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Introduction

Fix a prime p and a positive integer d. Suppose that k=k,Ck,
C - - - is a tower of number fields and that &, is Galois over k with Galois
group a product of d copies of Z/p®. Let L be the union of the k,; it is
a “Zdextension of k”. We denote the exponent to which p appears in
the class number of &, by ¢,(L/k), or more briefly by e,.

When d=1 we have Iwasawa’s celebrated formula: e,=pup"+in
+v, n3>0, where y and 2 are integers attached to the Iwasawa module of
L/k. Suppose that d>>1. Then in place of the Iwasawa module we have
the Greenberg-Iwasawa module, X, a finitely generated torsion module
over A=Z,X,, ---,X,], and progress towards proving analogues of
Iwasawa’s formula has been made by studying such modules. (See for
example [1], [2], [3], [4]). The analysis started with [2], in which Cuoco
treated the case d =2, attaching integers m, and /, to X and showing that
e, =myp*"+Inp*+O0(p”). This result was generalized to arbitrary d in
[1]. In that paper integers m,=m,(F) and /,=/[(F) were attached to a
non-zero Fe A as follows. Let A= /A/pA and E be the closed multiplica-
tive subgroup of A generated by the 1+4X; it is a free rank d Z,-module.
Write F = p°*G where the image, G, of G in / is non-zero and write G as
the product of irreducible G;,. Then m(F)=s and [,(F) is the number of
indices 7 for which (G,) is the image of (X,) under an automorphism of /
transforming E to itself, The fundamental Theorem I of [1] states
the following. Let Fe A be the ‘“characteristic power series” of the
Greenberg-Iwasawa /J-module, X, attached to L/k; set m,=my(F) and
L=I(F). Then e, (L/k)=(m,p"+In+0(1))p*-"".

Our goal in this paper is to refine the above Theorem 1 by proving
that e, =(@m,p" +ln+a®)p@-" L O(mp«<-2") for some real «*. There is
no easy description of «* and in particular we do not know if it is always
rational. We shall show however that it is rational if either d=2 or if X
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contains no pseudo-null submodule other than (0).

Remark. Our refinement gives an almost complete answer to the
question of the growth of e, when d =2. For if m,, [, and «* are not all
zero we have the excellent estimate e, = my,p*"+Inp™+a*p™+O(n).
Suppose on the other hand that my=I=a*=0. Then it follows easily
from [6] that X is finite over Z,. (e,(L/k)=O(n); consequently the p-rank
of the ideal class group of k, is O(n) and Theorem 1.9 of [6] tells us that
X/pX is a finite group). We conclude from Theorem II of [1] that e, is
an eventually linear function of # in this case.

We now give an outline of the paper. Until the very end we are
concerned only with /-modules and eschew all number theory. Through-
out, A=Z,[X,, ---,X,] and EC/ is the closed multiplicative group
generated by the 1+ X,— it is a free rank d Z -module. In section 1 we
fix an integer r >0 and a finite subset S of E—E?, and use r and S to
define a sequence of ideals, J,, of 4. Fix a finitely generated 4-module
M such that the M/J,M are finite groups and denote the length of
TorX(M, A/J,) by I;,. We show that the Serre intersection number
E(M)=2(—1),, of M and A/J, may be expressed as an “Iwasawa
sum” attached to the characteristic power series, F, of M. Such sums
have been evaluated in [5], but for the convenience of the reader we
calculate these sums by a simpler method. Our conclusion is that E, (M)
=(m,p" +Ln+r*)p@-1" L O(np@-"), where my=my(F), [,=I(F) and p*
is rational.

In section 2 we bound the horizontal growth of the TorX(M, A/J,)
for a fixed i>>1. Let r,, be the minimal number of generators of this
finitely generated Z,-module. We show that for each i>>2 the estimate
ri,=0(p?-»") holds. Furthermore if M * denotes the largest submodule
of M annihilated both by a power of p and by some /¢ (p) then
ri(M/M*)=0(p“-2"). We combine these bounds with bounds for the
vertical growth of the TorX(M, A/J,) and conclude that /(M/J, M), the
length of M/J, M, is equal to E,(M)+I(M*|J,M*)+O0mp®->"). The
deep results of [3] and [4] allow us to estimate /(M */J, M *¥), and we wind
up with a good estimate for /(M/J,M).

In section 3 we consider a related but more complicated problem.
To each ¢ € S we attach a /4-submodule M, of M, and we use the M, to
construct a sequence of submodules A, of M. Then G,= M]/A} is finite
over Z,; we denote its Z,-rank by r(G,) and the length of its torsion
subgroup by e(G,). Assuming that r(G,) does not grow too rapidly with
n we obtain (with an error term that is O(np“-»")) an expression for
e(G,) as a sum of three contributions. The first contribution is an
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Iwasawa sum attached to F, the second is connected to M*, and the
third is a fixed integer multiple of p©@-"", The results of sections 1 and 2
then tell us that e(G,)=(m,p" +ln+a*)p 1" 4 O(np@-»") for some real
a*. We conclude the paper by using the methods of [1] to deduce from
this algebraic result a corresponding result for the growth of e,(L/k).

To summarize, Theorem I of [1] was based on the crude estimate
e(G,) = (Iwasawa sum)--O(p“~Y"). Our homological argument, ex-
pressing e(G,) as the sum of three contributions, together with the estimate
for the M *-contribution coming from [3] and [4] is what underlies the
improvements of this paper.

§ 1. Calculation of E (M) via Iwasawa sums

Unless otherwise indicated d is an integer >0, A is the d-variable
power series ring over the p-adic integers and E is the closed multiplicative
subgroup of A generated by the 1+X, FE is a free rank d Z -module
and we write the action of Z, on E exponentially. We fix an integer
r>0 and a finite subset S of E— E?.

Definition 1.1. 7, is the ideal of 4 generated by the g—1, g € E?",
(Or alternatively by the (1+X,)*"—1). For n>r, J, is the ideal of A
generated by I, together with the (¢*"— D)/(¢®"—1), s € S.

Remark. When d=0, J,=(0). When d=1, set g=1+4X,. Then J,
is principal, generated by ¢°"— 1 when S is empty and by (¢*"—1)/(¢® —1)
otherwise. When d>1 the situation is more complicated. J, need not
be generated by a regular sequence and A/J, may have p-torsion.

Definition 1.2 W is the group of p*-power roots of unity in a fixed
algebraic closure of Q,.

Definition 1.3. If ¢ is in W with ¢#"=1 and ¢=[](1+X,)* is an
element of S then 7, . is the subset of W consisting of all {=(&,, - - -, {4)
with Tj¢¢=e. Set X=J,,.T,.and U=W?—X.

Definition 1.4. R, is the discrete valuation ring obtained from Z,
by adjoining the ¢ in W with &#"=1. If { e W? with {?"=1 then Q, is
the prime ideal of R,[X;, - - -, X,] generated by the X, —({,—1).

Remark. If { is as above then each {;,—1 is in the maximal ideal of
R,. So it makes sense to speak of F({—1)=F({,—1, ---,{;—1). Note
that Q, is the kernel of the evaluation homomorphism F—F({—1).

