in particular that for n irreducible and of complex dimension ~ 2 
( and X compact) the complex structure of X cannot be deformed. We 
say that the compact complex manifold Xis locally rigid. They proved 
this among other things by showing that H 1 (X, Tx) = 0 for such X and 
applying the theorem of Kuranishi [Ku] ( cf. also Kodaira-Morrow [KM, 
Chap.IV, p.147ff.]). 

In general if there is a finite covering X' of X such that X' = 
ni1r 1 x n 2 ;r 2 canonically we say that Xis (globally) reducible. When 
n is reducible we will say that X is locally reducible. It may hap
pen that X is locally reducible and but not {globally) reducible. The 
question of local rigidity for such X cannot be deduced from [CV] and 
[Bol]. The essential case is given by n = ~n,n ~ 1, the polydisc. In 
1963, Matsushima-Shimura [MS] considered irreducible compact quo
tients X = ~ n /r of the polydisc. Their main aim was to compute 
the dimensions of certain spaces of automorphic forms associated to X. 
They used the method of differential geometry to prove vanishing theo-
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rems and showed in particular that H 1 (X, T'x) = 0, so that X is locally 
rigid. 

(1.4) Mostow's Strong Rigidity Theorem 

Let ( M, g) be a compact Riemannian locally symmetric manifold of 
nonpositive sectional curvature. In 1973, Mostow [Mos] studied the ex
tent to which the geometry of Mis determined by the fundamental group 
1r1 (M). In the case of negative Ricci curvature, i.e., removing the fl.at 
local de Rham factors, Mostow's Strong Rigidity Theorem asserts that 
1r1 ( M) determines M isometrically up to normalizing constants except in 
the case when some finite covering of M admits a compact Riemann sur
face S as a direct factor isometrically. Specializing to the case of compact 
quotients X of bounded symmetric domains (by torsion-free lattices), 
this implies immediately that the complex structure of X is uniquely 
determined by 1r1 (X) up to conjugations on the irreducible local compo
nents. In fact, on an irreducible bounded symmetric domain n equipped 
with the Bergman metric ds~, the isometry group consists exactly of the 
holomorphic and the anti-holomorphic isometries. Mostow's proof of the 
Strong Rigidity Theorem makes use of quasi-conformal maps. 

The local rigidity theorems of Calabi-Vesentini [ CV] and Borel [Bo l] 
and Mostow's Strong Rigidity Theorem in the complex case suggest 
that the compact quotients X of bounded symmetric domains should 
exhibit a stronger rigidity property within the class of compact complex 
manifold. This prompted Siu [Siu4] to formulate and prove his Strong 
Rigidity Theorem for Kahler manifolds using harmonic mappings. 

(1.5) Harmonic mappings into compact manifolds of non
positive curvature 

In the theory of one complex variable, harmonic functions are closely 
related to holomorphic (complex-analytic) functions since any real har
monic function is locally the real part of a holomorphic function. For in
stance, one can use harmonic functions to give a proof of the U niformiza
tion Theorem, as was given in Ahlfors (Ahl3, Chap.10, p.136ff], by con
structing holomorphic functions from harmonic functions. Harmonic 
functions are easier to construct since the Poisson equation Llu = f 
is a determined elliptic equation for the Dirichlet boundary problem, 
whereas for a smooth (1, 0)-form 11 on a plane domain with smooth 
boundary, one cannot always solve 8u = 11 with prescribed boundary 
values. 
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In the theory of Several Complex Variables, the question naturally 
arises how one can construct holomorphic objects from harmonic objects. 
The gap between harmonic functions and holomorphic functions is very 
wide. The real part of holomorphic functions is given by pluriharmonic 
functions u characterized by the differential equation 88u = 0, which is 
over-determined except in case of one complex variable. 

Related to the question above Lelong ([Lel], 1960) studied on en, 
the relation between the Poincae-Lelong equation H88u = p for a 
closed (1, 1)-form and the Poisson equation ~u = f obtained by taking 
traces. He showed that by imposing growth conditions on p the minimal 
solutions of ~u = f satisfies automatically the equation H88u = p. 
A second situation where a similar reduction occurs concerns harmonic 
mappings into compact Kahler manifolds, where the growth condition is 
replaced by curvature conditions. To explain this, we start with defining 
harmonic mappings. 

On a bounded domain D with smooth boundary in Rn, the har
monic functions f with given boundary values flav = cp are character
ized by the fact that f is a critical point of the Dirichlet norm fv lldull2 

among functions u in a certain Sobolev space verifying ulav = cp. The 
harmonic function u can be regarded as a harmonic mapping from 
D to the real line R equipped with the Euclidean metric. In gen
eral, harmonic mappings from a domain n with smooth boundary on 
a Riemannian manifold ( M, g) into a Riemannian manifold ( N, h) is de
fined similarly where the Dirichlet norm is interpreted as the energy 
e(f) = fo lldull2 , lldull2 = tr9 (u*h). In case of harmonic functions f on 
n, f is necessarily an absolute minimum of the Dirichlet norm (with 
the Dirichlet boundary condition). When n =Mis a compact Rieman
nian manifold, the boundary condition is void and one may hope to find 
minima of the energy functional within each homotopy class of maps 
M --, N. This is not always possible. It can however be attained by 
imposing curvature conditions on the target manifold as given by 

Theorem (1.5) (Eells-Sampson [ES]). Let (M,g) be a compact 
Riemannian manifold and ( N, h) be a compact Riemannian manifold of 
nonpositive sectional curvature. Let f 0: M --, N be a smooth map. Then 
fa is homotopic via smooth maps to a harmonic mapping f: M --, N 
which realizes the minimum of the energy functional e( u) within the 
class of smooth maps u homotopic to f 0. 

In terms of local coordinates (xa) on M and (Yi) on N, the Euler-
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Lagrange equation on M for the energy functional e(f) is given by 

ga.f3 [ a2 t - Mr' ofi + Nr\ 8/i ofk] = o 
OX0 0Xf3 a.{3 OX1 1 OXa 0Xf3 · 
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Here Mr and Nr stand for the Riemann-Christoffel symbols of the Rie
mannian connections on (M,g) and (N,h) resp., the latter being eva
luated at the image under f, and we use the Einstein summation con
vention of summing over any index that occurs once as a subscript and 
once as a superscript. The Euler-Lagrange equation can be interpreted 
invariantly as follows. Let df:TM-+ TN denote the differential off. We 
regard df as an /*TN-valued 1-form on Mand write df = L 80 J@dx 0 • 

f*TN is equipped with the pulled-back connection. Let v' denote co
variant differentiation on the bundle f*TN 0 TM on M. Then, v' a813f is 
an /*TN-valued section. We define the Laplace-Beltrami operator by 
t!..f = L gaf3y' a813f. The Euler-Lagrange equation for the energy func
tional is simply t!..f = 0. We explain here the approach in proving the 
theorem of Eells-Sampson. For a smooth mapping f 0: M -+ N we will 
call r(/ 0 ) = t!..f0 the tension field of / 0 • It is an J;TN-valued smooth 
section over M. To deform f 0 homotopically to a harmonic map one 
uses the heat fl.ow 

{ ~~ = r(F), 

F(o;x) = f 0 (x). 

Here F is a mapping into N in the time variable t and the space variable 
x on M. Write ft(x) = F(t; x). Infinitesimally the heat fl.ow moves ft(x) 
in the direction of r(ft)(x), interpreted now as a tangent vector to Nat 
the point ft(x). In order to have short-time solvability (for small t > 0) 
of the heat fl.ow, we need an equation which would linearize to a parabolic 
equation ( of second order in the space variable). This makes our choice 
of the heat fl.ow the natural one (instead of 8F/8t = -r(F)). In order 
to get long time existence and exponential convergence the crucial point 
is that 

(8/8t - t!..)llrll2 ~ 0 

when the sectional curvatures of the target manifolds are nonpositive, 
so that one can apply the maximum principle for the heat equation 
on functions to show that the heat fl.ow decreases the sup norm of the 
tension field. 

(1.6) Sin's Strong Rigidity Theorem for Kahler manifolds 

Motivated by the local rigidity theorems of Calabi-Vesentini [CV] 
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and Borel [Bol] on compact quotients of bounded symmetric domains 
and Mostow's Strong Rigidity Theorem on compact locally symmet
ric manifolds of nonpositive sectional curvature, Siu [Siu4, 6] studied 
the question of rigidity of complex structures of compact quotients of 
irreducible bounded symmetric domains within the class of Kahler man
ifolds. He used the method of harmonic mappings. A survey of results 
obtainable by this method and generalizations is available in Siu [Siu7]. 
We start here with some general remarks on harmonic mappings between 
Kahler manifolds. 

Let now ( M, g) and ( N, h) be Kahler manifolds and f: M --> N be a 
smooth harmonic mapping. We write everything in terms ofholomorphic 
coordinates. Because of the Kahler condition, the canonical connections 
of the underlying Riemannian manifolds have the special property that 
in terms of complex coordinates, the only non-vanishing components are 
of the type r~b where a, b and c are all unbarred indices or all barred 
indices. It follows that, in terms of local holomorphic coordinates (za) 
and (wi) on Mand N resp., the Euler-Lagrange equation for the energy 
functional is of the special form 

g 13 ---+-- r.k =O. 
a-[ {)2ji {)jiaJ'<N i] 

OZaOZ13 OZa 8z13 1 

In particular, any holomorphic or anti-holomorphic mapping from M to 
N is harmonic. 

In [Siu 4, 6], Siu proved 

Theorem (1.6). Let (N, h) be a compact quotient of an irreducible 
bounded symmetric domain n of complex dimension 2': 2. Let ( M, g) be 
a compact Kahler manifold homotopic to N. Then, M is either biholo
morphic or conjugate-biholomorphic to N. 

Let / 0 : M --> N be a smooth homotopy equivalence. Applying the 
theorem of Eells-Sampson [ES] in (1.4), it follows that f O is homotopic 
to a harmonic map f: M --> N. (It is not a priori clear that f is a dif
feomorphism.) The key point of [Siu 4, 6] is to show that f is necessarily 
either holomorphic or anti-holomorphic resp. in the cases of classical and 
exceptional bounded symmetric domains. To show that f is a diffeomor
phism by conjugation on N we way assume without loss of generality 
that f is holomorphic. Since f is homotopic to a diffeomorphism and 
orientation-preserving, it is topologically of degree 1. To conclude that 
f is a biholomorphism it suffices to show that f does not blow down 
any positive-dimensional complex subvariety V. Since M is Kahler, by 
integrating the Kahler form over ( the regular part of) V one knows that 
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V represents a non-trivial homology class. If V is mapped to a point 
this would contradict with the fact that f induces an isomorphism on 
homology groups. 

To prove that f is holomorphic or anti-holomorphic, Siu [Siu4] de
veloped a 08-Bochner-Kodaira formula for harmonic mappings. To for
mulate this we examine first of all the Laplace-Beltrami operator tl.f on 
mappings between Kahler manifolds. In case of smooth functions from 
a domain D in en to the complex plane C there is the notion of pluri
harmonic functions u defined by the Poincare-Lelong equation o8u = 0. 
Contracting with the Euclidean metric tensor on D this implies that 
tl.u = 0. In the general case of smooth maps between Kahler manifolds 
one can define the Poincare-Lelong operator by using the Riemannian 
connections as follows. Because of the complex structures on M and N 
the complexified tangent bundles split into (1, 0) and (0, 1) components. 
The differential df: M --+ N splits after complexification into four com
ponents of,of,8f,8f. For example, of is an j*T 0•1 (N)-valued (1,0) 
form. Denote by V the covariant differentiation on f*TN ©RC obtained 
by pulling back the Riemannian connection on N via f. Using this one 
can define the f*T 1•0 (N)-valued (1, 1) form D8f on M by the formula 

A smooth mapping h: M --+ N is said to be pluriharmonic if and only if 
Dllh = 0. Equivalently, this means that for any local Riemann surface S 
on M, hlS: S--+ N is a harmonic map. Clearly a pluriharmonic map his 
harmonic. In fact the Euler-Lagrange equation for the energy functional 
can be written in the form 

In other words, tl.f is the contraction of Dll f with the covariant metric 
tensor (gi1), so that D8f = 0 implies tl.f = 0. 

We refer the reader to [Siu7] for details on the 08-Bochner-Kodaira 
formula for harmonic maps and its various applications. For us, it suf
fices to state that as a consequence we have by the Stokes' Theorem the 
integral formula 

JM H(of A of; of A of)+ 11na1112 = o, 

where H(,; ·) is a Hermitian bilinear form on f*T 1•0 (N)-valued (2, 0)
form on M. In terms of coordinates at a point Q = f(P) E M such that 
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h. ·(P) - •. · we have •J - u,3 

H(8f I\ 8/; 8/ I\ 8/) = - ~ R{]kl ((8af')(8r3' 1) - (8i3/')8af 1) x 
i,j,k,l. 

a,(3 

Here and henceforth we use the sign convention so that on the Poincare 
disc R 1111 < 0. Siu defined in [Siu4] a notion of strong (semi)negativity 
of the curvature tensor which would imply that H is positive (semi-) 
definite. It was later discovered in [Siu7] that this notion agrees with 
the more standard notion of negativity of the curvature tensor in the dual 
sense of Nakano. As explained in (1.3), when N is a compact quotient of 
a bounded symmetric domain and equipped with the Bergman metric h, 
the curvature operator Q is negative semi-definite so that the curvature 
tensor of (N, h) is negative semi-definite in the dual sense of Nakano. In 
particular, the preceding integral formula implies that any harmonic map 
from a compact Kahler manifold M into N is necessarily pluriharmonic. 
In [Siu4, 6] Siu made use of the curvature term to show that when N 
is a compact quotient of an irreducible bounded symmetric domain of 
complex dimension ~ 2 and / is of maximal rank, in fact either 8 f = 0 
or 8 f = 0. Furthermore, in the case of classical bounded symmetric 
domains, Siu showed that it suffices to assume that the rank of df over 
R is at least 2p + 1, for some integers p = p(fl) that can be explicitly 
determined. For example, in case n is of rank 1, i.e., n = Bn,p(fl) = 
1. This was further completed to cover the exceptional case by Zhong 
[Zh]. We can relate p(fl) with the exponents appearing in the vanishing 
theorems of Calabi- V esentini [ CV] and Borel [Bo 1]. More precisely, they 
showed that Hq(N, TN)= 0 for 0 ~ q ~ n - p(fl) for the same p(fl). As 
an application of the more general result of Siu-Zhong (Siu [Siu6] and 
Zhong [Zh]), it was shown, using a result of Kalka [Kal] that for complex 
submanifolds S of N of complex dimension at least p + 1, the Kuranishi 
germ of deformation of S as an abstract complex manifold agrees with 
the Douady germ of deformation of Sas a submanifold of N. 

(1. 7) Irreducible compact quotients of the polydisc 

As was explained in (1.3), local rigidity of complex structure holds 
for irreducible compact quotients N of polydiscs ~ n, n ~ 2, by a van
ishing theorem due to Matsushima-Shimura [MS]. Moreover, as stated 
in (1.4) Mostow's Strong Rigidity Theorem also holds for this class of 
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manifolds. It is therefore natural to expect that Siu's Strong Rigid
ity Theorem for Kahler manifolds can be strengthened to include such 
manifolds X. 

The proofs of both the vanishing theorems of Calabi-Vesentini-Borel 
([CV], [Boll) and Siu's Strong Rigidity Theorems for compact quo
tients of irreducible bounded symmetric domains ( [Siu 4, 6]} make use of 
pointwise computation in terms of the curvature tensor using Bochner
Kodaira formulas. When applied to compact quotients of the poly
disc, such methods do not distinguish between the reducible and the 
irreducible cases. Global considerations based on the irreducibility of 
r have to enter. Because the proof of strong rigidity for N = ~ n /r 
will be in some ways parallel to the proof of the vanishing theorem of 
Matsushima-Shimura [MS], as a motivation we sketch here a proof of the 
latter theorem. Without loss of generality we only consider irreducible 
compact quotients N = ~n/r with r c (Aut(~))n. On ~n consider 
the holomorphic line bundles Lk, 1 ~ k ~ n of complexified tangent vec
tors which are multiples of 8 / 8wk, where ( w1 , ••• , wn) is the system of 
Euclidean coordinates in en. Lk is equipped with the Hermitian met
ric induced by the Poincare metric on ~n. Since r c (Aut(~)t, the 
Hermitian holomorphic line bundle Lk is invariant under r. By abuse of 
notations we also denote the induced Hermitian holomorphic line bundle 
on N by Lk. 

Theorem (1.7.1) (Matsushima-Shimura [MS]). Let N = ~n/r 
be an irreducible compact quotient of the poly disc ~ n, n 2:: 2, such that 
r c (Aut(~))n. Let E be the Hermitian holomorphic vector bundle on 
N of the form Lt E9 · · · E9 Lt;: with sk > 0 for 1 ~ k ~ m ~ n, 1 ~ ii < 
· · · < im ~ n. Then, HP(N,E) = 0 for O ~ p < n. 

Remark. The holomorphic tangent bundle is given by TN = L1 E9 
···EB Ln. 

Sketch of proof of Theorem ( 1. 7 .1). It suffices to consider the case 
E = £&, where L = Lk(N) for some k, 1 ~ k ~ n, and s > 0. Equip 
L with the Hermitian metric induced by the Poincare metric. The cur
vature form of L is negative semi-definite. Consider for 0 ~ p < n an 
£&-valued harmonic (0,p)-form cp on N. The Bochner-Kodaira formula 
for the V-gradient ( which yields vanishing theorems for negative line 
bundles) gives 
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where KP stands for a Hermitian bilinear form which is positive semi
definite whenever the curvature form of the line bundle is negative semi
definite, as in our case. Thus, every term appearing in the integrands 
vanish identically on N. Since the curvature form of L, is not identically 
zero, Kp is non-trivial for 0 ~ p < n (Kn = 0) so that the vanishing 
of the curvature yields non-trivial information. Let r.p = ~ r.p r be the 
decomposition of r.p, where, in terms of Euclidean coordinates, 

Then each r.p r is harmonic. The Bochner-Kodaira formula yields the 
information 

{ 
Br.pr= 8*r.pr = O; 

'vr.pr = O; 

r.pr = 0 whenever k does not appear in I. 

Permuting the Euclidean coordinates Zi we are led to consider a har
monic form r.p such that the lifting r.p to An is of the form 

r.p = /(w1, ... ,wp) c,:J 8 

dw1 I\··· I\ dwP. 

The fact that / is independent of Zi for p < i ~ n follows from the equa
tion Vr.p = 0 (which includes 7/ r.p = 0) and &r.p = 0. The information 
obtained up to now is valid for products S of compact Riemann surfaces 
Si of genus 2:: 2. In particular, the splitting phenomenon for harmonic 
forms representing H 1 ( S, Ts) reflects the fact that local deformations of 
complex structures centered at S arise from local deformations of the 
complex structures of the individual factors Si. For irreducible compact 
quotients N of the polydisc local rigidity of complex structure arises 
from global considerations based on the following density lemma on ir
reducible lattices in (Aut(A)t ~ (PSL(2, R)t, n 2:: 2. 

Lemma (Borel-Matsushima-Shimura, [Bo3] & [MS]). Let N = 
An /r be an irreducible quotient of An, n 2:: 2, of finite volume in the 
Poincare metric. Then, the canonical projection of r into any direct 
factor (Aut(A)Y, 1 ~ r ~ n - 1, has dense image. 

To finish the proof of Theorem (1.7.1) consider k = I and r.p of the 
form 
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cp is invariant under the projection r(l, ... ,P) of r into (Aut(t..))P of 
the first p factor t..i. By the density lemma cp is invariant under the 
full group (Aut(t..))P, so that cp has constant length on N. Recall that 
Vcp = 0, so that Vljj = 0. Write (hij) for the Poincare metric on t,.n and 

let <7 be the contraction of cp with (h 11)' to obtain an L1'-valued (p, 0) 
form. It follows from V <7 = 0 that in fact 8<7 = 0. In other words we 
have obtained a holomorphic section <7 of H = L1'@ (L 1 0 · · · 0 Lp)- 1 

of constant length. If <7 =f= 0, this could only happen if H is flat, which is 
absurd since s > 0. This proves the vanishing of cp and hence Theorem 
(1.7.1). 

The proof given above, which avoids using the maximum principle, 
is a slight modification of the proof given in Matsushima-Shimura [MS]. 
The modification applies immediately to proving vanishing theorem for 
L2-cohomology when N is only assumed to be of finite volume ( cf. Lai
Mok [LM]). 

In order to strengthen Siu's Strong Rigidity Theorem for Kahler 
manifolds to cover also the case of compact and irreducible N = t../r, 
there are two steps which essentially parallel the proof of the vanishing 
theorem of Matsushima-Shimura given above for p = 1. The first step is 
to make use of both the curvature term and the gradient term of Siu's 
88-Bochner-Kodaira formula to reduce the harmonic map under con
sideration to harmonic maps of one complex variable. The second step 
consists of using the density lemma to show that such a harmonic map 
is necessarily holomorphic or anti-holomorphic. The precise statement 
of Siu's Strong Rigidity Theorem for compact irreducible quotients of 
the polydisc is as follows: 

Theorem (1.7.2) (Mok [Mok6], for n = 2 due to Jost-Yau [JYl, 2]). 
Let M be a compact Kahler manifold. Suppose M is homotopic to an 
irreducible compact quotient N of the polydisc t.. n, n 2'. 2. Then, there 

exists a diffeomorphism f: M --+ N such that, for the lifting F: M --+ 

N = t.. n to the universal coverings, all projections F;: M --+ t... (1 ~ i ~ 
n) are either holomorphic or anti-holomorphic. 

(1.8) Holomorphic foliations arising from harmonic maps into 
irreducible compact quotients of the polydisc 

Let M be a compact Kahler manifold and N = t.. n /r be an irre
ducible compact quotient of the polydisc. Without loss of generality we 
will assume that r c (Aut(t..t). Let f 0 : M--+ N be a smooth homotopy 
equivalence and f be a harmonic mapping in the same homotopy class 
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obtained using Theorem (1.4) ( of Eells-Sampson). Recall the following 
integrated form of Siu's Bochner-Kodaira formula in (1.4) 

JM H(at I\ af; at I\ af) + 11na1112 = o 

where H(·; ·) is a Hermitian bilinear form on f*T 1,1 (N)-valued (2,0)
form on M. For N = b.. n /r, H is positive semi-definite so that both 
the curvature term and the gradient term vanish identically on M. Let 
F: M ---+ N = b.. n be the lifting of f to the universal covering spaces 

and write F = (F1 , ... ,Fn) for the individual factors Fi:M---+ b..i. By 
examining the curvature term and using the gradient term we obtain 
the equations 

Since f: M ---+ N is homotopic to a diffeomorphism, f is of degree 
±1 topologically so that Fi must be a submersion at some point P. 

Suppose P E M is such that Fi is a submersion at P. Then, in a 
neighborhood U of P the level sets of Fi define a real codimension-2 
foliation Fi on U. Jost-Yau [JYl] made use of the above equations to 
deduce that the foliation is holomorphic on U. In other words, we can 
choose U to be biholomorphic to a polydisc b.. n such that the level sets of 
Fi can be identified with {a} x b.. n-l and such that the harmonic map Fi 
depends only on the first complex variable. This allowed them to prove 
Theor.em (1.7) for n =2 ([JY2]) by first showing that f is necessarily 

a diffeomorphism so that the holomorphic foliations :F; can be globally 
defined. Their proof made use of Mostow's Strong Rigidity Theorem. 

Let 0; denote the holomorphic foliation on b.. n with leaves -6.i-l x 
{a;} x _6.n-i and 0; denote the induced foliation on N. The density 
lemma of Borel-Matsushima-Shimura implies that every leaf of 0; is 

dense in N. Consider the harmonic map F;: M ---+ .6. on M. Since the 
Poincare metric is real-analytic and f is pluriharmonic, hence harmonic 
with respect to any local choice of Kahler metric on M, by choosing 
a real-analytic Kahler metric on M locally we conclude from the regu
larity theory of elliptic equations that f is real-analytic. Let Y be the 
real-analytic subvariety on M where f fails to be a local diffeomorphism 
and let Y be the lifting to the universal covering M. Then, for any 

i, F;: M ---+ b.. is a submersion on M - Y. The holomorphic foliation F; 
can always be defined on M - Y. This induces a holomorphic foliation 
:Fi defined on M - Y. Where / is locally a diffeomorphism we have 
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f*0i = :Fi, The second step of the proof of Theorem (1.7) in general 
consists of using the density lemma to show that F; is either holomor
phic or anti-holomorphic. First we used the technique of extension of 
holomorphic objects to extend the holomorphic foliation F; on M - Y 
meromorphically to the entirety of M. We showed by using the max
imum principle for harmonic maps (into negatively-curved manifolds) 
that unless F; is either holomorphic or anti-holomorphic, there would 
be a closed leaf of the meromorphic foliation :F; on M. (Since the mero
morphic foliation :F; is defined on M it is holomorphic on M - Z for 
some complex-analytic subvariety Z of M of complex codimension 2: 2. 
By a closed leaf L of :F; on M we mean a closed leaf of :F;IM - Z. The 
closure of L in M is then necessarily a complex-analytic subvariety by a 
theorem of Remmert-Stein ([RS]).) We argued that this would contra
dict the density lemma (intuitively because of the fact that every leaf of 
0; is dense in N). There was a gap in the proof in [Mok6, p.211, Step 
3] that the existence of a closed leaf of F; on M contradicts the density 
lemma. A corrected proof is given in [MoklO, Appendix]. Another proof 
was given by Siu [Siu7]. For a general discussion of foliation techniques 
in Complex Differential Geometry we refer the reader to Mok [Mok5]. 

In [Siu7] Siu also gave a more conceptual proof of the existence and 
meromorphic extendability of :F; and the existence of a closed leaf. We 
give here a sketch of the proof. 

Method of studying the foliations :F; 

1) Existence and meromorphic extendability of F; 
On M - Y, the level sets of F; define a real-analytic foliation F;. 

We are going to show that F; is holomorphic on M - Y in such a way 
that the meromorphic extendability of F; to M is transparent. The 
level sets of F; are real-analytic submanifolds of codimension 2. The 
foliation F; on M - Y is defined by the distribution x -+ Ker( dF;) of 
real codimension 2. Let W, W' C M - Y be such that {)Fi resp. 8F; is 
non-zero. M - Y is the union of W and W'. Without loss of generality 
we may assume that Wis non-empty (and hence dense in M). Consider 
the distribution of complexified tangent vectors x -+ Ker( 8F;). On W 
this·defines a distribution of complex codimension 1 in T 1•0 (W). The 
two distributions x -+ Ker(8F;) and x-+ Ker(dF;) correspond to each 
other under the identification v - 2Re( v ). To show that the foliation 
F; is holomorphic on W we show that the distribution x-+ Ker(8F;) is 
holomorphic. To do this, it suffices to give F* L; a holomorphic structure 
such that 8F; becomes a holomorphic section of F* L; over M. (Here 
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TAn = £ 1 EB··· EB Ln as given in (1.7).) Recall that as a consequence of 
Siu's 88-Bochner-Kodaira formula we have 

{ 
a~ I\ aFi = O; 

DaFi = 0. 

In terms of the Riemann-Christoffel symbols (ff;) and (ff;) on t:,. n us

ing Euclidean coordinates the equation D8Fi = 0 means that for any 
a.,{3, 1 ~ a.,{3 ~ n, we have, for Euclidean coordinates w; on t:,.n, for any 
a.,{3, 1 ~ a.,{3 ~ n, and for ei = f*(a/awi) 

(Note that i is a fixed index and there is no summation over i.) Similar 
calculation shows that 

Thus, the equation D8F; = 0 means the same as DaF; = 0. (Alterna
tively, use complex geodesic coordinates to see this.) 

Recall that we want to give F* L; a complex structure such that 
a Fi becomes holomorphic. This would be the case if the 8-operator on 
F* L; agrees with .fJ, since Do Fi = 0. In terms of the smooth section 
ei = F*(a!.) over U we have the (0, !)-component of the connection V 
defined by 

· aF; . · 
V __L_(e') = -f~-e•. 
~ Oza " 

For s an F* Li-valued smooth section define Ds as before by Ds = 
I: Vas dz0 • D can be extended to exterior covariant differentiations on 
F* Li-valued (0,p) forms. To endow F* L; with a holomorphic structure 
such that the 8-operator agrees with exterior covariant differentiaion D 
by the integrability condition of Newlander-Nirenberg [NN] it is equi-

valent to show that D 2 = 0 at the level of F* £;-valued-sections. (This 
condition allows one to solve for non-vanishing local smooth sections s(k) 
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such that Ds(k) = 0. Different s(k) 's are related holomorphically because 
D satisfies the product rule. One can then take such local sections as 
local holomorphic bases for F* L; to endow F* L; with the structure of 

a holomorphic line bundle.) The condition D 2 = 0 is equivalent to the 
symmetry condition 

'va'v{Jei = 'vj3'vaei. 

w~ are going to make use of the equation 8F; A 8F\ = O to verify 

the symmetry condition. At a point x E M using complex geodesic 
coordinates at Fi(x) we obtain at x 

'('7 '('7 i ({)Fi i ;) 
V {3 V o:e = 'vj3 OZa f;;e 

8F; 8F;( ) ; 8F; 8F; ; ; 
= ,:}- ,:}- R,i,i e + ,:}- ,:}-(8,f;i)e. 

uZa uz~ uZa uz~ 
(tt) 

Here since we use complex geodesic cordinates a,ri; = 8,f;;;, = -R;,.;,
The last term of (tt) is visibly symmetric in o: and /3. The first term 
on the right hand side of (tt) is symmetric in o: and /3 because of the 
equation 8F; A 8F; = 0. 

Since we have proved the integrability from the covariant exterior 
differentiation D, which is already defined on f* L;, we have in fact shown 
that f* L; admits a complex structure such that 8 f; is a holomorphic 
section off* L; @TM on M, where f =(Ii, ... , fn) is some local choice 
of lifting of f to .6. n and s; = 8 f; is independent of the choice of lifting. 
Here by abuse of notation L; stands for the induced holomorphic line 
bundle on M, as in (1.7). 

One can similarly define on f* L; the structure of a holomorphic line 
bundle such that 8 Ji is holomorphic. On the intersection of Wand W' 
the holomorphic distributions x ---+ Ker( 8 F;) and x ---+ Ker( 8 F;) define 
the same foliation. Both holomorphic distributions extend meromorphi

cally to M. We have therefore constructed a meromorphic extension of - -Fi to Mand hence of :F; to M. This induces a holomorphic extension 
of :F; to M - Z for some complex-analytic subvariety Z of codimension 
~ 2. 

2) Existence of a closed leaf on M - Z 

Let s; = 8 f; and t; = 8 Ji be global holomorphic sections of f* L; 
and f*L; as above. To find a closed leaf of :F;IM - Zit suffices to show 
that either p = s;jt; must have zeros or poles. Since f* L; and f*L; 
are equipped with Hermitian metrics we can measure the meromorphic 



24 Ngaiming Mok 

section p of (!* Li) 0 (!* L;)- 1 . At a point P where f; is a submersion 
we can choose a neighborhood G of P biholomorphic to a polydisc L\ n 

such that in terms of coordinates on L\ n, we have /i ( z1 , ... , Zn) = h; ( zi), 
where h; is a harmonic map of one complex variable into (L\, Poincare 
metric). It then follows readily that the length of p on G is constant 
along every leaf of :F; on M - Y. By continuity this remains true on 
M - Z. Suppose the zero set D of p is non-empty, say. Then, D - Z can 
be identified with some leaf of F;IM - Z. In particular, we have found 
a closed leaf of F;IM - Z. 

We show by contradiction that p must either have zeros or poles. 
Otherwise p would be a nowhere-vanishing holomorphic section of H = 
(!* L;) 0 (/*L;)- 1 over M, so that His holomorphically trivial on M. 

--1 
However, H .= f*(L; 0 L; ) as smooth vector bundles, and, since f 
is homotopic to a diffeomorphism, we can conclude that the smooth 

line bundle L 0 y;-i over N = ti. n /I' is differentiably trivial. But 

c1(L; 0 L- 1 ) = 2c1(L;) = c1(L;) and c1(L;) ::f. 0 since the holomorphic 
line bundle L; admits a Hermitian metric with negative semi-definite 
curvature form which is not flat. This proves that p must have zeros or 
poles by contradiction and shows that F;IM - Z must have a closed leaf. 

We mention in passing the following application of the use of holo
morphic foliations to finding holomorphic functions of Siu. 

Theorem (1.8) (Siu [Siu7], Theorem (4.7), p. 138). Let M be 
a compact Kahler manifold and N be a compact hyperbolic Riemann 
surface such that there exists a continuous map ho from M to N which is 
nonzero on the second homology group. Let h be the ( unique) harmonic 
map homotopic to h0 • Then, there exists a holomorphic map g from 
M to a compact hyperbolic Riemann surface R and a harmonic map cp 
from R to N such that h = cp o g. As a consequence the lifting of g to 
the universal covers of M and R is a nonconstant bounded holomorphic 

function on the universal cover M of M. 

To prove Theorem (1.8) one considers the leaf space of the mero
morphic foliation F on M defined by the harmonic map h. In this case 
all leaves are closed and the leaf space can be given the structure of a 
compact lliemann surface R. R is hyperbolic because there does not ex
ist a harmonic map of real rank 2 from an elliptic curve or the Riemann 
sphere into a hyperbolic Riemann surface ( cf., e.g., Eells-Sampson [ES]). 

(1.9) Strong rigidity for quotients of the ball of finite volume 

Siu [Siu7] and Jost-Yau [JY3, 4] studied the extension of the Strong 
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Rigidity Theorems (1.6} (1. 7) to the non-compact situation. In particu
lar, Theorem (1.6} was extended in the rank-1 case to quotients of finite 
volume in Jost-Yau [JY3] as 

Theorem (1.9} (Jost-Yau [JY3]}. Let (N, h) be a quotient of the 
unit ball Bn of finite volume in the Poincare metric, n 2:: 2. Let M 
be a quasi-projective manifold diffeomorphic to N. Then, M is either 
biholomorphic or conjugate-biholomorphic to N. 

Recently, Jost-Yau [JY4] have proved extensions of Theorem (1.9} 
to the higher rank situation under some additional assumptions. For 
simplicity we restrict ourselves to Theorem (1.9}. We explain here the 
necessary modifications in passing to the non-compact rank-1 situation. 
Since Mis quasi-projective, we can choose a projective compactification 
M of M such that M - M = D is a union of smooth hypersurfaces of 
Z with normal crossings. One can construct on M a Kahler metric g 
of bounded sectional curvature and finite volume. For every point P 
on the divisor D there is a neighborhood W such that U = W n M is 
biholomorphic to a domain (~*)k x ~n-k, 1::; k :Sn, where~ denotes 
the unit disc and ~ * denotes the punctured unit disc. The Kahler 
metric g on U (which we call a punctured polydisc) is asymptotically 
equivalent to the Poincare metric on U. We will say for short that 
g is asymptotically equivalent to the Poincare metric. On the other 
hand N admits a smooth toroidal compactification N (unique because 
N is of rank-1} with an explicit asymptotic description of the Kahler
Einstein metric h. The metric h is asymptotically dominated by the 
Poincare metric on punctured polydiscs {but not equivalent to it). As a 
quotient of the ball N can be decomposed into the union of a compact 
set KN and a finite number of ends Ni such that KN is homotopic to N 
and each Ni is diffeomorphic to Si x [O, oo) for some compact manifold 
Si. By lifting N to a finite cover so that there are at least 2 ends, we 
can assume without loss of generalities that the (2n - 1)-dimensional 
homology classes represented by the cycles Si are non-trivial. 

To simplify the presentation we make the following additional as
sumption: (A) There exists a projective compactification M of Mand 
a diffeomorphism / 0 : M-+ N which extends to a diffeomorphism of M 
onto N. 

In terms of the Kahler metrics hand g the diffeomorphism f 0: M-+ 
N is asymptotically distance-decreasing up to scaling factors so that the 
local energy e(/ 0 ) = tr9 (f;(h)) is uniformly bounded. Since (M,g) is 
of finite volume 10 is of finite Dirichlet energy. We can then deform 10 

to a harmonic map / with finite Dirichlet energy by using the method 
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of Schoen [Sch], which extends the results of Eells-Sampson [ES] to the 
case where the image manifold is non-compact and of non-positive Rie
mannian se_ctional curvature. More precisely, we take an exhaustion of 
M by domains fiv with smooth boundary and construct harmonic maps 
f v: nv --. N such that !vlBfiv = !olBfiv. Iv extends to a homotopy 
equivalence from M to N. To extract a convergent subsequence by 
using the uniform Lipschitz estimate on compact sets of Schoen [Sch] 
it suffices to show that {/v(x)} is relatively compact at some point x. 
Otherwise for any compact subset K of M there would exist a v such 
that fv(K) is contained in some end Ni. Taking K = KN this would 
contradict the fact that the 1r1 (Ni) is nilpotent while 1r1 (N) is not. (For 
facts on the topology of manifolds of negative curvature we refer the 
reader to Eberlein [Eber] or Siu-Yau [SY4].) To exploit the harmonic 
map f we need the extension of the 88-Bochner-Kodaira formula to the 
non-compact case as given in Siu [Siu7, 6] and Jost-Yau [JY3, 3]. The 
key point is the following lemma: 

Lemma. Let M and N be Riemannian manifolds such that M is 
complete, the Riemannian sectional curvature of N is non-positive, and 
the Ricci curvature of M is bounded from below by a negative number 
-k. Let f: M --. N be a harmonic map with finite Dirichlet energy. 
Then, the global L2 norm over M of the covariant derivative V df of the 
differential df is finite. 