We shall frequently abuse language by writing 7, and J, for the
ideals generated by. [, and J, in R,[ X}, - - -, X,].
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Lemma 1.5. In R, [X,, ---, X,], I, is the intersection of the ideals
QCa C € Wda gp"=1-

Proof. Consider the map R,[X,, - - -, X,/ L,— [T(R.[ Xy - - -, X4]
/Q.). Using the fact that the image of [[,((1+X,)*"—1)/X,—(,—1)) is
nonzero in precisely one factor we find that the cokernel is annihilated by
a power of p. Since R,[X, ---, X;]/I, can be generated as R,-module
by p?* elements while [].(R,[X;, - --, X,;]/Q,) has rank p?" over R,, we
conclude that R,[X,, - --, X;]/I, is free of rank p?" over R,. At the
same time we find that the above map is injective, i.e. that I,= N Q..

Lemma 1.6. In R[X,, ---, X,] the prime ideals containing J, other
than the maximal ideal are just the Q., L e U, {*"=1. For each such ¢, J,
generates the maximal ideal in the localization of R,[X,, - - -, X;] at Q..

Proof. Since J,DI,, Lemma 1.5 shows that the only primes other
than m that can contain J, are the Q,, { e W% (*"=1. Butsuch a Q,
contains J, if and only if the image of each (¢?"—1)/(¢?"—1), ¢ € S, under
the evaluation map F—F({—1) is zero. Since the evaluation map sends
o=T](14+X)" to [V it annihilates each (¢*"—1)/(¢®"—1) if and only if
each ([[¢%)?" =1; that is to say if and only if { is not in any T, ,. Finally
for any such £, Lemma 1.5 shows that 7, generates the maximal ideal in
the localization of R,[X, ---, X,] at Q,; the same is necessarily true of
the larger ideal J,.

Remark. Take a filtration of R,[X], ---, X;]/J, whose quotients
are cyclic with prime annihilator. It follows from Lemma 1.6 that each
R IX, -+, X;]/O L e U, £P"=1, appears once as a quotient and that
the remaining quotients are of finite length.

Definition 1.7. Fix a finitely generated torsion A-module M such
that the groups M/J, M are finite. Let /, , be the length of Tori(M, A/J,)
and E,(M)=>(—),,, be the “Serre intersection number” of M and A/J,.
(Note that the /; , are finite and vanish for i >d +1).

Using the exact sequence of Tor we see that E, is an additive func-
tion of M in exact sequences.

Lemma 1.8. Let Fe A be the characteristic power series of the A-
module M. Then E,(M)=E,(A|F).

Proof. Take a filtration of M with quotients A/P,, with P, prime.
Then E (M)=3 E,(A/P,). Furthermore, E (A4/F)=3 E (A/P,), the sum
extending over those indices i for which P, is principal. So it suffices to
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show that E,(A4/P,)=0 whenever P, is non-principal. Now for such an {
the sum of the Krull dimensions of A/P, and A/J, is <(d—1)+1<Krull
dimension 4. The lemma on page 139 of [8] shows that the Serre inter-
section number of A/P, and A/J, vanishes for each such P,.

Since TorX(A/F, A]/J,)=(0) for i>1, Lemma 1.8 gives:

Lemma 1.9. E,(M)=I[(cok F)—I(ker F) where F denotes the multipli-
cation by F map A|J,—A}J,.

If we continue to let / denote length as A-module then Lemma 1.9
tells us that E,(M)=(4(p™)) '(/(cok F)—I(ker F)) where F now denotes
the multiplication by F map on R,[X, ---, X;]/J,. The remark after
Lemma 1.6 shows that E, (M) is the sum of local factors (¢(p™))~*({(cok F)
—I(ker F)), where F denotes the multiplication by F map on R[X,, - - -,
X,1/Q, and £ runs over all { e U with Z#"=1.

Theorem 1.10. Let U(n) consists of all £ e U with {*" =1, and let ord
be the order function attached to the p-adic valuation on Q [W], normalized
so that ord p=1. Then if{ e U, F({—1)%0. Furthermore E{M) is the
“Iwasawa sum” 3 ..y, ord F(C—1).

Proof. R,[X,, -, X,]/Q, identifies with R,, and under this identi-
fication the multiplication by F map corresponds to multiplication by
F(E—1). Since the cokernel of this map is finite, F({—1)50. The local
contribution to E,(M) coming from ¢ is then (¢(p™) '/(R,/F(—1)) and
this is precisely ord F({—1).

The explicit evaluation of Iwasawa sums was carried out in [5]; for
the convenience of the reader we recall (and simplify) a portion of that
article. There is a Noetherian topology on W? in which the irreducible
closed sets are the sets defined by d—s equations ¢ ({)=¢;, where the ¢,
are part of a basis of the free rank d Z -module Hom (W<, W) and the ¢,
are in W. Such a set is called a “Z -flat” of dimension s.

Definition 1.11. If c e W, o(e) is the smallest integer n such that
&"=1. Suppose that d>>0 and let m be an integer >>0. Then I",, is the
subset of W consisting of all ({,, - - -, {,) satisfying the conditions o(Z,)

>m, o(C)>0()+m, - - -, 0o(L)=>0(,.,)+m.

More generally suppose that A=(¢,, - - -, ¢,) is an ordered basis of
Hom(We, W). We define I'(4, m) to be the set of { satisfying the condi-
tions o(¢,(0))>m, o(¢.(0))=>0(,(8))+m, - - -. The following fundamental
compactness theorem was proved in section 1 of [5]. Suppose that for
each ordered basis 4 of Hom(W¢, W) an integer m,>0is given. Then
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W is covered by finitely many of the I'(4, m,) together with a proper
closed subset of W2, An immediate consequence of this is:

Lemma 1.12. Let Y be a subset of W¢. Suppose that for each
invertible T e Hom (W2, W) there exists an integer m such that T(Y)N T,
is empty. Then Y is contained in a proper closed subset of W*.

Lemma 1.13. Suppose Fe R[[X,, - - -, X,] for some j and that F 0.
Let Y={Ce We: F({—1)=0). Then Y is contained in a proper closed
subset of W<.

Proof. We may assume d>0. Of all the monomials G=a- [] X}
appearing in F choose the one for which ord a is as small as possible; in
case of a tie choose that G for which (¢, - - -, ¢;) comes first in lexico-
graphic order. Choose m>0 so large that ¢(p™)>¢(p%)- > c, and p™>
>.¢;. Suppose that { e I',, and that H is a monomial other than G ap-
pearing in F. An easy calculation shows that ord H(¢—1)>ord G({—1).
Thus ord F({—1)=ord G({—1), F(—1)+#0, and YNI, is empty.
Suppose more generally that T is an invertible element of Hom (W<, W¢),
Then there exists an F’#0 in R,[X,, ---, X;] such that F/({—1)=
F(T-*()—1)forall{in We. Clearly F/({—1)=0 if and only if e T(Y).
The argument given above, applied to F’, shows that T(Y)N I",, is empty
for some m and we invoke Lemma 1.12.

Theorem 1.14. Let M be a finitely generated torsion A-module. Then
it is possible to choose r and S so that if the J, are as in Definition 1.1 then
the groups M|J,M are finite.

Proof. Choose F+0 annihilating M and let Y={ e W?: F—1)
=0} If e E—FE? is [[(1+X,) and ee W then the subset of W¢
defined by ¢({—1)=¢ is just the d —1 dimensional Z -flat [[¢}*=e¢, and
every d—1 dimensional Z,flat in W arises from some ¢ and e It
follows from Lemma 1.13 that there are finitely many ¢, ¢ E —E? and
¢, € Wsuch that Y is contained in the union of the Z -flats ¢,({—1)=¢,.
Now choose r so that each ¢2”=1 and let .S consist of the ¢;,. Then, in the
notation of Definition 1.3, F({—1)0 whenever { e U=W?—J, . T,,..
Now R,[X,, - -+, X;]/J, admits a filtration with quotients that are either
of finite length or of the form R,[X], ---, X,]/Q, with { e U. Since
F({—1)=+0, multiplication by F has cokernel and kernel of finite length
on each quotient of the filtration, and hence on R,[X;, - - -, X,]/J, and
on A/J,. Thus A/(J,, F) is finite. Since (J,, F) annihilates M/J,M the
theorem follows. \
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The proof of the following result (being entirely analogous to that
of Lemma 1.13) is left to the reader. We shall use the result to simplify
the evaluation of Iwasawa sums carried out in [5].

Lemma 1.15. Suppose G € R,[X,, - - -, X,] for some j, and that there
is a co-efficient of G that is a unit in R,. Let Y consist of all { e W* for
which either G({—1)=0, G(¢*—1)=0 or ord G{(?— 1)~ p ord G(¢—1).
Then Y is contained in a proper closed subset of W¢.

Definition 1.16. &, is the Q-vector space of functions spanned by
the p®?, 0< a<d, and the xp®?, 0<a<d—1. &% is the Q-vector space
spanned by the p®® and the xp®®, 0<a<<d—1.

Note that &, D F*¥DF,_,. Furthermore if f(x) e ¥ then f(x+1)
—p*f(x) is in F,_;. Indeed f—f(x+1)—p®'f(x) maps F§ onto
&,_, with kernel consisting of rational multiples of p“-"=.

Definition 1.17. If UcC W<, U(n) consists of all { e U with {*"=1.
Suppose that F e R,[X;, - - -, X,] for some j, and that U is a subset of W*
such that F({—1)==0 for each { ¢ U. The “Iwasawa sum”, > \(F, U, n), is
> tevm OTd F(¢—1). Let ge ;. We shall say that > (F, U,n) is
“eventually equal to g” if > (F, U, n)=g(n) for n>>0. Furthermore by
the co-efficient of p*® (or np°") in > (F, U, n) we mean the co-efficient of

p*® (or xp*“*) in g.

Lemma 1.18. Let Y be a closed subset of W<, Y == W2 Then there
are integers ¢, such that the cardinality of Y(n) is > ¢* ¢, p*" for n>0.

Proof. Suppose first that Y is irreducible. We may assume without
loss of generality that it is defined by {,=¢, (1<i<d—s); then the
cardinality of Y(n) is p* for large n. Suppose now that Y is the union
of two smaller closed subsets Y; and Y,. By Noetherian induction we
may assume the result holds for Y,, Y, and Y, Y;; it then evidently
holds for Y.

Theorem 1.19. Suppose that F € R,[X,, - - -, X,] and that U is an
open subset of W* such that F({—1)+0 for each { ¢ U. Then 3 (F, U, n)
is eventually equal to some fe &,

Proof. We argue by induction on d, the case d=0 being trivial.
Suppose d>0. - We make the following observation. Suppose that V'
and V'’ are non-empty open subsets of W such that F({—1)=£0 for each
Cin V and each {in V’. Then > \(F, V,n)— >, (F, V', n) is eventually
equal to an element of &,_,. It suffices to establish the observation
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when VDV’ and this amounts to showing that > (F, ZNV, n) is
eventually equal to an element of &, , where F=W*—V’. We shall
show that this in fact is true of an arbitrary closed Z=£W¢ in W¢, argu-
ing by Noetherian induction on &. Suppose first that & is irreducible.
We may assume without loss of generality that it is defined by ¢,=¢,,
s+ 1<i< d where s<<d—1. Let F* be the s-variable power series obtained
from F by substituting ¢,— 1 for X, whenever i >s; note that F* has co-
efficients in some R,. Projection on the first s co-ordinates identifies &
with W* and N V with an open subset ¥* of W*. Then for n large,
SIF, ENV, n)= ) (F*, V*, n)— by the induction hypothesis it is eventu-
ally equal to an element of .##,. But &, C.%,_,. Finally if & is a union
of two smaller closed subsets we argue as in the proof of Lemma 1.18.

To prove the theorem we may assume U is non-empty. Then F+£0
and we write F=aG where « € R, and some co-efficient of G is a unit in
R, Lemma 1.18 shows that there are integers c; such that » (F, U, n)—
UG, U, my=(ord a)(p*"— > & ¢, p™) for n»0. So it suffices to show
that > (G, U, n) is eventually equal to an element of &f. Now let ¥ be
the set of Lemma 1.15; choose finitely many ¢, € E—E? and ¢, € W such
that Y is contained in the union of the Z flats ¢,({—1)=¢,. Choose r
so that each &"'=1. Set V*={{e W¢; no(c({—1)"=1} and U*=
{Le W no(g,(—1))**'=1}. Then for each {e U* G({—1)+0,
G(»— 10 and ord G(¢*—1)=p ord G({—1). We wish to show that
> (G, U, n) is eventually equal to an element of &%; in light of the
observation it suffices to prove this result for > (G, U*, n).

Now {—{? maps W* onto itself with fibers of cardinality p®, and the
complete inverse image of V* is U*, Thus {—¢{? maps U*(rn-+1) onto
V*(n) with each fiber of cardinality p?. Now

>UG, U%,n+D= >, ptord GCr—1).
Le U*(n+1)

1t follows that > (G, U*,n+1)=p?-* > (G, V*, n). The observation now
shows that thereis an h¢ &, _, such that > (G, U*,n4-1)—p®~* 3 (G, U*,n)
=h(n) for all n>> some fixed N. Choose g in & such that g(x+1)—
PP 'g(x)=h(x). Modifying g by a rational multiple of p“-"* we may
also assume that g(N)=> (G, U*, N). Then g(n)=>(G, U*, n) for all
n> N, completing the proof.

Theorem 1.20. Suppose that F =0 is in Z,[X,, -- -, X;], d>1, and
that U is a non-empty open subset of W such that F({— 1)==0 for each
L e U. Then the co-efficients of p°™ and np@—" in 3(F, U, n) are the non-
negative integers my(F) and I(F) described in the second paragraph of the
introduction.
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Proof. The observation made in the course of the proof of Theorem
1.19 shows that these co-efficients are independent of the choice of U.
Now F=p™G where m,=my(F) and the image, G, of G in A/pA is
non-zero. Then X (F, U, ny=my(p*"— > ¢ ¢, p*™) 4+ > (G, U, n) for n>0.
Since the co-efficient of p?™ in > (G, U, n) is zero, (see the proof of Theorem
1.19), the co-efficient of p?* in > (F, U, n) is m,. At the same time we
see that np@-"" has the same co-efficient in > (F, U, n) that it does in
> (G, U, n).