The above lemma can be regarded as a quasi-linear analogue of 
the following: Let M be a complete Riemannian manifold of Ricci cur
vature bounded from below by a negative number -k, then for any 
square-integrable harmonic 1-form rp, Vrp is also square-integrable, as a 
consequence of which one shows that rp satisfies the integrated form of 
the Bochner formula. In the same vein we derive from the above lemma 
the following 

Corollary. If in the lemma M and N are Kahler, then the 88-
Bochner K odaira formula of Siu holds for the harmonic map f. 

We return now to the situation of Theorem (1.9). We have a har
monic map f: M --. N homotopic to a diffeomorphism. Recall that each 
end Ni of N is diffeomorphic to Si x [O, oo) where Si x { t} represents a 
non-trivial (2n - 1)-dimensional homology class. This forces f to have 
real rank 2: 2n - 1 2: 3 so that by (1.5) f is necessarily holomorphic 
or anti-holomorphic. Replacing N by its complex conjugate if necessary 
we may assume that f is holomorphic. It follows readily that f is of 
maximal rank at some point. To complete the proof of Theorem (1.9) 
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one has to show that / is proper (so that /: M ----> N is a finite analytic 
cover) and that f is generically injecfive. 

The holomorphic map /: M ----> N is a biholomorphism 

Using the diffeomorphism / 0 : M ----> N we decompose M into the 
union of a compact set KM and a finite number of ends Mi such that 
each M; is diffeomorphic to Ti x [0, oo) for some compact manifold Ti. 

We show first of all that /: M----> N extends meromorphically to M. 
Let P E D and consider a neighborhood W of P in M such that W is 
biholomorphic to the polydisc An and W n M is identified with A* x 
A n-l. Consider the restriction of the holomorphic map f to A* x { t} = 
A;. Since the Dirichlet energy off is finite and since E(f IA;) :::; E(f) at 
every point of A* x A n-l it follows from Fubini's theorem that E(!IA;) 
is finite except at most for a set A of {t} of zero Euclidean measure. To 
show that f extends meromorphically to W we make use the following 
theorem of Shiffman [Sh] which is a generalization of Hartogs' Theorem 
on separately meromorphic functions: 

Theorem (special case of Shiffman [Sh]). In the notations of the 
above flW n M extends meromorphically to W if /IA; extends mero
morphically except for a set A of t E A n-l of zero Euclidean measure. 

We now prove the meromorphic extension of fl.~; to At= A x {t} 
under the assumption that E(f IA;) is finite. To do this we will use an
other compactification of N. By Satake [Satl, 2], Baily [Bai] and Borel
Baily [BB] N admits a projective singular (minimal) compactification 
N min obtained by adjoining to N a finite number of isolated singular 
points. N min is obtained from the toroidal compactification N by blow
ing down the divisors at infinity. Each end N; of N corresponds to an 
isolated singularity Qi of Nmin· Embed Nmin into some projective space 
pN and let w be the Kahler form of some Fubini-Study metric on pN_ 
Consider the graph G of /I At* as a subvariety of A; x N min C A; x pN. 
Equip At with the Euclidean Kahler form /3 and denote by 11"1, 11"2 the 
projections of At x pN onto the two factors resp. By Bishop's the
orem to extend /IA; meromorphically to At it suffices to show that 
Volume(G,7ri/3 + 7r2w) is finite. Denote by 'f/ the Kahler form of the 
Kahler-Einstein metric on N. The assumption that E(!IA;) < oo im
plies Volume( G, 7ri /3 +11"2 'f/) < oo. It suffices therefore to show that there 
exists a positive constant c such that 'f/ ~ cw. For each isolated singu
larity Qi of N min let Bi be a neighborhood of Qi in pN biholomorphic 
to the unit ball BN. Let Bi~ Bf,Ut = BfnNmin and U; = BinNmin· 

Assume that Q; is the only isolated singular point on the closure of Ut 



28 Ngaiming Mok 

in N min· Consider the inclusion mapping er: U;° -+ Bf. Equipping Bi 
with the Kahler-Einstein metric with Kahler form µ we obtain from the 
Ahlfors-Schwarz lemma that T/ ;::,: c1 µ on U; for some positive constant 
c1 . Since µ ;::,: c2 w for some positive constant c2 we have obtained the de
sired inequality 'f/;::,: cw to show that Volume(G,1r;,B+1r 2w) < oo. Since 
the point P E D = M - M is arbitrary, applying Bishop's theorem and 
the theorem of Shiffman above we have proved that the holomorphic 
mapping f: M -+ N extends meromorphically to f: M -+ N min. 

Remarks. 1) The theorem of Shiffman quoted was proved actually 
under much weaker hypotheses. To give a simpler proof in the special 
case we need we can proceed as follows. Consider the closed (1, 1) form 
f*w defined on M. The boundedness of J,c,.• f*w implies that f*wl~; 

t 

extends as a closed positive (1, 1) current to ~t- One can apply the 
argument of Harvey-Polkings [HP] to show that the trivial extension of 
f*w to M defines a closed positive (1, 1) current on M. This implies 
that in fact fa• f*w is finite for any t. It follows then from Hartogs' 

t 

Theorem on separately meromorphic functions to conclude that f: M -+ 

N extends meromorphically to f: M -+ N min. 

2) Despite the fact that (U;°, T/) is not complete, one can still apply 
the Ahlfors-Schwarz lemma on Ui ~ U;° using the argument of Cheng
Yau [CY3]. It suffices that there exists an E > 0 such that for any point 
x EU;, the geodesic ball B(x; 1:) on (N, TJ) centered at x and of radius E 

is contained in U;°. 
We now proceed to show that f is proper. By the assumption (A) 

each component Di of D is irreducible. The meromorphic mapping 
f: M -+ N min establishes a correspondence of sets. The assertion that 
f is proper is equivalent to the assertion that /(Di) = Qi for some 
j. Suppose otherwise. Then there exists a point P E Di such that f 
is holomorphic at P and /(P) is a point on N. Let W ~ ~n with 
W n M ~ ~ * x ~ n-l be as above such that P corresponds to the 
origin. Let I be the loop defined by 1 ( 0) = ( 1:ei 8 , O), O :s; 0 :s; 21r, for an 
arbitrarily small E > 0. Taking E > 0 small enough the assumption that 
/(P) is a point on N implies readily that /.(,) is contractible. Since 
/ is a homotopy equivalence and the initial diffeomorphism / 0 : M-+ N 
extends smoothly to a diffeomorphism from M to N by the assumption 
(A) this contradicts with the following 

Lemma. Let T be an irreducible component of N - N and let 
,' be a loop wrapping around T constructed in the same way as in the 
preceding construction on M. Then ,' is homotopically non-trivial on 
N. 



Topics in Complex Differential Geometry 29 

We remark that the lemma is not true in a general context. The 
lemma results from the explicit construction of ends Ni. For details 
of the construction of toroidal compactifications we refer the reader to 
Mumford [Mum] and Ash-Mumford-Rapoport-Tai [AMTR]. The con
struction can be extended to the non-arithmetic case by using descrip
tions of the ends as given in Siu-Yau [SY 4]. 

Finally, we have to show that the proper holomorphic map f: M --+ 

N is a biholomorphism. Since f is proper for x EN, J- 1 (x) is a compact 
complex subvariety of M. Since f is a homotopy equivalence it cannot 
map any positive-dimensional compact subvariety, which represents a 
non-trivial integral homology class, to a point. Thus, f is a finite analytic 
cover. It remains to show that there is only one sheet. 

For M and N compact the lost assertion follows from the fact that 
/ is of degree one. In the non-compact case we consider intersection 
(cap) products. Since N min is algebraic we can choose two non-singular 
algebraic subvarieties C, C' on N min of complementary dimension so 
that they avoid the isolated singularities Qi and intersect non-trivially 
at normal crossings. The intersection product of C and C' on N is an 
element of H 0 (N, Z) which can be identified with the number r 2: 1 of 
intersection points. Since f: M --+ N is proper 1- 1 ( C) and 1-1 ( C') are 
compact. By a generic choice of C and C' we may assume that 1- 1 (C) 
and 1-1 ( C') are reduced and intersect at normal crossings. Suppose the 
finite analytic cover/: M--+ N is >.-sheeted. The intersection product of 
1-1 ( C) and 1- 1 ( C 1 ) is then equal to the number ofintersection points, 
which is >.r. This would lead to a contradiction unless >. = 1 since / is a 
proper homotopy equivalence. It follows that / can induce isomorphisms 
on homology groups of M and N only if the sheeting number >. of f is 
equal to one. This proves that /: M --+ N is in fact a biholomorphism. 

(1.10) Strong rigidity for irreducible quotients of the polydisc 
of finite volume 

Considerations of (1.8) and (1.9) can be strengthened to yield strong 
rigidity theorems for irreducible quotients of the polydisc ~n of finite 
volume, n 2: 2. The key point missing is a theorem on the holomorphicity 
or conjugate-holomorphicity of the harmonic maps since the proof in 
(1.8) is based on finding a closed leaf of some holomorphic foliation, for 
which we need to use the maximum principle or a variation of it. This 
step was accomplished in Mok [MoklO]. We prove more specifically 

Theorem (1.10.1) (Mok [MoklO]). Let M be a complete Kahler 
manifold such that the Ricci curvature is bounded from below by a con-
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stant. Let N be an irreducible quotient of the polydisc An, n ~ 2, of finite 
volume in the induced Poincare metric. Let f: M ---> N be a harmonic 
map of finite Dirichlet energy. Suppose f* ( 1r1 ( M)) is of finite index in 
1r1(M) = G and that Ker(/*) is finitely generated. Let F: M---> N = An 
be the lifting of F to the universal coverings, F = ( F1, ... , F n). Then 
each F; is either holomorphic or conjugate-holomorphic. 

We will use without further explanations the notations in ( 1. 7) and 
(1.8). We explain the key points in the special case of Theorem (1.10.1) 
when / induces an isomorphism on fundamental groups, which yields 
strong rigidity. In this case it is clear that each F; is a submersion at 
some point. Otherwise the image of the harmonic mapping F; would lie 
on some geodesic and this would immediately violate the density lemma 
of Borel-Matsushima-Shimura in (1. 7). To start with, recall that in (1.8) 

we knew in the compact case that there exist meromorphic foliations F; 
on the manifold M defined at dense set of points by level sets of F;. The 
existence and meromorphicity of F; comes from the structural equations 

{ 
8~ I\ 8Fi = O; 

D8F; = 0 

coming from the 88-Bochner-Kodaira formula of Siu. The justification 
of this formula as stated in (1.9) means that in the present non-compact 
case, we still have the meromorphic foliation F; at our disposal. A key 
to proving the Strong Rigidity Theorem (1.8) is to find a closed leaf of 

the induced meromorphic foliation F; on M. In the proof of this step 

presented in (1.8) we endow (in the notation of (1.8)) f* L; 0 f*L; 1 a 
holomorphic structure such that if neither 8 /; nor 8/; vanish identically, 
then p = !!..h..0° -' can be interpreted as a meromorphic section of /* L; 0 

f, 
--1 f* L; . The closed leaf we looked for corresponded to zeros or poles. If 

both sets are empty then f* L;@ f* L; -l would be holomorphically trivial, 
giving rise to a contradiction by consideration of first Chern classes. A 
variation of this argument is to look at the length .\ = IIPII and look for 
zeros or poles by considering A log.\ and using the maximum principle. 
(This was the approach taken originally in Mok [Mok6].) In the non
compact case neither argument works. However, intuitively the existence 
of .\ on M - Z should already lead to a contradiction. On M - Z the level 
sets S>. of the real analytic function e->. define generically real-analytic 
hypersurfaces with the property that every leaf of :F; stays inside one of 
the sets S >.. On the other hand on N as a consequence of the density 
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lemma each of the corresponding foliation 0i is dense. The key point of 
Mok [Mokl0] is to argue that this would contradict with the assumptions 
on the map f .: 1r1 (M) --+ 1r1 (N) = r. 

Without loss of generality we assume as before that r c (Aut(ti.))n. 
To simplify nota_tions let i = 1 and n = 2. By the density lemma the two 
projections r1 and r2 of r are dense in Aut(ti.). A further topological 
property that we need to know about N is the fact that b1 ( N) = 0 due to 
Selberg ( cf. Bass [Bal). Equivalently, this means that r / [r, r] is a finite 
group. The proof that F1 is either holomorphic or anti-holomorphic 
breaks down into 2 cases: (i) when all leaves of :F1 are closed and (ii) 
when there exists some leaf L of :F1 which is not closed. 

Case (i) 

Unlike the compact situation, the existence of a single closed leaf 
of :F1 is not enough to guarantee that F1 is either holomorphic or anti
holomorphic. In Case (i) when all leaves are closed we can obtain a 
contradiction by considering the fundamental group. We give first a 
heuristic argument. Consider the equivalence relation on M - Z of 
identifying points on the same leaves of :F;,. Denote the equivalence 
relation by the same notation Fi- Suppose (M - Z)/Fi can be given 
the structure of a normal complex space :Ei. :Ei will then be a Riemann 
surface. Since all leaves of :F1 are closed we can supposedly perform the 
same procedure to get a Riemann surface (M - Z)/:F 1 = S. We do 
not however assume that all leaves of :F2 are closed so that we cannot 
talk about (M - Z)/:F2. The fundamental group 1r1(M) acts on the 
product Riemann surface :E = :E1 x :E2. Identify thus 1r1 ( M) with a 
subgroup ~ of Aut(:E 1) x Aut(:E 2 ). Write cp = (cp1, cp2 ) for cp E ~
Then ~1 = {cp1} e:: r1 acts on :E1 to get S = :Ei/~1- Thus, ~1 can 
be identified with a subgroup of 1r1 (S). With this identification ~ 1 
is isomorphic to the fundamental group of some Riemann surface S1 , 

so that ~1/[~ 1, ~ 1] is isomorphic to H1 (S'), a non-trivial free abelian 
group. On the other hand, since r / [r, r] is finite, so is r 1 /[r 1, r 1]. This 
leads to a contradiction, ruling out the possibility (i). 

The difficulty in making the heuristic argument rigorous is in con
structing the moduli space (M - Z)/F;. = :Ei. The first problem is that 

the topological quotient ( M - Z) / :Fi is not even Hausdorff in general. 
Even if it is, one may not be able to endow a complex structure on it 

so that the mapping M - Z --+ (M - Z)/Fi = :Ei is holomorphic. In 
case of compact M one can use either the Chow space or the Douady 
space to construct a moduli space. Even in this case, it may happen 
that certain disjoint leaves have to be identified. In the general case we 
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have the notion of holomorphic equivalence relation and moduli spaces 
constructed by Kaup [Kaup]. 

Let X be a complex manifold and R be an equivalence relation on X. 
We also denote by R the graph {(x, y) EX x X: xRy}. R is said to be a 
holomorphic equivalence relation if R is a complex-analytic subvariety of 
X x X. Let v: R-+ X be the canonical projection onto the first factor. 
Then, we say that the holomorphic equivalence relation R is open if v is 
an open map. Let now R be a holomorphic equivalence relation on X 
and X/3? the topological space with the natural topology induced by the 
projection map B: X -+ X/R. On the topological space X/R one can 
introduce a structure sheaf of rings O X/'R by assigning to every open 
subset W of X/3? the set of holomorphic functions on 0- 1 (W) invariant 
under R. The main result of Kaup [Kaup] in case of complex manifolds 
X asserts 

Theorem (Kaup [Kaup]). Let X be a complex manifold and R be 
an open holomorphic equivalence relation on X. Then (X/R,Ox;>R) zs 
isomorphic as a ringed space to a normal complex space. 

In general a holomorphic foliation does not define a holomorphic 
equivalence relation. In our situation we make use of the very special fact 
that at generic points the leaves of :ii can be identified with connected 
components of level sets of the real-analytic function F;. Identifying 
points on level sets of the harmonic mapping F; introduces an equiva
lence relation which we denote by Wi. The graph of Wis then a count-· 
able union of irreducible real-analytic subvarieties of ( M - Z) x ( M - Z). 
The irreducible component containing' the diagonal is necessarily holo
morphic since :F; is a holomorphic foliation. We construct moduli spaces - - -by introducing an equivalence relation Ri such that Fi C R; c W; de-
fined as the (non-empty) union of complex-analytic components of W;. 

We show that R; is indeed an equivalence relation and open by making 

use of the fact that F; is a foliation of complex-analytic hypersurfaces. 
Given Kaup's result the heuristic argument can indeed be made rigorous 
to rule out Case (i). 

Case (ii) 

This is the situation when some leaf of F 1 is not closed. The key 
idea of Mok [MoklO] is to exploit a recurrent point of the foliation to 
generate a one-parameter group G of automorphisms of the unit disc 
~ 1 so that when one moves on a connected component of a level set 

S>,. of the function 3: on M - Z (obtained by lifting the function .X on 
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M - Z), the image under F 1 lies inside an orbit of the one-parameter 
group G. This is a serious restriction on the mapping F 1 . On the one 
hand taking any point x E M, the set {F 1 (ip(x)) : <p E 1r1(M)} is the 
orbit of F1 ( x) under r 1 , which is dense in the unit disc .6.1 by the density 
lemma. On the other hand the orbits under G are closed real-analytic 
curves on the unit disc .6.1 which are permuted by the actions of r 1 since 
connected components of level sets S>. are permuted under the action 
of the fundamental group 1r1 ( M), the function ,\ being lifted from M. 
The group of Mobius transformations {} which permute the orbits of G 
are precisely the normalizer of the group G. {} is necessarily a proper 
closed subgroup of Aut(.6.i), so that the orbit of F 1 (x) under r 1 lies in 
a proper closed subset of .6.1 , contradiction the density lemma. 

The assumption that there exists a leaf of F 1 which is not closed 
means that there is a recurrent point x E M - Z of F 1 . We argue 
that in fact every point of M - Z is a recurrent point of F 1 . This will 
allow us to work at points x E M - Z at which Fi is a submersion. To 
do this we first show that ~ 1 = (M - Z)/R1 is a hyperbolic Riemann 
surface. In fact, if ~ 1 were the Riemann sphere P 1 , we would obtain 
from Fi a non-trivial harmonic mapping from P 1 into Poincare disc .6.1 , 

violating the maximum principle for harmonic maps into negatively
curved complete Riemannian manifolds. On the other hand if ~ 1 were 
the complex plane C or the punctured complex plane C*, we would have 
represented r 1 as a group of automorphisms of C or C*, so that r 1 is 
nilpotent, contradicting with the density of r 1 in Aut(.6. 1 ). The upshot 
is that ~ 1 is equipped with the Poincare metric. As 1r1 ( M) acts on ~ 1 , 

the existence of a leaf of F 1 which is not closed means that 1r1 (M) does 
not act properly discontinuously on ~ 1 . Denote the image of 1r1 ( M) 
on Aut(~ 1 ) by 3. It follows by using the invariance property of the 
Poincare metric that there exists a sequence {~i} in 3 converging to the 
identity. From this one deduces that every point on ~ 1 is a point of 
accumulation of 3. Equivalently, every point of M - Z is a recurrent 
point of F1. 

Fix now a point x E M - Z at which F 1 is a submersion. Write x 

for the projection of x into M - Z. Let S be a the local piece of the 
level set S>. passing through x. S traces a smooth local curve C on .6.1 

passing through F 1 ( x), which we may take to be the origin o. Since x 
is a recurrent point on M - Z for the foliation F 1 , the origin o is an 
accumulation point of 11 ,i(o) for some sequence {,1,i} c r 1 c Aut(.6. 1 ). 

Extracting a subsequence we may assume that { 11 ,i} converges to a 
Mi:ibius transformation fixing the origin, i.e., a rotation. Since Fi is a 
submersion at x by varying the point x we see that a neighborhood of 
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the origin is foliated by real-analytic curves { C>.} essentially invariant 
under {, 1 ,i}- Thus, in fact {, 1 ,;} converges to the identity transfor
mation. For i large enough write 11,i = exp(tivi), where Vi is of unit 
length. Let v be an accumulation point of { vi} and G be the one-para
meter subgroup exp(Rv)- G is then a closed subgroup of Aut(.6.i) such 
that the local curves {C>.} traced by Fi lie on orbits of G. (Any one
pararneter group G of Mobius transformations is either conjugate to a ro
tation group, a group of hyperbolic translations, or a group of parabolic 
translations. In particular, G is closed.) 

In the compact case, using the technique of generating a one-para 
meter subgroup by recurrent points of foliations, we obtained a proof of 
the following stronger theorem on the holornorphicity or conjugate-holo 
rnorphicity of harmonic mappings into irreducible compact quotients of 
the polydisc. 

Theorem (1.10.2). Let M be a compact Kahler manifold; N be 
an irreducible compact quotient of .6. n, n 2 2. Suppose f: M --; N is a - -harmonic map. Let F: M --; N = .6.n be the lifting of f to universal 
coverings and write F = (F1 , ••• ,Fn)- Suppose Fi,1 ~ i ~ n, are of 
rank 2 (i.e., a submersion) at some point and that f is of rank at least 3 
at some point. Then, each F; is either holomorphic or anti-holomorphic. 

Remark. Theorem (1.10.2) was already stated in Mok [Mok6]. 
There we proved the existence of a closed leaf L of F; in M - Z, 
but as indicated above there was a gap in deducing that F; is either 
holornorphic or anti-holornorphic. Let L be the closure of L in M. 
To complete the proof given in [Mok6], the key point is to show that 
f .( 1r1 (L)) C H x (Aut( .6.) )n-l for sorne finite subgroup of Aut( .6.i). The 
difficulty is that we only know f*(1r1 (L)) c S1 x (Aut(.6.)t- 1 where S1 

is the circle group. If f*(1r1(L)) does not belong to H x (Aut(.6.))n-l 
for any finite subgroup H of S1 , then we know frorn the technique above 
that the images of F 1 lie in the orbit of G which is the circle group S1 . 

This allowed us to complete the proof of the theorem. 

Lecture II. Uniformization of Compact Kahler 
Manifolds of Nonnegative Curvature 

(2.1) Hermitian symmetric manifolds of compact type 

We now turn our attention to Hermitian syrnrnetric spaces of corn
pact type, which are in some sense duals of bounded symmetric do
mains. They are the higher dimensional generalization of the Riemann 
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sphere P 1 . The first examples are the complex projective spaces (Pn, v) 
equipped with Fubini-Study metrics. (Pn, v) has positive Riemannian 
sectional (and hence holomorphic bisectional) curvatures and constant 
holomorphic sectional curvatures. In particular the tangent bundle Tpn 

with the induced Hermitian metric is positive in the sense of Griffiths 
[ Gril], which implies that Tpn is ample ( cf. [ Gril] for the various no
tions of positivity). They are the rank-1 Hermitian symmetric mani
folds of compact type. In 'terms of homogeneous coordinates we can 
take v = Aa8log llzll2 • Further examples are provided by the hyper
quadrics Qn and the Grassmann manifolds G(r, n) of complex r-planes 
in cr+n. The hyperquadric Qn in pn+l defined by I: z; 2 = 0 in ho
mogeneous coordinates [z0 , ••• , Zn+il inherits a Kahler metric from v = 
Aa8Iog llzll2 making ( Qn, vlqn) a Hermitian symmetric space of com
pact type. Embedding the Grassmann manifold G(r, n) into some pN 
using the Plucker embedding, we obtain similarly the Hermitian symmet 
ric space ( G(r, n ), vi G(r,n)) of compact type. In general, any irreducible 
Hermitian symmetric space (M, µ) of compact type can be embedded 
isometrically and holomorphically into some (PN, v) using canonical em
beddings (Nakagawa-Takagi [NaT]). The first canonical embedding CJ' 

induces an isomorphism H 2 (X, Z)--+ H 2 (PN, Z) ~ Z. 

Let G be the identity component of the group of isometries of a 
Hermitian symmetric space ( M, µ) of compact type. G is a compact 
semisimple Lie group. Fix o E M and let K be the isotropy subgroup of 
G at o. Then up to normalizing constants w can be identified with the 
Riemannian metric ds 2 on G / K induced by the Killing form of G. Under 
this identification as in (1, 1) one computes the curvature tensor R using 
Lie brackets to show that the Hermitian form Q on T0

1,0 0T 0 o,i of (M, µ) 
defined by R is positive semi-definite. In the language of Hermitian Dif
ferential Geometry the tangent bundle TM is nonnegative in the dual 
sense of Nakano (cf. Siu [Siu6]). This implies that Riemannian sectional 
curvatures and hence holomorphic bisectional curvatures of (M, µ) are 
nonnegative. In particular, the tangent bundle TM is nonnegative in 
the sense of Griffiths [Gril]. There is a duality between Hermitian sym
metric spaces of non-compact type ( as realized by bounded symmetric 
domains) and those of compact type. In this duality theory there are 
pairs (G 0 , G) ofsemisimple Lie groups with G0 non-compact and G com
pact both containing K as a maximal compact subgroup such that the 
Lie algebras fl = Lie( G0 ) and g0 = Lie( G) are real forms of the same 
complex semisimple Lie algebra fie. The curvatures of M 0 = G0 /K 
and M = G / K with the metrics induced by the Killing form are then 
opposite to each other at the identity coset o = eK. The Hermitian sym-
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metric space (M,µ) is necessarily Kahler. They are simply-connected 
by Kobayashi [Kob] and admits hence a global de Rham decomposition 
as a product of irreducible Hermitian symmetric spaces (Mi,µ;). Each 
(M;, µ;) is necessarily Einstein. (For a general reference see Helgason 
[Hel, Chap.VII, 4-6].) 

From the U niformization Theorem in one variable it follows that 
a compact Hermitian Riemann surface of positive Gauss curvature is 
conformal to the Riemann sphere P 1 . As a generalization to higher di
mensions, Frankel [Fr, 1961] conjectured that an n-dimensional compact 
Kahler manifold X of positive sectional curvature is biholomorphic to 
a complex projective space pn. We refer to this as the Frankel conjec
ture. He also conjectured that in the Einstein case X is isometrically 
biholomorphic to the complex projective space. 

In case of n = 2 the Frankel Conjecture was solved in the affirmative 
by Andreotti-Frankel [Fr]. Mabuchi [Ma, 1978] affirmed the case of n = 3 
by studying C*-actions and using results of Kobayashi-Ochiai [KOl] on 
projective manifolds of positive tangent bundle. In 1979, Mori [M] and 
shortly afterwards Siu-Yau [SY3] solved independently the Frankel Con
jecture in all dimensions. Mori's solution uses algebraic geometry in 
characteristic p > 0. His solution is based on finding rational curves on 
non-singular projective varieties X using deformation theory in charac
teristic p and applies to any algebraically closed field k. He affirmed at 
the sam-e time the Hartshorne Conjecture that a non-singular projective 
variety over k with ample tangent bundle is biregular to the projective 
space. Siu-Yau [SY3] used on the other hand techniques of Kahler ge
ometry. They used the characterization of complex projective spaces in 
terms of positive holomorphic line bundles of Kobayashi-Ochiai [KOl], 
which reduces the problem to finding a rational curve representing some 
generator of the torsion-free part of H 2 (X, Z) (ofrank 1, cf. (2.2)). They 
used the method of stable harmonic mappings based on the existence 
theory of Sachs-Uhlenbeck [SU]). 

As part of a program to generalize the Uniformization Theorem 
to higher dimensions, Siu-Yau [SY6, 1976] conjectured that a com
pact Kahler manifold ( X, w) of nonnegative holomorphic bisectional cur
vature is uniformized by a Hermitian symmetric manifold with bisec
tional curvature ::; 0 (including possibly fl.at factors). We will call this 
the Generalized Frankel Conjecture. In case of 2 dimensions this was 
known to Howard-Smyth [HS, 1971]. Siu [Siu4, 1980] first used the tech
nique of stable harmonic maps to give a curvature characterization of 
Qn. Using Siu's result and the evolution equation of Hamilton [Haml], 
Bando [Ban, 1983] affirmed the Generalized Frankel Conjecture in case of 
3 dimensions. Mok-Zhong [MZl, 1984] affirmed the conjecture under 
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the additional assumption that X is Einstein. Cao-Chow [CC, 1986] 
affirmed the conjecture under the stronger assumption that the cur
vature operator of (M, µ) is nonnegative in the dual sense of Nakano. 
Finally, we prove 

Theorem (2.1) (Mok [Mok9, 1988]). Let (X,h) be an n-dimen
sional compact Kahler manifold of nonnegative holomorphic bisectional 
curvature and let (X, h) be its universal covering space. Then, there 
exist nonnegative integers p, N1 , ... , Nq and irreducible Hermitian sym-
metric spaces of compact type M1 , ... , Mp of mnk '.S 2 such that (X, w) 
is isometrically biholomorphic to 

where g0 denotes the Euclidean metric on Ck, g1 , ••• , gp are canonical 
metrics on M1 , ..• , Mp, and O;, 1 '.S i '.S q, is a Kahler metric on the 
complex projective space pN. carrying nonnegative holomorphic bisec
tional curvature. 

In this lecture we will outline ideas that have been developed in the 
study of compact Kahler manifolds of nonnegative bisectional curvature 
and related topics, giving at the same time a sketch of the proof of The
orem (2.1 ). Our method of proof involves essentially three components: 
(i) evolution of Kahler metrics by the parabolic Einstein equation, (ii) 
existence theory of rational curves, (iii) the holonomy group. Our em
phasis will be on the differential-geometric aspect of the problem. 

On the algebro-geometric side Mori's theory of rational curves as
serts in particular that there exist rational curves on any compact Kahler 
manifold (X, w) of positive Ricci curvature. We will give a brief expla
nation of his approach in (2.3). We need the existence of rational curves 
under the additional assumptions that ( X, w) is of nonnegative holo
morphic bisectional curvature and that the second Betti number b2 (X) 
is equal to 1. Up to now there is no proof of this without using alge
braic geometry of characteristic p > 0. We will describe nonetheless a 
strengthening of the method of stable harmonic maps due to Siu [Siu4] 
which guarantees the existence of a rational curve representing a positive 
generator of H 2 (X, Z) under an additional non-degeneracy assumption 
on the curvature tensor. 

In addition to the results mentioned above, we will also discuss re
lated results in the Einstein case, in particular Berger's theorem [Ber2] 
that a compact Kahler-Einstein manifold of positive sectional curvature 
is isometric to (Pn, v ), Gray's theorem [Gray] characterizing Kahler
Einstein manifolds of nonnegative sectional curvature, and reductions of 



38 N gaiming Mok 

the Generalized Frankel Conjecture due to Bishop-Goldberg [BG] and 
Howard-Smyth-Wu [HSW]. 

(2.2) Bochner formulas and the maximum principle 
on tensors 

A Bochner-formula of Bishop-Goldberg 

We start by discussing results using the Laplace operator and the 
maximum principle. To start with we discuss 

Theorem (2.2.1) (Bishop-Goldberg (BG], Goldberg-Kobayashi 
[GK]). Let (X,w) be a compact Kahler manifold of positive holomor
phic bisectional curvature. Then, the second Betti number b2 (X) is equal 
to l. 

This result was first proved in [BG, 1965] under the assumption of 
positive sectional curvature. It was reformulated in [GK] in terms of 
bisectional curvatures. 

Proof of Theorem (2.2.1). Since the Kahler form w represents a 
non-trivial class in H 2 ( X, R), the proposition asserts that any harmonic 
(1, 1) form is a scalar multiple of w. Let v be an arbitrary smooth 
harmonic (1, 1) form on X. From Hodge theory b2 (X) = 1 if and 
only if there exists a constant c and a smooth function u such that 
v = cw+ H88u. If this is true then c is determined from the integral 
formula l V /\ Wn-1 =Cl Wn. 

Write in local coordinates w = A :2::: 9i";dzi I\ dz3, v = A :2::: vi3dzi I\ 

dz3 and define the trace Trw(v) as I:gi 1vi]· Since a harmonic (1, 1) 
form has constant trace on X, replacing v by v - cw we may assume that 
Trw(v) = 0 everywhere. We compute Llllvll2 , Denote by Dv the full 
covariant derivative of v. At each point x we use an orthonormal basis 
{ei} of T., (l,O)(X) consisting of eigenvectors of v(x) and write {vih<i<n 
for the corresponding eigenvalues of v. Then, we have - -

Llllvll = 11Dvll2 + L Rii;](vi - v; )2 • 

i<j 

Here we used the commutation formula 

L vi],kk = (L vkr.) + commutation terms, 
k k "Ji 
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where here and henceforth indices appearing after a comma denotes 
covariant differentiation. (The comma is dropped in case of functions.) 
The harmonicity of vis only used in showing that I:k vkk = Trw(v) = 
0. fron the Bochner formula and the assumption that X is of positive 
holomorphic bisectional curvature it follows that all eigenvalues {vi(x)} 
at a given point x are equal. Since Trw(v) = 0 this forces v to vanish 
identically, proving the assertion b2 (X) = 1. 

A splitting theorem for manifolds of nonnegative bisec
tional curvature 

Under the weaker assumption that (X,w) is of nonnegative holomor
phic bisectional curvature, the Bochner formula of Goldberg-Bishop also 
shows that every harmonic form on Xis parallel. This observation was 
exploited by Howard-Smyth-Wu [HSW] to give the following splitting 
theorem 

Theorem (2.2.2) (Howard-Smyth-Wu [HSW]). Let (X, h) be a 
compact Kahler manifold of nonnegative holomorphic bisectional curva
ture. Then, (X, h) is uniformized by (CN, 90 ) x (X 1 , h1 ) x · · · x (Xk, hk), 
where 90 is the 2.2.3 Euclidean metric on CN and (Xi, hi) is a simply
connected compact Kahler manifold of nonnegative holomorphic bisec
tional curvature such that the Ricci curvature is positive at some point 
and such that b2(Xi) = 1. 

Proof. The assumption Bisect(X, h) 2'.: 0 implies Ric(X, h) 2'.: 0. 
To prove the theorem one first deduces from the splitting theorem of 
Cheeger-Gromoll [CG] for complete Riemannian manifolds of nonnega
tive Ricci curvature that (X,h) is uniformized by (Rm,9 0 ) x (X',h'), 
where 90 is the Euclidean metric on Rm and X' is compact and simply
connected. Furthermore, from the Kahler property of (X, h) one de
duces that the parallel distribution given by the Euclidean de Rham 
factor (Rm, 90 ) is invariant under the J-operator so that in fact m = 
2N, (Rm, 90 ) = ( CN, 90 ) and ( X', h') is Kahler. Write w' for the Kahler 
form of (X', h'). Suppose b2 (X') ;::: 2. By the Bochner formula of 
Bishop-Goldberg it follows that there exists a real harmonic (1, 1) form v 
with Dv = 0, i.e., vis parallel. Replacing v by v+cw we may assume that 
det(vi1) = 0 at some point. At each x EX' regard v(x) as a Hermitian 
quadratic form on T., (l,O) and let E., c T., (l,O) denote the kernel of v(x). 
Since v is parallel the assignment x -+ E., defines a parallel distribution. 
The condition det(v{7) = 0 at some point implies that E., -=I= {O} at every 
point. Since X' is simply-connected the distribution x -+ E., gives rise 
to a global de Rham decomposition of (X', h'). Repeating this procedure 
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we obtain the decomposition (X',h') = (X 1 ,h 1 ) x ·· · x (Xk,hk) where 
b2 ( X;) = 1 for 1 s; i s; k. Finally, if p; = Ric( X;, h;) is not positive 
definite at any point and dimc(Xi) = n; then p; is not cohomologous to 
a constant multiple of the Kahler form w; of (X;, hi) since p;n; vanishes 
identically on X;, while w;n; is positive everywhere. But this contra
dicts with the assertion b2 (X;) = 1. In other words, Ric(X;, h;) is at 
least positive definite at one point. 

Strictly speaking we do not need Theorem (2.2.1) for the Uniformiza
tion Theorem ( 1.1). One can in fact split off the Euclidean factor by 
using the heat equation method (cf. (2.5) and (2.9)) and the reduction 
to the case of b2 ( X) = 1 is also inessential. 