To evaluate this co-efficient we take g,, ¥, U* and V' * as in the proof
of Theorem 1.19. We may assume that no two g, generate the same Z -
submodule of E; at the same time we may assume that if ¢ ¢ £E— E? with
o—1 dividing G in A then ¢ generates the same Z,-submodule of E as
does one of the ¢;. Let .S be the set consisting of the ¢, and define T, ,,
g€ S, ce Wasin definition 1.3. By our hypotheses the T, . are distinct
Z,flats. Furthermore, V*=W*—U T, ., (c€ S, e"=1), while U*=
We—UT,.(ceS, e"=1). Forge Sletl, bethe exponent to which
og— 1 appears in the factorization of G. Then [(F)=1I(G)=>]1, and we
are reduced to showing that the co-efficient of np©®~-"" in > (G, U*, n) is

>l
The proof of Theorem 1.19 shows that

206G, U, n+1)—p*' 3G, U*, m)=p*~' 3G, V*—U*, n).

It follows easily that the co-efficient of np“~"* in > (G, U*, n) is equal to
the co-efficient of p©“~""in > (G, V*—U*,n). Now V*—-U*=ZNV*
where & is the union of the T, (¢ € S, o(1)=r +1). Since these T, , are
distinct the co-efficient of p“~""in > (G, Z N V'*, n) is just the sum of the
co-efficients of p©~""in the various > (G, T, , N\ V¥ n), (e S, o(A)=r+1).
So if we can show that the contribution from each such pair (g, 1) is
(¢(p7*)~'. I, we'll be done.

We may assume without loss of generality that r is large and that
o=1-+4X,, so that T, , consists of all £ ¢ W* with last co-ordinate 1. Set
G'=G(X, ---, X;.,, A—1) and let V'’ be the image of T,,N V* under
the projection map (&, « -+, &)— (&, -+, Cs_1). Then the co-efficient of
pe v in 3G, T,,NV* n) is equal to the co-efficient of p“-"* in
>UG’, V', n). Now V' is a non-empty open subset of W-'. Furthermore
using the fact that r 4+ 1=0(2) is large we see easily that G=G(X,, - - -,
X, 1, 2—1)=(A~—1)*-H, where aq is the exponent to which X, appears in
the factorization of G, and some co-efficient of H is a unitin R, ,. It
follows that the co-efficient of p@-"" in > (G, V', n) is ord((A—1)*)=
L, x,-(¢(p™"))7", establishing the theorem.
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Theorem 1.21. Suppose d>2 and let M be a finitely generated
torsion A-module such that the groups M|J,M are finite. Let F be the
characteristic power series of M, my=m(F) and l,=I1(F). Then there is a
rational v* such that E,(M)=(m,p"+1Ln-+v*)pe-b" L O(np@-2").

Proof. By Theorem 1.10 there is a non-empty open subset U of ¢
such that E,(M)=23(F, U,n). Now apply Theorems 1.19 and 1.20.

§ 2. Estimates for I(M/J, M)

Unless otherwise indicated we assume for the rest of the paper that
no two elements of S generate the same Z,-submodule of E, and that
d>2. By the p-rank of a finitely generated Z,-module G we mean the
minimal number of generators of G over Z,. (This is not to be confused
with the Z -rank which is the dimension of G®,, O, over Q).

Definition 2.1. Let M be a finitely generated A-module. r, (M) is
the p-rank of Tord(M, A/J,).

In particular r, ,(4/p) is just the Z/p-dimension of the p-torsion
subgroup of 4/J,. In order to bound r; (M) for i>>1 and arbitrary M
we first bound r, ,(4/p).

Lemma 2.2. Fix an integer r >0 and elements ¢, - - -, 0, and t of E,
not in E?, Let I, be the image of I, in A= Alp, and J¥ be the ideal of A
generated by I, and the (¢,—1)*"~?".  Suppose that the Z -submodule of E
generated by ¢ is not equal to the submodule generated by any o,. Then
the cokernel of the multiplication by (z— )" map J*|I,—J*/I, has Z|p-
dimension that is O(p®~2"), and the same is true of the kernel.

Proof. We shall prove the result for the cokernel—note that cokernel
and kernel have the same dimension. Set @=A/((c—1)*", [[(¢;— 1)*").
Our hypotheses tell us that each /A/(r—1, g;,—1) has Krull dimension
< d—2; the same is therefore true of @. Now the cokernel of our map
is an @-module that is annihilated by I, and can be generated by s
elements. Thus its Z/p-dimension is <s-dim(@/I,0). Now I,=
xr, ..., Xe)D(X,, - - -, X,)%".  The theory of the Hilbert polynomial
then tells us that the Z/p-dimension of 0/I,0 is O(p©@-»").

Lemma 2.3. Let I, and J, be the images of I, and J, in A. Then
the Z|p-dimension of J, /I, is |S|-p"-p“-"" 4 O(p-2") where |S| is the
cardinality of S.

Proof. We argue by induction on |S|. We may assume that S=
{1, - -+, 00, 7}s let S*={g,, - - -, 0,} and J¥ be the ideal generated by I, and
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the (62" — D/(¢?"—1). It will suffice to show that the Z/p-dimension of
J T is pr-p@-9" L O(p©-?"), Consider the multiplication by (r— 1)*"
map A/I,—A/I,. 1t is easily seen that the kernel of this map is generated
by (z—1)?"-?" and has Z/p-dimension equal to p”-p@-bn,

Let Q7, Q, and Q. be the kernels of the multiplication by (z— )"
map on J¥/I,, A/I, and A/J¥, and let C?, C, and C’, be the correspond-
ing cokernels. Then the exact sequence (0)—J*/I,—A/I,—A/T*—(0)
gives rise to an exact sequence (0)—Q;—Q,—Q,—C/—C,—C,—(0).
It follows from Lemma 2.2 that the kernel and cokernel of Q,—Q. have
Z/p-dimensions that are O(p“~»"). The remark at the end of the last
paragraph then tells us that the Z/p-dimension of the image of @, in Q)
is p7-p@-bmL O(p@-2), and that this image identifies with ((z — 1)#"-?",
J*)/J* — that is to say with J, /¥

Theorem 2.4.
(a) The Zp'rank OfJn/In is iSl .p" ,p(d—l)n_’_o(p(d—z)n).
(b) ry,(4/p)is O(p@-am),

Proof. The Z,rank of A/J, is equal to the R,-rank of R,[X,, ---,
X,1/J,.. The remark after Lemma 1.6 shows that this is the cardinality
of U(n) where U=W?-—X, and X is the union of the T, ., 0 ¢ S, e =1.
Thus the Z rank of J,/I, is the cardinality of X(n). Since the elements
of S generate distinct Z,-submodules of E, the T, ., are distinct d—1
dimensional Z -flats and there are precisely | S|-p” of them. The proof of
Lemma 1.18 shows that T, .(n) has cardinality p©~"" for n3>0; (a) follows
easily. To prove (b) note that we have just shown that the Z -rank of
AT, is pir—|S|-p7-pe "4 O(p©®-»"). On the other hand Lemma 2.3
shows that the Z/p-dimension of the mod p reduction, A/J,, of A/J, is
also p?"—|S|.p"-p4-2" 4 O(p®~-»"). Thus the dimension of the p-torsion
subgroup of A/J, is O(p-2").

The following two lemmas, whose proof uses the Frobenius functor,
are the key to bounding the growth of r, (M) for a fixed i >>2. They do
not require d>2.

Lemma 2.5. Let N be a ﬁfzitely generated A-module of Krull dimen-
sion <a and I, be thf ideal of A generated by the X?". Then the Z/p-
dimension of TorX(N, A/I,) is O(p®™).

Proof. Let N, be the A-module that is N as additive group but
with / acting via the endomorphism x—x?* of 4. TorX(N, A/I,) is just
the i*® homology group of the Koszul complex on N buiit from the
multiplication by X2" operators. As vector space over Z/p this identifies
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with the i** homology group of the Koszul complex on N, built from
the multiplication by X, operators; that is to say with TorA(N,, Z/p).
We prove that the dimension of this last space is O(p**) by induction on
a. By dévissage we may assume that N is cyclic with prime annihilator P
of coheight a. The case a=0is trivial. If a>>0, N, is annihilated by P
and has rank p® as A/P-module. It follows that N, has a filtration in
which p* of the quotients are isomorphic to N, and each remaining
quotient has Krull dimension <<a—1. Applying the exact functor M —
M, to this filtration and using the induction assumption we find that
dim(Tord(N, .+, Z/p))< p* dim(TorX( Ny, Z/p))+cp©@~1" for some fixed
¢. The rest is easy.

Remark. Seibert [7] proves more precise results in a more general
setting.

Lemma 2.6. Let N be as in Lemma 2.5, and r be a fixed integer >0,
Then the Z|p-dimension of Tor (N, A/(X?", X", - - -, X2") is O(p*").

Proof. By dévissage we may assume that r =0 and that either X, is
not a zero-divisor on N or that X, annihilates N. Set A'=/4/X,. In the
first case the group we are studying identifies with TorZ (N/X,N,
Aj(xee, ..., X2*))), while in the second case it is an extension of
Torf (N, A)(X?", ---, X&) by Tor?(N, A'/(X?", -, X2",)). Now
apply Lemma 2.5 with / replaced by A'.

Theorem 2.7. Let M be a finitely generated A-module and i an
integer > 0.
- (@) If M has Krull dimension <d—2 and pM =(0) then r, (M)=
O(pt-vm),
(b) The same estimate holds if M is Z -flat with characteristic power
series 1.
(¢) The same estimate holds if M is arbitrary, provided i > 2.

Proof. To prove (a) we need to show that the Z/p-dimension of
Tor{(M, AlJ,) is O(p©-»*). It suffices to prove this result with A/J,
replaced by A/I, and by J,/I,. Now TorX(M, A/I) is the i™ homology
group of a Koszul complex on M built from the multiplication by X"
operators. It follows that it identifies with TorX(M, A/I,) and Lemma
2.5 with a=d —2 bounds the dimension of this space.

Let S, be the product of the A/(f,, 6* —1), 0 € S. There is a map
of S, onto J,/I, whose restriction to A/(I,, ¢*"—1) is multiplication by
(" —=Df(¢”"—1). S, is a free Z,-module of rank |S|-p"-p©@-""; it follows
from Theorem 2.4 that the kernel, K, of S,—J,/I, is free over Z, of
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rank O(p“~*"). To bound the dimension of Tori(M, J,/I,) it suffices
to bound the dimensions of Tor? (M, K,) and Tor{(M, S,). Now using

the exact sequence Oaan»Kn—»Kn/pKn-»O we find that Tor! (M, K,)
embeds in Tori (M, K,/pK,). Since K,/pK, admits a filtration of
O(p-7) steps with quotients isomorphic to Z/p the length of this last
module is O(p“~»"). To conclude the proof of (a) it suffices to show
that for each ¢ e S the dimension of Tor{(M, A/(I,, 6™ —1)) is O(p®¢-»").
We may assume that n>r and that ¢=14-X,. Then (I, ¢*"—1) is
generated by the (14+X,)*"—1, i <d, together with (1+X,)*"—1. So the
group Tord(M, A/(I,, ¢ — 1)) is just the i*® homology group of the Koszul
complex on M built from the operators X?°, X2°, ... and X%. Now
apply Lemma 2.6.

Suppose that M satisfies the hypotheses of (b). Using the exact

sequence 0——>M£>M-—>M/pM —0 we see that the reduction mod p of
ToriM, A)J,) embeds in Tord(M/pM, A/J,). So it suffices to show that
the Z/p-dimension of this last space is O(p©®-®"*). By the hypotheses of
(b) M has Krull dimension <<d—1. As p is not a zero-divisor on M it
is in no minimal prime of Ann M, and the Krull dimension of M/pM is
<d—2. The desired bound then follows from (a).

By dévissage it suffices to prove (¢) when M is cyclic with prime
annihilator P.. We may assume that P is non-principal since otherwise
r; {M)=0 for i >2. Suppose first that p e P. If M has Krull dimension
d—1 then P=(p, g) for some g with g+£0.- Then the Tori(M, A/J,) are
the homology groups of the Koszul complex on A/J, built from multipli-
cation by p and by g. Thus Tori(M, A/J,) vanishes for i>2 while
Tor{(M, A}J,) is contained in the p-torsion subgroup of A4/J, and so has
dimension that is O(p“-P*). Suppose next that p ¢ P but that M has
Krull dimension <d-1. Then (a) gives the desired result. Finally if

p ¢ P we may apply (b).

Definition 2.8. If A is a finitely generated 4-module then M * is the
largest submodule of M annihilated both by a power of p and by some

h¢ (p).

Theorem 2.9. Let M be a finitely generated torsion A-module. Sup-
pose that M*=(0) and the M|J .M are finite groups. Then r (M) is
0(p*-").

Proof. There exist cyclic 4-modules M, with prime annihilators (f))
and a map ¢: M— ][ M, whose kernel and cokernel have trivial charac-
teristic power series. Then the characteristic power series of M is []f;;
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it follows that each M,/J, M, is finite. Let K, M’ and C denote the
kernel, image and cokernel of #, so that we have exact sequences (0)—K
—M—>M'—(0) and (0)—>M'—][M,—~C—(0). Then r, (M)<r, (K)
1y, (ML, K) 415, (C)+ 25,1, (M), Since K has characteristic
power series (1) it is annihilated by some /4 ¢ (p). Thus the p-torsion
subgroup of K is contained in M*. But M*=(0). So K is flat over Z,
and Theorem 2.7 (b) shows that r, (K) is O(p®“-»"). Theorem 2.7 (c)
gives the same estimate for r, ,(C). Finally Tor{(M,, 4/J,) identifies
with the kernel of the multiplication by f; map A/J,—A/J,. But since
M,|J, M, which is the cokernel of this map is finite, the same is true of the
kernel. So Tori{(M,, A/J,) identifies with a finite subgroup of A/J,—we
conclude from Theorem 2.4 that r, ,(M,) is O(p®“-2™).

We next wish to show that the exponent of the p-power torsion
subgroup of TorX(M, A/J,) is O(n). Essential to this are the following
lemmas from [5] whose proofs we repeat. The lemmas do not require

d>2.

Lemma 2.10. Suppose Fe R,[X,, ---, X,;], F£0. Then there is a
non-empty open subset of W® on which the function {—ord F({—1) is
bounded.

Proof. We may assume that some co-efficient of F is a unit. Let
Y={{e W F(—1)=0 or ord F({—1)>1}. Arguing as in the proof
of Lemma 1.13 we find that Y is contained in a proper closed subset of
we.

Lemma 2.11. Suppose Fe R,[X,, ---, X,]|. Make the convention
that ord 0=0. Then the function {—ord F({—1) is bounded on W*.