Kahler-Einstein manifolds of positive bisectional curvature 

We consider now earlier results obtained from for Kahler-Einstein 
manifolds of nonnegative (bi- )sectional curvature. The first result in this 
direction is 

Theorem (2.2.3) (Berger [Ber2, 1965], Goldberg-Kobayashi [GK]). 
Let (X, h) be an n-dimensional compact Kahler-Einstein manifold of pos
itive bisectional curvature. Then, up to a normalizing constant (X, h) is 
isometrically biholomorphic to the projective space pn equipped with the 
Fubini-Study metric. 

Theorem (2.2.3) was first proved for the case of positive sectional 
curvature in [Ber2] and later reformulated to include the case of positive 
bisectional curvature in [GK]. 

Proof of Theorem (2.2.3). Hermitian locally symmetric manifolds 
of rank 1 are characterized by the fact that the Bochner- Weyl tensor van
ishes identically. For n-dimensional Kahler-Einstein manifolds of con
stant positive Ricci curvature +l the Bochner-Weyl tensor W is of the 
form wa,6-yjl = Ra,6-yjl - Cn(Oaf30-yµ + OaµO-yf3), where (6af3) denotes the 
Kronecker delta. The universal positive constant Cn is chosen such that 
g°'.aWa,a-y;;(= g°'.aW-y;;a,a) = 0. For a unit vector ( of type (1, 0) we 
define /(0 = Wate· f is then a smooth function on the unit sphere 

bundle S of T 1,0 (X). From g°'.aWa,a-yµ = 0 it follows that the average 
of f(l) over S,, is zero when S,, is equipped with the spherical measure. 
We consider a point a: E S (at x E X) at which f attains its global 
maximum. Equivalently X attains the global maximum of holomorphic 
sectional curvatures at a: E S. To prove the theorem it suffices to show 
that f (a:) = Waaaa = 0. This condition is equivalent to the assertion 
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that for any {3 E S"' orthogonal to a we have Ra&./3/3 = ½Ra.a.a&.· To show 
this consider the Laplace operator .6. on tensors fields T. It is defined 
by the formula 

We have by interchanging the order of differentiation and the second 
Bianchi identity a commutation formula 

.6.Ra&.~a - Raa,a.a + Fo(R)a.aaa = 0, 

where F0 ( R) is a tensor ( of the same type as the curvature tensor R) 
quadratic in R. Since (X, h) is Kahler-Einstein we have the vanishing of 
Ra.a,a.a· To interpret .6.Ra.aa.a we use the notion of parallel transport. 
In a small neighborhood U of x denote by a(y) the vector field of type 
(1, 0) obtained by translating a= a(x) in a parallel way along geodesics 
emanating from x. For a real vector 17 of unit length at x let {,(t) : -f < 
t < c:} be a geodesic emanating from x parametrized by arc-length such 
that 17 is tangent ot I at x. Denote a(,(t)) by a(t). Then, we have 

a2 -- --
at2 R(a(t), a(t); a(t), a(t)) = Raaaa,.,.,(x) 

as a(t) is parallel along 1 . Since a realizes the global maximum of 
holomorphic sectional curvatures of (X, h), integrating over the tangent 
unit sphere at x we have the inequality 

..D.Ra.aa.a ( x) :S 0. 

On the other hand in terms of an orthonormal basis we have the 
explicit formula 

µv µ,v 

Choose an orthonormal basis { e,.h::;v::;n of T., (l,O) at x consisting of 
eigenvectors of the Hermitian bilinear form Ha. defined by Ha.({, x) = 
Rccex· From the fact that at x the maximal holomorphic sectional 
curvature is attained at a we deduce readily that a is an eigenvector 
of Ha and that writing a = e1 we have the variational inequalities 
Ra.a.a.a 2'. 2Ra.af3/3 whenever {3 2'. 2. From this we obtain the inequality 

..D.Raaa.a = -Fo(R)a.aa&. 2'. L Ra.a.{3/j(Ra.aa.a - 2Raaf3/j) 2'. 0. 
/3>2 
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Since f),.Ro.a.o.a. ::; 0 this forces the equations Ro.a.er.a. = 2Ro.a.f3f3 for /3 ?: 2. 
As said, this is equivalent to Waa.o.a. = 0, proving therefore the identical 
vanishing of the Bochner-Weyl tensor Won X and hence that (X,h) is 
isometrically biholomorphic to pn with a Fu.bini-Study metric. 

As will be seen later on, a slight variation of the tensor F0 (R) will 
play an important role in the heat equation method in the study of not 
necessarily Einstein Kahler manifolds of nonnegative bisectional curva
ture. 

Kahler-Einstein manifolds of nonnegative sectional 
curvature 

We mention in passing the theorem of Gray [Gray, 1977] on compact 
Kahler-Einstein manifold of nonnegative sectional curvature. 

Theorem (2.2.4) (Gray [Gray]). Let (X,g) be a compact 
Kahler-Einstein manifold of nonnegative Riemannian sectional curva
ture and constant scalar curvature. Then, (X, g) is isometric to a Her
mitian locally symmetric manifold. 

To prove Theorem (2.2.4) Gray used the standard characterization 
of Riemannian locally symmetric manifolds by the identical vanishing 
of V R ( cf. Kobayashi-Nomizu [KN]). The necessity comes from the fact 
that for a symmetry u.,, at x E X, u; (V µRo.f3"f6) = -V µRaf3"f6 since 
u;(v) = -v for v E T.,, and that u;(v µRo.f3"to) = V µRo./3"(6 since u.,, 
is an isometry. The sufficiency comes from expanding the metric in 
terms of normal geodesic coordinates using the curvature tensor and 
its covariant derivatives. The condition V R = 0 guarantees that the 
reflection v--+ -v on the tangent plane induces an isometry on (X,g). 

Theorem (2.2.4) was obtained from an integrated Bochner formula 
associated to a second order semi-elliptic operator L on the unit sphere 
bundle S of the tangent bundle Tx. The definition of L itself involves the 
sectional curvature of (X, g) and the vanishing of V R is deduced from 
the vanishing of the gradient term in the Bochner formula. Attempts 
to generalize Gray's argument to the case of nonnegative holomorphic 
bisectional curvature have so far been unsuccessful. As will be seen in 
(2.6), the latter case can be dealt with by an algebraic method stemming 
from the maximum principle for tensors. 

(2.3) Existence of rational curves and the Hartshorne 
conjecture 

In 1979 Mori [Mo] solved the Hartshorne Conjecture [Har, 1970] in 



Topics in Complex Differential Geometry 43 

algebraic geometry, which implies the Frankel Conjecture. More pre
cisely, he proved 

Theorem (2.3) (Mori [Mo]). Over an algebraically closed field k 
an n-dimensional non-singular projective-algebraic variety X with ample 
tangent bundle is biregular to the projective space pn(k). 

Mori solved the Hartshorne Conjecture by developing a theory of 
rational curves on projective-algebraic varieties such that the canonical 
bundle Kx is not numerically effective (i.e., G · Kx < 0 for some curve 
G). This includes in particular the case of Fano varieties, i.e., complete 
non-singular varieties with ample anti-canonical line bundle. 

We give here a brief exposition of Mori's solution of the Hartshorne 
Conjecture. The exposition is an oversimplification meant only to give 
an idea of the proof. The projective space M = pn (over an algebraically 
closed field k) can be recovered from the space of rational lines G passing 
through a base point x E M. The rational lines G are dual to the 
hyperplane section line bundle H = 0(1). Since a base point x E pn is 
effectively parametrized by pn-l. The totality of such curves { G} can 
then be put together to form a P 1-bundle E over pn-l such that there 
is a distinguished section Z with normal bundle isomorphic to O ( -1) 
over pn-l. The projective space pn can be recovered from E by blowing 
down the section Z to a non-singular point. In the case of the Hartshorne 
Conjecture starting with X with ample tangent bundle the problem is 
reduced to finding a single rational curve G satisfying G · Kx 1 = n + 1. 
Given this, one can fix a base point x E X and recover the space of all 
such rational curves passing through x by using the deformation theory 
of subvarieties of Grothendieck [Gro2]. 

Mori proved in general that if Kx is not numerically effective, there 
exists a rational curve G such that G · Kx 1 ::; n + 1. When X has ample 
tangent bundle by the splitting theorem of Grothendieck [ Grol] Tx splits 
over G into a direct sum of positive line bundles with at least one factor 
~ 0( a) with a 2 2 since Tc ~ 0(2). It follows that G · K;/ = n + 1 and 
one can recover X ~ pn from the above procedure. To produce a single 
rational curve over any k one has to work with fields of characteristic 
p > 0. Consider as an illustration k = C and X is defined over the 
integers. One can then look at the reduction of X mod primes p to 
obtain varieties Xp over the algebraic closure Fp of the finite field Fp 
(with p elements). One can put X and all the XP together to form a 
scheme over Spec(Z), X being the fiber over the zero ideal {O}. If one can 
construct for each p a rational curve GP in Xp such that GP· Kx 1 ::; n + 1 

p 

one can then use the powerful method of Hilbert schemes in algebraic 
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geometry to conclude the existence of a rational curve C on X such that 
C · Kj/ :::; n + 1. In simpler terms suppose X C pN corresponds to an 
affine variety X' c cN+i. Thinking of C as given by a polynomial map 
C -> affine variety X' the existence of C can be interpreted in terms of 
the solvability of a finite system ~ of polynomial equations with integer 
coefficients. The existence of { Cp} then implies the solvability in F P 

of ~ mod p for all primes p, which implies the solvability of ~ over C 
( cf. Kollar [[Kol], §10. 7]). 

The advantage of working with fields of characteristic p > 0 is the 
Frobenius morphism. We continue with the assumption that there exists 
some curve irreducible D in X such that D · Kx < 0. Let v: S-> D be 
the normalization of D. To avoid discussing singularities we replace X 
by S x X = X' and D by D' = Graph(v) C S x X. With this new 
notation we may assume that D' is a smooth curve in X' such that 
deg(ND'IX') = -D · Kx > 0 for the normal bundle ND'IX' of D' in X'. 
Let d be the dimension of the Chow space C of subvarieties of X' at the 
point D' E C defined by D'. One-parameter deformations of D' in X' 
give rise to holomorphic sections of Nv,1x over D'. One may not be able 
to realize all sections in H 0 ( D', ND' IX') as infinitesimal deformations 
because of obstructions given by H 1 ( D', ND' IX'). In general one has the 
inequality 

d ~ dimH 0 (D',Nv,1x,)-dimH 1 (D',Nv,1x,) 

= deg(ND'IX') - n. genus(D') + n 

by the deformation theory of subvarieties (Grothendieck [Gro2]) and 
by the Riemann-Roch Theorem. In case of characteristic O starting 
with such a D' on X' there is in general no way to deform. In case 
char(k) = p > 0 one can consider the graph D~ of the composite of v 
and r Frobenius morphisms 'Pp: X -> X. Replace D' by D~ and d by 
dr. The key point is that for r large enough we can make dr positive so 
that D~ can be deformed, since genus(D~) = genus(S) remains constant 
whiledeg(Nv,1x,) =prdeg(ND'IX') > pr. Whendr ~ dimk(Aut(S))+l 
we obtain non-trivial deformations of Dr= ('Ppt(D). 

To find rational curves one considers deformations of D~ which fixes 
some point x E D~ corresponding to P E S. The deformations are 
then described by the subsheaf :Fr of the normal bundle ND~ IX' de
fined by local holomorphic sections vanishing at x. Since deg( :Fr) = 
deg(N D~IX') - n for r large enough it is always possible to obtain such 
a non-trivial deformation. If in so doing all the curves remained irre
ducible one would then have a projective-algebraic curve r and a mor-
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phism F: S x r -, X such that F(S x r) is a surface and such that 
F({P} x r) = {x}. {P} x r c Xis thus an exceptional set so that the 
self-intersection is negative by the blowing-down criterion of Mumford 
[Muml] and Grauert [Gra2]. We have thus proved by contradiction that 
no such r exists. Since D~ can be deformed non-trivially we can nonethe
less find r and a rational map F: S x r - X which does not extend to 
a morphism on S x r. Let ~ be a non-singular model of Graph(F). We 
have an induced morphism ~ -, X. Since S x r is non-singular ~ is 
obtained from S x r by a finite number of quadratic transforms (Hopf 
blow-ups). It cannot happen that all the rational curves thus adjoined 
to S x r are mapped to single points under the morphism ~ ---+ X, 
otherwise F would extend to a morphism on S x r. 

We have obtained at least one rational curve C0 on X when X is 
of characteristic p > 0. To cut down on C0 • Kx1 we use again the 
blowing-down criterion of Mumford-Grauert. Suppose C is a rational 
curve such that C · Kx1 > n + 1. We consider deformations of C fixing 
two distinguished points P, Q E C. Let f: P 1 -, C be a normalization of 
C such that f(o) = P and f(oo) = Q. The infinitesimal deformations of 
C' = Graph(!) fixing (o, P), (oo, Q) arise from the line bundle Nc,JX' 0 
0(-2). Since genus(C') = 0 the local deformations of C' = Graph(!) is 
measured by at least d parameters with 

d ::::: C · Kx1 - 2n + n ::::: 2. 

Since the group of automorphisms P 1 fixing { o, oo} is 1-dimensional we 
obtain thus non-trivial deformations of C. If in deforming Call the curves 
remained irreducible one would obtain a P 1 bundle over a projective
algebraic curve r such that E admits two distinguished holomorphic 
sections u 0 , u 00 corresponding to P and Q. This contradicts with the 
blowing-down criterion of Mumford-Grauert since the self-intersection 
numbers of u O and u 00 are opposite to each other, so that they cannot 
be simultaneously negative. We have thus shown that C can be deformed 
to a reducible curve H. As a rational curve can only be deformed to a 
union of rational curves (cf. [BPV, p.142ff.]), by taking some irreducible 
component we have obtained a rational curve C1 such that C1 · Kx1 < 
C · Kx1 if C · Kx1 > n + 1. 

(2.4) Stable harmonic mappings and the Frankel 
Conjecture 

In [SY3, 1980] Siu-Yau solved the Frankel Conjecture by using tech
niques of Kahler geometry. More precisely they proved 
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Theorem (2.4.1) (Siu-Yau [SY3]). Let (X, h) be a compact Kahler 
manifold of positive holomorphic bisectional curvature. Then, X is bi
holomorphic to the projective space pn. 

In their proof rational curves also played a crucial role. They used 
another characterization of the projective space pn using positive line 
bundles due to 

Theorem (2.4.2) (Kobayashi-Ochiai [KOl]). Let X be an 
n-dimensional compact complex manifold such that for some positive 
holomorphic line bundle L we have Kx/ =='= P for some integer q ?: n+ 1. 
Then X is biholomorphic to the projective space pn. 

The proof of Theorem (2.4.2) makes use of the Riemann-Roch The
orem and the Kodaira Vanishing Theorem. 

Let now (X, h) be a compact Kahler manifold of positive holomor
phic bisectional curvature. By the Bochner formula of Bishop-Goldberg 
(cf. (2.2)) we know that b2 (X) = 1. From the Universal Coefficient 
Theorem it follows that H 2 (X, Z) =='= Z. Let L be a positive generator 
of Pic(X) =='= Z. By the Theorem of Bonnet-Myers (cf. [CE]) 7r1 (X) is 
finite. Since pn admits no non-trivial torsion-free finite group of au
tomorphisms we may assume that X is simply-connected, so that by 
Hurwicz' Theorem 7r2 (X) =='= H 2 (X, Z). Let 1 : P 1 ----> X be a generator 
of the torsion-free part of 7r2 (X) such that the first Chern class of,• L 
is positive on P 1 with respect to the standard orientation on P 1 . The 
key point of the proof of [SY3] consists of showing the existence of a 
rational curve C representing , in 7r2 (X). When this is the case from 
the ampleness of Tx that C · x;/ > 0. Since C - L = 1 and Pic(X) =='= Z 
we see that x;/ = Lq for some integer q ?: n + 1. It follows from the 
criterion of Kobayashi-Ochiai that X is biholomorphic to pn, proving 
the Frankel Conjecture. 

In order to find the rational curve C Siu-Yau [SY3] used the existence 
theory of stable harmonic maps of Sacks-Uhlenbeck [SU]. Let P 1 be the 
Riemann sphere equipped with some Hermitian metric and let / 0 : P 1 ----> 

X be a smooth mapping representing , . Equip X with the Kahler metric 
h of positive holomorphic bisectional curvature and denote as in (L5) 
by E (Jo) the energy of f O • Let E (JO ) denote the infimum of the sums of 
C1 maps whose sums are homotopic to f. We have as a consequence of 
the method of Sacks-Uhlenbeck [SU] 

Proposition (2.4.3) (Siu-Yau [SY3], p.195ff.). 
energy-minimizing C1 maps fr P 1 ----> X, 1 :s:; i :s:; m, 
sum of /i is homotopic to f O and E(f 0 ) = L E(f;). 

There exists 
such that the 
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Since the energy functional E(f 0) = Ix lldf 112 and in case of real di
mension 2 the critical Sobolev exponent is precisely 2, Sacks-Uhlenbeck 
considered instead the modified energy functionals Ecx(f) = I x(l + 
lld/112 )°' for a > 1 to guarantee the existence of C1 maps !ex repre
senting the absolute minimum of Ea among C1 maps homotopic to f. 
If supp1 lldf cxll is uniformly bounded in a one can extract a convergent 
subsequence. Otherwise one considers points x 0 at which the supremum 
of lldfcxll is attained. By suitable dilations of f 0 ID0 for small discs D 0 

around Xa it was proved in [SU] that one can extract a convergent har
monic map g: R 2 - X which extends to a harmonic map g': P 1 - X. In 
other words, the concentration of the energies E(f cx) near x 0 gives rise 
to the bubbling g': P 1 - X. This way one shows that fa is homotopic 
to the sum of g' and/~ with E(f:) arbitrarily close to E(f 0 )-E(g'). In 
[SU] it was also proved that there exists c > 0 such that any homotopi
cally non-trivial harmonic map h: P 1 - X satisfies E(h) 2: c. Theorem 
(2.4.2) can then be proved inductively in k for k the largest integer such 
that E(f) ~ ;c. 

There are two key steps in the work of [SY3]. The most important 
step is to show that each /;: P 1 - X is either holomorphic or anti
holomorphic. The second step is to show that m = 1 in Theorem (2.4.2). 
This is done by moving the images /;(P 1 ) so that two of them touch 
each other. One can then cut and paste these two Riemann spheres 
to obtain a sum of smooth maps homotopic (as a sum) to f of smaller 
total energy than /. This contradicts with Theorem (2.4.2) and shows 
that in fact m = 1. The first step is obtained by a second variation 
formula for the energy functional. The second step is achieved by using 
the deformation theory of complex-analytic submanifolds. 

A second variation formula 

Let (N,g) be a Hermitian compact Riemann surface and f:N - X 
be a harmonic mapping from (N, h) to the compact Kahler manifold 
(X, h) of positive holomorphic bisectional curvature. Let {fthea be 
a smooth real-2-parameter family of smooth maps ft: N - X such 
that / 0 = f. We consider the second variation of the energy functional 

a~;t IN lld/112 - From the formula IN 118/112 -118/112 = IN Hhai3df°' I\ 

df(j one sees that IN ll8/112 = ½ IN lld/112 -½[w][f(N)], where the Kahler 
class of (X, h) (with Kahler form w) and {f(N)} is the cohomology class 
defined by f(N). It follows that one needs only to compute 

8~;t IN ll8!112- A straight forward computation and a simplification us
ing the divergence theorem and the harmonicity of f yields the second 
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variation formula 

Here as before we use the sign convention such that R 1111 > 0 on the 
Riemann sphere equipped with the Fubini-Study metric. Furthermore, 
D denotes covariant differentiation using the Hermitian connection on 
(X, h), and to keep track of contractions we use indices for the single 
holomorphic local coordinate w = w 1 on N. The notation H' is a short 

' . 
form for ~, etc. To handle the gradient and curvature terms one imi-
tates holomorphic deformation by considering a real 2-parameter family 

_ 81Q D a D a _ { ~} {ft} such that at t - 0, ~' atl' , ml· - 0 and such that at 
• 1 l~a~n 

does not vanish identically on N = P 1 . Given this we have the second 
variation formula 

82 1 2 1 8f°' 81/3 8/'-' 8/" -~ ~- lldlll = ~ ~ _ R,_.vai3~~(-../-:::'fdw I\ dw). 
utut N p1 uW uW ut ut 

Let now I: P 1 --t X be an energy-minimizing harmonic mapping so 
that 8t8l JP1 1181112 :'.S 0. From the fact that (X, h) carries positive 

holomorphic bisectional curvature we conclude that ~ = 0 for 1 :::; 
o: :::; n on P 1 , i.e. I is holomorphic. 

To obtain the particular deformation as stated we need an additional 
condition. We endow f*T 1•0 (X) with a complex structure in the same 
way as in (1.8) by pulling back the Hermitian connection of T 1•0 (X). 
Since we are on the Riemann surface P 1 there is no integrability con
dition. Recall that in Theorem (2.4.2) 10 is homotopic to the sum of 
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m energy-minimizing harmonic maps k P 1 ----> X. Let f = Ii be such 
that c1(/*(T 1•0 (X)) is nonnegative. Let f*T 1•0 (X) ~ £ 1 EB ... Ln be 
the Grothendieck splitting of the holomorphic vector bundle f*T 1,0 (X) 
over P 1. At least one of the components Li must be of degree ~ 0 over 
P 1 so that there exists some holomorphic section s of f*T 1,0 (X) over 
P 1. In terms of local holomorphic coordinates { za} on X we write 
s = :E sa(8/8za)- We now prescribe the first order jet of the de
formation {/thEa by requiring that at t = 0, 8 f" / at = 0 and that 
afa /8t = Sa- The gradient terms vanish because 

~ ( ~;) = ! ( a £ta) = ! sa = O 

n_ (ar) = !l_ (a'~)= 0_ at aw aw at 
We have proved that the energy-minimizing harmonic mapping /: P 1 ----> 

X is holomorphic under the assumption deg(f*Tf· 0)) ~ 0. If on the 

other hand deg(f*Tf ,o)) :s; 0 by using the conjugate complex structure 

on P 1 (thus changing the signs in the Gothendieck splitting of f*Tf ,o)) 
one proves similarly that f: P 1 ----> X is anti-holomorphic with respect to 
the standard complex structure on P 1 . This completes the first step of 
the argument of [SY3]. 

Deforming a rational curve 

As explained above, the second step consists of deforming some ra
tional curve /i(P 1 ) so that it touches a slight perturbation of some other 
/;(P 1 ). Since the topological line bundle J;T 1•0 (X) is of degree > 0 so 
that the sum bl<i<m deg(ftT 1•0{X)) > 0 we can certainly choose h, 
say Ii, to be holom-orphic. If one can deform Ii holomorphically and 
slightly perturb '2 (smoothly) so that fi (P1) touches '2 (P1) tangen
tially at some smooth point, one can cut and paste to get a sum of maps 
homotopic to / 0 having smaller total energy than :E E(h) = E([/ 0 ]), 

contradicting the minimality of {/i}. 
We deform the map fi: P 1 ----> X holomorphically using the defor

mation theory of complex submanifolds. Write D for Graph(/1) C 
P 1 x X. Since (X, h) has positive holomorphic bisectional curvature 
and fi: P 1 ----> X is non-trivial, the Grothendieck splitting of the nor
mal bundle N DIP1 xx over D ~ P 1 consists only of positive components 
O(a),a > 0. In particular H 1 (D,NDIP1xx) = 0 so that there are no 
obstruction to realizing H 0 (D, N DIPl xx) as infinitesimal deformations 
of D. As O(a) ----> D is generated by global sections it follows that in 
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deforming C0 = fi(P 1 ) one obtains rational curves covering at least a 
non-empty open subset of X. Let V be the component of the Douady 
space of X containing the curve {C0 } (cf. [Dou]). Since (X, h) is Kahler, 
V is compact by Bishop's Theorem on convergence of analytic subvari
eties ( cf. Fujiki [Ful] and Lieberman [Lie]). Let £ be the subset of V x X 
consisting of all points ( [ C], x) such that x E C. From the Proper Map
ping Theorem of Remmert [Rem] it follows that the natural projection 
£ ---> X is surjective. In other words, in deforming C0 holomorphically 
we can cover the entire manifold X. 

We want in fact to deform C0 so that the tangent directions at 
smooth points of deformed rational curves C would cover a dense open 
subset of the projectivized tangent bundle PTx. To do this we consider 
deformations of D in P 1 x X fixing one point. The candidates for in
finitesimal deformations are then given by H 0 (D, NDIP' xx © 0(-1)). 
As the Grothendieck splitting of N DIP' xx© 0( -1) consists only of non
negative components, H 1 (D, N DIP' xx i&i 0(-1)) vanishes so that all of 
H 0 (D, NDIP'xx©0(-1)) are realized as infinitesimal deformations. As 
a nonnegative line bundle over P 1 is generated by global sections this 
means that at a smooth point x of C0 , by deforming C0 while fixing x 
the tangent directions cover an open subset of PT,,(X). By a similar 
application of the Proper Mapping Theorem of Remmert one concludes 
that tangent directions to deformed rational curves C at smooth points 
fill up a Zariski-open subset of PTx. One can now replace C0 = Ji (P 1 ) 

by some C and smoothly perturb '2 so that C and '2 (P1 ) touches each 
other tangentially at some point, as desired. 

We have thus proved that m = 1 and the proof of the Frankel 
conjecture in [SY3] is completed by using the criterion of Kobayashi
Ochiai (Theorem (2.4.1)). 

In [Siu4] Siu continued the study of the characterization of Her
mitian symmetric spaces by curvature conditions by using the method 
of stable harmonic maps. He obtained the characterization of hyper
quadrics Qn. First, he strengthened the argument of [SY3] to prove 
the existence of rational curves under the assumption that (X, h) carries 
nonnegative holomorphic bisectional curvature, with one additional non
degeneracy assumption on the curvature, called condition(C) in [Siu4]: 

Condition ( C) 

Suppose (X, h) is a compact Kahler manifold of nonnegative holo
morphic bisectional curvature. Then (X, h) is said to violate condition 
(C) at a point x EX if there exists an orthogonal direct sum decompo
sition of T,,(X) into V EB W such that for some non-zero vectors ( E V 
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and 17 E W we have 

Raww = RvflT/T/ = 0 for all w E Wand v EV. 

To obtain a curvature characterization of the hyperquadric Qn Siu 
used the following criterion of Kobayashi-Ochiai [KOl]: In Theorem 
(2.4.1) if we have instead Kx ~ Lq for some positive line bundle Land 
for some q 2: n, then X is either biholomorphic to pn or Qn. Using the 
method of stable harmonic maps Siu proved 

Theorem (2.4.4) (Siu [Siu4]). Let (X, h) be an n-dimensional 
compact Kahler manifold of nonnegative holomorphic bisectional cur
vature. Suppose X is not biholomorphic to the projective space pn and 
A2Tx with the Hermitian metric h1 induced by h is positive at some 
point x E X in the sense of Griffiths. Then, X is biholomorphic to the 
hyperquadric Qn. 

For n 2: 3 using the splitting theorem of Howard-Smyth-Wu [HSW] 
(cf. Theorem 2.2.2) we may assume that b2(X) = 1. Also, for n 2:: 3 
the positivity of (A2Tx, h') and the fact that (X, h) is of nonnegative 
bisectional curvature implies that X verifies condition (C). Siu deduced 
from this the existence of a rational curve representing some generator 
of the torsion-free part of H 2 (X, Z), which was the key point for the 
proof of Theorem (2.4.4). 

(2.5) Evolution of Kahler metric by the parabolic 
Einstein equation 

In [Haml, 1982] Hamilton initiated the study of Riemannian mani
folds using the parabolic Einstein equation 

(*) 
8 
8t9i"J = -RG 

on a compact Riemannian manifold (M,g). Using modified versions of 
this evolution equation obtained by rescaling, he proved 

Theorem (2.5.1) (Hamilton [Haml]). Let (M,g) be a three
dimensional compact Riemannian manifold of positive Ricci curvature. 
Then, M is diffeomorphic to the sphere S3 • 

He proved for a general compact Riemannian manifold the short 
time existence for the evolution equation (*). In the case of the three
manifold (M,g) in the theorem, he proved that for the Riemannian 
metrics {g(t)} obtained from (*), the Ricci curvature remains positive. 
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Furthermore, by modifying (*) by rescaling he proved long time exis
tence in this case and showed that as t ----> oo, {g( t)} converges in the 
C 00 -topology to a Riemannian metric of constant positive sectional cur
vature, showing in particular that M is diffeomorphic to S3 • 

For the short time existence of(*) in the general situation, Hamilton 
used the Nash-Moser Implicit Function Theorem. The difficulty here lies 
in the fact that the linearized equation as a system of P.D.E. on symmet
ric 2-tensors is only semi-parabolic as a consequence of the first Bianchi 
identity. Furthermore, he developed a maximum principle for tensors 
for the heat equation to prove that the positivity of Ricci curvatures is 
preserved under the evolution of metrics. The convergence of g(t) as 
t ----> oo is very delicate. It relies in part on some very subtle algebraic 
manipulations to show that the eigenvalues of the Ricci tensor tend to 
converge to each other at every point of the three-manifold. In case of 
3 dimensions, an Einstein manifold is necessarily of constant sectional 
curvature. For us the relevant part is the short time existence and the 
maximum principle on tensors. As will be explained later on, the short 
time existence in the Kahler case can be reduced to a parabolic scalar 
equation. We explain first of all the maximum principle of Hamilton. 
One considers an evolution equation satisfied by some tensor T of the 
form 

(**) 
8T 
8t = 6.T + F(T). 

Here 6. is the Laplacian on tensors as explained in (2.2), and F(T) is a 
tensor algebraic in T. In the evolution of a Riemannian g on a compact 
manifold Musing(*) the curvature tensor R satisfies an evolution equa
tion of type (**) with F quadratic in T. We may consider (**) under 
additional restrictions on T by requiring that T has certain symmetry 
properties. One defines some notion of positivity for tensors T satisfy
ing the symmetry properties. We write T > 0 (resp. T 2:: 0) when T 
is positive (resp. nonnegative) in this sense. The maximum principle of 
Hamilton [Haml, 2] is roughly 

The maximlllil principle on tensors for the heat equa
tion (**) on tensors 

We say that F satisfies the null-vector condition if whenever T ~ 0 
and T has zeros, F(T) is nonnegative at the zeros of T. Furthermore, 
(for an appropriate notion of positivity) when Tis evolved according to 
(**) and T ~ 0 at time t = 0, then T(t) ~ 0 for any t ~ 0 (whenever 
T(t) is defined) if F verifies the null vector condition. 
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In [Haml] for compact three-manifolds M it was proved that the 
null-vector condition was satisfied for the evolution equation of the Ricci 
tensor (In case of three dimensions the Ricci curvature Ric determines 
the sectional curvature and vice versa), when Ric > 0 simply means that 
Ric is positive as a symmetric bilinear form. This was a crucial step for 
the proof of Theorem (2.5.1). Hamilton also proved (unpublished) that 
in Theorem (2.5.1) when (M,g) is only assumed to be of nonnegative 
Ricci curvature, then either M is diffeomorphic to S3 or ( M, g) splits 
isometrically locally. Roughly speaking, he proved that either for t > 0 
the evolved metric g( t) is of positive Ricci curvature, or the zeros of the 
Ricci tensor of ( M, g( t)) for t > 0 constitute a parallel distribution on 
M. 

Bando [Ban, 1984] initiated the application of the heat equation 
method of Hamilton to the study of compact Kahler manifolds of non
negative bisectional curvature. He proved 

Theorem (2.5.2) (Bando [Ban]). Let (X,g) be be a three-dimen
sional compact Kahler manifold of nonnegative holomorphic bisectional 
curvature. Then, X is biholomorphic to P 3 , Q3 , P 1 x P 2 or P 1 x P 1 x P 1 . 

The proof of this theorem is based on the curvature characterization 
of pn and Qn of [SY3] and [Siu4] and the maximum principle on tensors 
for the evolution equation(**). First of all, Bando proved the null-vector 
condition for the evolution of the bisectional curvature in case of three
dimensional compact Kahler manifold. Bando then proved that either 
(X, g(t)) satisfies condition (C) fort > 0 or there is a parallel complex 
one-dimensional distribution on Tx, which gives rise to an isometric 
splitting of(X,g(t)) and hence of (X,g). 

We explain here the simple proof of short-time existence of (*) for 
Kahler manifolds and outline a proof of the maximum principle for evo
lution of bisectional curvatures in case of Theorem (2.5.2), as given in 
[Ban]. In the case of Kahler manifolds, the Kahler form w is locally 
given by potential functions </> such that w = A.88</J. On a compact 
Kahler manifold, given some closed (1, 1) form v, we can write globally 
w = v + A.88u for any closed (1, 1) form w cohomologous to v, by 
Hodge theory. In the evolution equation(*) write for the evolved metrics 
g(t) 

g;1(t) = g;1(0) - tRi 1(0) + 8;81u 

in terms of holomorphic coordinates {zi}. Recall that the Ricci form is 
given by 

(#) 
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The evolution equation (*) can then be written as 

8 ot [YG(t) = %(0) - tR; 1(0) + 8;81u] = 8;81 [logdet(go:13)]. 

Using ( #) at t = 0 we can rewrite (*) as 

To solve (*) it suffices to solve the scalar equation on u given by 

8u = lo [det(g; 1(0) - tR; 1(0) + 8;8 1u)] . 
8t g det(ga,a(O)) 

The short time existence of the scalar equation is standard from the 
study of the Monge-Ampere operator. In fact, the linearized equation is 
a heat equation on a scalar variable. 

The null-vector condition for the evolution of bisec
tional curvatures in dimension 3 

The bisectional curvatures satisfy an evolution equation of type (**). 
In case of pairs of vectors ( a, () such that Rao:(( = 0 we have in terms 
of orthonormal bases at one point the expression 

µ,,v µ,,v µ,,v 

To prove the null vector condition for bisectional curvatures for F in 
case of dimension 3 it suffices to consider a unit vector µ orthogonal to 
the span of { o:, (} and prove the inequality 

( +) 

This inequality as proved from a second variation inequality arising from 
the fact that (a,() is a zero (and hence minimum) of the bisectional 
curvatures. More precisely ( +) results from the inequality 

a2 ( -- ·0 ·0 
Of.2 R a + cµ, o: + cµ; ( + cxe' µ, ( + cxe' µ) ::; O 

for the real variables c, x and for real numbers 0, 0 ~ 0 ~ 2P. Define the 
right hand side as G0 ( x) ::; 0. The inequality ( +) follows from computing 
the discriminant of the quadratic polynomial G9 and averaging over 0. 
From the null-vector condition one can apply the maximum principle 
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for tensors to prove that the nonnegativity of bisectional curvatures is 
preserved during the evolution of (X, g) by(*). We outline in this special 
case the proof of the maximum principle. We consider an evolution of 
the form 

!_T, < !:l.T1 + P 1(T 1 ) 
at - ' 9 ' 

where we write A s; B for two tensors of type (2, 2) (having the same 
universal symmetries as bisectional curvatures) to mean that Aaa/3/3 s; 
Baa/3/3 for all choices of (a,/3), etc. Here P 1 is an algebraic expression 
in terms of T' and the Kahler metric g(t). Suppose P 1 has the property 
that whenever T~a(( = 0 and {a,(} are non-zero vectors, P~o:(( > 0. 
Suppose at time t = 0 T 1 > 0. Let t = t 0 be the first time that T1 
attains some non-trivial zero T~a(i; at some x E X. Then we have at 
t = t 0 

0 / I . I 

atTao:Ci: s; 0;!:l.Tao:Ci: ~ 0 and Paa((> 0, 

which is a plain contradiction to ( ** )1. In other words, positivity is 
preserved under the evolution equation ( ** )1. To relate (**) for the 
curvature tensor R to ( ** )1 one considers the evolution of of T 1 = R+f.f G 
where f. > 0, G(t) is the parallel (2, 2) tensor on (X, g(t)) defined by 
Ga,13-yJ(t) = (9a,B9-yJ + 9a.W-y,13)(t), and f is a positive function to be 
prescribed. From the fact that G(t) is parallel on (X,g(t)) one verifies 
immediately for any f. > 0 the inequality ( ** )1 for a smooth function f 
satisfying the heat equation 

{
of= 8f + Cf· 
at ' 
f(o; x) = 1. 

for some sufficiently large constant C independent of f. > 0. Finally, from 
the positivity of T 1 = T; for any f. > 0 it follows readily that R ~ 0 in 
the process of the evolution (*). 

The argument for the maximum principle on tensors also yields the 
fact that if bisectional curvatures are positive at some point for the initial 
metric, then for an evolved metric g(t), t > 0 the bisectional curvatures 
are positive everywhere. It suffices to consider the evolution equation of 
the tensor T" = R - f.hG for some function h chosen such that at time 
t = 0; h ~ 0, h > 0 at some point, T" ~ 0 and such that for some large 
enough constant C, h satisfies 

ah= 8h - Ch. 
at 
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For some choice of C and E > 0 one verifies that the evolution equation 
of T" satisfies the null vector condition. The function h( t) is necessar
ily positive for t > 0 from the heat kernel method for heat equations 
(cf. Protter-Weinberger [PW]). From the maximum principle on tensors 
it follows then that T" 2: 0 and that R > 0 fort > 0. 

Using the splitting theorem of Howard-Smyth-Wu (HSW] {Theorem 
(2.2.2)) one may further assume that (X, g) is of positive Ricci curvature 
at some point. The line of argument above also allows Bando to prove 
that (X,g(t)) is of positive Ricci curvature fort > 0. Furthermore, if 
the condition ( C) is satisfied at some point, then for the evolved metrics 
satisfies ( C) everywhere. 

If on the other hand ( C) is not satisfied at any point for an evolved 
metric, Bando proved the existence of a parallel 1-dimensional distribu
tion in Tx. To see this we make the observation that as a consequence 
of the expression of F and the proof of the null-vector condition us
ing ( +) we have the fact that for an evolved metric Raa(( = 0 implies 

F{R)aa(( = 0 (since XtRaa(( = 0) so that Ra(•• = 0. Since (X, g(t)) 
is of positive Ricci curvature for t > 0 it follows from this observation 
(applied to (a, a)) that an evolved metric is of positive holomorphic sec
tional curvature. Let now T., = V., EB W., be an orthogonal decomposition 
of T., violating the condition {C) for some evolved metric g(t) such that 
W., is one-dimensional. With some oversimplification one may assume 
that x --+ V., and x --+ W., are smooth distributions. For A = a E V., 
and ( E Na we have Raa(( = 0. We also have ~Raa(( = 0. Let 1 = 1 ( s) 
be a geodesic emanating from x with ,(o) = x such that 8.,,(o) = T/· 
If in translating a in a parallel manner along, the resulting curve a(t) 
on Tx is not tangent to the vector bundle V = UV., one verifies by 
using the inequality ( +) that the second derivative 8~Raa(( = cR(((( 

for some positive constant c. This violates ~Raa(( = 0 and proves by 
contradiction that V and hence V = UV., is invariant under parallel 
transport. 

Remark. We note that for such pairs (a,() F{R)aa(( actually 
agrees with Fo(R)aa(( for the F0 (R) appearing in Berger's formula in 
(2.1) given by 

Berger's formula is useful in the Einstein case, where Raa,(( = 0. In the 
general case the parabolic Einstein evolution equation(*) has the effect, 
roughly speaking, of transforming the space covariant derivative Raa,(( 

to the time derivative !t Raa((. 
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(2.6) Compact Kahler-Einstein manifolds of non-negative 
holomorphic bisectional curvature 

57 

There are two essential difficulties in higher dimensions in Bando's 
approach to solving the generalized Frankel conjecture for a general com
pact Kahler metric of nonnegative bisectional curvature ( X, g ). The first 
difficulty is to show that the null-vector condition for the evolution of 
bisectional curvatures remain valid in higher dimensions. The second dif
ficulty, more fundamental in nature, is the lack of an algebro-geometric 
characterization of irreducible Hermitian symmetric spaces M of rank 
:S: 2 other than the hyperquadric Qn. Essentially all the known char
acterization for such general M are differential-geometric in nature. In 
Mok-Zhong [MZl] we study compact Kahler-Einstein manifolds of non
negative bisectional curvature. Our objective at the time was to prove 
that (i) if ( X, g) is Einstein then it is locally symmetric and that (ii) 
in the general case by using the evolution equation (*) of Hamilton by 
rescaling the Kahler metrics {g(t)} would converge to a Kahler-Einstein 
metric. In [MZl] we solved (i). More precisely, we proved 

Theorem (2.6) (Mok-Zhong [MZl]). Let (X,g) be a compact 
Kahler manifold of nonnegative holomorphic bisectional curvature and 
constant scalar curvature. Then ( X, g) is isometrically biholomorphic to 
a Hermitian locally symmetric manifold. 

We used the characterization that ( X, g) is locally symmetric if and 
only if'v R = 0. The starting point was Berger's formula LlR+F 0 (R) = 0 
for Kahler-Einstein manifolds in the proof of Theorem (2.2.3). Recall 
that if ( X, g) is Kahler-Einstein and of positive holomorphic bisectional 
curvature and a is a unit vector of type (1, 0) at which the global 
maximum of holomorphic sectional curvatures is attained, we have 

{ 
LlRaa.aa. :S: O; 

- Fo(R)aa.aa. 2: L Raa.{3i3(Raa.aa. - 2Raa.f3iJ) :S: 0. 
/3~2 

in terms of an orthonormal basis { e,.} of T., consisting of eigenvec
tors of the Hermitian form Ha(~,() = Raa.Ci; with e1 = a. The in
equality Raa.aa. :S: 2Raa.f3i3 remains valid under the weaker assumption 
that (X, g) is of nonnegative bisectional curvature. Rescale the met
ric so that Raa.aa. = 1. It follows in this case from Berger's formula 
LlRaa.(( + F0 (R)aa.Ci; = 0 that both terms vanish so that there is a 
decomposition of T., into the orthogonal direct sum 

(*) 
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where Ha. is the eigenspace of H 0 for the eigenvalue 1/2 and N 0 is the 
null-space of H 0 • Furthermore, we showed using Berger's formula that 
at each point x, there exists such an a realizing the global maximum of 
holomorphic sectional curvatures. Let Mx be the collection of such a's 
over x EX, M = UxEX Mx and V be the distribution x---> Span(Mx)
We proved essentially the partial symmetry v' 0 R = 0 for all a E M. 
This allowed us to show that the distribution V is integrable. The proof 
was completed by induction on the dimension using the de Rham com
ponents. In order to prove v' 0 R = 0 we considered higher order elliptic 
operators on extremal Ra.aaa = 1 and Ra.a(,( = 0 of holomorphic sec

tional and bisectional curvatures resp. Let 5( 4) be the fourth order op
erator on tensors obtained by averaging fourth order radial derivatives. 
From Berger's formula AR+F 0 (R) = 0 we obtained s( 4lR+F 1 (R) = 0, 
where F1 contain terms of (norm squares of) components of v' R, etc. 
The manipulation is essentially algebraic in nature and depends very ex
plicitly on the decomposition (*) and auxiliary curvature identities. Of 
significance to proving the generalized Frankel conjecture are the cur
vature identities associated to Ra.a((, = 0 for a E M and ( E N 0 • We 
proved from ARa.a((, + F0 (R)a.a((, = 0 that in fact 

ARaa(( = F0 (R)a.a((. = 0. 

In case of dimension 3 the algebraic calculation reduces to Bando's 
proof [Ban] of the null-vector condition using the heat equation method. 
( cf. Theorem ( 2 .4)). The difficulty here is to prove the inequality 

(-;-)' LRa.aµr,.Rµp.((, ~ LIRa.r,.(vl2 + LIRa.(µvl2. 
µ µ,v µ,v 

The summation can be taken over the basis { e,,} , or equivalently over 
a basis for H 0 ( since all other terms are zero). In case of n = 3 the 
inequality (-;-)' reduces to the inequality (-;-) in the proof of Theorem 
(2.5.2) of Bando. Recall in the proof of the corresponding inequality (-;-) 
in 3 dimensions in (2.5.2) we used the variational inequality 

82 ( -- ·e ·e OE2 R a+ Eµ, a+ Eµ; (+Exe' µ, (+Exe• µ) ~ O. 

In the general case we consider similarly the inequality 

::2 R(a + EX, a+ EXi ( + f_ L c,,ei 8,,.eµ,( + f_ L c,,ei 8,,.eµ) ~ 0 

for X arbitrary. The expression on the left for fixed x is now regarded as 
a quadratic polynomial in the real variables { C,,}. The inequality (-;-)' 
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is then obtained by varying X, computing subdeterminants of the asso
ciated symmetric bilinear forms (i.e., using homogeneous coordinates), 
averaging over the angles 0µ and a combinatorial argument. A modifi
cation of (---,--)' leads to a proof of the null-vector condition for bisectional 
curvatures in arbitrary dimensions for the evolution on compact Kahler 
manifolds using the parabolic Einstein equation. Theorem (2.6) can 
be used in classifying compact Riemannian manifolds with nonnegative 
curvature operator, as will be explained in ( 2. 7). Furthermore, recently 
Guan [Gu] made use of the curvature identities (such as given by the 
decomposition (*) and the (---,--)', replacing ~ by =) to give canonical 
forms of the curvature tensor of Hermitian symmetric manifolds. Start
ing from the single identity v' R = 0 he classified such canonical forms in 
terms of coordinates given by the decomposition (*) and further specifi
cations. All such canonical forms are in fact realized as can be checked 
from classification theory ( cf. Helgason [Hell). 

(2. 7) Characterization of locally symmetric spaces of 
rank ~ 2 by the holonomy group 

Besides the characterization of Riemannian locally symmetric mani
folds ( M, h) by the identical vanishing of V R there is a more geometric 
characterization in terms of holonomy groups due to Berger [Berl]. Later 
Simons [Si] gave a more direct proof. We have 

Theorem (2.7) (Berger [Berl] and Simons [Sil). Let (M,h) be a 
complete Riemannian manifold. Let x E M and Hx(M) be the restricted 
holonomy group at x. Suppose Hx(M) does not act transitively on the 
unit sphere Bx of the (real) tangent space Tx at M. Then, either (M, h) 
is locally reducible as a Riemannian manifold; or (M, h) is a Riemannian 
locally symmetric manifold. 

The proof of Simons' relies on the fact that the holonomy group is 
in some sense determined by the curvature operator. More precisely, the 
curvature tensor R = { Ri 3kz} at x E M can be regarded as a symmet

ric bilinear form on /\ 2Tx. We call the symmetric bilinear form Q the 
curvature operator at x. Equivalently, Q can be regarded as a linear 
map Q: /\ 2 Tx ---, /\ 2 T; can be identified with the Lie algebra so(n) to 
the special orthogonal group SO(n), n = dima(M), at x. Let {'y(t)}, 
0 ~ t ~ 1, be a contractible closed smooth loop emanating from x. We 
denote by Q 'Y the image of Q under parallel transport of Q along I from 
x to x. Let fJ c /\2T; ~ so(n) be the linear subspace generated by 
{Im(Q-y)}. Then, his the Lie algebra to the restricted holonomy group 
Hx(M) at x. 
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To apply Theorem (2. 7) one applies what can be called "the prin
ciple of holonomy": the existence of a geometric object invariant under 
holonomy implies a reduction of the holonomy group. Examples of this 
were already given in the splitting theorem Theorem (2.2.2) of Howard
Smyth-Wu [HSW] and Theorem (2.5.2) of Bando [Ban]. We describe 
here two further examples. 

Hamilton ([Ham2, 1986]) considered the evolution of compact Rie
mannian manifolds (M,g) with positive curvature operator and prove 
that fort > 0, (M, h(t)) has positive curvature operator, or one of the 
following holds: (i) (M, h) is Kahler; (ii) (M, h) is quaternionic-Kiihler; 
(iii) (M,g) locally symmetric ofrank ~ 2; or (iv) (M,h) splits isometri
cally locally. In case of four dimensions [Ham2] completely classified such 
manifolds (M, h). In the proof of Hamilton [Ham2] classifying compact 
Riemannian manifolds (M, h) with nonnegative curvature operator, he 
proved the null-vector condition for the evolution of the curvature op
erator. Furthermore, if the curvature operator of an evolved metrics 
h(t) is not positive everywhere, then the images of the curvature oper
ators at x E M defines a sub bundle of /\ 2T* invariant under parallel 
transport. In this case from the more precise statements of the classi
fication of possible holonomy groups of Berger [Berl] and Simons [Si] 
either H.,(M) does not act transitively on the unit sphere bundle, or 
H.,(M) ~ U(n/2), Sp(n/4)Sp(I). In the former case (M, h) is either 
locally symmetric of rank ~ 2 or locally reducible. The latter case corre
spond precisely to the case of Kahler and quaternionic-Kiihler manifolds. 

More recently, Cao-Chow [CC] made use of the solution of the 
Frankel conjecture to show that in the Kahler case with positive scalar 
curvature Mis biholomorphic to the projective space pn/ 2 or (M, h) is 
Hermitian symmetric with rank ~ 2. Furthermore, Chow-Yang [ChY] 
completed the study of the quaternionic-Kii.hler case with positive scalar 
curvature by showing that {M, h) is either HPn with a standard metric 
or a quaternionic symmetric space of rank ~ 2. The proof of [ChY] 
is based on Mok-Zhong (MZl]. More precisely, they considered the 
(twistor) space Z of almost complex structures on M compatible with 
the quaternionic structure, endowed with a canonical complex struc
ture. The quaternionic metric h of positive scalar curvature gives rise 
to a Kahler-Einstein metric g of positive Ricci curvature on Z. Further
more, they showed that ( Z, g) is of nonnegative holomorphic bisectional 
curvature, so that they could use the result of [MZl]. 

Another application of Theorem (2. 7} is to classify complete Rie
mannian manifolds (M, h) of nonnegative sectional curvature by Ball
mann {[Ball]} and Burns-Spatzier {[BS]) {cf. also Ballmann-Gromov
Schroeder [BGS] and references there). Roughly speaking, there is a 
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notion of rank on Riemannian manifolds of nonnegative sectional curva
ture defined in terms of Jacobi fields. In case of rank 2': 2 they studied 
restrictions on the behavior of the geodesic flow imposed by the Jacobi 
fields and constructed integrals of the flow, i.e., functions invariant under 
the flow. This forces the restricted holonomy group to act intransitively 
on the unit sphere bundle, so that by Theorem (2.7) of Berger [Berl] 
Simons [Si] (M, h) is locally symmetric. 

(2.8) The space of minimal rational curves on Hermitian 
symmetric manifolds of compact type 

As explained in (2.6) there are two difficulties to proving the gene
ralized Frankel conjecture (Theorem (1. 1)) using the methods of Hamil
ton [Haml, 2] and Banda [Ban]. In order to resolve the fundamental 
difficulty of characterizing Hermitian symmetric manifolds of compact 
type we use Mari's theory of rational curves [Mo] and the deformation 
theory of complex submanifolds. To motivate our approach we describe 
here the structure of the space of minimal rational curves on an irre
ducible Hermitian symmetric manifolds of compact type M. 

Our characterization of M of rank 2': 2 will be somewhere between 
algebra-geometric and differential-geometric. Let V be the space of ra
tional curves C on M representing the positive generator of H 2 ( M, Z) ~ 
Z and S c PTx be the space consisting of all [T., ( C)], x E C. All such 
C are non-singular. They will be referred to as minimal rational curves. 
S C PTx is of course an algebra-geometric object and does not depend 
on the choice of a Kahler metric. Since the complex structure J is in
variant under parallel transport with respect to any Kahler metric, we 
can speak of parallel transports of elements of PTx. The crucial point 
is 

Proposition (2.8.1). S is holonomy-invariant for any choice of 
Kahler metric defining a Hermitian symmetric structure on M. 

The space of such metrics h is the orbit of a single one h under the 
identity component of the biholomorphism group, which is a complexi
fication of the identity component of the isometry group. In case of the 
projective space pn, the minimal rational curves are precisely the ratio
nal lines. In case of the hyperquadric Qn, n 2 3 and the Grassmannian 
G(r, n), embedded into some pN using standard embeddings (the Pliiker 
embedding for G(r, n)) they are the rational lines in pN that are already 
contained in M. By using the first canonical (isometric) embedding 
u: (M, h)---+ (PN, v) as given in Nakagawa-Takagi [NaT] (cf. (2.1)), this 
remains true for any ( M, h). Moreover, the group of biholomorphisms of 
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M are then realized as projective linear transformations. For any ratio
nal line C in Mand a E T,,(M) we have Ra.aa.a(C) = Ra.aa.a(PN) since 
C is totally geodesic in (PN, v ). On the other hand by the curvature 
decreasing property of submanifolds in Kahler manifolds we have 

so that the three curvatures are equal. Thus, all rational lines C are 
totally geodesic in (M, h). Since Aut(M) C PGL(N + 1), C is in fact 
totally geodesic with respect to any choice of Hermitian symmetric struc
ture on M. 

We normalize the Fubini-Study metric v on pN so that all holomor
phic sectional curvatures equal to 1. Then, Ra.aa.a(M) = 1 for any unit 
vector a E Tx such that [o:] E (J'. The converse is also true, by the "Poly
sphere Theorem" on Hermitian symmetric manifolds ( cf. Wolf [Wolf] and 
Mok [Mok7, Proposition (2.1.1), p.186]). It follows from "il R = 0 that 
holomorphic sectional curvatures are invariant under parallel transport. 
Hence, for ( M, h) of rank :::; 2, we have a proper holonomy-invariant 
subset {j C pN, proving Proposition (2.8.1 ). 

In studying the deformation of rational curves C as described in (2.3) 
and (2.4) we need to know the splitting of the tangent bundle over C. For 
[o:] E 8,, since o: realizes the (global) maximum of holomorphic sectional 
curvatures of (M, h) we have by (2.6) the decomposition ( *) T,, = Ca.+ 
Ha. + Na. of into eigenspaces of the Hermitian bilinear form Ha. ( (, () = 
Ra.a{(· In case of the minimal rational curves C of (M, h), we have 

Proposition (2.8.2). TMIG splits holomorphically as 0(2)EBOP(l) 
EB Oq, where p = dime Ha and q = dime Na.. 

Proof. By the Grothendieck splitting theorem we have TMIG 3'! 

L O(ai)- Since (M, h) is of nonnegative holomorphic bisectional cur
vature we have ai 2 0. For the canonical line bundle K of K- 1 · C = 
deg(K- 11c) = / •. (l+f)Area(C,hlc). Onotherhandsince(C,hlc)has 
constant holomorphic sectional curvature 1 and for the tangent bundle 
Tc of C we have deg(Tc) = 2, we deduce Area(C,hlc) = 47r, so that 
K- 1 · C = 2 + p. From the embedding C ----> M and Tc 3'! 0(2) we 
know that one of the components of TMlc 3'! L 0( ai) must be such that 
ai 2 2. It follows that if TMlc ';p 0(2) EB OP(l) EB Oq there would exist 
more than q trivial components. To prove Proposition (2.8.2) we argue 

Lemma (2.8.3). There are at most q trivial components in the 
Grothendieck decomposition TMlc 3'! L O(ai)-
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Proof. Consider the Grothendieck decomposition TMlc ""' 
L 0(-ai) of the cotangent bundle TM. By using the metric h* on TM 
induced by h, (TM, h*) has nonpositive curvature in the sense of Grffiths. 
Denote its curvature form by 0. For any trivial summand L ~ 0 in 
TM/\ = from the curvature-decreasing property of sub bundles in Hermi
tian holomorphic vector bundles we know that ( L, h *IL) is of non positive 
curvature. From the triviality of L it follows that (L, h* IL) is fl.at. It 
follows that 0 11.:;:;-aa = 0 for any ry* E L,,. If 1J ET,, is obtained from 1J 

by lifting using the Kahler metric h, we have Raa 11r, = -0,,.,.,•aa = 0. 
In other words, the dimension of zero eigenvectors Na of the Hermitian 
form Ha must be at least equal to the number r of trivial factors in the 
decomposition TMlc ~ L O(a;), i.e., q Sr, proving the lemma. 

(2.9) Holonomy-invariance of the space of tangents to 
minimal rational curves 

In this section we give a proof of the generalized Frankel conjecture 
(Theorem (1.1)). Strictly speaking we will only need the work of Mori 
[Mo] and the methods of Hamilton [Haml] and Bando [Ban] using the 
parabolic Einstein equation. As explained in (2.6) the two essential 
difficulties to the proof of Theorem (2.1) are: (i) to prove the null-vector 
condition for the evolution of bisectional curvatures and (ii) the lack of 
an algebro-geometric characterization of irreducible compact Hermitian 
symmetric spaces of rank 2: 2 other than the hyperquadric Qn, n 2: 3. To 
achieve (i) we consider a compact Kahler manifold (X, g) of nonnegative 
bisectional curvature and a zero of bisectional curvatures Raa<;( . We use 
an orthonormal basis { eµ} consisting of eigenvectors of the Hermitian 
form Ha(t x) = Raa1;x· As in (2.6) (the Einstein case) we need to prove 

µ µ,v µ,v 

The proof of (..,... )' is achieved by a modification of the proof of the same 
inequality in the Einstein case for special zeros of bisectional curvatures. 
We remark that the null-vector condition for the evolution of sectional 
curvatures in the Riemannian case is not valid for real dimensions m 2: 4; 
the validity of (..,... )' relies to a certain extent on the particular symmetries 
of the curvature tensor in the Kahler case. 

The null-vector condition implies that (X, g(t)) is of nonnegative 
holomorphic bisectional curvature for t > 0. We can use this to prove a 
splitting theorem without resorting to the Riemannian splitting theorem 
of Cheeger-Gromoll for complete manifolds of nonnegative Ricci curva
ture. By a modification of the argument of Bando [Ban] we can show 
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that for an evolved metric g(t), t > 0, the dimension of the null space of 
the Ricci form is constant. To split off the fl.at directions we need only 
to prove that the distribution x -+ Ker(Ric.,) is parallel. As in Theorem 
(2.5.2) we know now that Ra.a.a.a. = 0 if and only if Ra.a = 0. The rest 
of the argument is then the same as in the argument of [Ban] producing 
a parallel distribution. 

We can now restrict ourselves to the case of a compact Kahler man
ifold (X,g) of nonnegative bisectional curvature, of positive Ricci cur
vature and of positive holomorphic sectional curvature. Mori's theory 
of rational curves ( cf. (2.3)) now guarantees the existence of a rational 
curve Ca such that Ca· Ki: 1 = r < n + 1. We choose any such rational 
curve Ca and consider the irreducible component 7J of the Douady space 
of X containing the cycle [C]. Let Sa c PTx be obtained by taking all 
tangent directions at smooth points to C for [ C] E 7J and let S be the 
closure of Sa in PTx. Denote by 7J,,, the subset of 7J consisting of C 
passing through x. We have either 

(i) for some point x E X the Grothendieck splitting of Tx over any 
C has no trivial summands; or 

(ii) for every point x E X the Grothendieck splitting of Tx over any 
C has some trivial summands; 

(iii) for every point x E X the Grothendieck splitting of Tx over 
some (but not all) Chas some trivial' summands. 

The possibility (i) can occur only if q = n + 1. In this case we have 
Txlc S:! 0(2) + on- 1 (1). Mori's proof of the Hartshorne conjecture ap
plies to this case to show that X is biholomorphic to pn. The possibility 
(ii) occurs for example when q < n + 1. In case (iii) we call the rational 
curve C special if the Grothendieck splitting of Tx over C has trivial 
factors. We define S' as in the definition of S except that we use only 
special rational curves. The crux of the proof of Theorem (1.1) is 

Proposition (2.9). S C PTx in case of (ii) and S' c PTx m 
case of (iii) are invariant under holonomy. 

We outline here a proof of case (ii). The proof of (iii) runs along a 
similar line but is more subtle, relying on more algebraic geometry. 

Proof of holonomy-invariance of S. To motivate the proof recall 
the situation of an irreducible Hermitian symmetric space ( M, h) of com
pact type of rank 2: 2 and S = SM obtained from the minimal rational 
curves C. In (2.9) we deduce from from V R = 0 the holonomy-invariance 
of S ( with respect to any choice of h ). We now explain how one can prove 
the latter from the much weaker statement that .6.Ra.a(C = 0 whenever 
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[a] E SM over x E X and ( E Na. Recall here the eigenspace de
composition Tx ':::' Ca EB Ha EB Na and that by Proposition (2.8.2) that 
TMlc ':::' 0(2)EBOP(l)EB0q, wherep = dime Ha and q = dime Na. From 
the deformation theory of rational curves as discussed in (2.3) and (2.4) 
we know now for the deformation space V., of minimal rational curves 
passing through x, Vx is smooth and the tangent space to V,, at [C] is 
parametrized by H 0 (C,Nc 1M @0(-1)) = H 0 (C,OP EB Oq(-1)) ':::' CP, 
where NclM is the normal bundle of C inµ ':::' OP(l) EB Oq. Rewrite 
TMlc ':::' 0(2) EB OP(l) EB Oq in the form TMIC ':::' V EB W where V and 
W consist of the positive and W the trivial summands resp. We note 
that the summands in the Grothendieck splitting are not uniquely deter
mined but the positive part Vis. In fact V@ 0(-1) C TMlc Q9 0(-1) 
is the subbundle generated by the vector space of global sections of 
TMlc@0(-1). From the description ofT[C](V.,) one deduces Ta(S,,) = 
Vx/Ca C T[a](PTx(M)). We now give another description of V,,. 

Lemma. With respect to the decomposition Tx = Ca EB Ha EB Na, 
we have V,, = Ca EB Ha. 

Proof. Consider the Grothendieck decomposition TM le':::' 0(-2)EB 
OP(-1) EB Oq of TMlc- TMlc ':::' V' EB W' for V', W' corresponding to 
the negative and trivial summands resp. In this decomposition we can 
take V' = 0(-2) EB OP(-1) = wAnn and W' = oq = vAnn, where 

W,, Ann c TM(M) denotes the annihilator of W,, with respect to the 
natural pairing between T,,(M) and TM. We note that W' = vAnn is a 
uniquely determined subbundle of TM le while V' is not. Recall that 0 
denotes the curvature of TM and that if 'f/* and 'f/ corresponds to each 
other by lifting and lowering indices using hand h*, 0 11.,;-aa = -Raa 11ri

Write 0a for the Hermitian form 0a(·, :-) = 0.:aa on T;, a ET.,. From 
the proof of Lemma (2.8.3) we know that W' C Null space of 0"'. By 
taking their annihilators in TM le we have V ::J Co: EB Ha. By counting 
dimensions we had in Lemma (2.8.3) dime W' = dime Na = q so that 
in fact V = Ca EB Ha.-

We continue with our proof of the holonomy-invariance of SM. Let 
1 = {,(t) : -8 < t < 8} be a curve onµ such that 1 (o) = x. Let [o:(t)] 
be obtained from [a] by parallel transport along 1 . Suppose [at] is a 
smooth section of SM over I obtained by projecting a(t) to the nearest 
point on Sy(t)· We do not require at to be of unit length but choose 
at such that o:(t) = O:t + t(t is an orthogonal decomposition. Let Ct 
be the (unique) minimal rational curve passing through ,(t) such that 
O:t is tangent to Ct. Let ½ be the positive part of the Grothendieck 
decomposition of TM over Ct. Since T[a,)S-y(t) = Vi mod (Cat) by our 
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choice of the orthogonal decomposition o:( t) = O:t + (t, (t is orthogonal to 
½- To prove that Sis invariant under holonomy it suffices to show that 
it is true infinitesimally, i.e., for all possible choices of x, o: and 1 , (o = 0. 
To see this write ( = ( 0 and let ((t) be the parallel translate of ( along 
1 . We will show that ( = ( 0 = 0 by using llRaa(( = 0 at x = 1 (o). 
Using the decompositions o:(t) = O:t +t(t and ((t) = (t +t(t; (o =(;we 
have 

llRaa(( = Race + Ra.a€€ ~ 0 

Since (M, h) has positive holomorphic sectional and nonnegative bisec
tional curva tures this can only happen if ( = 0. This completes the 
proof of the holonomy invariance of SM based on the fact llRaa(( = 0. 

We return now to the proof of Proposition (2.9) (and hence Theorem 
(2.1)). We are going to show that for the compact Kahler manifold 
(X, g(t)) with t > 0 of positive holomorphic bisectional curvature and 
positive Ricci curvature obtained by the parabolic Einstein evolution 
equation, S as defined in Proposition (2.9) is invariant under holonomy. 
We consider the Grothendieck decomposition Tx[c ~ ~ O(ai) = VEBW, 
with V and W corresponding to the positive and trivial summands resp., 
as in the case of (M, h) by using a rational curve C such that C · Kx :S 
n + l. Since C is possibly singular we work with the normalization 
v: P 1 ---> C and consider deformations of C' = Graph(v) in X' = P 1 x 
X. Let T; = 'Pa EB Na be the decomposition of T; in terms of the 
Hermitian form Ha((,'TJ) = Raaer, of (X,g(t)), where 'Pa is the direct 
sum of eigenspaces of Ha with positive eigenvalues and Na is the null
space of Ha. Imitating Lemma (2.8.3) we have on (X,g(t)), V,, :) 'Pa 
( instead of the stronger statement V., = 'Pa). On examining the proof 
of the holonomy invariance of SM on the Hermitian symmetric manifold 
(M, h) of compact type, we see that the inclusion V., :) 'Pa is actually 
sufficient. As was proved using the null-vector condition, (X, g(t)), t > 0, 
is also of positive holomorphic sectional curvature and tl..Raa(( = 0 for 
any pair ( o:, () such that Ra.a(( = 0. The proof of Proposition (2.9) is 
completed. To apply Proposition (2.1) to the proof of Theorem (2.1) we 
note that in case S i- PTx we have by Theorem (2. 7) of Berger-Simons 
that (X, g(t)) is Hermitian symmetric, which implies that the same is 
true at t = 0 for (X,g(o)) = (X,g). 

One approach to proving the generalized Frankel conjecture using 
only methods of differential geometry is to generalize the argument of 
Bando [Ban] of using condition ( C) to show that for an evolved met
ric 1 (t), t > 0, if condition (C) is violated at some point then (X, g(t)) 
is locally reducible as a Riemannian manifold. In higher dimensions it 
appears that one would need a deformation theory for stable harmonic 
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maps to accomplish this. If this can be accomplished then one can use 
the method of stable harmonic maps to produce rational curves C rep
resenting a generator of H 2(X, Z) modulo torsions in case b2 (X) = 1. 
Given this, the possibility (iii) (of having special rational curves) appear
ing before Proposition (2.9) can be ruled out since Kx.1 = n + 1 would 
imply that X is biholomorphic to pn by the criterion of Kobayashi
Ochiai (Theorem (2.4.2)). 

Alternatively, one may try to complete the program as envisaged in 
Mok-Zhong [MZl] by showing that one can use the parabolic Einstein 
equation to evolve {X, g) to a Kahler-Einstein manifold {necessarily of 
nonnegative holomorphic bisectional curvature by [Mok9]). Even in the 
case of the projective space pn it is not known whether a Kahler met
ric of positive holomorphic bisectional curvature evolves into a Kahler
Einstein metric using the parabolic Einstein equation. In the special 
case of n = 1 this was proved (unpublished) by Hamilton. 

Lecture III. Compactifl.cation of Complete Kahler 
Manifolds of Positive Curvature 

The Frankel Conjecture for open manifolds 

In analogy with the Frankel conjecture for compact Kahler mani
folds, Greene-Wu [GWI] and Siu [Siul] formulated the following conjec
ture on complete Kahler manifolds of positive curvature. 

Conjecture. Let X be an n-dimensional complete non-compact 
Kahler manifold of positive Riemannian sectional curvature. Then, X 
is biholomorphic to the complex Euclidean space en. 

In case of n = 1 this is a theorem of Blanc-Fiala (BF]. It is a con
sequence of the uniformization theorem in one complex variable and 
the fact Xis simply-connected and supports no non-trivial positive har
monic function. In the general case Cheeger-Gromoll-Meyer [GM] [CG2] 
proved that a complete non-compact m-dirnensional Riemannian mani
fold of positive sectional curvature is diffeomorphic to Rm. On the other 
hand, Greene-Wu [GWl] proved by using Busemann functions that Xis 
necessarily Stein. These are the only known supporting evidences for the 
general conjecture. It should be remarked that the conjecture is formu
lated for the more restrictive condition of positive Riemannian sectional 
curvature instead of positive holomorphic bisectional curvature. On the 
one hand it is not known whether the theorem of Cheeger-Gromoll
Meyer [GM] [CG2] can be extended to include this case. On the other 
hand it is not even known whether such a complex manifold is Stein. 
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Both are due to the lack of a Toponogov Theorem for the case of posi
tive holomorphic bisectional curvature. In Mok [Mok3] we attempted to 
study the non-compact version of the Frankel Conjecture by imposing 
additional quantitative geometric conditions. We proved an embedding 
theorem of such manifolds into en as affine-algebraic varieties. More 
precisely, we have 

Theorem (3.1.1) (Mok [Mok3]). Let (X, g) be a complex n
dimensional complete Kahler manifold of positive holomorphic bisec
tional curvature. Suppose X satisfies 

(i) 0 < Bisectional curvatures< Const./d(x 0 ;x) 2 ; 

(ii) Volume(B(x 0 ; R)) ~ cR 2n for some c > 0. 
Then, X is biholomorphic to an affine-algebraic variety. 

Here x 0 is any fixed base point and d(· ; ·),B( · ; ·) denote geodesic 
distances and geodesic balls resp. We note that for (ii) by standard 
comparison theorems we always have the opposite inequality 

Volume(B(x 0 ; R)) S CR2n for some C > 0 

for a complete Riemannian manifold of nonnegative Ricci curvature. 
Henceforth we will say in general that a Riemannian manifold (M, h) 
is of quadratic curvature decay if the absolute values of Riemannian 
sectional curvatures decay quadratically (or faster). We will say that 
( M, h) is of Euclidean volume growth if there exists positive constants c 
and C such that 

Regarding Theorem (3.1) we note that the proof of the theorem 
extends to the case when X is of nonnegative holomorphic bisectional 
curvature and of positive Ricci curvature. On the other hand, in case 
of n = 2, a theorem in algebraic geometry due to Ramanujam (Ra) as
serted that a quasi-projective surface diffeomorphic to R4 is necessarily 
biregular to C 2 • As a consequence we have 

Theorem (3.1.2) (Mok (Mokl,3)). Let (X, g) be a complete 
Kahler surface of positive Riemannian sectional curvature. Suppose X 
is of quadratic curvature decay and of Euclidean volume growth. Then, 
X is biholomorphic to C2 • 

We will also consider in this lecture the problem of embedding com
plete Kahler manifolds of positive Ricci curvature. We prove 
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Theorem (3.1.3) (Mok [Mok14]). Let (X,g) be an n-dimen
sional complete Kahler manifold of positive Ricci curvature. Suppose 
X is of quadratic curvature decay and of Euclidean volume growth. Sup
pose furthermore that fx Ricn < oo. Then, X is biholomorphic to a 
non-singular quasi-projective variety. 

The embedding theorems presented in this lecture will be regarded 
as special cases of embedding theorems of non-compact complete Kahler 
manifolds. From this perspective we will try to explain a general scheme 
of compactifying such manifolds. This scheme will be relevant in other 
contexts as well. Later we will explain a result of Demailly on charac
terizing affine-algebraic varieties based on a similar scheme developed 
independently in [Del]. The approach developed in this lecture will 
also be relevant in the next lecture, where we will study the question 
of compactifying complete Kahler-Einstein manifolds of negative Ricci 
curvature. 

(3.2) Techniques of L2-estimate of [J for the embedding 
problem 

The most classical embedding theorem for complex manifolds is the 
Kodaira Embedding Theorem 

Theorem (3.2.1) (Kodaira, cf. Kodaira-Morrow [KM]). Let X be 
a compact complex manifold admitting a Hermitian holomorphic line 
bundle (L, h) of positive curvature. Then, X is biholomorphic to a non
singular projective-algebraic variety. 

The original formulation of the proof of the Kodaira Embedding 
Theorem is based on the Kodaira Vanishing Theorem for the positive 
line bundle L, which asserts that for a large enough positive integer 
p0 , Hi(X, LP) = 0 for all p ?: p0 and i > 0. The proof of this is based 
on the Bochner-Kodaira formula. The Kodaira Vanishing Theorem, 
combined with the Theorem of Riemann-Roch, allows one to construct 
enough holomorphic sections on LP for a large enough p to construct an 
embedding into some projective space. 