Proof. By induction on d, the case d=0 being trivial. By Lemma
2.10 the function {—ord F({—1) is bounded on the complement of a
union of finitely many d—1 dimensional Z -flats. So it suffices to show
that {—ord F({—1) is bounded on any such Z,flat, . We may assume
that 7 is defined by {;=e. Set F*=F(X,, ---, X,_;, e—1) so that F*
has co-efficients in some R,. By the induction assumption {—ord F*¥{—1)
is bounded on W¢-!, and we conclude that {—ord F({—1) is bounded
on T.

Theorem 2.12. Let M be a finitely generated A-module. Then there

is a constant ¢ such that for each n the p-power torsion subgroup of M|J, M
is annihilated by p*"*m*e,

Proof. A detailed proof of a somewhat more general result is given
in section 4 of [1]. We briefly sketch the specialization of that proof to
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our case. In Lemma 1.5 we constructed an imbedding of
R.IX, ---, X, /I, into [[(R,[X: ---, X 1/Q0),

the product extending over all { e W4(n). It’s easy to see that the coker-
nel C, of the imbedding is annihilated by p?*. Consider the map

(M]JM)® (R,[X,, - - -, X ] L) TI(MIT, M) O R,[Xy, - -+, Xa]/Q0)).

The kernel of this map is a homomorphic image of Tor{(M/J, M, C,)
and so is annihilated by p®".

Now let X=J, . T, and U= W?— X be as in Definition 1.3. We
make the following claims. First, if { e X(n) then (M/J,M)®,(R,[X;,

-+, X;1/Qy) is annihilated by p™~". Second, if £ € U(n) then the p-power
torsion subgroup of (M/J M)®,(R,[X,, - - -, X,;]/Q,) is annihilated by
some p*, independent both of n and of £ e U(n). Suppose we grant the
claims. Then it follows from the paragraph above that the p-power
torsion subgroup of (M/J . M)®,(R.[X,, ---, X;]/1,) is annihilated by
pem*"-7 for large n. But as I, annihilates M/J M this tensor product
identifies with (M/J M)®, Z,, a product of copies of M/J, M.

It remains to establish the claims. The first is easy. If {e T, .(n)
then (¢7"— 1)/(¢®— 1) annihilates M/J,M while ¢ — 1 annihilates
R, IX,, -+, X;]/Q.. Since the tensor product is annihilated by each of
these elements it is annihilated by p»~7. Suppose now that { e U(n). As
we have seen in Lemma 1.6, 9, ©J,. Thus the tensor product identifies
with M®,(R,[X,, - - -, X,]/Q). Now choose a presentation A°—A"—>
M—(0) of M with matrix |F,,], and let {H,} be the set of determinants of
the finitely many square submatrices of | F,,|. Then M®,(R,[X,, - - -, X,]
/Q,) is the cokernel of a mapping (R,)*—(R,)’ whose matrix is | F, ({—1)}.
It follows from this that the p-power torsion subgroup of the cokernel
is annihilated by some non-zero H,({—1). By Lemma 2.11 all the
ord H(Z—1) are bounded by some integer a independent of o and .
We conclude that p® annihilates the p-power torsion subgroup of each

M®A(Rn[[Xl’ M} Xd]/QC)

Corollary 2.13. Let M be a finitely generated A-module and i>0 an
integer. Then there is a constant ¢ such that for each n the p-power torsion
subgroup of Tord(M, A]J,) is annihilated by p*"*"*e.

Proof. For i=0 this Theorem 2.12. For i>0 map a finite free
A-module onto M with kernel K, note Tori(M, A/J,) embeds in
Torl (K, A/J,), and argue by induction.
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Combining the above corollary with Theorems 2.7 and 2.9 we get:

Theorem 2.14. Let M be a finitely generated torsion A-module such
that the M|J, M are finite. Suppose that M*=(0). Then for each i>1,
L, (M)=O0(mp“-2"). In particular |(M[J,M)=E,(M)~+ O(mp©®->").

We next study what happens when the assumption M *=(0) is
dropped. First we show that I(J,M */I,M *) is O(p“~>").

Lemma 2.15. Let N be a A-module annihilated both by some p* and
some h ¢ (p). Suppose ge S. Then there exists a G e A, with ¢— 1 not
dividing G, such that G annihilates ((¢®*" —1)/(a® — 1))N for large n.

Proof. Modulo p, h=(¢— 1)’g where ¢— 1 does not divide g. Set
G=g' Since g-(¢—1)* annihilates N/pN, G-(¢—1)** annihilates N.
Now (¢?"—1)/(¢?"—1) is in the ideal (¢—1, p)»~". So for n large it’s in
the ideal ((¢— 1)*, p")— the lemma follows.

Lemma 2.16. Let N be a finitely generated A-module annihilated
both by some p* and some h ¢ (p). Then I(J,N/I,N) is O(p“©=2").

Proof. 1t suffices to show that /((Z,, (¢®"—1)/(¢® —1))N/I,N) is
O(p“-»") for each ge S. Choose G as in Lemma 2.15 and set ¢=
A)(G, ¢ —1,p"). Then O=/4/(G, —17") has Krull dimension <d—2.
The argument of Lemma 2.2 shows that /(0/I,0) is O(p®-»™), and since
1(0/1,0)<t-1(0/I,0), the same estimate holds for /(0/I,0). Now for large
n, (I, (6®—1)/(¢® —1))N)/I,N is an @-module annihilated by 7,. Since
the number of generators of this module is independent of n we get the
lemma.

Theorem 2.17. Let M be a finitely generated torsion A-module such
that the M|J, M are finite, and let M *C M be as in Definition 2.8. Then
I(M]J,M)=E,(M)+I1(M*|I,M*)4O(np“->").

Proof. Set M’'=M|M*. There is an exact sequence Tor{(M’, A/J,)
—-M*JM*>M[JM—-M'|],M’"—(0). Theorem 2.14 tells us that
I, (M")=0O(np“->~) while I(M'|J,M")=E (M')+O@mp“->"). Since M
and M’ have the same characteristic power series, E (M )=FE,(M). We
conclude that [(M/J,M)=E,(M)4+I(M*|J,M*)4O(mp*“-2"); Lemma
2.16 applied to M * completes the proof.

To apply Theorem 2.17 we need good estimates both for E,(M) and
I(M*]I,M*). The first is provided by Theorem 1.21. For the second
we use the following deep results from [3] and [4].
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Theorem 2.18. Let N be a finitely generated A-module of Krull
dimension < a annihilated by p**' for some t. Then:

(1) Ifa=1 there is an a € p~*Z such that I(N/InN)=ozp”—[fO(l).

(2) In general there is a real o such that I(N/I,N)=ap*"+
o(p«=mm)).

Remarks. For the first result see Theorems 8.1 and 8.3 of [3]; the
precise definition of « is given in Definition 2.3 of that paper. We shall
only need (1) in the case d=2, which allows the unpleasant calculations
of sections 4-6 of [3] to be simplified, but the proof is still messy.

The second result makes heavy use of the Frobenius functor; see
Theorem 3.9 of [4]. In [4] we produce « as the limit of a Cauchy
sequence; we do not know if it is always rational.

Corollary 2.19. (M */I,M*)=ap® "4+ O(p®-2") for some real a.
When d=2, a € Z[1/p].