A somewhat different formulation of the proof is to construct di
rectly holomorphic sections in r(X, LP) for p large enough. This formu
lation is based on the same Bochner-Kodaira formula but avoids using 
the Theorem of Riemann-Roch. To formulate it consider the problem 
of finding a single non-trivial holomorphic section s of some positive 
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power of L. A smooth section s is holomorphic if and only if as = 0. 
Let x 0 E X be any point and U be a Euclidean coordinate neighbor
hood of x 0 with coordinates (z1 , ••. , Zn) such that x 0 corresponds to the 
origin and such that Liu is holomorphically trivial with a holomorphic 
basis e. We look for some positive integer p and s E r(X, LP) such 
that s(x 0 ) =f. 0. Let p be a cut-off function on U such that p = 1 on 
a neighborhood of Xo and Supp(p) cc u. Consider the a-equation on 
au = a(peP) on LP. The section s = peP - u then satisfies as = 0 
and defines a holomorphic section of LP. The requirement s(x 0 ) =f. 0 

is guaranteed if u(x 0 ) = 0. To solve the equation au = a(peP) with 
the additional condition u(x 0 ) = 0 we use the following existence the
orem with L2-estimates for the a -equation which in the compact case 
is a consequence of the Bochnet-Kodaira formula, smoothing arguments 
(Friedrich's lemma) and the Riesz representation theorem in functional 
analysis: 

Theorem (3.2.2) {Andreotti-Vesentini [AV] and Hormander 
[Horl]). Let (X,w) be a complete Kahler manifold or a Stein manifold 
equipped with a Kahler metric w. Let (A, 0) be a Hermitian holomorphic 
line bundle with curvature form c(A, 0) and Ric be the Ricci form of 
(X,w). Let cp be a smooth function on X. Suppose c is a positive func
tion on X such that c( A, 0) +Ric+ Raacp ~ cw everywhere on X. Let 
f be a 8-closed L 2 A-valued (U, 1)-form on X such that fx llf 112 /c < oo. 
Then, there exists an L 2 A-valued section u satisfying Bu = f and the 
estimate 

r llull2e-cp < r ll/112e-cp < oo. 
ix ix c 

Furthermore, if f is smooth u is also smooth. 

The statement can be reduced to the case when the weight func
tion is simply 1 when we replace the Hermitian line bundle (A, 0) by 
(A, 0e-cp) since we have c(A, 0e-'1') = c(A, 0) + H88cp. In this case 
the Bochner-Kodaira formula implies the following: Let 8* denote the 
adjoint operator of 8 with respect to the Kahler metric w on X and 
the Hermitian metric 0 on A. Then, for any square-integrable A-valued 
section v belonging to the domains of definition of a and 8*, we have 
the inequality 

ll8vll2 + JJ8*vlJ2 ~ c1Jvll2 + 11Vvll2 
everywhere on X. In the compact case, Theorem (3.2.2) (including the 
regularity statement) is a consequence of this inequality ( the fundamen
tal estimate), a density lemma of smooth forms in Dom(a) n Dom(&*) 
and the Riesz representation theorem in functional analysis. 
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Returning to the problem of finding a non-trivial holomorphic sec
tion s E r(X, LP) such that s(x 0 ) -:f. 0 in Theorem (3.2.1) we consider 
for the time being the Hermitian holomorphic line bundles (LP, hP).We 
want to solve for Bu = B(peP) on (LP, hP) with a weight rp with L2 -

estimates while requiring u(x 0 ) = 0. Since B2 = 0, f = tJ(peP) is 
B -closed. Consider the singular weight function <p = nplog L lzil2 on 
X ( <p being defined as zero outside U). Since log I: jz;j2 is plurisubhar
monic for p large enough one verifies that c(LP, hPe-'P) :2". cw for some 
positive function con X. Suppose Theorem (3.2.2) remains valid for the 
singular weight rp. Then, we have from the theorem a smoo,th solution 
of Bu = i!J(peP) with the estimate 

The second integral is finite because B(peP) is zero on a neighborhood 
of Xo. It then follows from fx llull2 e-'P < oo that in fact u(x 0 ) = 0. 
To justify applying Theorem (3.2.2) to the singular weight cp one can 
simply approximate rp by the smooth weights rp, = nplog I:(lz;j2 + c:). 

Similar arguments allow us to construct holomorphic sections s0 , ••• , 

SN in r(x, LP) for p large enough so that(]'= [so, ... ' SN]: X--; pN de
fines a holomorphic embedding of X into some projective space pN. 
Here ifs;= t;eP in terms of the holomorphic basis e of Liu, [s0 , ••• , SN] 

is defined to be [t0 , ••• , tN], which is independent of the choice of e. 
More precisely, to ensure that (]' separates points we construct holomor
phic sections with prescribed values at any two distinct points by using 
a weight function with two singularities. To ensure that 17 gives a lo
cal embedding at a given point x 0 we construct holomorphic sections 
vanishing at x 0 with prescribed first derivatives (in local coordinates). 
This is done by using the singular weight ( n + 1) p log I: I z; 12 • Finally, 
we obtain 17 by using a covering argument. 

Applying L2-estimates of 8 to non-compact manifolds 

Let (X, w) be a complete Kahler manifold admitting a positive holo
morphic line bundle (L, h) such that for some integer r,rc(L, h) + Ric 
is positive. Theorem (3.2.2) applies to yield holomorphic sections of 
high powers of L. In case the line bundle L is holomorphically trivial 
we can even construct holomorphic functions. In order to embed X 
as an affine-algebraic variety or a quasi-projective variety the first diffi
culty is that there may be too many holomorphic sections. The vector 
spaces r(X, LP) may be infinite-dimensional. Even if they are finite
dimensional, the procedure of constructing holomorphic sections with 
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prescribed values and first derivatives at a point x 0 may only work with 
an exponent p(x 0 ) that blows up as x 0 diverges to infinity. The use 
of compactness in the Kodaira Embedding Theorem has to be replaced 
by finiteness theorems at each stage of the scheme of embedding. The 
first theorem of embedding complete Kahler manifolds was the following 
affirmative answer to a conjecture of Greene-Wu [GWl] due to Siu-Yau 
[SYl, 2]: 

Theorem (3.2.3) (Siu-Yau [SYl,2]). Let (X,w) be a simply
connected complete Kahler manifold of nonpositive Riemannian sectional 
curvature satisfying 

-C / ( d( x 0 ; x )2+' ~ Sectional curvatures ~ 0 

for some base point x 0 , some€ > 0 and some constant C. Then, X is 
biholomorphic to the complex Euclidean space en. 

In the proof they used comparison theorems in Riemannian geome
try to construct plurisubharmonic functions on X of logarithmic growth 
such that the complex Hessian dominates - Ric. This allows them to 
work with the trivial line bundle and construct using L2-estimates of n 
holomorphic sections of minimal growth which are candidates for Eu
clidean coordinates on en. The difficulty of the proof is in showing 
that these n functions (f 1, ... , f n) do give a proper holomorphic map 
F into en. The proof involves two steps: the map F is shown to be a 
locally a biholomorphism by estimating the volume of the zero-divisor 
of dfi I\··· I\ df n using the Poincare-Lelong equation. The technique of 
showing that F is proper involves using L 2 -estimates of /j and standard 
elliptic estimates. 

It was shown later on that the manifold (X, w) in Theorem (3.2.3) 
is actually flat. The technique of proof yields nonetheless the following 
embedding theorem for ( X, w) with mixed curvature. 

Theorem (3.2.4) (Mok-Siu-Yau [MSY]). For every€> 0 there is 
a positive constant A, for which the following is true: Let (X, w) be a 
simply-connected complete Kahler manifold satisfying 

I Sectional curvatures! ~ A,/(d(x 0 ; x) 2+' 

for some base point x 0 • Then, X is biholomorphic to the complex Eu
clidean space en. 

Both Theorems (3.2.3) and (3.2.4) are rather special since we can 
construct plurisubharmonic weight functions by using comparison theo
rems. In case of Theorem (2.1) we constructed in Mok-Siu-Yau [MSY] 
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such functions by solving the Poincare-Lelong equation. Since the Ricci 
form is positive a real solution cp to the Poincare-Lelong equation 
Ff_88cp = Ric is a plurisubharmonic function. In [Lel] Lelong solved 
such equations Ff_88'ljJ = T on en for a closed positive (1, 1) cur
rent T on en of minimal growth by a reduction of the equation to 
tl.'1/J = 2 Trace(T). In case of manifolds of nonnegative holomorphic bi
sectional curvature of quadratic curvature decay and Euclidean volume 
growth we solved in [MSY] Ff_88cp = p for a closed positive (1, 1) form 
p of quadratic decay by finding a solution of logarithmic growth to the 
equation tl.cp = 2 Trace(p ). The nonnegativity of bisectional curvatures 
is used in showing that tl.llFf.88cp - Pll2 ~ 0, as in Theorem (2.2.1). 
We remark that in the argument and notations there we do not need v 
to be a harmonic form, but only a closed (1, I) form with constant trace. 
Here v = Ff_88cp - p has constant trace 0. The growth condition on p 
is then used to show that the subharmonic function u = II Ff_88cp- Pll2 

would violate the mean-value inequality unless it is identically zero. In 
the proof we used estimates of the Green Kernel and its gradient based 
on the isoperimetric inequality of Croke [Cro] and gradient estimates 
of Yau [Yl]. Both the Green function G(-, y) and its gradient decay 
exactly as in the Euclidean case. 

Using the fact that Ric is of quadratic decay one can deduce that 
cp is in fact an exhaustion function, i.e., { rp < c} ~ X for any c. As 
a consequence X is a Stein manifold by Grauert's solution to the Levi 
problem [Grl]. 

Equipped with a plurisubharmonic function rp of logarithmic growth 
we can then use £ 2-estimates of 8 to construct holomorphic functions of 
polynomial growth. If X can be embedded as an affine-algebraic variety 
one expects the algebra P(X) of functions of polynomial growth to be 
finitely generated. (We will henceforth call such functions polynomials 
on X.) However, it is in general very difficult even in the compact case 
to show that a graded algebra of holomorphic sections of line bundles 
is finitely generated. Instead we pass to the "birational geometry" of 
the open Kahler manifold X by considering the quotient field R(X) of 
"rational functions" of P(X). 

(3.3) Siegel's Theorem for the field of rational functions 

Our first finiteness theorem is a Siegel's Theorem on the field R(X). 
To explain this we consider first the classical Siegel's Theorem on com
pact complex spaces: 

Theorem (3.3.1). Let W be a connected compact complex space 
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of dimension n. Denote by M(W) the field of meromorphic functions 
on Z. Then M(W) is of transcendence degree at most n. When the 
transcendence degree is equal ton we have M(W) = C(/1,---,fn,g) 
where Ii, ... , In are algebraically independent and g is algebraic over 
C(/1, ... , In)-

We give here an explanation of the classical Siegel's Theorem in 
the case of compact Kahler manifolds (W, v). The explanation will be 
relevant to our study of the complete Kahler manifold (X,w). To prove 
Siegel's Theorem for W it suffices to consider a single holomorphic line 
bundle L and the field M(W, L) of meromorphic sections of the form 
s/t, where s and t are holomorphic sections of LP for some positive p. 
The proof of the Siegel's Theorem for W is then reduced to 

Dimension estimate. 

There exists a positive constant C such that for all positive integers 
p 

In fact, if C(/1, ... , In) is a purely transcendental extension and g is 
transcendental over C(/ 1 , ••• ,ln) then by taking Ji= Si/u,g = t/u 
with the common denominator u E r(W, Lq) for some q fixed we can 
construct by forming monomials with s1 , ••• , sn, t sections in r(W, LqP) 
of dimension ,....., pn+l, contradicting the dimension estimate. 

A second reduction is to reduce the dimension estimate to the fol
lowing 

Multiplicity estimate. 

Fix a base point x 0 E W. Then, there exists a positive constant 
C such that for any nontrivial holomorphic section s E r(W, LP) with 
zero-divisor [Zs], we have 

mult([Zs];x 0 )::; Gp. 

We argue by contradiction. If the dimension estimate is invalid, 
then by considering the Taylor expansion of sections s E r(W, LP) at x 0 

and counting the number of coefficients of total degree ::; Const.p we 
can obtain holomorphic sections s whose order of vanishing violates the 
multiplicity estimate. 

Finally, the multiplicity estimate can further be reduced to the fol
lowing 
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Volume estimate. 

There exists a positive constant C such that for any nontrivial holo
morphic sections E r(W,LP) with zero-divisor [Zs], we have 

Volume ([Zs], X 0 )::; Gp. 

The multiplicity estimate follows immediately from the volume estimate 
and the following lemma of Bishop-Lelong ( cf. Lelong [Le2]) 

Lemma. Let [ Z] be a subvariety of pure dimension m on the Eu
clidean unit ball Bn. Let Cm be the Euclidean volume of the unit ball 
Bm in cm. Then, in terms of the Euclidean Kahler form {3 we have 

Volume([Z], b) ;;:: Cm mult([Z]; o). 

For compact Kahler manifolds W the volume estimate and hence 
Siegel's Theorem can now be proved by using the Poincare-Lelong equa
tion. Equip the holomorphic line bundle with a Hermitian metric h and 
denote by c( L, h) its curvature form. Let s E r(W, LP) be a non-trivial 
section. Then, measuring sections by h the function log llsll2 satisfies 
the Poincare-Lelong equation 

\/-188log 11s112 = 21r[Zs] - pc(L, h). 

Integrating against the closed ( n - l, n - l) form vn-l and applying 
Stokes' Theorem we obtain immediate the volume estimate. 

Siegel's Theorem for the complete Kahler manifold X 

Returning to then-dimensional complete Kahler manifold (X,w) we 
are going to show 

Proposition (3.3.2). The field of rational functions R(X) is a 
finite extension of a purely transcendental extension of transcendence 
degree n. 

By using the weight function <p and L2-estimates of 8 we construct 
polynomials Ji, ... , f n such that dfi I\ · · · I\ df n does not vanish identi
cally. In particular Ji, ... , f n are algebraically independent. To prove 
the proposition we are going to establish the multiplicity estimate for 
polynomials f of degree p. (The reduction of Siegel's Theorem to the 
multiplicity estimate does not make use of compactness.) As in the 
compact case we relate mult([Zf];x 0 ) with volumes of [Zf] and hence 
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with the degree of f ( defined in the obvious way in terms of geodesic 
distances). From the Poincare-Lelong equation 

A 88log 1/12 = [Z/l-
27r 

By the Bishop-Lelong inequality applied to a small Euclidean neighbor
hood of Xa we obtain for R ::?: Ra and for some constant c 

mult([Zfl;xa)::; cf J=T88logl/l 2 /\Ricn-l 
jB(R) 

From Stokes' Theorem and integrating with respect to R we obtain for 
R ::?: 2Ra and for some constant c 

mult([Z/l; Xa)::; R2~ 1 / ll8log l/12 11-
- jB(R)-B(lf) 

The estimates of the Green functions and their gradients yields imme
diately the integral representation of log l/12 

_!__ log l/(x)l2 = limR-+oo ( / GR(x; y)dy + CR) 
211" j B(R)n[Zf] 

for some choice of normalizing constants CR, where GR(-;-) denotes a 
the Green Kernel on the geodesic ball B(R) = B(xa; R). This allows us 
to transform the multiplicity estimate to one involving the volumes of the 
zero-divisor [ Z fl over geodesic balls by using the gradient estimate on 
the Green Kernel. At the same time the volumes ·of [ Z fl over geodesic 
balls is related to the degree of the polynomial f using the integral 
representation. Combining the two estimates this allows us to obtain 
the multiplicity estimate 

mult([Zf];xa)::; Cdeg(f) 

which yields Siegel's Theorem for R(X) as in the compact case. 
Siegel's Theorem for R(X) allows us to embed X "birationally" into 

an affine algebraic hypersurface Za in cn+2 by F0 = (!1, ... , fn,9, h), 
where R(X) = C(f 1 , ••• ,fn,9/h). From the fact that P(X) separates 
points it follows that F0 lx-v is an embedding into Z 0 • We need to show 
that F0 can be completed to a proper holomorphic embedding F: X ---t 

CN onto an affine algebraic variety Z by adjoining a finite number of 
polynomials to Fa, This involves a number of finiteness theorems. 
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We will say that a holomorphic map Fa: X -+ Za is quasi-surjective 
if there exists an algebraic subvariety T of Z such that Fa(X) contains 
Z -T. To complete Fa to a proper holomorphic embedding we will show 
that (i) Fa is quasi-surjective, (ii) Fa can be desingularized by adjoining 
a finite number of polynomials and (iii) the resulting holomorphic map 
F1 : X -+ Z1 can be made into a proper map by adjoining a finite number 
of polynomials. The proofs of (i) - (iii) are a combination of analytic 
and elementary algebraic techniques. The analytic techniques involve 
essentially the L2-estimate of iJ and comparison theorems. 

(3.4) L2-estimates for the ideal problem and quasi-
surjectivity 

We proceed to explain the proof of 

Proposition (3,4.1). Fa:X-+ Zais quasi-surjective. 

To present the idea of the proof we will consider the simple situation 
where n = 2 and we have in fact Fa: X -+ C 2 , i.e., R(X) is a purely 
transcendental extension of C. For the purpose of illustration consider 
a holomorphic map G: C 2 -+ C 2, G = (91, 92) defined by G(z1, Z2) = 
{ z1, z1 z 2 ) = ( w1, w2 ). G is a birational map. The image of G misses 
all of the w2-axis except the origin. G is quasi-surjective in the sense of 
(3.3). We explain how the w2-axis can be singled out by solving an ideal 
problem. The point (0, 1) lies outside the image of G. In other words, 
the two polynomials 91 , g 2 - 1 have no common zero. By the Hilbert 
Nullstellensatz the constant function 1 lies in the ideal generated by 
91, 92 - 1 i.e., the equation 

admits a polynomial solution (hi, h2 ). Indeed an explicit solution is 
given by 

Since G is birational we can think about the polynomials z2 - 1 as pull
backs of rational functions on the ( w1, w2 )-plane C 2 • As such z2 = 
z1 z2 / z1 = G* ( W2 / wi). The rational function w2 / w1 on the ( W1, w2 )
plane C 2 has the property that it has a pole at the point (0,1) missed 
byG. 

In general if we have a birational map G: C 2 -+ C 2 then for any 
point ( a, b) missed by G we can solve the equation 
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We argue that writing (h 1 ,h 2 ) = G*(r 1,r 2) either r 1 or r2 must have a 
pole at (a, b). Otherwise from the equation 

(w1 - a)r1 + (w2 - b)r2 = 1 

on the ( w 1 , w2 )-plane C 2 the R.H.S. would vanish at the point ( a, b ). We 
explain a procedure to exhaust all the algebraic curves on the ( w1, W2 )

plane C 2 that are essentially missed by G. Starting with a point ( a1 , b1 ) 

we obtain (h 1,1,h 2,i) = G*(r 1,1,r 2,i) such that either r1,1 or r2,1 has 
a pole at (a 1,b 1). Since h1,1,h2, 1 are holomorphic and (h1,1,h2,i) = 
G* ( r 1,1 , r2 ,1 ). G must miss a dense open set of the union Pi of poles of 
r1 ,1 and r2 ,1 . Suppose the image of G does not contain C2 - P1. We then 
pick a point ( a2 , b2 ) on ( C2 - Pi) - G( C2 ) and repeat the procedure to 
obtain (h1,2 , h2 ,2 ) = G*(r 1,2 , r 2 ,2). We obtain thus the union P2 of the 
pole sets of (r 1 ,2 ,r 2 ,2 ). This procedure can be repeated a finite number 
of times to realize the closure of C2 - G(C 2 ) as. the union of pole sets 
Pi, ... , Pk of rational functions. 

Denote the rational function r 1,i or r2 ,i having a pole at ( ai, b;) 
by Ri. Important to us is the observation that R 1 , ... , Rk is a set of 
linearly independent rational functions. In fact, if I: ciRi = 0 then Ck 

must vanish since Rk has a pole at ( ak, bk) while Rj are holomorphic at 
(ak,bk) for 1::; j::; k-1. 

It is precisely this procedure that we adopted to show that the 
holomorphic map Fa: X -. Za is quasi-surjective. Essentially, assum
ing as above Za = C 2 , Fa = (Ji, h ), and proceeding as in the case of 
G: C 2 -. C 2 to solve 

(Ii - a)h1 + (h - b)h2 = 1 

we are going to get estimates on the solutions (h1 , h2 ) showing that their 
degrees are uniformly bounded by some K independent of the choice of 
( a, b ). It then follows from the linear independence of R 1 , ••• , Rk that we 
obtain at least k linearly polynomials of degree K. This then contradict 
with the dimension estimate used in the proof of Siegel's Theorem for 
R(X). 

In order to solve the ideal problem, we use the L2-estimates of Skoda 
[Skol] on the ideal problem, modified to include the case of complete 
Kahler manifolds. Our formulation of the estimates is less precise than 
that given in [Skol]. 

Theorem (3.4.2) (Skoda [Skol]). Let (X,w) be an n-dimensional 
complete Kahler manifold or Stein manifold equipped with a Kahler met
ric. Denote the Ricci form by Ric and let cp be a smooth function such 
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that H88<p + Ric is a nonnegative (1, 1) form,. Let Ji, ... , /p, h be 
holomorphic functions on X, k be a positive constant, a > 1 arbitrary 
such that: 

r 1h12 -kcp 

Jx (I: j/ij2)<xn+l e < oo. 

Then, there exists a solution (g1 , .•• , gp) of the equation 

fig1 + · · · + f p9p = h 

for each j, 1 ~ j ~ p and for some constants Ca independent of Ji, ... , f P 

and h. 

The proof of Skoda's L2 -estimate of the ideal problem is based on 
an approach similar to the L2-estimate of a in Theorem (3.2.2). In order 
to apply Skoda's estimate to prove that F0 : X -----> Z 0 is quasi-surjective, 
we use the weight function <p arising from the Ricci form. We prove the 
elementary estimate. 

Lower estimate of distance to the boundary 

On Z 0 there exists an algebraic subvariety S such that for all b E 

Z - S - F(X) 
. C(b) 

d1st(F(x); b) > dk( . )' 
X,Xo 

where dist denotes the Euclidean distance in cn+2, C(b) is a constant 
depending on b and k is a constant depending only on the sum of degrees 
of Ii, ... , In, g and h. 

The estimate is obtained by finding a maximal Euclidean ball (under 
some coordinate projection) on which one can invert the mapping F near 
F(x). The proof involves the sub-mean-value inequality and solving an 
ODE. The estimate allows us to show that the solutions to the ideal 
problem are indeed of degrees bounded independent of the point b E Z -
S - F(X), yielding the proposition that F 0 : X -----> Z 0 is quasi-surjective. 

(3.5) Desingularizing the quasi-surjective embedding F0 

We explain in this section how to adjoin holomorphic functions to F0 

in order to get a holomorphic embedding F1: X -----> Z1 onto an open sub
set of an affine algebraic variety Z1. From the proof of quasi-surjectivity 
it follows that the image of F1 is a Zariski-open subset of Z1. 
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Again to simplify the notation we consider the case of n = 2 and 
Za = C 2• Although in case of 2 dimensions there is a simpler argument 
we will present here a method that generalizes easily to arbitrary dimen
sions. Let V be the branching locus of Fa. Let {½} be an enumeration 
of irreducible components of V. The problem is to prove that there 
are at most a finite number of such irreducible components. The map 
Flx-v maps X - V biholomorphically onto C2 - T for some algebraic 
curve T on C2 • We are going to show 

Proposition (3.5.1). For each irreducible component v; (of di
mension 1) there exists a complex-analytic curve Ci on X intersecting 
v; at isolated points such that the closure Ki of Fa( Ci) is an algebraic 
curve of degree bounded independent of i. 

Assuming the proposition for the time being we explain the proof of 
the finiteness of v; (still under the assumption that Fa: X-+ Za = C 2 ). 

Suppose all the Ki are of degree bounded by m. Parametrize the space 
{Kc} of algebraic curves of degree ~ m by the coefficients of the defining 
equations. Thus {Kc} is parametrized by some Euclidean space (minus 
the origin), say cN. Let E C C 2 X cN be the subspace such that 
Ee = En C 2 x {(} corresponds to the curve Kc- By the proposition 
for each I-dimensional irreducible component v; of V there exists some 
Ki E {Kc} and a corresponding complex analytic curve Ci (with at most 
a finite number of irreducible components) such that Ci intersects v; at 
(finitely many) isolated points. Our idea is to invert the holomorphic 
mapping Fa: X -+ C2 along the affine-algebraic curves {Kc} in order 
to recover all the irreducible components {½}. Recall that there is an 
algebraic curve Ton Za = C2 such that Falx-v:X - V-+ C 2 -Tis 
a biholomorphism. The holomorphic mapping Fa: X-+ Za gives rise to 
a holomorphic mapping E - (T x cN) -+ X. Consider the special case 
when E - (T x CN) -+ X extends holomorphically to E -+ X. This 
means in particular that Fa can be inverted along each Kc.Kc intersects 
the affine-algebraic curve T at finitely many points. The number of 
intersection points is bounded independent of Kc- Since Fa can be 
inverted holomorphically on Kc each point in Kc n T corresponds to 
some point P lying on some v;. As ( varies the points Kc n T and 
hence P vary holomorphically in some sense so that the points P can 
only move on a finite number of irreducible components {½}. From 
the proposition it follows then the number of I-dimensional irreducible 
components {½} is finite. 

In general, the holomorphic mapping E - (T x CN) -+ X does not 
extend holomorphically to E. It may happen for example that a point 
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on some Kc corresponds to infinity in X. We argue that E - (T x 
CN) -+ X extends in some sense meromorphically to E. To make sense 
of this consider a partial quasi-surjective embedding Fp: X -+ Zp of the 
Kahler manifold X into some affine algebraic variety ZP which dominates 
the initial quasi-surjective embedding F0 : X -+ Za. Then, the induced 
holomorphic mapping Hp: E-(T x CN)-+ Zp extends meromorphically 
to E. If Fq: X -+ Zq dominates Fp: X -+ Zp then the pole set of Hq 
contains the pole set of Hp. Thus, we can take some Fp: X -+ Zp such 
that the pole set of Hp is the union of all possible pole sets of {Hg}-

If Hp has poles along (T x CN) we can discard those points on 
En(TxCN) which belongs to the pole set of Hp and which are not points 
of indeterminacy of Hp. In fact such points corresponds to points on 
Kc nT which are mapped to infinity under the inverse of Fa. This means 
that we can now consider a quasi-affine subvariety W of En (T x cN) 
which could possibly correspond to points on some{¼} when we invert 
Fa along the algebraic curves Kc. With some oversimplification this 
procedure allows us to inductively cut down E n (T x CN) to obtain 
a finite number of irreducible quasi-affine algebraic variety {W;} such 
that the points on W; correspond to points lying on some ¼ and such 
that as we move along a fixed W; the corresponding points on V must 
move along at most a finite number of irreducible component ¼, proving 
that the set {¼} is finite. ( One has to take normalizations of the curves 
Kc n Tso that a point on Kc n T may correspond to a finite number of 
points on the normalization and hence on V.) 

From the finiteness of{¼} we can adjoin a finite number of polyno
mials to Fa to obtain F': X -+ Z' whose branching locus is reduced to 
at most an isolated set of points. By passing to the normalization these 
points are removed by the Riemann Extension Theorem for bounded 
holomorphic functions. 

We now proceed to explain the proof of the proposition. The key 
point is to obtain a uniform multiplicity estimate as follows: 

Uniform multiplicity estimate 

Let / be a given polynomial in P(X). Then, except for an isolated 
set of points {xi} we have for all :i: E [Z/] the estimate 

mult([Z/];:i:) :s; Cdeg(/) 

where the constant C is independent of f. 
In (3.3) we explained a multiplicity estimate which depends on the 

choice of base point :i:0 • That estimate was enough to establish Siegel's 
Theorem for R(X). On the other hand the uniform multiplicity estimate 
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is valid with the possible exception of a discrete set of points so that 
neither estimate implies the other. 

We explain the ideas involved in the uniform multiplicity estimate. 
We recall first of all a proof of the analogous estimate in en ( with no 
exceptional set {xi}). Let f be a polynomial on en, [Z/] be its zero
divisor, and x be an arbitrary point on en. An integral formula of 
Lelong [Le2] then shows that the ratio Volume(~}:~~)n[Zf)) is a nonde
creasing function of R. The limiting ratio as R -+ 0 yields essentially 
the multiplicity mult([Z/];x). (For more details, cf. (4.7)). On the 
other hand, the limiting ratio as R -+ oo yields essentially the degree 
of .f independent of the choice of x. Lelong's proof makes use of the 
fact that the Euclidean volume form is given by H88llzll 2 and that 
Ff88log llzll2 , which defines the Fubini-Study metric, is positive semi
definite. 

In our situation to imitate the proof we have to look for a potential 
cp for a metric comparable to the Kahler metric w with the property 
that log cp is also plurisubharmonic. We can do this on geodesic balls by 
using comparison theorems. Recall that the volume of [ Z f] on geodesic 
balls is controlled by the degree of f. To establish the uniform multi
plicity estimate we want to show that the volume of [Z/] on geodesic 
balls would grow too fast ifmult([Z/]; x) is too large. For large geodesic 
balls we have to use a covering argument. Fix a polynomial f E P(X) 
and a point x E [Z/]. The set {y : mult([Z/]; y) ~ mult{[Z/]; x)} is 
complex-analytic. Since X is Stein, any compact complex-analytic sub
variety of X is zero-dimensional. This means that except for an isolated 
set of points {xi} we can assume that the multiplicity mult([Z/];x) is 
propagated. Because X is of quadratic curvature decay, the conjugate 
radius expands linearly. We show furthermore that there exists c > 0 
such that for d(x; x 0 ) = R the exponential map on the Euclidean ball 
B0 (x; R) in T.,(X) is at most A-sheeted for a A independent of R. For 
purposes of estimating volumes this is essentially the same as proving 
that the injectivity radius expands like R. To get a lower estimate of 
Volume(B(x,R) n [Z/]) in terms ofmult([Z/];x) we cover a portion of 
(B(x,R) n [Z/]) with geodesic balls B(y,c'r),r = d(y;x 0 ), d > 0 and 
fixed such that mult([Z/];y) ~ mult([Z/];x). The union of the geodesic 
balls B(y, er') cover in some sense a positive fraction of X. On B(y, c'r) 
we can then estimate Volume(B(y,c'r) n [Z/]) from below in terms of 
mult([Z/];y) ~ mult{[Z/];x) by using Lelong's integral formula and 
comparison theorems. By rescaling and the assumption of quadratic 
curvature decay it suffices to work on geodesic balls B of fixed radius 
c > 0 and a Kahler manifold of sectional curvature pinched between 0 
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and + 1. We can therefore compare B to a portion of the complex pro
jective space equipped with a Fubini-Study metric of sectional curvature 
2: +l. 

To explain the deduction of Proposition (3.5) from the uniform mul
tiplicity estimate we assume again that n = 2 and that F 0 : X --+ Z 0 = 
C2 . Write F 0 = (Ii, h) and let ( wi, w2 ) be Euclidean coordinates on 
C2 . Let {V;} be an enumeration of all the 1-dimensional irreducible com
ponents of the branching locus V. The functions Ji, '2 are necessarily 
constant on V;. 

Suppose Ji = ai on V;. From the uniform multiplicity estimate the 
vanishing order of Ji - a; on V; is uniformly bounded independent of 
i. To simplify notations we make the technical assumption here that 
Ji - a; has simple poles on V;. (Otherwise we will need to work with 
local k-th roots of Ji - a;, where k is the order of vanishing.) Fix a V; 
and pick a smooth point x; on V; - Uj,UVi. Choose a neighborhood Ui 
of Xi in X parametrized by the unit bidisc with Euclidean coordinates 
{z1 ,z 2 ) such that z1 = Ji - a;. We expand h in Taylor series in the 
form 

00 

'2 = L c,,(z2)zf. 
v=O 

Suppose c,.(z2) is the first non-constant coefficient. Since dz1 = dfi the 
holomorphic 2-form dfi /\dh vanishes at least to the orderµ at Xi. On the 
other hand the holomorphic 2-form dfi /\dh is also of polynomial growth 
and the argument of the uniform multiplicity estimate also shows that 
the vanishing order of dfi I\ d/2 at Xi is uniformly bounded independent 
of i. This shows that µ is uniformly bounded. Write now 

µ-1 

'2 = L c,,z1 + h,.(z1,z2)zf. 
v=O 

Since the holomorphic function h,. (z1 , z2 ) is non-constant on the curve 
V; the meromorphic function on X 

is holomorphic in a neighborhood of x; and non-constant on V;. 
Hence, for some choice of c,. the curve Cf defined by 

µ-1 

'2 = L c,,(/1 - a;)"+ c,.(/1 - a;)" 
v=O 
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contains an irreducible branch which intersects ¼ at isolated points. 
Define Ci as Cf - V. Define an algebraic curve Ki on C 2 by the equation 

µ-1 

W2 = L c,,(fi - ai)" + cµ(/i - ai)". 
v=O 

Then, Ci and Ki, which correspond to each other under F0 , satisfy the 
requirement of the proposition. Combining (3.4) and (3.5) we have now 
obtained a holomorphic embedding F1: X --+ Z1 of X onto a Zariski-open 
subset of an affine algebraic variety Z1 • 

(3.6) Completion to a proper holomorphic embedding 

Suppose for the time being that the affine-algebraic variety Z1 is 
non-singular. Since X is Stein, Z1 - F1 (X) = S is an algebraic hy
persurface of Z1. By using the line bundle [S] on Z1 and a standard 
procedure for constructing meromorphic functions ( using vanishing the
orems for algebraic coherent sheaves on the affine variety Z1) one sees 
that the quasi-affine algebraic variety Z1 - S is necessarily biregular to 
an affine variety. 

When Z1 is singular the problem is that S may not define a line 
bundle. The algebraic proof breaks down. In fact there does exist an 
affine-algebraic variety V and an algebraic subvariety Q such that V - Q 
is not biregular to an affine algebraic variety ( cf. Goodman [ Good]). To 
complete F1: X --+ Z1 to a proper holomorphic embedding we have to do 
analysis on the Kahler manifold X. To formulate the problem we define 
first of all the notion of rational convexity. Let W be a quasi-projective 
variety. We say that W is rationally convex if for any compact subset 
K of W there is a compact set K':::, K such that for any y E W - K' 
there exists a rational function f which is regular (holomorphic) on W 
and satisfies j/(y)j > sup.,EK 1/(x)j. We prove using vanishing theorems 
in Algebraic Geometry 

Theorem (3.6.1) (Mok [Mok3], Theorem (9.1), p. 252ff.). Let V 
be an affine-algebraic variety, possibly singular, and let Q be an algebraic 
subvariety of V. Suppose V - Q is rationally convex. Then, V - Q is 
biregular to an affine-algebraic variety. 

On the complete Kahler manifold X we can define the corresponding 
notion of convexity with respect to P(X). Since R(X) corresponds to 
the field of rational functions on Z1 under F1, Z1 - S is rationally convex 
if X is convex with respect to P(X). (The converse is also true.) We 
prove 
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Proposition (3.6.2). X is convex with respect to the algebra P(X) 
of polynomials. 

The proposition is proved by using the technique of Runge approx
imation in Several Complex Variables. By using algebraic techniques 
(Theorem of Cartan-Oka) or by using L2-estimates of [J we have the 
standard 

Theorem (Runge approximation on Stein manifolds, cf. Hormander 
[Hor2, 4.3]) . Let M be a Stein manifold with a plurisubharmonic ex
haustion function 'lj;. Let c be an arbitrary real number. Then, the open 
set Mc = { 'ljJ < c} ~ M is Runge in M in the sense that holomorphic 
functions on Mc can be approximated uniformly on compact subsets by 
global holomorphic junctions on M. 

In our case take K to be a compact set and y to be a point far 
away so that rp(y) > sup:z:EK rp(x). Let x be a plurisubharmonic weight 
function with the only singularity at y. Then, by considering 'ljJ = <p + tX 
for a sufficiently small E, we can choose c such that K C Mc = { 'ljJ < c} 
contains at least two disjoint components, one of which contains y, and 
such that K C Mc. The technique of Runge approximation then allows 
us to approximate the holomorphic function which is identically 1 on the 
component containing y and O on all other components. We can choose 
x to be of logarithmic growth. Then, the L2 -estimate of 8 allows us to 
approximate the function f by using polynomials in P(X). This proves 
the proposition and completes the construction of a proper holomorphic 
embedding F: X -+ Z onto an affine-algebraic variety using polynomials, 
proving Theorem (3.1.1) and (3.1.2). 

We mention in passing that the holomorphic embedding F: X -+ Z is 
"biregular" in the sense that both F and p-l are of polynomial growth, 
when distances on X and on Z are measured in terms of the Kahler 
metric and the Euclidean metric resp. This was proved in Mok [Mok2] 
by using an extension theorem of closed positive ( 1, 1) currents and L2 -

estimates of 8. 

(3. 7) Embedding complete Kahler manifolds of positive 
Ricci curvature 

A good portion of the estimates for embedding complete Kahler 
manifolds of positive bisectional curvature also works for the case of 
positive Ricci curvature. There are however two essential differences. 
First of all, the technique of producing plurisubharmonic weight func
tions <p by solving the Poincare-Lelong equation only works under the 
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assumption of nonnegative holomorphic bisectional curvature. Secondly, 
because of the lack of plurisubharmonic exhaustion functions there may 
be positive-dimensional compact subvarieties. 

Let now X be a complete Kahler manifold of positive Ricci curva
ture, of quadratic curvature decay and Euclidean volume growth. In the 
absence of plurisubharmonic functions we work with powers of the posi
tive line bundle K- 1 . Let R(X, K- 1 ) be the quotient field of the graded 
algebra EBq>oP(X, K-q) of pluri-anticanonical sections (i.e. sections in 
r(X, K-q) for some q > 0) of polynomial growth. As the estimates 
for the Green Kernel and its gradient only requires nonnegative Ricci 
curvature and Euclidean volume growth, the proof of Siegel's Theorem 
works essentially for R(X, K- 1 ). For f E Uq>O ·P(X, K-q), the function 
log 11s112 satisfies the Poincare-Lelong equation 

A - P --88logllsll 2 = [Zs]- -Ric. 
2rr 2rr 

Hence, in adapting the proof of Siegel's Theorem for compact Kahler 
manifolds to our R(X, K- 1 ) there is also an interior term. The proof 
of Siegel's Theorem then goes through under the additional assump
tion fx Ricn < oo. Under this additional assumption we can embed X 
"birationally" onto a quasi-projective variety Z. To follow the scheme 
of compactification in the case of positive bisectional curvature, the 
quasi-surjectivity presents difficulty since solving the ideal problem using 
Skoda's L2-estimates requires some plurisubharmonic exhaustion func
tion. On the other hand, the uniform multiplicity estimate is valid under 
a weaker form. Because of the possible presence of positive-dimensional 
compact subvarieties, the multiplicity may fail to propagate on disjoint 
unions of compact subvarieties. Here we will explain only the first dif
ficulty. For the second difficulty we need to prove a finiteness theorem 
for such positive-dimensional compact subvarieties and we will need the 
technique of Bezout estimates on complete Kahler manifolds. This tech
nique will be developed in relation to the problem of compactifying com
plete Kahler-Einstein manifolds of finite volume. For this reason we will 
postpone the explanation to the next lecture. 

To obtain plurisubharmonic weight functions we use the theory of 
pseudoconvex Riemann domains of Oka. We give first of all a brief 
description of domains of holomorphy in en. A domain of holomorphy 
is essentially a maximal domain of existence of holomorphlc functions. 
Consider the Hartogs' domain H = A x (A - A(a)) U 6.(b) x A in 
C2 , where O < a, b < 1. Every holomorphlc function f on H extends 
to the bidisc (by using Laurent series expansions), which is the hull of 
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holomorphy of H, i.e., a minimal domain of holomorphy containing H. 
Essential to Oka's theory of pseudoconvex domains is the notion of the 
Kontinuittazssatz: 

Definition. We say that a domain n verifies the Kontinuittazssatz 
if and only if for any smooth one-parameter family of closed holomorphic 
discs f).t with boundary indexed by the smooth parameter t E [0, 1] such 
that f).t belongs to n for O :::'. t < 1 and such that fJ!).1 is also inn, then 
the entire closed holomorphic disc 1).1 lies on the domain n. 

For Riemann domains 1r: n - en spread over en we can also define 
similarly the notion of domains of holomorphy, hulls of holomorphy and 
the Kontinuitatssatz. 

Returning to the situation of Riemann domains 1r: n - en we can 
define the Euclidean distance 8( x) = 8( x; an) to the boundary as follows. 
There is a maximal connected neighborhood U of x in n such that 1r1U 
maps U biholomorphically to a Euclidean ball B centered at 1r(x). We 
define 8(x) to be the Euclidean radius of B. Central to Oka's theory is 
the 

Theorem (Oka [Okal, 2]). A Riemann domain 7r: n - en is a 
Riemann domain of holomorphy if and only if the ( continuous) function 
- log 8 is plurisubharmonic. Furthermore, this is the case if and only if 
n satisfies Oka 's K ontinuitiitssatz. 

By a theorem of Griffiths [Gri2] a Riemann domain 1r: n - en 
is a Riemann domain of holomorphy if it carries a complete Hermitian 
metric of nonnegative holomorphic sectional curvature. In case of Kahler 
manifolds Mok-Yau [MY] proved the following 

Theorem (3. 7.1) (Mok-Yau [MY]). A Riemann domain 1r: n -
en is a Riemann domain of holomorphy if it carries a complete Kahler 
metric w with asymptotically nonpositive holomorphic bisectional curva
ture, i.e., if K ( x) denotes the maximum of all holomorphic bi sectional 
curvatures at x E n, d(-; -) denotes geodesic distances on (!1, w) and 
X 0 E f2 is a base point 

We return now to our problem of embedding the complete Kahler 
manifold of positive Ricci curvature (X, w ). Let F0 : X - Zo C pN 
be a "birational" embedding of X into a projective-algebraic variety 
Z 0 , which we may take to be non-singular by Hironaka desingulariza
tion. There exists a complex-analytic hypersurface V in X such that 
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F 0 lx-v:X - V ----> Z0 is an open holomorphic embedding. We may 
choose V so that F0 (X - V) lies in some Euclidean space eN c pN and 
and that some Euclidean coordinate projection 1r realizes n = F0 (X - V) 
as a Riemann domain over en. Recall that ( X, w) is of quadratic curva
ture decay. While ( n, w) is no longer complete, the proof of the theorem 
above can be adapted to show that the Riemann domain 1r: n ----, en is a 
Riemann domain of holomorphy. By Oka's Theorem we have at our dis
posal a plurisubharmonic weight function - log 8 defined on n. Skoda's 
£ 2-estimate for the ideal problem (cf. (3.5)) applies in particular to 
n. (A Riemann domain 1r: n----, en is a Riemann domain of holomorphy 
if and only if it is Stein.) Suppose n C Z 0 - T, where Z0 - T C eN 
is quasi-affine and the coordinate projection 1r also realizes Z 0 - T as a 
Riemann domain. We can adapt the proof of quasi-surjectivity in (3.4) 
to show that n = Z 0 - T - S, where S is a projective-algebraic sub
variety of Z 0 • In solving the ideal problem we use the weight functions 
- log 8 and log I: lzil2 , where (z1 , ••. , Zn) are the Euclidean coordinates 
on en. As these functions arise from Euclidean distances we use the 
Euclidean metric instead of the Kahler metric w in solving the ideal 
problem (in the space of holomorphic functions). We obtain this way 
linearly independent rational functions R 1 , ... , Rk, ... in the same way 
as in (3.4). In order to prove quasi-'surjectivity the key point is to relate 
these functions to holomorphic sections in Uq>oP(X, K-q), for which we 
have dimension estimates (in the proof of Siegel's Theorem). We have 
the estimate 

Lower estimate of distance to the boundary 

There exists some s E Uq>oP(X, K-q) and a positive integer k such 
that on the domain n we have the estimate 

1 
O(x) 2: llslld(x; Xo)k. 

This estimate allows us to show that for some t E Uq>oP(X, K-q) 
the meromorphic pluri-anticanonical sections {Rkt} on X - V (identi
fying n with X - V) extend holomorphically to X to give holomorphic 
sections Sk E P(X, K-q) for the same exponent q such that the degree 
of { s k} is uniformly bounded. Here the degree of s is defined by 

. log 11s11 
deg(s) = limsupd(z·z )-+001 ( r 

' 0 ogd x;x 0 

This allows us to prove quasi-surjectivity as in (3.4). The uniform 
multiplicity estimate in (3.5) can now be formulated in to the case of 
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positive Ricci curvature in such a way that the estimate may fail for a 
disjoint union of compact analytic subvarieties { Ek}- In the next lecture 
we will develop Bezout estimates to show that there are at most a finite 
number of positive-dimensional components in {Ek}. Given this, the 
scheme of desingularization in (3.5) will allow us to show that X is 
biholomorphic to a quasi-projective variety. 

(3.8) Characterization of affine-algebraic varieties 

In [Del] Demailly considered the question of characterizing affine
algebraic varieties by complex-analytic and geometric conditions. Con
sider a non-singular affine-algebraic variety X c CN c pN. The Eu
clidean metric restricts to X to yield a complete Kahler metric with non
positive holomorphic bisectional curvature, hence of nonpositive Ricci 
curvature. On the other hand the Fubini-Study metric restricts to X to 
give a Kahler metric of finite volume. Complex-analytically X is a Stein 
manifold equipped with an exhaustion function r.p = log(l + L jzil2 ), 

where (z1 , .•. Zn) are the Euclidean coordinates. The function r.p is re
lated to both the Euclidean metric and the Fubini-Study metric. In fact, 
r.p is a potential for the Fubini-Study metric and e'P is a potential for the 
Euclidean metric. In the non-singular case [Del] Demailly proved 

Theorem (3.8) (Demailly [Del], 9, p.70ff.). Let X be a con
nected n-dimensional complex manifold. Then, X is biholomorphic to a 
non-singular affine-algebraic variety if and only if the even Betti num
bers of X are finite and there is a smooth strictly plurisubharmonic ex
haustion function r.p such that for the Kahler forms a = A88r.p and 
{J = AotJ( e'P) we have 

(i) Volume(X, a:) < oo, 
(ii) there exists a locally integrable function 'ljJ verifying 'ljJ :::; Ar.p + B 

for some constants A and B such that 

Ric(X,{J) ~ -Ff-881/J. 

The necessary condition is obtained by using cp = log(l + L lzil2 ) 

as above. Let (A, .. Pm) be generators of the ideal J(X) of polynomials 
vanishing on X and let { J 1, ... , J M} be an enumeration of all the partial 
Jacobians of n-tuples in {p1 , ••• , Pm}- Define 'I/; = 2 log L 1Jkl2 • It was 
shown in [Del] that 'I/; satisfies the assumption (ii). We have actually 
the stronger property 

(ii)' 0 ~ Ric(X,{J) ~ -Ff-881/J. 
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We give a brief outline of the scheme of proof of the sufficient part of 
Theorem (3.8) adopted in [Del]. From the existence of the exhaustion 
function cp and Grauert's solution to the Levi problem (Grauert [Grl]) 
we know that X is a Stein manifold. Applying the L2-estimate of 8 one 
produces holomorphic functions / satisfying the L 2 -condition 

In solving [J because of the Ricci term appearing in the Bochner
Kodaira formula we use the weight functions Ccp+'t/J to get H88( Ccp+ 
'1/J) + Ric(X,,B) > 0. Since 'ljJ ::; Arp+ B the holomorphic functions still 
satisfy the L2 -condition stated. To prove Siegel's theorem we need to 
work with a space of holomorphic functions closed under multiplication. 
Define for O < p < oo the vector space rP(X, cp) ofholomorphic functions 
satisfying the condition 

for some constant C 2: 0. Define r 0 (x, cp) as Uo<p<oorP(X, cp). Then, 
r 0 (X, cp) is closed under multiplication. The first step of the proof of 
Theorem (3.8) is to prove Siegel's Theorem for the quotient field R(X, cp) 
of the algebra r 0 (x, cp). 

Consider the "pseudo balls" B( r) = { cp < r} and the "pseudo
spheres" S(r) = {cp = r}. S(r) is smooth for all but a discrete set 
of {r }. Associated to S(r) is the measures µr defined by 

They can also be defined on singular pseudospheres. µr are called 
Monge-Ampere measures in [Del]. In case of the Euclidean space and 
cp = log(l + ~ lzil2 ), µr is up to a fixed constant the normalized spheri
cal measure on the Euclidean sphere 8B(o; (er - 1)112 ). These Monge
Ampere measures appear in the following basic 

Jensen-Lelong formula (Demailly [Del], Theorem 0.3) 

Every plurisubharmonic function V is µr-integrable for all r and 
verifies the integral formula 

lr dt f J=T88V I\ (J=T88cpt- 1 = µr(V) - f V(J=T88cpt. 
oo J B(t) J B(r) 
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For a holomorphic function f on X define the degree 8(!) off by the 
formula 

8(!) = limsupr-+oo!µrlog+ lfl, 
r 

where log+(a) = max(log a, 0) for a positive number a. In the Euclidean 
case this gives 

8(!) = limsupR-+oo- 1
1 R(Average of log+ lfl over B(o;R)). 

2 og 

Hence, 8(!) < oo if and only if f is a polynomial. In the general context 
of Theorem (3.8), Demailly considered the space of holomorphic func
tions f of finite degree 8(!) and proves a volume estimate for [Z /] in 
the metric a= ../-:::fJJ[}cp. Furthermore he proved that any f E r 0 (X, cp) 
is of finite degree. This yields the Siegel Theorem for R(X, cp). The 
volume estimate 

21r i[Zf] A an-l ~ 8(!) 

is obtained by using the Jensen-Lelong formula associated to the 
Monge-Ampere measures µr. 

Siegel's Theorem for R(X, cp) gives rise to a "birational" holomorphic 
mapping F 0 : X -+ Z0 into an affine-algebraic variety Z 0 • To simplify the 
presentation we consider the case when Z 0 = en and F0 is already a 
holomorphic embedding. The proof of the quasi-surjectivity of F0 makes 
use of a current extension theorem. Identify X with its image F0 (X) c 
en C pn. In [Del] it was proved that a can be extended trivially 
to a closed positive current T on pn. The proof of this is motivated 
by the proof of Skoda [Sko2] and El Mir [El] of Bishop's Extension 
Theorem for positive closed (k, k)-currents across closed pluripolar sets. 
The current extension theorem allows one to solve the Poincare-Lelong 
equation Ff_88u =Ton en with a solution u of logarithmic growth. 
On the other hand Ff_88cp = a on X so that on X we have two 
potentials for the same current T. The difference r = u - cp is then 
a pluriharmonic function on X. As u is locally bounded from above 
on en and cp is an exhaustion function the function .r tends to -oo 
on 8X c en, so that 8X is pluripolar. In particular, 8X is locally 
connected. 

To show that en - X is algebraic Demailly [Del] considered that 
holomorphic 1-form h = 8r. It was proved (in the case under con
sideration) that h extends to a rational 1-form on pn. To explain 
the approach one can define 8(V) for any plurisubharmonic function 
V in such a way that for a holomorphic function (by abuse of notation) 
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8(!) = 8(log+ If I)-If 8(V) < oo we say that V is of finite degree. Anal
ogous to the volume estimate for holomorphic functions of finite degree 
we have the corresponding mass estimate that 

l /=Io8V I\ an-l < 8(V). 

From the logarithmic growth of u on en one obtains upper estimates of 
r = u - rp, which can be used to show that the function B = log(l + er) 
is of finite degree. The mass estimate for V = /=Io80 then yields an 
estimate on the gradient of 7. One can then deduce that each component 
hi of h = I: hidzi = or is of finite degree, hence rational in view of 
the construction of F0 using Siegel's Theorem. Let S be the union of 
the pole sets of hi· We have dr = h + Ti. We argue that X is precisely 
en - S. For every point b E en - S one can integrate the closed real 
1-form h + Ti in some neighborhood U to obtain a smooth solution of 
dcr = h + Ti. Since X is locally connected at every boundary point we 
may assume that UnX is connected and so cr-r is constant. As r tends 
to -oo on oX and er is smooth, it is impossible that b (/_ X, proving that 
X = en - S, in particular, X is Zariski-open in en. 

Additional difficulties arise in the general situation F0 : X ----+ Z0 • 

The principle difficulty is that in general one cannot solve the Poincare
Lelong equation Ao8u =Ton Zo, In general we can take a smooth 
projective compactification M of Z 0 and extend T to a closed positive 
(1, 1)-current on M. Then from Hodge theory there exists a smooth 
closed (1, 1)-form v on Mand a smooth function u on X bounded from 
above such that T = v + Ao8u on M. For r = u - rp, the 1-
form h = or is not holomorphic but 8h = Av is &-closed. One 
can therefore solve with L2 -estimates on the affine part Z 0 the equation 
8µ = Av for some smooth (1, 0) formµ to get a holomorphic 1-form 
h-µ. 

The step of desingularizing the quasi-surjective holomorphic map
ping F0 : X ----+ Z 0 to an open embedding is attained by using the topo
logical condition that even Betti numbers are finite. This was achieved 
by the following topological lemma due to Demailly. 

Lemma (Demailly [Dell). Let X be a complex manifold of com
plex dimension n. Let Y be a subvariety of dimension ~ p in X and 
write d = n - p = codimc Y. Then, the relative cohomology groups 
Hq(X, X - Y; R) are zero if q :::; 2d and H 2d(X, X - Y; R) = R Ca rd (J), 

where (¥;, )iEJ is the set of irreducible components of dimension p in 
Y. As a consequence, if H 2d(X; R) and H 2d- 1(X - Y; R) are finite-
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dimensional, then the number of irreducible components of complex di
mension p is finite. 

From the lemma we can inductively desingularize F0 to obtain a 
holomorphic embedding F1 : X ----> Z1 onto a Zariski open subset of an 
affine-algebraic variety. To complete Fi to a proper holomorphic em
bedding into some CN one uses Theorem (3.6.1) characterizing affine
algebraic varieties among quasi-projective varieties in terms of rational 
convexity. The rational convexity of F 1 ( X) is proved by using Runge 
approximation in terms of the exhaustion function rp. 

Remarks. Here and in Lecture IV extension of closed positive cur
rents play an important role in proving quasi-surjectivity of certain "bi
rational" embeddings. For a general reference on techniques based on 
integration by parts used in proving extension theorems of closed posi
tive currents we refer the reader to Skoda [Sko3] and Sibony [Sib]. 

Lecture IV. Compactification of Complete Kahler
Einstein Manifolds of Finite Volume 

(4.1) Compactification of arithmetic quotients of bounded 
symmetric domains and generalizations 

In this lecture we will discuss the problem of compactifying complete 
Kahler manifolds of negative Ricci curvature, including in particular 
Kahler-Einstein manifolds. If X is a quasi-projective variety admitting 
a complete Kahler metric w with bounded and negative Ricci curvature 
bounded from above by a negative constant it follows from the Ahlfors
Schwarz lemma for volume forms that X is necessarily of finite volume. 

The first examples of non-compact complete Kahler-Einstein man
ifolds of finite volume are hyperbolic non-compact finite Riemann sur
faces S (i.e. compact Riemann surfaces with a finite number of points 
removed) equipped with the Poincare metric. The Poincare metrics are 
obtained from the Poincare metric on the unit disc, which is invariant 
under Mobius transformations. The first higher dimensional examples 
are obtained from quotients X of bounded symmetric domains n by 
torsion-free arithmetic lattices r c Aut(n) (cf. (1.1)). The bounded 
symmetric domains n are equipped with Bergman metrics ds~ invari
ant under Aut(n). (n, ds~) are automatically Kahler-Einstein, inducing 
complete Kahler-Einstein metrics w = WKE on X. (X,w) are automati
cally of finite volume ( cf. Raghunathan [Rag]). The theory of compact
ification of such X was first considered by Satake [Sat 1, 1956] who gave 



94 Ngaiming Mok 

certain quotients of Siegel upper half spaces topological compactifica
tions. This was later extended to other bounded symmetric domains 
and arithmetic groups in [Sat2, 1960]. Baily [Bai, 1958], and Baily
Borel [BB, 1966], based in part on the works of Satake, endowed such 
topological compactifications with complex structures making X into 
a Zariski-open subset of a (highly singular) projective-algebraic vari
ety Xmin, which we call Satake-Baily-Borel compactifications. They did 
this for all arithmetic quotients of bounded symmetric domains. One 
can always find non-singular compactifications of X by using Hironaka 
desingularization. For the purpose of explicit computations it was de
sirable however to give natural compactifications X such that X - X 
is a union of smooth divisors intersecting at normal crossings. There 
is a long history of efforts in this direction, culminating in the work of 
Ash-Mumford-Rapapport-Tai [AMRT] on toroidal compactifications of 
arithmetic quotients on bounded symmetric domains. 

There were also classical results on compactifying X using com
plex analysis. In Andreotti-Grauert [AG2] and Andreotti [A] the theory 
of pseudoconcave manifolds was developed. In particular, [A] proved 
Siegel's Theorem for pseudoconcave manifolds. In [AGl, 1960] it was 
verified that certain arithmetic quotients X of the Siegel upper half 
planes are pseudoconcave. At that time the arithmetic theory of com
pactification of such manifolds had been developed (by Sa take [Sat 1] and 
Baily [Bail). The primary interest of [AGl] was to give an elementary 
analytic proof of the extendability of meromorphic functions to Satake
Baily compactifications, but their method can also be used to embed 
X as open subsets in certain projective varieties Z independent of the 
work of Satake-Baily. ( cf. Pjatetskii-Shapiro [Pja]). It was later proved 
that all irreducible arithmetic quotients of dimension 2: 2 are pseudocon
cave (Spiker [Spi] , Borel [Bo3]). In the case of strongly pseudoconcave 
manifolds X Andreotti-Tomassini [AT] proved a general theorem for em
bedding X as open subsets of projective varieties Z. Very recently, the 
approach of compactifying complete Kahler manifolds by using pseudo
concavity was taken up again by Nadel-Tsuji [NT]. Their result com
pleted in particular the efforts started by Andreotti-Grauert [AGl] to 
give a complex-analytic proof that arithmetic quotients of bounded sym
metric domains are biholomorphic to quasi-projective varieties. 

On the other hand, we can regard arithmetic quotients of bounded 
symmetric domains (by torsion-free lattices) as particular examples of 
Kahler- Einstein manifolds of finite volume. In this direction, very re
cently Mok [Mok12] , Mok-Zhong [MZ2] pursued a program of compact
ifying complete Kahler-Einstein manifolds of finite volume and bounded 
curvature. The results imply in particular the fact that quotients of 
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bounded symmetric domains of finite volume are necessarily biholomor
phic to quasi-projective varieties. In this lecture we will discuss both 
the results of Nadel-Tsuji using pseudoconcavity and the results of Mok
Zhong using curvature conditions. 

( 4.2) Siegel's Theorem on pseudoconcave manifolds 

Pseudoconcave manifolds are roughly speaking complex manifolds 
which behave like compact manifolds complex-analytically, e.g., the 
maximum principle for plurisubharmonic functions is valid so that they 
support no non-constant plurisubharmonic functions. Before giving a 
precise formulation we start with a proof of Siegel's Theorem for general 
compact complex spaces. This proof uses a covering argument and will 
be generalized to pseudoconcave manifolds. 

Proof of Siegel's Theorem for compact complex spaces. By desin
gularization we need to consider only compact complex manifolds M. 
Let L be a holomorphic line bundle on M. We need to get dimension 
estimates for r(M, V),p > 0. Instead of reducing to multiplicity esti
mates at a single point as in (3.3) we use a covering argument. Let u:: 
be a covering of X by Euclidean open sets u:: with the following ad
ditional properties: (i) LIU:: is holomorphically trivial; (ii) there exists 
open sets U a ~ u: ~ u:: such that u:: and u:: are open sub coverings 
of X and such that there exist points Xa E Ua and biholomorphisms 
'Pa: o: -+ B(2) with 'Pa(xa) = o and 'Pa(Ua) = B(l). Here B(r) de
notes the Euclidean ball B(o;r). Equip L with a Hermitian line bundle 
h. The proof of the dimension estimate for the system {r(M, LP),p > O} 
as in (3.3) is reduced to the 

Multiplicity estimate. 

There exists a positive constant C such that for any integer p > 0 
and for any s E r(M, LP) it is not possible that mult([Zs]; xa) > Gp for 
all Xa. 

To prove this we use the Schwarz lemma for bounded holomorphic 
functions: 

Schwarz lemma for holomorphic functions. 

Let/: B(l)-+ ~ be a holomorphic function such that the vanishing 
order of f at o is at least k. Then, we have 

1/(z)I ~ lzlk for any z E B(l). 
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Let e°' be a holomorphic basis of LjU;:. Let 11-11 denote Hermitian norms 
on LP in terms of the Hermitian metrics hP. Let s E r( M, V) with 
supM 11s11 = 1 be such that the vanishing order of sat each Xa is at least 
k, i.e., mult((Zs]; xa)?: k. Over each u:: writes= sa(e°')P. There exists 
a positive constant C ?: 1 such that 

for alls E r(M,V) and for all a. Since supM 11s11 = 1 we have 

1 
sup sup lsal?: -C ; 

a Ua p 

supsup::; GP. 
a UJ:r 

On the other hand from the Schwarz lemma we have 

It follows immediately that (1/2)k ::; C 2P, showing that k ::; C'p for 
some constant C'. This establishes the multiplicity estimate and proves 
Siegel's Theorem for M. 

Pseudoconcave spaces. 

Let U be a complex space and V be a subset of U. We define the 
hull Vu of V in U by 

Vu= {x E. U: lf(x)I ~ sup 1/1}
v 

Definition. Let X be a complex space and Y c X be open in X. 
Let y0 be a point on the boundary 8Y. We say that Y is pseudoconcave 
at the point y0 if and only if there exists a fundamental system of open 
neighborhoods {Uvh<v<oo of y0 in X such that y0 is an interior point of 

(U;n-Y)uv for all v. The complex space Xis said to be pseudoconcave 
if there exist an open subset Y ~ X such that Y is pseudoconcave at 
every boundary point y0 E 8Y. 

Let cp be a C2 function on a complex manifold. We say that cp is 
strictly q-plurisubharmonic if and only if the Levi form H88cp has 
at least n - q strictly positive eigenvalues. In practice complex man
ifolds X are shown to be pseudoconcave by constructing exhaustion 
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functions '1j; (i.e.{'lj; < c} ~ X for any c) such that -'lj; is at (n - 2)
plurisubharmonic outside a compact set. In case -'lj; is strictly plurisub
harmonic outside a compact set we say that M is a strongly pseudocon
cave manifold. 

Let now X be a psuedoconcave manifold. We assert 

Theorem ( 4.2). Siegel's Theorem is true for pseudoconcave man
ifolds. 

Proof. We get the multiplicity estimate as in the compact case. Let 
Y ~ X be an open subset such that Y is pseudoconcave in X at every 
boundary point b E 8Y. By using the definition of pseudoconcavity we 
can get three finite collections of open subsets U0 , U~, u;: of X such that 
U0 ~ U~ ~ u:;, Y C UU0 , u:; are coordinate Euclidean balls, LIU:: are 
holomorphically trivial and such that 

Ua C (U:nY)u;:; 

u~ C (U[nY)u;:. 

We can now apply the proof of Siegel's Theorem for compact complex 
spaces to the case of pseudoconcave manifolds X by working with the 
two finite open covers U a n Y and U~ n Y of Y. In applying the argument 
using the Schwarz lemma we work with U a ~ U~ ~ u:; and observe that 
from definition for any holomorphic function f on u;: we have 

sup Iii= sup Iii; 
UanY Ua 

sup Iii= sup lil-
u:,nY u:. 

We also need the following weak form of the Schwarz lemma for domains. 

Schwarz lemma for domains. 

Let 11 ~ 11' be domains in en with o E 11. Then, there exist positive 
constants C and c such that for any bounded holomorphic function i 
on 11 we have 

sup Iii::; C suplil(~)c·mult([Z/];o)_ 
0 0' 2 

This Schwarz lemma can be easily deduced from the Poisson-Jensen 
formula on domains. Without loss of generality we may assume that 
11' is a bounded domain with smooth boundary. Let G(-; - ) be the 
(negative) Green Kernel on 11' for the Dirichlet boundary condition. 
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Then, for a bounded holomorphic function f on n' we have from the 
Poisson-Jensen formula 

loglf(x)I:::: suploglfl + -21 J G(x;y)dy. 
0' 7f [Z f] 

Here the integration is performed over the smooth part of [ Z f] and 
dy denotes the Euclidean volume there. The Schwarz lemma follows 
from this inequality and the fact that the Euclidean volume of [ Z fl n n 
dominates c.mult([Zf];o) for some positive constant c, by the Bishop
Lelong inequality (cf. (3.2)). 

(4.3} Embedding certain pseudoconcave manifolds 

Andreotti-Grauert [AGlj proved that the quotient of the Siegel up
per half-plane Hn = {n x n symmetric matrices Z : ImZ > O} by the 
Siegel modular group r O = Sp(n, Z) is pseudoconcave for n 2 2. By tak
ing torsion-free subgroups r c r O of finite index we obtain examples of 
pseudoconcave manifolds X = Hn/f which are pseudoconcave and ad
mit positive line bundles Kx. The result of Andreotti-Grauert [ AG2] is 
obtained by explicit construction of exhaustion functions 'I/; and showed 
that X is strongly q-pseudoconcave for some q :::: n - 2. These functions 
'I/; has the additional property that -'I/; is weakly plurisubharmonic. By 
using Siegel's Theorem for X and using the fact that X admits no ratio
nal curves it can be proved that X is biholomorphic to an open subset 
of a quasi-projective variety. To explain the use of pseudoconcavity in 
proving embedding theorems we start with the case of strongly pseu
doconcave manifolds with the following theorem of Andreotti-Tomassini 
[AT]: 

Theorem (Andreotti-Tomassini [AT]). Let X be a strongly pseu
doconcave manifold admitting a complete Kahler metric w and a Her
mitian holomorphic line bundle (L, h) such that both L and L ® Kx 1 

are positive, i.e., c(L, h) and c(L, h) + Ric are positive. Then, X is 
biholomorphic to an open subset ( in the Euclidean topology) of some 
projective-algebraic variety M. 

Proof. The curvature assumptions on ( X, w) and ( L, h) implies 
that one can solve [J with L 2-estimates to obtain holomorphic sections 
in f(X, LP),p > 0. Let R(X, L) be the space of meromorphic func
tions arising from quotients of f(X, V). From Siegel's Theorem we can 
"birationally" embed X into some non-singular projective-algebraic va
riety Z by F = [s0 , ••• , sN], say, with s0 , ••• , SN belonging to some 
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r(X, LP),p > 0. The base point set B(F) of [s0 , ••• , sN] is a complex
analytic subvariety of X. Since X is strongly pseudoconcave there exists 
a C2 exhaustion function 'ljJ such that -'1/J is strictly plurisubharmonic 
outside some compact subset K of X. By solving 8 we can choose F 
such that B( F) n K = 0 and F is a holomorphic embedding on some 
neighborhood of K. Since 'ljJ is an exhaustion function -'1/J restricted to 
any subvariety of X must achieve its maximum at some point. Since 
B(F) n K = 0 it follows from the maximum principle for plurisubhar
monic functions that B(F) consists at most of isolated points. The same 
argument shows that there exists at most an isolated set of points { x,.,} 
such that F\X - { x,.,} is a biholomorphism onto its image in Z. Since 
Z is non-singular what could happen is that each x,., is blown up to a 
divisor P,., of Z such that the {P,.,} are mutually disjoint. Thus, {P,.,} 
are disjoint exceptional divisors on Z. By Grauert's criterion for excep
tional sets it follows easily that { P,.,} represent R-linearly independent 
homology classes in H2n_ 2 (X, R). In particular, the set {P,.,} is finite. 
By adjoining new holomorphic sections we can modify F to obtain an 
open embedding, proving the theorem. 

Remark. In case of surfaces Grauert 's criterion asserts that the in
tersection matrix {P,.,.P,_.} is negative definite, implying that { P,.,} rep
resent R-linearly independent classes in H 2 ( X, R). For the general case 
one can reduce to the 2-dimensiomil situation by taking hyperplane sec
tions. 

Returning to the result deduced from Andreotti-Grauert [AGl] on 
embedding quotients of the Siegel upper half plane the function -'1/J is 
pseudoconvex outside a compact set K such that the Levi form possesses 
at least 2 positive eigenvalues outside K. The method stated above using 
the maximum principle shows that all irreducible components of the 
base point set B(F) of F (with B(F) n K = 0) are compact and of 
codimension ::=:: 2 because the restriction of -'lj; to the non-singular part of 
a hypersurface has at least one positive eigenvalue. The same applies to 
the branching locus of F. Thus we have a discrete set of disjoint compact 
subvarieties { C,.,} of X of codimension ::; 2 and disjoint subvarieties 
P,., of the non-singular projective variety Z such that F\X - U{ C,.,} 
is a biholomorphism onto its image n0 and C,., is transformed to P,., 
under the meromorphic map F. One can adjoin {P,.,} to n0 to get a 
domain n on X. By using the fact that X admits no rational curves 
(X being uniformized by a bounded domain) one deduces that p- 1 

extends holomorphically to p-l: n -+ X ( cf. Fujiki [Fu2, Proposition 
1, p.113] ). Let w E P,.,,x = F(w), and (z1 , ••• ,zn) be holomorphic 
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local coordinates at x. Then, P,, must identify locally with the zero-set 
of (F- 1 )*(dz 1 I\··· I\ dzn), hence of codimension one. On the other 
hand using pseudoconcavity one can show that there are at most a finite 
number of P,, 's of codimension one, proving that { P,,} must be a finite 
set. One can then modify F to obtain a holomorphic embedding. 

Still denoting by F: X -+ Z the modified holomorphic embedding 
from the existence of the plurisubharmonic function -'f/; outside some 
compact subset K of X it follows that the Z - X is pluripolar and hence 
of zero measure with respect to any Hermitian metric on Z. In particular 
X is dense in z. We have the additional property that the field of all 
meromorphic functions M(X) of X identifies with the field of rational 
functions of R(Z). By construction we only showed that R(X,K) iden
tifies with R(Z), where R(X, K) is the field of meromorphic functions 
arising from taking quotients of pluricanonical sections. From Siegel's 
Theorem for pseudoconcave manifolds M(X) is at most a finite extension 
field of R(X, K). From this we can get a meromorphic map F': X-+ Z' 
with (F')* R(Z') = M(X) and a finite meromorphic map v: Z' -+ Z such 
that F = v o F'. Since both F' and F are generically injective, and X is 
dense in Z this is impossible unless vis birational, i.e., R(X) = R(X, K). 

Remark. The preceding arguments are due to Nadel-Tsuji [NT]. 

(4.4) Scheme for compactifying certain pseudoconcave 
manifolds of negative Ricci curvature 

The principle difficulty in compactifying pseudoconcave manifolds 
using Siegel's Theorem and positive line bundles is to prove quasi-surjec
tivity. Following Nadel-Tsuji [NT] we will call a complex manifold very 
strongly q-pseudoconcave if there exists a C2 exhaustion function 'f/; such 
that -1/J is weakly plurisubharmonic and the Levi form of -'f/; has at least 
q positive eigenvalues. They proved 

Theorem (4.4) (Nadel-Tsuji [NT]). Let (X,w) be a complete 
Kahler manifold of dimension n of negative Ricci curvature. Assume 
that X is uniformized by a Stein manifold and that X is very strongly 
(n - 2)-pseudoconcave. Then, X is biholomorphic to a quasi-projective 
variety. 

As explained in ( 4.3) we have a holomorphic embedding F: X -+ Z of 
X onto a non-singular projective-algebraic variety Z. We will henceforth 
identify X with its image under F. To show that Z - X is a subvariety of 
Z [NT] developed an £ 2-Riemann-Roch inequality based on the proof of 
complex Morse inequalities of Demailly's [Del]. They also use existence 
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theorems for complete Kahler-Einstein metrics on bounded domains of 
holomorphy and certain quasi-projective varieties. With some oversim
plification the proof goes as follows. From the pseudoconcavity of X it 
follows that Z - X contains at most a finite number of irreducible hyper
surfaces Di of Z. Denoting the union of Di by D we are going to show 
that X = Z -D. By removing some hypersurface Vin Zand using exis
tence theorems for complete Kahler-Einstein metrics one can show that 
both W = X - V and W' = (Z - D)- V admit Kahler-Einstein metrics 
of Ricci curvatures = -1. Denote the Kahler forms by µ and µ' resp. 
From the Ahlfors-Schwarz lemma for volume forms we have µn ~ µ'n. 
To show that W = W' and hence X = Z - D it suffices to show that 
µn = µ'n. In fact, since Kahler-Einstein metrics are determined by their 
volume forms this would imply µ = µ' and hence W = W'. Denote by K 
the canonical line bundle and by [Del] the divisor line bundle. We relate 
the volumes of (W, µ) and (W, µ') to asymptotic growth of the dimen
sions of square-integrable holomorphic sections r 2 (W, (K + [D] + [V])P) 
and f 2 (W', (K + [D] + [V])P). As pseudoconcavity implies extension the
orems for holomorphic sections of line bundles from W to W' the asymp
totic growths off 2 (W,(K + [D] + [V])P) and f 2(W',(K + [D] + [V])P) 
are the same. On the one hand for the quasi-projective variety W' 
the asymptotic growth of r 2 (W', (K + [D] + [V])P) is determined by 
the volume of (W', µ'). On the other hand, the L2-Riemann-Roch in
equality of Nadel-Tsuji gives a lower bound for the asymptotic growth 
of r 2 (W, ( K + [ D] + [V] )P) by the volume of (W, µ). Equating the two 
asymptotic rates yields the inequality Volume(X, µ) :::; Volume(X', µ'). 
Combined with µn 2'.'. µ'n this yields the desired identity µn = µ'n and 
hence X = Z - D. 

Remark. Here we used the notation [D] for the divisor line bun
dle defined by D. We use interchangeably the additive notation + and 
the multiplicative notation @ for tensor products of holomorphic line 
bundles. 