Proof. Since M* is annihilated by some 4 ¢ (p), M*/pM* is a
torsion module over / and so has Krull dimension <d—1. So the same
is true of M*, and we may apply Theorem 2.18 with N=M* and a=
d—1.

§ 3. Estimates for e(G,) and e,(L/k)

If G is a finitely generated Z,-module denote the Z -rank of G by
r(G) and the length of the p-power torsion subgroup of G by e(G). We
wish to generalize Theorem 2.17 by estimating the growth of e(G,) for a
sequence, G,, defined as follows:

(1) M is a finitely generated torsion A-module; for each ¢ € S, M,
is a submodule of M containing (¢?"— 1) M.

(2) For n 2 r, Ar,z = InM+ZaeS ((Up”— 1)/(0,1;1__ 1))Ma’ and an
M] A,

Throughout we shall assume that r(G,)=0(p“ »"). We begin the
calculation of e(G,) by showing that for an appropriate 2 the replacement
of each M, by M,+ p*M changes e(G,) by at most O(mp“-»%). This
requires several lemmas.

Lemma 3.1. r(M/(M,+1,M)) is O(p©¢-2").

Proof. Because r(M/A,) is O(p“-»") it’s enough to show that
(M, +AD/(M,-+I,M)) is O(p®~»"). This reduces to showing that the
Z,rank of (M,+LM~+(z""— 1)/ —D))M)/(M,+1,M) is O(p“~"")
for each re¢S. We may assume r+¢. Since M,D(¢”—1)M, the
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module we're studying is annihilated by ¢”"—1 as well as by z?"—1 and
by I,. Set O=A/(¢""—1, 7" —1). Since no two elements of S generate
the same Z -submodule of E the argument of Lemma 2.2 shows that the
Z/p-dimension of O/I,0 is O(p®~»"); the same estimate then holds for
r(0/1,0). But the 0/I,0-module we’re studying is generated by a fixed
number of elements, independent of n.

Lemma 3.2. The characteristic power series, g, of M|M, is trivial.

Proof. By Lemma 3.1the R, -rank of (M/M)®,(R,[X,, - - -, X 1/1)
is O(p“@-2"). Suppose that (g)#(1). We shall derive a contradiction by
showing that for n>r the above R,-rank is >p®“-1" Note first that
¢”"—1 annihilates M/M,. It follows that g factors in R, [X,, ---, X,]
into a product of linear factors of the form ¢—e with ¢?"=1. Fix one
such factor, ¢—e, and suppose that e Wen) with ¢(¢—1) equal to
this e. The characteristic power series of the R,[X;, - - -, X;]-module
MIM)Q,R, X, -+, X,] is g Thus the prime ideal (¢—¢) is in the
support of this module, and since Q, D (g —e¢) the same is true of 0,. Now
0,01, as well and so is in the support of (M/M,)Q(R[X,, - - -, X 1/L,).
So if we take a filtration of this last module in which the quotients are
cyclic with prime annihilator, then each R,[X, ---, X,]/Q, for which
{?"=1 and ¢({—1)=¢ occurs at least once as a quotient. Since the
number of such £ is p®~Y* we have the desired contradiction.

Lemma 3.3. Choose 2 so large that p* annihilates the p-power torsion
in each M|M,. Then the Z,module (4,4 p*J, M)A, can be generated by
O(p@-97) elements.

Proof. Set D,=p"(M|M,). Then D, is flat over Z,; by Lemma 3.2
it has Krull dimension <<d—1. So D,/pD, has Krull dimension <d—2,
and an argument familiar by now shows that D,/I,D, can be generated
by O(p“-»") elements as Z,-module. Now D,/I,D, identifies with
(PM+M)/(pPI,M+M,). Thus we get a map from [[.(D,/I,D,) to
MJA., whose restriction to D,/I,D, is induced by multiplication by
(6" —1)/(¢® —1). The image of this map is evidently (4, +pJ,M)/A.,
giving the lemma.

Lemma 3.4. There is a constant ¢ such that for each n both the
p-power torsion subgroup of M|A, and the p-power torsion subgroup of
M)A, +p*J, M) are annihilated by p*"*"*e,

Proof. For M/|A] this slight generalization of Theorem 2.12 may
be proved by a similar technique; for details see section 4 of [1]. The



The Growth of e, 327

result for M/(A,+ p*J, M) follows on replacing each M, by M, 4 p*M;
this has the effect of replacing A4, by A, -+ p*J, M.

Theorem 3.5. Choose A as in Lemma 3.3 and set H,= M|(A,,+p*J,M).
Then |e(G,)—e(H),)| is O(np“-27).

Proof. Suppose we have an onto map ¢: G—H of finitely
generated Z -modules with the following properties: the p-power torsion
subgroups of G and H are each annihilated by p* and the kernel K of ¢
can be generated by B elements over Z,. We claim that |e(G)—e(H)|<
AB. To see this note the exact sequence

(0)—'K—'G—'H —K/p“K —G/[p‘G —H/[p*H —(0)

where ‘K, !G and ‘H are the torsion subgroups of K, G and H. The
sequence shows that both the kernel and cokernel of ‘G-—'H are annihi-
lated by p# and generated by B or fewer elements over Z,, establishing
the claim. Now apply this result to the projection map G,—H, with
kernel (4, + p*J,M)/A,. Since Lemma 3.3 shows that this kernel can be
generated by O(p“@-»") elements, and Lemma 3.4 that both ‘G, and ‘H,
are annihilated by p¢****¢, the theorem follows.

We now proceed to estimate e(G,) with an error term no worse than
O(np“@-»"), We assume in the following definition and lemmas that the
M|J,M are finite groups—this restriction is very easy to get rid of. In
view of Theorem 3.5 we may replace each M, by M, + p’M. So we shall
assume that M, Dp*M for some A. Then p* annihilates J,M/A,, the M/ A,
are finite groups, and &(G),) is just /(G,). ’

Definition 3.6,

) X,=M/(”—1,pYM, Y,=M,[(e"—1, p)M.
@ N,=X,/Y,=M/M,.

(3) J,is the ideal 1,4 p*J, of A.

Besides the obvious maps [].(Y,/I.Y,)—]].(X,/I.X,) we have for
each n>r a map [[,(X,/I.X,)—M/J,M whose restriction to X,/I.X, is
induced by multiplication by (¢*"—1)/(¢*"—1). Composing, we get maps
Y,/ Y,)—>M[J, M. The following observation is clear.

Lemma 3.7. The cokernels of the maps [](Y,/LY,)—11(X,/1.X,),
X, /11X ,)—M[J, M, and T[(Y,/1,Y,)—>M|J,M identify respectively with
TN, /IN,), M]J, M and M| A},

Lemma 3.8. Let N be a finitely generated A-module annihilated by
(a?"—1, p*) for some o€ S. Then there is an integer a=a(N) such that
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IN/I,NY=qap®- "4+ 0(pe-2*). In particular, I(N,/I,N,)=a(N,)p“-"
+0(pe)

Proof. Without loss of generality we may assume that ¢=14X,.
Set A/'=Z,[X,, ---, X,_,] and let I/ be the ideal of A’ generated by the
(1+X,)"—1 for j<d. Then N is a finitely generated A’-module annihi-
lated by p*: let p* be its characteristic power series as A’-module. For
n>r, NJI,N=N/I,N. We can now argue as in sections 1 and 2 with d
replaced by d—1 to conclude that I(N/I,N)=ap@-""40(p“-»"). Or
more simply we can proceed as follows. There exist cyclic A’-modules
N, with annihilators (p™9), > n,=«, and maps ¢: N—[[N,, ¢*: [[N,—N
whose cokernels C and C* are annihilated by some 4 ¢ (p). Then C/I.C
and C*/I,C* are modules over A’/(h, p*), a local ring of Krull dimension
<d—2. It follows in the usual way that /(C/I,C) and I(C*/I,C*) are
each O(p“~-»"), and consequently that /(N/I,N) and > I(N,/I,N,) differ
by O(p©@-»"). But since A'/I/, is a free Z -module of rank p“-b", the
length of N,/I/ N, is n;p®~Y". Now use the fact that > n,=a.

Lemma 3.9. Suppose that M*=(0). Then each of the maps of
Lemma 3.7 has kernel of length O(p@-o7).

Proof. To prove the result for the first map it suffices to show that
the length of the kernel of Y,/I,Y,—X,/I.X, is O(p©@~-®); this is in fact
true without the restriction M *=(0). We may assume that ¢=1-+X,.
There is an exact sequence Y,/I,Y,—X, /I, X,—N,/I.N,—(0). Up to an
error term of O(p“@-»") the lengths of Y,/I,Y,, X,/I,X, and N,/I N, are
given by a(Y)p@ 2, o(X,)p-v" and a(N,)p?¢ Y= But the explicit
description of « given in the proof of Lemma 3.8 shows that «(X,)=
a(Y,)+a(N,)—the desired estimate follows,

It remains to prove the result for the map [[(X,/I.X,)—MJ M,
under the assumption that M *=(0). Take S,=[],4/(¢*"—1,1,) as in
the proof of Theorem 2.7. Note that [[(X,/I,X,)= [[(M/(¢* —1, I,,, p)M)
=M®&,(S,/p*S;). Now the exact sequence (0)—K,—S,—J,/I,—(0) of
the proof of Theorem 2.7 yields, on reduction modulo p?, an exact
sequence K,/p*K,—S,/p*S,—J,/J,—(0). Thus the kernel of the map
M (S, /p*S)—-MR,(J,/J}) is a homomorphic image of M®,(K,/p*K,)
and so has length that is O(p®-»"). Furthermore the kernel of the map
M (J,JJ)—>M]J, M is a homomorphic image of Tor&(M, A/J,), and is
annihilated by p. Under the assumption M *=(0), Theorem 2.9 shows
that the length of this kernel is O(p“-""). So the length of the kernel
of the composite map M®,(S,/p*S,)—~>M/J, M is also O(p“?->"), estab-
lishing the lemma.
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Lemma 3.10. Suppose that M *=(0). Then there is an integer
such that I1(G,)=1(M]J,M)+Bp@-1" 4 O(p@->m).

Proof. By Lemmas 3.7 and 3.9, I(M/A})—I(M|J,M)— > I(N,/I,N,)
isTO(p“-»"). Now apply Lemma 3.8.

Theorem 3.11. Let F be the characteristic power series of M. Suppose
that the G, are defined as at the beginning of this section and that ¥(G,)=
O(p“-P7). The there is a non-empty open subset U of W and an integer
Bisuch that e(G,)= > (F, U, n)+-1(M*/I,M*)+Bp“~b" 4 O(np®->").

Proof. We first prove the theorem under the hypothesis that the
MJ, M are finite. Then Theorem 3.5 allows us to assume that M, Dp*M
for some fixed integer 2. Replacing M by M’'= M|M* and each M, by
its image in M/M *, and applying Lemma 3.10 we find that /(M/(M * -+ A}))
=IM'|J M)+ Bp@-b" 4+ O(p->") for some integer 3. If we take U as
in Definition 1.3, then Theorems 1.10 and 2.14 applied to M tell us that
I(M'|TM)=>(F, U,n) +O0®mp“->"). It remains to show that /(M/A})
=I(M|(M*+AD))+I(M*[I,M*)+-0(p“-2"). Since the cokernel of the
map M*/I[,M*—M|A} identifies with M */(M * + A7) it’s enough to show
that the length of the kernel is O(p*“~»"). As M/A] maps onto M;J, M
it suffices to prove this result for the kernel of M */I M*—>M|J M. But
this last map factors through M */J, M *. Since the kernel of M */J, M *
—>M|J,M is a homomorphic image of Tor{{(M/M*, A/J,), and is annihi-
lated by a fixed power of p, Theorem 2.9 shows that its length is
O(p“-®®). Finally we see from Lemma 2.16 that the length of the
kernel of M */I. M*—M*|J,M* is also O(p“-2").

We now show how to remove the assumption that the M/J,M are
finite. In view of Theorem 1.14 we can find an r’>r and an S'DS so
that if we use r’ and S’ to define ideals J,, n>>r’, as in Definition 1.1
then the M/J/ M are finite. For each ¢ ¢ S’ we define a submodule M/,
of M as follows. If g e S, M, =((¢""—1)/(o" —1))M,, while if ¢ ¢ S then
M, =(¢*"—1M. Then for n>r’ the A, defined from r’, S’ and the
M’ is the same as the A, defined from r, S, and the M,. So e(G,) is
unchanged when r, S and M, are replaced by »/, " and M/, and we may
apply the result of the last paragraph.

Using Theorems 1.19 and 1.20 to estimate > (F, U, n) and Corollary
2.19 to handle /(M */I, M *) we get:

Theorem 3.12. Situation as in as in Theorem 3.11. Let my=myF)
and I,=1(F). Then there is a real number a* such that e(G,)=m,p*"+
Lnp@=9" L a¥*p@-bm 4 O(np@-27),  If either M*=(0) or d=2 then a* is
rational.
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We now use the method of [1] to deduce the number-theoretic results
of the introduction from Theorem 3.12. Namely let L/k be a ZZ-exten-
sion with d>2, let M, be the maximal unramified abelian pro-p extension
of L and set X=G(M,/L). Then the free rank d Z,-module G(L/k)
acts on X by conjugation. Let 4 and E be as in section 1 and fix an
isomorphism between G(L/k) and E. Then E acts on X and we may use
this action to make X into a /-module, the “Greenberg-Iwasawa”
module of L/k. As in the case d=1, treated by Iwasawa, X is finitely
generated and torsion over 4, and one can essentially recover the Galois
group of the maximal unramified abelian p-extension of k,, and hence
e (L/k), from X together with its A-module structure.

To be precise, the following result is proved in Theorems 5.11 and
5.12 of [1). There is an integer r >0 and a finite set of pairs (z;, M),
v, e E—E?, M, a A-submodule of X, such that if we set A,=IX+
S(@ =Dz — )M, then the r(X/A})) are bounded and |e,L/k)—
e(X/A;)|=0(m). Now without changing the 4] we may assume that
M, D(?¥—1)X and that the r, generate distinct Z -submodules of E.
But we are now in precisely the algebraic situation treated in this section,
and Theorem 3.12 gives:

Theorem 3.13. Let L/k be a ZZ-extension of a number field, d >2, X
the Greenberg-Iwasawa module of the extension, and F the characteristic
power series of X. Set my=myF), [,=I(F). Then there is a real number
a* such that e, (L/k)=(m,p"+In+a®)pe-1" L Ompe-27), When d=2,
a* is rational.
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