( 4. 5) Existence theorems on complete Kahler-Einstein 
metrics on non-compact manifolds 

On any complex manifold M there is at most one complete Kahler
Einstein metric of Ricci curvature -1. This follows from the Ahlfors
Schwarz lemma on volume forms (Yau [Yau2]) which asserts in particular 
that any holomorphic mapping between complete Kahler-Einstein man
ifolds of Ricci curvature -1 is volume-decreasing. As a consequence the 
volume forms of such complete Kahler-Einstein metrics on X are identi
cal. Since a Kahler-Einstein metric is uniquely determined by its volume 
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form, this proves the uniqueness assertion. In particular, such metrics 
are invariant under (biholomorphic) automorphisms and descend to any 
quotient of M by a torsion-free discrete group of automorphisms. 

We explain in this section existence of the complete Kahler-Einstein 
metrics of negative Ricci curvature for two classes of non-compact man
ifolds: bounded domains of holomorphy and certain quasi-projective 
varieties. Based in Yau's solution of the Calabi conjectures [Yau3] on 
compact Kahler manifolds Cheng-Yau [CY2] studied the problem of con
structing complete Kahler-Einstein metrics ( of negative Ricci curvature) 
on bounded domains of holomorphy which can be thought of as gener
alizations of the Poincare metrics in one dimension. They introduced 
the notion of complete Kahler manifolds of bounded geometry and de
veloped the continuity method for the Monge-Ampere equation on such 
manifolds. They proved in particular the existence of such metrics on 
bounded weakly pseudoconvex domains with C2 boundary. In Mok-Yau 
[MY] the results are completed to yield: 

Theorem (4.5) (Cheng-Yau [CY2] and Mok-Yau [MY]). Let 
7r: fl --+ en be a Riemann domain with 11"( n) bounded. Then, there ex
ists a unique complete Kahler-Einstein metric of constant negative Ricci 
curvature -1. 

The converse to this statement is also true ([MY]). We prove that 
if a bounded Riemann domain supports a complete Kahler metric of 
bounded negative Ricci curvature, it must satisfy the Kontinuitatssatz 
and hence be a Riemann domain of holomorphy. 

In Cheng-Yau [CY2], by exhausting n by strongly pseudoconvex 
domains with smooth boundary nk and taking limits of complete Kahler
Einstein metrics it was already shown that the limiting metric exists and 
is Kahler-Einstein. The missing point was the proof of completeness. In 
Mok-Yau [MY] the completeness was deduced from a lower estimate for 
the Kahler-Einstein volume forms on nk and using the gradient estimate 
of Yau [Yaul] on complete Riemannian manifolds. As we will be using 
the lower estimate of volume forms later on, we sketch here a proof based 
on the maximum principle for the Monge-Ampere operator. 

Proposition. Let D be a bounded strictly pseudoconvex domain 
with smooth boundary in en and g = (9i';) be the complete Kahler
Einstein metric of constant negative Ricci curvature -1. Let o(x) = 
o(x, 8D) denote the Euclidean distance to the boundary. Assume that 
the diameter of D is less than I/ e ( so that - log 6 ~ 1). Then there 
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exists a constant C depending only on n such that 

C 
det(gij') 2: 52 ( - log 8)2. 
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Proof. To motivate the proof consider the case of n = 1. For the 
case of D being a punctured disc the Poincare metric is exactly a con-

stant multiple of 62 ( i_d;J; <5)2 near the puncture. By putting D into punc
tured discs centered at each boundary point b on 8D and applying the 
Ahlfors-Schwarz lemma this yields the desired estimate. In case of higher 
dimensions this breaks down because a punctured ball Bn - { o}, n ;2: 2 
cannot support a complete Kahler-Einstein metric. However, one can 
prove the proposition in case of dimension 1 directly by using the max
imum principle for the Laplace operator. This proof can be generalized 
to higher dimensions by using the maximum principle for the Monge
Ampere operator and the Theorem of Oka which asserts that - log 8 is 
plurisubharmonic for a domain of holomorphy. To be precise the func
tion u = log det(9ij') satisfies the Monge-Ampere equation 

det(ui 1) = eu. 

On the other hand for the function v = log ( 62 (-iog 6) 2 ) + Jzl2 we have 

paa (-2 log 8 - log(- log 8) + lzl2) 

= f=-'1lJ'.la-(-l i:)- 2\/-l88(-logc5) 20881\88 f=-'1J'.l!il 12 2y -,.u og u - log c5 + 02 (- log c5)2 + y-luu z . 

From Oka's Theorem 088(- log d) 2: 0. Since - log c5 2: 1 the sum of 
the first two terms is nonnegative. From lldc5ll = 1 almost everywhere, 
taking the n-th exterior power and replacing v by v + c for some constant 
c we have the Monge-Ampere inequality 

almost everywhere. By the construction ( on strictly pseudoconvex do
mains) of [CY2] u = oo on 8D. Comparing u and v and applying the 
maximum principle for the Monge-Ampere operator (modulo smoothing 
arguments) we obtain u 2: v, proving the proposition. The function u 
is bounded from below and satisfies the differential equation ~u = -n. 
One can then apply the gradient estimate of Yau [Yaul] to get 

11 v' (log U) II ::; Cn 
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for some constant Cn depending only on the dimension n. From the 
proposition logu blows up on 8D. The gradient estimate then implies 
that the Kahler-Einstein metric on D is complete with a lower estimate 
for geodesic distances independent of D. This allows one to pass to limit 
to prove the theorem of Mok-Yau [MY] that the Kahler-Einstein metrics 
constructed in Cheng-Yau [ CY2] on bounded domains of holomorphy n 
are indeed complete. 

For the purpose of generalizing to manifolds the use of the maximum 
principle can be reformulated in term of the following general Ahlfors
Schwarz lemma for volume forms: 

Ahlfors-Schwarz lemma for volume forms (Mok-Yau [MY, 
{1.1), p. 43ff.]). Let M be an n-dimensional complete Hermitian man
ifold with scalar curvature bounded from below by - K and let N be a 
complex manifold of the same dimension with a volume form (i.e., a 
positive (n, n)-form) VN such that the Ricci is negative definite and such 
that, writing VN = VN( H/2)dz 1 I\··· I\ dzn, we have 

( R - )n 
- 2-88logVN ~ K2 VN, 

Suppose f: M -+ N is a holomorphic map and the Jacobian is nonvan
ishing at some point. Then, K1 > 0 and we have 

f*VN K 1 sup--<--. 
M VM - nnK2 

The continuity method for the Monge-Ampere equation can also 
be used to prove the existence of complete Kahler-Einstein metrics on 
certain quasi-projective varieties. Such results were first announced in 
Yau [Yau3]. In particular, we have 

Theorem (Kobayashi [Ko2], Cheng-Yau [CY3] and Tian-Yau 
[TY]). Let M be a non-singular projective-algebraic variety and D be a 
union of smooth divisors with at worst normal crossings such that for the 
canonical line bundle KM of M the holomorphic line bundle KM+ [D] 
admits a Hermitian metric of positive curvature. Then, there exists on 
Y = M - D a unique complete Kahler-Einstein metricµ of Ricci cur
vature -1. 

From the method of construction of the Kahler-Einstein metric on 
Y is uniformly equivalent to the Poincare metric on punctured polydiscs 
in neighborhoods of points of D. Moreover, the Ricci form of (W', µ') 
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represents c1 (KM+ [DJ) in the sense that the volume form (µ't defines 
a Hermitian metric on KM+ [D] with logarithmic singularities along 
D and V. (To be more precise (µ't defines a good metric for KM + 
[D] in the sense of Mumford [Mum2], so that as far as Chern integrals 
are concerned, (µ')n is as good as a smooth metric on KM+ [D].) In 
particular, if his a smooth Hermitian metric for KM+ [D] over Mand 
c1 denotes first Chern classes, then 

f cr(M,h)= f cr(M-D,µ)= f (_!1:_)n. 
jM lM-D lM-D 2~ 

We will write for short KM + [D] > 0 for the sufficient condition in 
the theorem, which is in general not necessary. In Kobayashi [Kol] 
and Cheng-Yau [CY3] they also investigated in case of dimension 2 
weaker sufficient conditions in terms of algebro-geometric or differential
geometric notions of semipositivity of the line bundle KM+ [D]. Such 
conditions for arbitrary dimensions were investigated by Tsuji [Ts] in 
certain special cases and Tian-Yau [TY] in broader generality. However, 
there is still a large gap between necessary and sufficient conditions for 
the existence of complete Kahler-Einstein metrics on Y = M - D. 

We return now to the theorem of Nadel-Tsuji [NT]. Recall in the no
tations of (4.4) that the pseudoconcave manifold Xis already embedded 
as an open subset of a non-singular projective-algebraic variety Z. Let D 
be the union of all hypersurfaces in Z - X. Without loss of generality we 
may assume that D is a union of smooth divisors with at worst normal 
crossings. Since Kz + [D] may not be positive to construct complete 
Kahler-Einstein metrics we have to work with W' = (Z - D) - V ob
tained by removing some positive hyperplane sections so that D U V is 
still a union of smooth divisors with at worst normal crossings. Writing 
W = X - V c W' we need for the scheme of proof of {NT] to guarantee 
the existence of a complete Kahler-Einstein metric µ on W. 

The Kontinuitatssatz for complex manifolds 

To proceed further we introduce the Kontinuitatssatz for complex 
manifolds. We have 

Definition. A connected complex manifold M is said to verify 
the Kontinuitatssatz if and only if for any smooth one-parameter family 
of closed holomorphic discs .6.t with boundary indexed by the smooth 
parameter t E [O, 1) such that Uo9<18.6.t ~ M we have Uo9<1.6.t ~ M. 

One can also define a discrete version of the Kontinuitatssatz by 
using a discrete sequence of holomorphic discs with boundary in place 
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of a one-parameter family. In case of domains n in en this definition 
appears to be stronger than Oka's. However, by Oka's Theorem (3.7.1) 
the two notions are equivalent. In fact, it follows from Oka's Theorem 
that a domain n in en is a domain of holomorphy if if and only if it sat
isfies the discrete version of the Kontinuitatssatz. Here and henceforth 
by the Kontinuitiitssatz we will always mean the smooth one-parameter 
version. 

As a consequence of Oka's Theorem Docquier-Grauert [DG] proved 
that a domain n in a Stein manifold N is Stein if and only if n sat
isfies the Kontinuitiitssatz. Furthermore, Stein [St] proved using Oka's 
Theorem that if 11: M' ---+ M is a holomorphic covering map between 
complex manifolds such that M is Stein, then M' is also Stein. By us
ing plurisubharmonic exhaustion functions and the maximum principle it 
follows readily that a Stein manifold verifies the Kontinuitatssatz. As an 
immediate consequence of the definition, if 11: M' ---+ M is a holomorphic 
covering map between complex manifolds, then M verifies the Konti
nuitiitssatz if M' does. Furthermore, if M verifies the Kontinuitiitssatz 
and V is a complex-analytic hypersurface in M, then M - V also verifies 
the Kontinuitiitssatz. However, the converse is not true. 

Existence of complete Kahler-Einstein metrics on some 
X-V=W 

To make use of the theorem of Mok-Yau [MY] we use a theorem 
of Griffiths [Gri3] on finding quasi-projective varieties uniformized by 
a bounded domain of holomorphy by the method of simultaneous uni
formization (Ahlfors [Ahl] and Bers [Bel). Griffiths' result implies that 
we can choose V with the additional property that W' = (Z - D) - V 
is uniformized by a bounded domain of holomorphy D'. Write p: D' ---+ 

W' :) W for the universal covering map and let n be a connected com
ponent of p- 1 (W). Since Xis uniformized by a Stein manifold it verifies 
the Kontinuitiitssatz, so does W = X - V obtained by removing a hyper
surface. Since W c W' is an open set of the affine-algebraic, hence Stein 
manifold W', W is Stein by Docquier-Grauert [DG]. As Pin: n ---+ W is 
a holomorphic covering map, by Stein [St] f! C f!' C en is a bounded 
domain of holomorphy, so that by [MY] it admits a complete Kahler
Einstein ~etric of Ricci curvature -1. Replacing n by its universal 
covering n and using the invariance of such metrics by automorphisms 
this induces a complete Kahler-Einstein metric on W = X - V. 

(4.6) L2-Riemann-Roch inequality of Nadel-Tsuji 

To formulate the L2 -Riemann-Roch inequality of Nadel-Tsuji [NT] 
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we start with Demailly's generalization [De2] of Weyl's formula for the 
asymptotic spectrum for sections of powers of a Hermitian holomorphic 
line bundle (L, h) on a Hermitian complex manifold {M, 0). Let n be 
an open subset of X. Denote the formal adjoint of 8 on £"-valued {0, q) 
forms ( with respect to the Hermitian metrics w and h") by [)*. Let 

Q~,q) denote the quadratic form on smooth compactly supported £"

valued {0,q)-forms on n defined by Q~,q)(f) = f0 118/112 + 118*/112 . Let 

1i~'q) denote the Hilbert space of square-integrable £,,-valued {0, q)
forms. Extend the domains of 8 by taking closure in the graph norm 
f-> (11/112 + 118/112)½ and extend the domain of 8* by taking the Hilbert 

space adjoint. Thus, Q~,q) is extended to Dom(8) n Dom{8*). Let 0 
denote the box operator 88* + 8*8. When n is a bounded domain with 
smooth boundary, the spectrum is discrete. We denote by NAO,q)(µ;L") 
the number of eigenvalues of D less than µ, counted with multiplicities. 
In this case Demailly [De2] obtained asymptotic inequalities in terms of 

v for counting NAO,q)(v>i.;L") when A> 0. We will only need the case of 

q = 0. We write No(µ; L") for NA0 •0\µ; L"). In this case we have 

Asymptotic lower estimate for No ( v >i.; KM) ( consequence 
of Demailly [De2]) 

For A > 0, c1 (KM) denoting the first Chern form of the canonical 
line bundle KM on M induced by the Hermitian metric 0 and n denoting 
a bounded domain in M with smooth boundary , we have 

li . f No(v.X; KM) 1 1 n(K ) m ill ----'-----='-'- ~ - 1 Cl M • 
v--+oo vn n. (I, 

We give a very brief explanation of the methods of the proof. For de
tails we refer the reader to Demailly [De2] and the Bourbaki lecture of Siu 
[Siu8]. First, by the Bochner-Kodaira formula for Hermitian manifolds, 
writing Dv = Vv + "ilv for the full gradient, i.e., the sum of the {1, 0)
gradient and {0,1)-gradient for L"-valued {0,q) forms f with respect to 
the Hermitian metrics h" and 0, we have for f E Dom{8) n Dom{8*) 

fn 118/112 + 118*/112 = fn 11n,,f + S/112 + vK(f, I)+ R(f, I)+ T(f,f) 

where K, R, Tare Hermitian forms arising from the curvatures of (L, h) 
and {M, 0) and the torsion of (M, 0) resp., while Sis a zero-order oper
ator arising from the torsion of (M, 0). In case of q = 0, in terms of local 
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coordinates, if r denotes the connection 1-form of (L, h) and D denotes 
the the full gradient for the flat connection, then Dvf = D f + vr 0 f. 

To count N~O,q\v>..; Lv) asymptotically one uses a localization proce
dure and the minimax principle. The localization procedure is analogous 
to the method initiated by Weyl [Weyl] on the asymptotic distribution 
of eigenvalues of the Laplace operator. One uses coverings of 11 with 
sets of diameter r( n) ---+ 0 as v --+ oo in a specific way. The prob
lem can be formulated in terms of real coordinates ( x 1 , ... , x 2n) using 
normal geodesic coordinates. Rescaling one is led to study the case of 
the trivial line bundle on cubes P(R) of side Ron R 2n equipped with 
a Hermitian unitary connection of constant curvature B such that the 
(purely imaginary) connection form RA is chosen to have linear co
efficients. (We have dA = -RB.) If the (skew-symmetric) curvature 
form B = Li< ·<s Bjdxi I\ dxn+i for constants Bi we can choose the 

_J_ 

connection form A= Li<.<• RBjdxn+i. By rescaling we are led to 
_J_ 

study the quadratic form on functions 

Here V is a constant potential and R ---+ oo as 11 ---+ oo. The potentials V 
arise from the quadratic form K above in the Bochner-Kodaira formula 
and has the effect of translating the spectrum by V. In the rescaling 
the effects of the torsion and the curvature of (M, 0) (i.e., S, T and 
R) become negligible since they are constant independent of v, while 
both the connection form and the curvature forms are proportional to 
11. Performing Fourier transforms on the variables Xj+s, 1 ::; j ::; s, 
and making linear changes of variables, one is led in the limiting case 
as 11 ---+ oo (i.e. ,R ---+ oo) to comparisons ( using the minimax principle) 
with the quadratic form 

P(u) = 1_: I:: I+ x2 1ul2 

and the corresponding second order ordinary differential operator 

d2 u 
H(u) = - +x 2u 

dx 2 ' 

which is the Schroedinger operator for the harmonic oscillator. The 
eigenvalues of H, which are discrete, and the corresponding eigenfunc
tions are both explicitly known. This information allows us to count 
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asymptotically the eigenvalue distribution of QP(R)(u) as R---+ oo. De
noting by NqP(n/>..) the number of eigenvalues :::; >.. we have in fact 

an exact formula for lim R- 2nNQpcni(>..). The localization procedure 
R-+oo 

and the minimax principle then allows us to get the asymptotic Morse 
inequalities of Demailly, in particular the estimate stated for the line 
bundle L = KM. 

Deduction of the £ 2 -Riemann-Roch inequalities from 
Demailly's estimate 

We state the £ 2 -Riemann-Roch inequality of Nadel-Tsuji [NT]. 

Proposition. In the notations of the preceding paragraphs we have 

1 .. fdimr 2 (M,KM) 1 1 n(K ) 
rm1n ------ 2 I C1 M . 
V-+00 v-n n. Af 

In order to get the £ 2-Riemann Roch inequality from Demailly's esti
mates we exhaust the complete Kahler manifold M by a sequence of 
smooth bounded domains with smooth boundary. From the minimax 
principle it follows that for>..> 0, No(v>..; Lv) '.':: NM(v>..; Lv). Applying 
Demailly's estimate to the exhausting sequence we obtain the inequality 
that for every >.. > 0, we have 

1 .. fdimNM(M,KM) 11 n(K ) 
1m m -n 2 I C1 M . 
v-+oo v n. M 

To prove the proposition it suffices to show that there exists some 
>.. > 0 such that 

NM(v>..;Lv) = dimr 2 (M,KM) 

for v sufficiently large. This is in fact true for O < >.. < 1 /2. First recall 
the Bochner-Kodaira formula for (0, 1)-forms 

(Of,!)= IIV/112 + (v- l)Ric(!,!). 

From this it follows readily that Q~' 1)(!) 2 (v-1)11/11 2 , so that for 

v 2 2,Q~ 1)(!) 2 ¥11!1l2 • Consider now the case of sections u. We have 

(Du,Du) = (8*8u,8*8u) 

since 8* is zero for functions. On the other hand, since 8(8u) = 0, 

( 8* Bu, 8* Bu) is the same as Q~' 1) (Bu) for the ( 0, 1) form Bu. Thus, for 
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(Ou,Ou) = Q~' 1\8u) 2: if8ull2 = i(Ou,u). 

In particular, if u is an eigensection of KM with Ou = µu we have 
µ 2: f. This proves our assertion and establishes the L2-Riemann-Roch 
inequality. 

We have now the necessary ingredients for completing the proof 
of Theorem (4.4) of Nadel-Tsuji. Recall that we have W c W' C 

Z - D with W = X - V affine-algebraic and W' = (Z - D) - V and 
complete Kahler-Einstein metricsµ andµ' on Wand W' resp. Let u be 
an L2-holomorphic section of Kw on (W,µ). We claim that u extends 
to a meromorphic section of Kz on z. First, by the Ahlfors-Schwarz 
lemma on volume forms the Kahler-Einstein metric µ is dominated the 
Poincare metric on punctured polydiscs near the divisors D and V, so 
that u extends meromorphically across D and V with poles of order 
at most v - 1 along D and V. Let now r be any meromorphic section 
of K z on Z. Then u / r is a meromorphic function on W which extends 
meromorphically across V to X. By our choice of embedding we know on 
the other hand from ( 4.3) that every meromorphic function on X extends 
to the compactification Z. This implies that u can be meromorphically 
extended to Z. More precisely, we have the inclusion 

f 2 (W,Kw) c f(Z,Kz © [D]"-1 © [V]"- 1 ) C f(Z,(Kz + [D] + [V]"). 

Since the metricµ is Kahler-Einstein with constant Ricci curvature -1, 
by the L2-Riemann-Roch inequality, we have 

1 1 ( 1 ) n 1. . f dim r 2 {W, Kw) - -µ < rmm ----~-. 
n! w 21r - 11-+oo vn 

On the other hand, on the compact manifold Kz + [D] + [V] is a posi
tive line bundle so that from Riemann-Roch and the Kodaira Vanishing 
Theorem we have 

lim dimf(Z,(Kz: [D] + (V])" = 2_, f ci(Kz + (D] + [V]), 
., ..... oo v n. Jz 

where the first Chern form on the right is computed with respect to any 
choice of Hermitian metric. From the discussion in ( 4.5) we have 

l (2~µ) n ~ l ci(Kz + [D] + (V]) = l, (2~µ') n 

Since W C W' by the Ahlfors-Schwarz lemma on volume forms µn 2: µ'n. 
By assumption there exists a plurisubharmonic function -t/; on X - K 
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for some compact subset K such that -'!/J converges to -oo along ax= 
Z - X, so that ax is pluripolar, in particular of measure zero with 
respect to any Riemannian metric on Z. Since W' - W c Z - X it 
follows fromµ ~ µ' and the inequality on volumes that in fact µn = µ'n. 
As Kahler-Einstein metrics are determined by their volume forms we 
have in fact µ = µ'. Since (W, µ) is complete this can only happen if 
W = W', Le., X = Z - D. The proof of the Theorerp. of Nadel-Tsuji 
[NT] is completed. 

Remarks. 1) In the Theorem of Nadel-Tsuji [NT] the volume of the 
Kahler metric is not assumed to be finite. If one assumes in addition 
that the Ricci form is bounded from above by a negative constant it 
follows from the theorem and the Ahlfors-Schwarz lemma for volume 
forms that the volume is finite. 
2) The negativity of the Ricci curvature was only used in solving 8 with 
L2-estimates to construct holomorphic sections. 

( 4. 7) A local compactification theorem on bounded domains 

In this section we discuss a characterization of"local Zariski-density" 
on bounded domains of holomorphy · in terms of the complete Kahler
Einstein metric. Suppose D is a domain of holomorphy and S is a 
complex-analytic hypersurface. Then, n = D - S is a bounded domain 
of holomorphy. Let b E an and U ~ D be a neighborhood of bin D. 
Let w denotes the Kahler-Einstein form on n. By desingularizing Sand 
using the Ahlfors-Schwarz lemma for volume forms it follows readily that 
Volume(n n U,w) < oo. We prove the converse 

Theorem (4.7) (Mok [Mokll]). Let (fl,w) be a bounded domain of 
holomorphy in en equipped with the canonical complete Kahler
Einstein metric on n of Ricci curvature -1. Suppose b is a point of 
an such that for some open neighborhood U of b in en, n n U is of fi
nite volume with respect tow. Then, S = U - n is a complex-analytic 
subvariety of U of pure codimension 1. 

The proof of Theorem ( 4. 7) is based on the estimate of the Kahler
Einstein volume form in (4.5), an extension theorem for closed positive 
(1, !)-currents and a criterion for the complex-analyticity of a closed 
set using plurisubharmonic functions due to Bombieri [Boml]. One rea
son for discussing this elementary local compactification theorem is to 
give a motivation for techniques of proving quasi-surjectivity of embed
ded Kahler-Einstein manifolds. Moreover, as will be explained later, 
one can also_ use Theorem ( 4. 7) to give a more immediate deduction of 
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the Theorem of Nadel-Tsuji [NT] from the L 2 -Riemann-Roch inequality. 
Concerning the criterion of Bombieri [Boml] we have 

Characterization of complex-analyticity in terms of 
plurisubharmonic functions 

Proposition. Let n be a bounded domain of holomorphy and rp 
be a plurisubharmonic function on n. Then, there exists a non-trivial 
holomorphic function f on n square-integrable with respect to the weight 
function e-'i'. As a consequence, the set E of points x E n at which 
e-'i' is not locally summable lies on the complex-analytic subvariety Z 
consisting of zeros of the holomorphic function f. 

Before explaining Bombieri's result it is convenient to introduce at 
this point the notion of the Lelong number. Let T be a closed positive 
(p,p)-current on the Euclidean ball B(o; r 0 ). We defined the mass of T 
on a subset E of B ( o; r O ) with respect to a Kahler metric II by integrating 
11P /p! I\ T over E and denote this by Mass(TIE; 11). When T = [V] is 
the integration current over the non-singular part of a complex-analytic 
subvariety V of pure codimension p, the mass Mass(TIE; 11) is the same 
as Volume([V]nE; 11). Let now f3 denote the Kahler form of the Euclidean 
metric. For the mass Mass(TIB( o; r ); /3) we have the monotonicity of 

Mass(Tls(o;r); /3) = e(T· . ) 
C 2 ,r,o, 

pr P 

where the constant Gp is chosen to be the volume of the unit ball in CP. 
More precisely, we have, for r 2 > r 1 > 0 the Fubini-Study metric c, on 
pn-l with potential (1/27r) log llzll2 when lifted to en - {O}, we have 

0(T;r2;0)- 0(T;r1;0) = Mass(TIB(o;r 2 )-B(o;ri);c,). 

The nonincreasing limit of 0(T; r; o) as r --> 0 is defined to be the Lelong 
number n(T; o) of T at o, which in case of the subvariety [V] reduces 
to the multiplicity (Thie [Th]). The Bishop-Lelong inequality of (3.3) 
generalizes to 

Mass(Tls(o;r)i/3) ?: Cpr2P • n(T; o). 

In case of closed positive (1, 1)-currents T we can write locally T = 
Ao8rp. The concentration of mass of T near a point is then reflected 
by the local summability or non-summability of the functions e-c'i', for 
c a positive constant. 

We return now to the criterion of Bombieri [Boml]. In case rp is at 
least smooth at one point, the proof of this proposition is an immedi
ate consequence of the technique of constructing holomorphic functions 
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using singular plurisubharmonic weight functions as discussed in (3.2), 
which is a consequence of the L2-estimate of 8. What we need is that 
e-'P is at least locally summable at one point x 0 so that we can solve 
[J with singular weights at x 0 • In Bombieri [Boml] it was proved that a 
priori the set of points at which e-'P is not locally summable is at most 
a closed subset with Hausdorff (2n - 1)-dimensional measure zero. This 
was done by relating the local summability of e-'P to the concentration 
of mass of T = Aa&cp to Euclidean balls. We have in fact (Born 
[Boml, 2]) 

Proposition. There exist two positive numbers 11 < 12 depending 
only on n such that the following is valid: Suppose cp is a plurisubhar
monic function on an open subset n of en' T = Aa8cp and X E n. 
We have 

(i) If n(T; x) < 11, then e-'P is locally summable at x. 
(ii) If n(T; x) > 12 , then e-'P is not locally summable at x. 

To find the open subset n0 c non which e-'P is locally summable it 
suffices to show that the set E'Y1 (T) c n consisting of points of Lelong 
number ?: 11 is of zero (2n - 1)-dimensional Hausdorff measure. This 
follows readily from the monotonicity of 0(T; r; x) in r and a covering 
argument. 

We return now to the proof of the local compactification theorem. 
Let w denote the Kahler form of the complete Kahler-Einstein metric 
of Ricci curvature -1 on the bounded domain n. Let b E an and U be 
as in the theorem. We prove that wlunn extends trivially as a closed 
positive (1, 1 )-current T to U. Choosing U to be a Euclidean ball we can 
solve the Poincare-Lelong equation T = H88cp to obtain a potential 
cp for T on U. On the other hand, writing (g;1) for the Kahler-Einstein 

metric, we have v=:f.881og det(g; 1) = w on U n n. The difference h = 
cp - log det(g; 3) is a pluriharmonic function on U n n. cp is bounded 
from above on U while by the volume estimate of the Kahler-Einstein 
metric given in ( 4.5) we know that the function log det(gi 1) blows up 
along U n an. It follows that h can be extended to a plurisubharmonic 
function on U by defining h to be -oo on Un an. Moreover from the 
estimate 

C 
det(g;-;) ?: 52 ( - log 8)2. 

of (4.5} we deduce readily that e-(n+l)h is not locally summable at 
every point of U n an. It follows therefore by Bombieri's criterion that 
Un an is contained in a complex-analytic subvariety S of U. Since n is 
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a domain of holomorphy it forces Un 8fl itself to be a complex-analytic 
hypersurface. 

To prove the extension of the closed positive (1, 1) form wlunn as a 
current to U we need the following 

Ahlfors-Schwarz lemma for metrics (Yau [Yau2], Chen- Cheng
Lu [CCL] , Royden [Roy]). Let (M,wM) be a complete Kahler mani
fold of Ricci curvature bounded from below by a negative constant - K1. 
Let (X, wx) be a Kahler manifold with holomorphic sectional curvature 
bounded from above by a negative constant -K 2 • Then, there exists a 
constant C depending only on K 1 , K 2 and the dimension of M such that 
for any holomorphic mapping f: M--; X, we have 

f*wx:::; CwM. 

The significance of this Ahlfors-Schwarz lemma is that we can con
trol the metric (M, w M) without any condition on the full curvature. Ap
plying to the situation where (M,wM) = (fl,w) and (X,wx) = (B,wB) 
is a larger Euclidean ball equipped with the Poincare metric, we have 
the estimate that (g;-1) :::: cdi1 for some positive constant c. It follows 
from this and Volume(U n fl; w) < oo that in fact the trace ~ gi, and 
hence the coefficients gi1 of w are integrable on Un fl. We can therefore 
define the trivial extension T of wlunn to U. To prove the closedness 
of T we use the same Ahlfors-Schwarz lemma. On the complete Kahler 
manifold ( fl, w) one can construct smooth cut-off functions p R such that 
llv" PRII ~ 1/ R and such that PR = 1 on increasing large concentric 
geodesic balls of radius R. It suffices to show that d(p RW) converges 
weakly to zero on U as a current. Let now 'I/; be a smooth (2n - 3)-form 
with compact support on U. We have to show 

lim r d(pR)t\tp=O. 
R--+oo lunn 

To do this we measure everything in the integrand in terms of the Kahler
Einstein metric w. From (g;-1) ~ (1/ c)8i; it follows that llt/JII is bounded. 
From llv" PRII ~ 1/ R it follows immediately that the integrand is bounded 
by C / R for some positive constant C. As Volume(U n fl, w) < oo this 
proves (*) and hence the closedness of T. The proof of Theorem ( 4. 7) is 
completed. 

We explain how one can deduce the embedding theorem of Nadel
Tsuji [NT] from the £ 2-Riemann-Roch inequality and the local com
pactification theorem. Embed as in ( 4.5) X as an open subset of some 
non-singular projective-algebraic variety Z. Take an arbitrary point b E 
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8X c Z. It suffices to show that for some open neighborhood U of b in 
Z, U - X is complex-analytic. Take a finite union of hyperplane sections 
V avoiding b such that Z - Vis uniformized by a bounded domain n0 • 

Write p: n0 --+ Z - V for the universal covering map. Let n be a con
nected component of p- 1{X - V) and b E an be such that p(b) = b. To 
show that Z - V is complex-analytic at b it suffices to show that n0 - n 
is complex analytic at b. X - V supports a complete Kahler-Einstein 
metric (with Kahler form)µ of Ricci curvature -1 {cf. {4.5)). Further
more, it has finite volume because of the L2-Riemann-Roch inequality 
and pseudoconcavity. Lifting to n via p we conclude that for some open 
neighborhood U of bin n 0 , Volume(n, w) < oo for the complete Kahler
Einstein metric w on n. U - n is then a complex analytic variety by the 
local compactification theorem {Theorem {4.7)). 

( 4.8) Compactifying complete Kahler manifolds of finite vol
ume with pinched strictly negative sectional curvature 

As a differential-geometric generalization to the compactification of 
arithmetic quotient of bounded symmetric domains of rank 1 Siu-Yau 
proved earlier on 

Theorem (4.8) (Siu-Yau [SY4] ). Let (X,w) be a complete Kahler 
metric of finite volume such that for some constant C 

-C::; Sectional curvatures :=:; -1. 

Then, X is biholomorphic to a Zariski open subset of a non-singular 
projective-algebraic variety Z such that the complement Z - X is an 
exceptional set of Z that can be blown down to a finite number of isolated 
singularities. 

The proof of [SY4] uses a combination of differential-geometric tech
niques and pseudoconcavity. Using Margulis lemma on complete Rie
mannian manifolds of pinched strictly negative curvature they construct 
a decomposition of X into a compact piece and a finite union of ends 
Xi as in the arithmetic rank-1 case. They construct a function cp on X 
strictly plurisubharmonic outside a compact subset K and diverging to 
-oo by using Busemann functions B-y associated to a geodesic ray 'Y· 
Here for a geodesic ray {'Y(r),O :=:; r < oo} parametrized by arc length 
on the universal covering X {which is a Cartan-Hadamard manifold) the 
Busemann function B-y is defined by 

B-y(x) = lim [d(x;-y{r)) - r]. 
r-+oo 
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They showed that for c sufficiently large, when restricted to B-y < -c, the 
Busemann function descends to Busemann functions B-y on X. The func
tion <p on X is constructed from the minimum of a finite number of such 
B-y-By applying the embedding theorem of Andreotti-Tomassini one can 
then embed X as an open subset of a non-singular projective-algebraic 
variety Z. To show that Z -Xis a subvariety (necessarily a divisor) of Z 
that can be blown down to isolated singularities they used the Ahlfors
Schwarz lemma in ( 4. 7). We give here an alternative argument using the 
local compactification theorem and the Ahlfors-Schwarz lemma. For a 
generic c > 0 sufficiently large the open set G = { <p < -c} U ( Z - X) C Z 
is a manifold with smooth strictly pseudoconvex boundary. By Grauert 
[ Gr2 ] there exists a maximal compact subvariety E of n and a proper 
holomorphic map 1r: G --> G' onto a complex manifold G' which is a 
biholomorphism on G - E and which blows down E to a finite number 
of points. We claim that X n G = G - E. Since X is of curvature ::; 0 
the universal covering manifold X is Stein ([GW2]). As a consequence 
X verifies the Kontinuitatssatz. To prove X n G = G - E it suffices 
therefore to show: 

Proposition. Let B be a Euclidean open ball centered at the origin 
o and W be a closed subvariety with at most an isolated singularity at 
o. Suppose n is a Stein open subset of W - {o} with W - n «;: W such 
that there exists a Kahler metric w on n with Ricci curvature 2 -1 
satisfying (i) for a base point x 0 the geodesic distances d( x 0 ; x) --> oo for 
X--> W - Q and (ii) Volume(n,w) < 00. Then, fi = W - {o}. 

Remark. The assumption that n is a Stein open subset is the same 
as the assumption that n verifies the Kontinuitiitssatz, by Qka's Theo
rem. 

To prove the proposition observe that for a fixed compact subset 
K of W there exists 8 > 0 such that for any point x E K n n the 
geodesic ball B(x; 8) = {y E n : d(x; y) < 8} is relatively compact 
inn. Applying the Ahlfors-Schwarz lemma in (4.7) together with the 
localization argument of Cheng-Yau [CYl] we conclude that there exists 
a positive number E such that w 2 E{3 for {3 the Euclidean Kahler form 
on B. For any point x E n there exists an open neighborhood U of 
x in W such that U «; W - { o} is biholomorphic to a Euclidean ball 
and hence Un n is biholomorphic to a domain of holomorphy. Although 
(Unn,w) is not complete the localization argument of Cheng-Yau [CYl] 
still allows one to get the lower estimate for the volume form of of (Un 
n, w) near points of U - n using the Ahlfors-Schwarz lemma for volume 
forms of (4.5). As in the proof Theorem (4.7) one can then prove the 
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current extension theorem and the fact that U - n is a complex-analytic 
hypersurface of U. 

Remarks. 1) In the proof the assumption that n is Stein is in fact 
unnecessary. One can use the existence of w to prove that n satisfies the 
Kontinuitatssatz, as in Mok-Yau [MY, Main Theorem, p.42ff.] 

2) Knowing that X is strongly pseudoconcave, Theorem ( 4.8) fol
lows immediately from the proof of the Theorem of Nadel-Tsuji [NT]. In 
fact, in the proof the [NT] and in the notations of the proof of Theorem 
(4.8) the complement D = Z -X was shown to be the maximal compact 
hypersurface in G. From the strict pseudoconcavity of G it follows that 
D is the maximal compact subvariety of n, i.e., the exceptional set E of 
n. The original proof using the Ahlfors-Schwarz lemma given in [SY4] 
and the one given here are however much more elementary. 

(4.9) Siegel's Theorem and Bezout estimates on Kahler 
manifolds of finite volume 

As a differential-geometric generalization of the compactification of 
arithmetic quotients of bounded symmetric domains Mok [Mokll] and 
Mok-Zhong [MZ2] considered the question of compactifying complete 
Kahler manifolds of finite volume under curvature assumptions. We 
proved in particular 

Theorem ( 4.9.1) (Mok-Zhong [MZ2] ). Let X be a complex man
ifold with finite even Betti numbers. Let w be a complete Kahler metric 
on X of finite volume and negative Ricci curvature. Suppose furthermore 
that the sectional curvatures are bounded. Then, X is biholomorphic to 
a quasi-projective variety. 

The topological assumption on X was used in the same way as in the 
Theorem of Demailly [Del] on characterizing affine-algebraic varieties in 
the process of desingularizing "birational" embeddings. Without this ad
ditional assumption, the result was that there exists a complex-analytic 
subvariety V of X such that X - Vis biholomorphic to a quasi-projective 
variety. We mention that Theorem (4.9) can already be regarded as a 
differential-geometric generalization of the compactification of quotients 
of bounded symmetric domains of finite volume. In fact, we have 

Theorem (Gromov et al., cf. Ballmann-Gromov-Schroeder [BGS]). 
Let ( M, g) be a real-analytic Riemannian manifold such that 

-1 :S: Sectional curvatures ::; 0. 
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Suppose the injectivity radius I nj ( x) converges to zero as x diverges 
to infinity on M. Then, M is diffeomorphic to compact manifold with 
smooth boundary. 

Let now (X,w) be a quotient of a bounded symmetric domain of 
finite volume in the Kahler-Einstein metric w, which is real-analytic. 
From the boundedness of the sectional curvature and the finiteness of 
the volume (X,w) verifies easily the condition on the injectivity ra
dius. While Theorem ( 4.9) can be regarded as a generalization of The
orem (4.8) of Siu-Yau in the case when the sectional curvature is pinch
ed and strictly negative, the proof of our result is very different since 
we do not have at our disposal the complex-analytic property of pseudo
concavity. Under additional assumptions of partial strict negativity of 
(bi-)sectional curvatures it is not known whether X can be compactified 
by adding varieties of dimensions < n - 1, n = dime X. It is not even 
known whether Theorem ( 4.8) remains valid under the weaker assump
tion 

-C :::; Bisectional curvatures :::; -1. 

As in the embedding theorems of Lecture III, we prove Siegel's the
orem for a field of meromorphic functions arising from a special class of 
sections of some line bundles. This part of the estimate is valid without 
any boundedness assumption on the full curvature tensor. On a com
plete Kahler manifold (X,w) we say thats E I'(X,KP) is of class N 2 if 
log+ 11s11 is square-integrable. We writes E rN2(X, KP). We have 

Siegel's Theorem for complete Kahler manifolds of inite 
volume and bounded negative Ricci curvature 

Let (X, w) be a complete n-dimensional Kahler manifold of finite vo
lume such that 

-1 :::; Ricci curvature < 0. 

Let RN2 (X, K) denote the field of meromorphic functions on X obtained 
by taking quotients of (holomorphic) pluricanonical sections of class N 2 • 

Then, RN2 (X, K) is a finite extension of a purely transcendental exten
sion of C of transcendental degree n. 

Remark. Siegel's Theorem remains valid for any field of meromor
phic functions R such that R C RN2 (X, K) and such that R contains 
quotients of square-integrable pluricanonical sections. 

Since Ric(X,w) < 0 to prove Siegel's Theorem it suffices to prove 
volume estimates for s E rN2(X,KP) as in (3.2). We mention that 
such volume estimates for u E r 2(X,KP) (r 0 meaning holomorphic 
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and of class La) are straight-forward. As in Lecture III to prove Siegel's 
Theorem we have however to work with a graded algebra of holomorphic 
sections of powers of some line bundle. r N2{X, KP);p > O is obviously 
closed under multiplication. 

We proceed to obtain 

Volume estimate. 

There exists a constant G > 0 such that for any positive integer p 
and for any s E rN2{X,KP) we have 

Volume([Zs]) ::; Gp. 

Proof of the volume estimate. Lets E rN2{X,KP) and for E > 0 
define u, by 

u, = log (llsll:t €2) ~ 0. 

Write Ric for Ric{X,w). From direct calculation we have J='[88u, > 
-p.Ric(X,w). Define 

A- . ,. = ~aau. + pRic ~ 0. 

As E -+ 0, (. -+ [Zs] as closed positive currents. Let {PR} be the 
family of cut-off functions on X as in {4.8) with IIVPRII::; G/R. From 
Stokes' Theorem we have 

IT /Ju, is integrable we have by letting R -+ oo readily f x J='[88u, = 0 
and thus Mass((.; w) = Gp for some constant G coming from 
fx Ric /\wn-l. From (. -+ [Zs] as currents and the Fatou's lemma we 
have readily the Volume Estimate 

Volume{[Zs]; w)::; Gp, 

as desired. We are going in fact to show that 8u, is square~integrable 
( with the integral diverging to oo as E -+ 0 if s has zeros). To achieve 
this we perform integration by parts with the formula 
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Obviously in such an estimate the Levi form Aa&u, reappears. The 
observation is that it appears with the opposite sign in 

p2 Ff.au, I\ &u, 

=d(p1Ff.u,&u,) - 2pRFf.apR I\ u,&u, - P1Ff.u,a&u,. 

because by definition u, ~ 0. It follows therefore from the assumption s E 

r N2 (X, KP) that u, is square-integrable. Writing the formula as 

p2 Ff.au, I\ &u, 

=d(p1Ff.u,&u,) - 2pRFf.apR I\ u,&u, ~ P1J=Iu,(, + pu, Ric, 

taking wedge product with wn-l and integrating over X, we obtain read
ily from the Cauchy-Schwarz inequality and taking limits as R ---t oo 
an upper estimate of fx JJ&u,JJ2 showing that it is finite. As explained 
above, this estimate implies the volume estimate and hence Siegel's The
orem. 

As before from Siegel's Theorem we obtain a "birational" embedding 
F: X ---t Z of X into a non-singular quasi-projective variety Z. In order 
to simplify the presentation we consider the situation when F is already 
a holomorphic embedding. Identifying X with its image F(X), we will 
show that Z - X is a complex analytic variety. Recall F: X ---t Z C pN. 
In addition to F = F 1 we can consider Fk: X ---t Z C pN(k) obtained 
by composing F with iterations of the Veronese map. If [z0 , ••• , Zn] are 
homogeneous coordinates on pn then the Veronese map 

n(n+l) 
r: pn ---t P 2 

is defined by r([z0, ... , Zn]) = [zizj]o<i<j<n· The Veronese mapping is 
a holomorphic embedding. 

Let S be a smooth curve on Z obtained by slicing Z by ( n- I) hyper
plane sections with respect to some embedding Fk in general positions. 
If X is Zariski 0 open in Z, then for a generic choice of S, C = Sn X 
is a finite Riemann surface obtained by removing form S a finite num
ber of points whose cardinality is bounded independent of the choice of 
hyperplane sections. We will prove this as a first step in proving that 
Z - X is complex-analytic. To study C we first prove that the Area of C 
is finite and bounded independent of the choice of S. By a strengthening 
of the volume estimate leading to Siegel's Theorem we are able in fact 
to obtain the following ' 
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Bezout estimate. 

Let X be as in Theorem ( 4.8). Let s1, •.• , sk be k sections in 
f 0 (X, KP) for some integer p > 0 such that they intersect at some 
point x E X at normal crossings. Let [V] be irreducible component 
of [ Z s1] n · · · n [Zs k]. Then, there exists a constant C independent of the 
choice of s1 , ••• , sk such that 

Volume([V];w)::; Cpk. 

Here r 0(x, KP)= Ua>of 0 (X, KP) and the intersection [Zsi] n ... n 
[Zsk] is counted with multiplicities. In particular, if the multiplicity 
of (Zs1l, ... , [Zsk] are resp. m1, ... , mk at x then [V] is counted with 
multiplicity m1 ... mk, 

Naively the idea of proof of the Bezout estimate is to restrict the 
holomorphic sections Si inductively to hyperplane sections. If it were 
possible to show for example that s2 I Z s1 is of class r 0 , then Z s1 n Z s2 = 
Z(s 2 1Zs1) can be estimated in the same way as in the volume esti
mate for Z s1 . While this does not appear possible, one can instead 
"restrict" the sections Si to the closed positive currents ( h, h) currents 
(1,. /\ · · · /\ (h,., where (1,. = /=I88log(llsill 2 + 1:2) + pRic 2: 0 is a 
closed nonnegative (1, 1)-form. We remark first of all that the stronger 
assumption that Si E r 0 (X, KP) implies the stronger gradient estimate 
that for some Oi > 0, 8ea;u;,. is square-integrable (by a similar argu
ment). To give an idea consider the case of n = 2 and k = 2. As in the 
volume estimate for [Zsi] we obtain estimates of the integral of ( 1,. /\ ( 2,. 

over X and uniform in t and apply the Fatou's lemma to get the volume 
estimate for (Zs 1] n (Zs 2]. The missing step is then to show that there 
exists some a > 0 such that II s2 11° is integrable with respect to the mea
sure (1,. /\ w. Writing llsill2 + 1:2 = eu.2 ,• it suffices to show that for some 
a>O 

Expanding (1 ,• = /=I88u 1 ,• + p Ric this reduces readily by integrating 
by parts to estimating the square norm of 8e0 u 2 ,• over X. As remarked, 
this gradient estimate could be obtained and it now suffices to set a = 
a 2 • More generally, for some a = a; > 0 we have inductively the gradient 
estimate 
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We conclude this section by giving an application of Siegel's The
orem study the automorphism of complete Kahler manifolds of finite 
volume and negative Ricci curvature. 

Theorem (4.9.2). Let (M,{) be a complete Kahler manifold of 
finite volume such that 

-1 < Ricci curvatures < 0. 

Then, the group Bimer(X) of bimeromorphic self-mappings on X is fi
nite. In particular, the group Aut(X) of biholomorphic automorphisms 
of X is finite. 

Proof. By Sakai [Sak] for any integer p > 0 the space L 2IP(X, KP) 
of pluricanonical sections of class L 2IP is equipped with a norm 11-11 
invariant under biholomoprhic automorphisms. Since N 2 (X, KP) C 

L 21P(X, KP) c L 2 (X, KP) from the volume estimate accompanying 
Siegel's Theorem we deduce that L 2IP(X, KP) is finite dimensional for 
each X. Let M 0 (X) be the field of meromorphic functions arising from 
quotients of pluricanonical sections belonging to some L 2IP(X, KP),p a 
positive integer. We have Siegel's Theorem for M0 (X). Let now F': X ---t 

Z' be a birational map constructed from M 0 (X) using s0 , ••• , SN E 
L 2fq(X, Kq). The argument of Sakai [Sak] then shows that Bimer(X) 
is represented as a closed subgroup H of the group r of isometries 
of (L 2fq(X, Kq), 11-11)-Since L 2fq(X, Kq) is finite-dimensional, it follows 
from the maximum principle that H is finite. 

(4.10) Estimates of Gauss-Bonnet integrals and a criterion of 
Zariski-openness using the Kontinuitatssatz 

To make use of the Bezout estimates we will modify the "birational" 
embedding of ( 4.9) by using instead the field RLa (X, K) of meromorphic 
functions arising from quotients of pluricanonical sections of class L O • 

We retain the notation F: X ---t Z for the new "birational" embedding 
using RLa (X, K) and assume for simplicity of presentation that F is 
actually a holomorphic embedding. Let S 0 C Z be non-singular and 
sliced by hyperplane sections in general positions. Let S C S0 be an 
irreducible component and C = Sn X be non-empty. We want to prove 

Proposition ( 4.10.1). The cardinality of S - C is finite and 
bounded independent of the choice of S. 

Recall that by assumption ( X, w) is of bounded sectional curva
ture. Since bisectional curvatures (in particular holomorphic sectional 
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curvatures) of Kahler submanifolds are smaller or equal to those of the 
ambient manifold, ( C, w I c) has curvature bounded from above by a con
stant. By the Bezout estimate of ( 4.9) the volume of ( C, wlc) is finite 
and bounded independent of S, so that the total Gauss-Bonnet integral 
of ( C, wlc) is well defined as an element of [-oo, oo ). We will prove that 
Card(S - C) is finite and bounded independent of S by showing that the 
total Gauss-Bonnet integral of ( C, wlc) is bounded from below indepen
dent of S. While the implication can be deduced from the Cohn-Vossen 
inequality [Cohn] , we give here a self-contained argument more in the 
spirit of the proof of Siegel's Theorem. We consider the spacer'( C, Kb) 
of integrable quadratic differentials on S - C, which is independent of 
the choice of Hermitian metrics. To bound Card( S - C) we show that 

(i) dime r 1 (C,Kb) 2: 3genus (S) + Card(S - C) - 3; 
(ii) for some choice of Hermitian metric 0 on Cone has the estimate 

dimcr 1 (C,Kc,0):::; C 

for some constant depending only on an upper bound K of sectional 
curvatures on (X, w). 

Since a meromorphic quadratic differential on S with at most sim
ple poles at a finite number of points on S - C is integrable, (i) follows 
immediately from the Riemann-Roch Theorem. (ii) follows from a mod
ification of the proof of volume estimate (hence the dimension estimate) 
of ( 4.9). We consider first of all the metric wlc- If we use wlc the prob
lem is that the curvature of the induced metric s on Kc may be too 
positive. The assumption that the total Gauss curvature of ( C, wl c) 
is finite implies only that the curvature of (Kb, (wlc)- 2 ) is integrable. 
An examination of the proof of the volume estimate shows that this is 
not enough to show dimcr 1 (C,Kb,w):::; C. (One needs the curvature 
to be of class Ll+• for some € > 0.) Instead we modify the Hermitian 
metric to remove the negative part of the curvature of C. Decompose 
the curvature form Ric of ( C, wlc) into the positive and negative parts. 
Thus Ric= Ric++ Ric-, where both Ric+ and Ric- are integrable (1, 
1) forms on C. On S we can solve the equation H88cp = - Ric-+µ 
for some integrable smooth (1, 1) formµ on S supported on a compact 
subset of C. The (1, 1)-form 0 = e-'Pwlc then defines a c(i,i) Hermitian 
metric on C of nonnegative curvature outside a compact subset. By 
construction cp is subharmonic and hence bounded from above outside a 
compact subset of C. It follows that the Hermitian metric 0 is complete 
but the volume is no longer finite in general. The curvature of (Kb, 0- 2 ) 

is then non positive outside a compact subset of C. For s E r 1 ( C, Kb, 0) 
the volume estimate of ( 4.9) goes through, yielding the estimate that 
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Card([Zsl) ~ C independent of s and hence the dimension estimate in 
(ii). 

Remark. In the volume estimate of (4.9) we did not actually need 
the finiteness of the volume but only the fact that u, is both integrable 
and square-integrable. It follows readily from s E r 1 ( C, Kb, 0- 2 ) that 
u, is La for any a, 0 < a < 0, without assuming that Volume( C, 0) < oo. 

We now proceed to explain the estimate of the Gauss-Bonnet inte
gral of ( C, wlc ). This is equivalent to estimating the integral of llo-112 , 

where o- is the second fundamental form of (C,wlc) in (X,w). We do 
not have a general method for estimating fs 1!s112 on a submanifold S. 
However, in case of Riemann surfaces, this can be done by transform
ing the problem to a problem of Bezout estimates on the projectivized 
tangent bundle PTx. The idea comes from the fact that for a mini
mal surface ~ in R3, the Gauss-Bonnet integral is up to a constant the 
area of the image of the Gauss map. The Gauss map 7: ~ ---+ S2 (unit 
2-sphere) associates to every point x E ~ a unit normal vector. Equiv
alently, we associate to the (real) tangent plane T.,(~) E GR(2, 3), the 
Grassmannian of real 2-planes in R 3 • 

In our situation one has the analogue of lifting C to a curve C in 
PTx, We first equip PTx with a Kahler form. By Hopf blow-up we 
can associate to the trivial vector bundle en ---+ { o} the tautological 
line bundle L 0 ---+ pn-l _ L 0 is isomorphic to the dual of the hyperplane 
section line bundle H. The Euclidean metric on en then corresponds 
on L ---+ pn-l of negative curvature. For the Hermitian holomorphic 
vector bundle Tx ---+ X one can do the {fiber-by-fiber) Hopf blow-up 
of the zero section ~ X to get the tautological line bundle L -+ PTx. 
The Hermitian metric h on Tx ( coming from w) induces a Hermitian 
metric h on L ---+ pn-l. The first Chern form c1 ( L, h) is related to the 
curvature form of (Tx,h). In fact, c1 {L,h) is negative definite if and 
only if (Tx, h) is negative in the sense of Griffiths [Gril] , i.e., {X,w) is 
of negative holomorphic bisectional curvature. Since the restriction L., 
of L to PT.,(X) ~ pn-l is isomorphic to the tautological line bundle 
L 0 ---+ pn-l, the restriction of -c 1 ( L, h) to the fibers of ?r: PTx ---+ X is 
always positive definite. From the boundedness of bisectional curvatures 
of { X, w) one can construct a Kahler form v on PTx by setting v = 
[-c1 (L, h)] +k?r*w for a sufficiently positive constant k. For such positive 
k, (PTx, v) is a complete Kahler manifold of finite volume. Let now 
0: C ---+ PTx be the holomorphic map which associates to each x E C 
the point (x, [T.,(C)]), where [T.,(C)] denotes the element in PT.,(X) 
defined by the holomorphic plane T.,(C). A direct computation using 
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complex geodesic coordinates then yields 

The Gauss-Bonnet integral as a difference of surface 
areas 

125 

Writing v = [-c 1 (L, h)] + kJr*w as in the above and denoting by 
K( x) the holomorphic sectional curvature for ( C, wlc) at x E C we have 

Cv = kArea (C,wlc) - _..!:_ r K(x). le 271" le 
We now return to the proof of Proposition ( 4.10.1). From the preced

ing discussion to bound the cardinality Card( S - C) it suffices to bound 

Area(C, v). We do this by proving Bezout estimates on (PTx, v). Recall 
that Volume(PTx,v) < 0. From the definition v = [-c 1 (L,h)] + k1r*w 
it follows that (L,h) is of bounded curvature in (PTx,v). Denote by 
s the Hermitian metric on Kx induced by the Kahler metric w. The 
proof of the Bezout estimate sketched in ( 4.9) applies equally well to 
(PTx, v) and line bundles (A, B) coming from tensor products of (L, h) 
and ( 1r* Kx, 1r* s) and their inverses. To prove Proposition ( 4.10.1) it 

suffices therefore to show that C c PTx can be realized as an irre
ducible component of the intersection of (2n - 2) holomorphic sections 
of class L 0 of such line bundles (A, B). Let S be the common zero set 
of S1, ... Sn-1 E r 0 (X, £P). For X E C let So E r 0 (X, LP) be such that 
s0 (x) -1-0. For p sufficiently large such an s0 always exists. (One can 
compose F:X-+ Z c pN with iterated powers of the Veronese map.) 
The meromorphic 1-forms d(sd s0 ), 1 :Si :Sn, annihilate T.,(X). To get 
holomorphic sections write 

where V denotes covariant differentiation on (X, w ). (The formula for 
d( s d s O ) is valid for any choice of Hermitian connections on KP.) The 
section s;d(s;fs 0 ) = s0 Vsi - siVs 0 is then a K 2P-valued holomorphic 
1-form on X. s0 V Si - Si V s0 corresponds to a holomorphic section Ai of 
( 1r* K 2P © L )- 1 • Recall that for s of class I'° we have gradient estimates 
for Vs. This allows us to show that µi = 1r*(s0 si)Ai is of class r 0 • As 

C is a connected component of the zero set of the (2n - 2) holomor
phic sections 1r*s1 , ••• ,1r*sn,µ 1 , .•• µn-I, Bezout estimates on (PTxv) 
implies the necessary estimates for Gauss-Bonnet integrals to conclude 
the proof of Proposition ( 4.10.1). 

We give in this section a method of proving Zariski-openness as
suming that X verifies the Kontinuitatssatz. Assuming as we did that 
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F: X -----> Z is a holomorphic embedding and Z is non-singular, this would 
be the case if ( X, w) is of nonpositive holomorphic bisectional curvature 
( cf. ( 3. 7)). The additional difficulties coming from the existence of posi
tive bisectional curvatures will be dealt with in the next section by using 
Bombieri's criterion for complex analyticity. As will be seen, the two ap
proaches are complementary to each other and can be used together to 
yield a proof of Theorem (4.8). 

By Proposition ( 4.10.1) and assuming the Kontinuitatssatz we need 

Proposition ( 4.10.2) (Narasimhan). Let D C ~ n be a domain of 
holomorphy contained in the unit polydisc such that for every a E ~ n-l 

and for Da = w E ~: (a, w) ED,~ - Da is a finite set with cardinality 
:s; m for an integer m independent of a. Then, D = ~ - V for some 
subvariety V of~ n. 

Remarks. i) For every b E ax there is always a neighborhood U 
biholomorphic to ~ n such that X n U corresponds to the domain D 
in the proposition. This is done by taking an affine part of Z and 
projecting onto some Euclidean space. We will call such coordinates 
affine Euclidean coordinates at b and call U a proper affine Euclidean 
polydisc on Z. 
ii) In the case when m = 1 the proposition is due to Hartogs. In this 
case ~n - D, if non-empty, is the graph of a continuous function"/ (as 
a consequence of Hartogs'extension theorem). For z E D let Ri(z) be 
the Hartogs radius in the Zi-direction defined as the radius of the largest 
disc on Da centered at z = (a, w). Then, - log Ri is plurisubharmonic. 
In our case we have Rn(z) = Jzn - f(z)I and a direct computation shows 
that .j=Ia8(- log Rn) ~ 0 in the sense of distribution if and only if f is 
holomorphic. The case of general m was deduced from the case m = 1 
using Rado's Theorem in [R. Narasimhan, Several Complex Variables, 
Chicago Lectures in Math. Series, University of Chicago Press, Chicago 
and London, Chapter 4, p.50ff.]. 

(4.11) Zariski-openness using plurisubharmonic potentials 

When some bisectional curvatures of the manifold (X,w) are pos
itive, X may no longer satisfy the Kontinuitatssatz. We will say that 
X c Z is locally Stein if for every point x E ax there exists an open co
ordinate neighborhood UnX is a Stein domain (i.e., domain ofholomor
phy) in U. (This notion depends on the choice of Zand the embedding 
F:X-----> Z. We do not have an example of an (X,w),X c Z, satisfying 
the hypothesis of Theorem ( 4.8) · which is not locally Stein. In fact, in 
case of n = 2 as a consequence of Mok-Yau [MY, Main Theorem, p.42ff.] 
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and the localization argument of Cheng-Yau [CYl]) one can deduce that 
Xis necessarily locally Stein in Z (so that Z - Xis a curve). However, 
Theorem ( 4.8) can be regarded as a special case of a Kodaira Embedding 
Theorem for complete Kahler manifolds of bounded curvature and finite 
volume (Mok-Zhong [MZ2, Theorem 1]). In this formulation there is a 
simple example on P 2 -{ o} (cf. Mok-Yau [MY, 4, p.53-54]). To motivate 
our approach we examine this example. The example in [MY] was con
structed on B 2 - {o} using a potential. We define CJ'= .;=I88f(lzl 2 ), 

where f(x) = log _ 1:gx· Roughly speaking, w is obtained by piecing 
together the Fubini-Study and the Poincare metrics. By direct compu
tation (B 2 - { o }, CJ') is complete, of finite volume and bounded sectional 
curvature. By using a cut-off function to extend the potential to P 2 and 
adding on a multiple of some Kahler metric on P 2 one can modify CJ' to 
get an example w on the quasi-projective variety P 2 - { o }. By construc
tion on B 2 - { o }, w!B 2 - { o} = .;=I88r.p for some plurisubharmonic 
function r.p. The function <p, like f(lzl 2 ), is oflogarithmic decay near the 
origin. In particular, there exists a positive number c such that e-ccp is 
not integrable on B 2 - {o}. Taking X = P 2 - {o} and Z = P 2 , Xis not 
locally Stein at o and the complement Z - X = { o} can be recovered as 
the set where e-ccp is not locally summable. 

The example above suggests an approach to proving Zariski-open
ness of X C Z in the proof of Theorem ( 4.8): to look for an extension 
of the closed positive (1, 1)-form w trivially to a closed positive current 
T on Z and recover the complement Z - X locally as a set of local 
non-summability of some local potentials r.p on Z. This approach alone 
is however not possible in general, as suggested by the simple example 
of the punctured disc equipped with the Poincare metric w. In this case 
the metric can be defined as .;=I88cp, where r.p = log(- log lzl2 ) and 
e-ccp is locally summable at o for any positive integer c. Comparing 
to Proposition (4.7.2) this simply comes from the fact that the trivial 
extension T has no mass at o (as a consequence of the definition). We 
have the following general fact: If n is an open set, T is a complex
analytic hypersurface inn and T0 is a closed positive (1, 1)-current on 
n - V admitting a trivial extension T to n, then n(T, x) = 0 for almost 
allx EV. (cf. Siu [Siu2, §6]). In other words, if(Z-X)nn = Vis in fact 
a complex-analytic hypersurface for some open set n, it is impossible to 
recover V using the latter method. In this case however we had the 
method of ( 4.10) based on the Kontinuitatssatz and estimates of Gauss
Bonnet integrals. A method must therefore be devised to incorporate 
both situations. 

The example of (P 2 - {o},w) suggested that the approach using 
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Bombieri's criterion for complex-analyticity may work for points b E 

Z - X at which the (local) Kontinuitatssatz fails. Let U. be an open 
coordinate neighborhood of b in Z biholomorphic to a polydisc. We 
consider the hull of holomorphy H(U n X). In general the hull of holo
morphy of a domain may only be a Riemann domain. This is analogous 
to the situation of analytic continuation of a single holomorphic function 
f on a plane domain D, e.g. the logarithm, in which case the natural 
domain of existence becomes a Riemann surface. We have obviously 

Lemma. Let n C ~ be a connected open subset. Suppose for 
any 0 1 such that O C 0' C ~ n, O' is locally connected at any point 
b E ~n - n'. Then the hull of holomorphy H(n) is a domain. 

In our situation X c Z consider b E 8X and a proper affine Eu
clidean polydisc U on Z containing b. The condition in the lemma is sat
isfied for n =Un X by a slicing argument. We haven C H(O) C ~n. 

To prove ~n - n is a subvariety, we proceed to prove: (i) ~n - H(n) is 
a subvariety of ~n; (ii) H(O) - n is a subvariety of H(O) and (iii) the 
union (~n - H(O)) u (H(n)-f!) = ~n -n is a subvariety of ~n. Step 
{i) follows from the argument of ( 4.9) using the Kontinuitatssatz. Steps 
{ii) and (iii) will both involve producing plurisubharmonic functions cp 
with large singularities. 

H(n) - n is complex-analytic 

To explain the idea of {ii) recall the proof of the local compacti
fi.cation theorem in ( 4. 7). There we used the Ricci curvature and the 
volume form. We used the lower estimate of the volume form coming 
from the maximum principle for the Monge-Ampere equation. _In the 
present case the lower estimate of the volume form is no longer valid ( as 
can be seen by blowing up points on the boundary). Instead we consider 
the curvature form c1 ( L, h) of the tautological line bundle. Recall that 
v = -c1(L,h) + k-Tr*w is a Kahler form on PTx for 1r:PTx--+ X the 
canonical projection. We prove 

Proposition (4.11.1). w (resp. v) can be extended trivially as a 
closed positive current from X to Z (resp. from PTx to PTz.) 

The proof of the proposition follows from the simple argument of 
the extension theorem in ( 4. 7) {the local compactification theorem) and 
Bezout 's estimate. Fixing a Kahler form f3 on Z to prove that the trivial 
extension of w exists one estimates the mass Mass(w;/3). This can be 
done by restricting to algebraic curves S sliced by hyperplane sections 
and applying Fubini's Theorem. The problem is then reduced to area 
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estimates of ( C, wl c) for C = S n X, which was accomplished by the 
Bezout estimate of ( 4.9). The closedness of the trivial extension can be 
reduced to Bezout estimates on algebraic surfaces sliced by hyperplane 
sections. In fact as in ( 4. 7) one estimates integrals of d(p RW) I\ ~ for µ a 
smooth (2n- 3)-form using cut-off functions {PR} with llv'PRII ~ C/R 
for constant C. Consider the case e = 1/J l\/3n- 1 , where 'lj; is of type (1, 0). 
Applying the Cauchy-Schwarz inequality and writing ,,/-:::f.8pR I\ [JpR ~ 

iw, A1/J I\ if~ C11/3 

2 lz lld(pRw) I\ 1P I\ /3n-2 II 

C'1 11 ~RR2 w2 I\ 13n-2 + R w I\ C"f3n-1 _ 
z z. 

The two integrals are finite by using Bezout estimates and slicing by 
algebraic surfaces and curves resp. The case of a general e being similar, 
we have proved by letting R -+ oo that the trivial extension w of w to 
Z is d-closed. The argument for the extension of v from PTx to PTz 
is similar. Denote the closed trivial extension of v by v. 

Let b E H(n) - n and p E PTz lying above b. Let 'P and ( resp. 
be local potentials for 1r* w ( tp depending only on the base) and v in a 
small neighborhood U of p. ( - ktp is then a potential for -c 1 (L, h). 
On the other hand there is a natural potential for -c 1 (L, h) given by 
the metric, (1/21r),,/-:::f.88(log ,y), where the function 'Y represents the 
Hermitian metric h in local coordinates. Comparing the two potentials 
we have over U 

(- ktp = (1/21r)log,y + h 

for some pluriharmonic function h. We now use the assumption b E 
H(n)- n to assert that h extends to a pluriharmonic function on H(n). 
This follows from extending the holomorphic 1-form 8h and integrating 
dh = 8h + 8h. The fact that there are no periods comes from the fact 
that every smooth curve on H(n) is homotopic to a smooth curve on n 
( on which there are certainly no periods of dh ), as can be deduced from 
Proposition (4.10.1). We want to show that e-cip is not locally summable 
at b. Since h extends to a pluriharmonic function on H(!l) it can be 
ignored in (*). Shrinking U we may assume that the plurisubharmonic 
function ( is bounded from above on U. On the other hand, since ( X, w) 
is complete ,y( w) must blow up as w -+ pin some integral sense. One can 
in fact show that there exists some constant c' such that ec' log "Y = ,ye' is 
not locally summable at p. From(*) this is only possible if k > 0 and tp(x) 
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approaches -oo in some integral sense as x ----> b. In fact, from Holder 
inequality one deduces readily that there exists a constant c independent 
of the choice of b such that e-ccp is not locally summable at b. As the 
function r.p is smooth on f!, H(f!) - f! is precisely the common zero set 
of all holomorphic functions f on H(f!) square-integrable with respect 
to e-ccp_ This proves that H(f!) - f! is a complex-analytic variety. 

Lin - n is complex-analytic 

To show that Lin-n = (Lin-H(f!))U(H(f!)-f!) is complex-analytic 
we produce a plurisubharmonic function with large singularities on both 
Lin - H(f!) and (H(f!) - f!). We may assume that r.p is defined on Lin. 
By Step (i) Lin - H(f!) is a complex-analytic hypersurface W of Lin. 
By solving the Poincare-Lelong equation H88T = [W] we obtain a 
holomorphic function f such that T = 27r(log \/\ 2 ) and Z f = W. Since 
n( [W], x) ?: 1 for any x E W it follows that there exists some positive 
constant c such that e-c('f'+T) is not locally summable at W U (Lin -
H(f!)). 

Under the assumption that F: X ----> Z is already a holomorphic em
bedding we have proved that X is Zariski-open in Z. In the general case 
there are additional technical difficulties coming from the base point set 
and the branching locus. In the general case there is a complex-analytic 
subvariety V of X such such that F\X - Vis a biholomorphism onto its 
image X 1 c Z. Working with X 1 we have the drawback that the Kahler 
metric w is no longer complete on X 1• To remedy for this we make use 
of the holomorphic sections t 1 , ... , t k of class r 0 defining V. In the slic
ing argument Step (i) modifications have to be made in estimates of the 
Gauss-Bonnet integrals. This involves essentially estimating the number 
of intersection points of the curves C on X ( obtained by slicing) with 
V, which can be done by Bezout estimates. In Step (ii) the function 1 
does not have the necessary divergence property since w is not complete 
on X 1• As this is caused by V and the function log \\t\\2 = log~ \\t;\12 

is equal to -oo on V one hopes to add log l\t\12 to the function r.p. The 
function log l\t\12 is however not plurisubharmonic. We consider instead 
the closed positive (1, 1)-form x = A8&log l\t\12 + rw for some r > 0 
and prove the extendibility of x to Z as a closed positive current in order 
to get a potential function ( on Lin playing the role of log \\t\12 + r.p. ( is 
comparable to log l\t\12 + rr.p because their difference is a pluriharmonic 
function on f! which can be extended to H(f!). This way we get a func
tion r.p1 = r.p + ( playing their role of r.p in Step (ii). The same function r.p1 

can play the role of r.p in Step (iii) to complete the proof in the general 
case that Lin - n is complex-analytic. 
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Having proved that F: X ----; Z is in general quasi-surjective, it re
mains to apply the topological lemma of Demailly in (3.8) to conclude 
the proof of Theorem ( 4.8) to give a compactification of (X, w ). 

(4.12) Bezout estimates on complete Kahler manifolds of 
positive Ricci curvature 

Recall from ( 3. 7) we considered the problem of compactifying com
plete Kahler manifolds (X, w) of positive Ricci curvature, quadratic cur
vature decay and Euclidean volume growth such that fx Ricn < oo. 
We sketched the scheme of a proof that X is biholomorphic to a quasi
projective variety. In the step of desingularizing a quasi-surjective em
bedding there was the difficulty that the uniform multiplicity estimate 
may fail for a countable union of compact subvarieties of positive di
mension. In order to overcome this difficulty, we resort to the technique 
ofBezout estimates of (4.9). Recall that we use the algebra R(X,K- 1 ) 

arising from pluri-anticanonical sections of polynomial growth. From the 
Siegel's Theorem (generalization of Proposition (3.3.2)) we know that 
R(X, K- 1) = C(fi, ... , fn, h), where /i = sd So for some s;, So of class 
L 2 , and h is finite over C(fi, ... , 
f n)- By using the algebraic relations one can reduce the problem to 
pluricanonical sections of class La, for some o: > 0. We have 

Proposition ( 4.12). Let s 1 , •.. , Sk be pluricanonical sections of 
class ra for some o: > 0. Then, there are at most a finite number of 
compact irreducible components {E 1} of[Zs1]n- · -n[Zsk] of codimension 
k. 

We explain how Proposition (4.12) can be formulated as a problem 
on Bezout estimates. For simplicity assume that at each E1 the zero
sets Zs 1 , ••• , Zsk intersects at normal crossings at some point. The line 
bundle K- 1 is positive over X and hence E1. For a compact complex 
manifold Mand a positive line bundle L the Chern number JM cj_'(L) 
is a positive integer. For M singular this remains true when integration 
is performed over the smooth part, as can be seen by desingularization. 
Thus, to show that E1 is a finite set it suffices to prove that the total in
tegral of Ricn-k over UEj is finite. In the notations of ( 4.9) the problem 
is reduced to showing that there exists a constant C such that 

l (1,, /\ · · · /\ (k,, I\ Ricn-k :S C 

independent of E > 0. Recall here that (;,, ----; [Zs;] as closed positive 
currents. We can use the technique of ( 4.9) to get such an estimate. The 
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assumption of the finiteness of volume of ( 4.9) is now replaced by the 
assumption that f x Ricn is finite. When Ricq appears with 1 ::; q < n, 
we can only use the information that 

Ricq < --- · ( Cw )q 
- 1 + R2 ' 

which is not integrable when q = n. For the gradient estimate we proceed 
( )

n-j 
inductively (in j) with the non-closed form 1;R 2 , and obtain the 

weaker gradient estimate 

r Roe< .... I\ 8e°'"• I\ (1,. /\ ... /\ (;-1,. /\ ( 1:R2) n-j 
jB(R) 

=E 2aO(log R) + C, 

for some a: > 0 depending on j and for constants C. depending on €. 

This weaker gradient estimate is however enough for the Bezout estimate 
that we need. 

With the Bezout estimate of Proposition ( 4.12.1) we conclude the 
proof of the embedding theorem for positive Ricci curvature (Theorem 
(3.1.3)). It is interesting to know whether the finiteness of f x Ricn is 
really necessary for the proof. In the uniform multiplicity estimate, the 
assumptions of quadratic curvature decay and Euclidean volume growth 
are sufficient. However, in both the proof of the Siegel's Theorem and the 
Bezout estimate above the finiteness of fx Ricn is used. Even when X 
is assumed to be Stein, it is not known whether the uniform multiplicity 
estimate can be used to deduce Siegel's Theorem. 
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