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§0. Introduction

The theory of zeta functions associated with prehomogeneous vector
spaces (briefly P.V.) was founded by M. Sato and studied by several au-
thors. In [5], Sato and Shintani established the analytic continuation and
the functional equations of zeta functions associated with irreducible
P.V.’s, and F. Sato [4] extended their results to regular P.V.’s under some
mild assumptions. (See also Shintani [6, 7] and Suzuki [8].)

In this paper we shall study some zeta functions associated with non-
regular P.V. in a special case and prove their analytic continvation and
functional equations. Recall that the dual of a regular P.V. is also a regular
P.V. and that functional equations hold between zeta functions associated
with a regular P.V. and its dual. In our case, however, the dual of our
non-regular P.V. is not even a P.V. Thus, instead of the dual, we are
led to introduce some prehomogeneous affine spaces, the precise definition
of which is given below.

Let G be a complex connected linear algebraic group, V a finite dim-
ensional vector space and p a rational homomorphism from G into the
group of affine transformations of V. We call a triple (G, p, V) a pre-
homogeneous affine space (briefly P.A.) if there exists a proper algebraic
subset S of V such that }'— S is a single G-orbit. The set S is called the
singular set of (G, p, V). In particular, when Im p is contained in GL(V),
such a triple is called a prehomogeneous vector space (briefly P.V.).

In § 1, we define a non-reductive algebraic group G and introduce a
pair of non-regular P.V. and P.A. with G-action. Zeta functions associated
with them are defined and studied in § 2. Though our P.V. and P.A. are
not dual to each other, we can prove functional equations between these
two types of zeta functions. The next section (§ 3) is devoted to the pre-
paration for the last one. Finally we prove that some contribution to the
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dimension formula for Jacobi cusp forms of degree n is expressed in terms
of special values of our zeta functions (associated with P.A.).

We note here that our result is an analogue of Shintani’s work on zeta
functions associated with the space of quadratic forms ([7]). In fact, most
of our results are obtained by a slight modification of Shintani’s argument.

The authors express their profound gratitude to Professor F. Sato for
his kind advice and warm encouragement. They are also deeply grateful
to Professor T. Arakawa for his helpful information and for giving the
authors the opportunity to learn his manuscript ({1]) before publication.

Notation. As usual, Z, Q, R and C are the ring of rational integers,
the rational number field, the real number field and the complex number
field. For any complex number x, we put e[x]=exp 2rv/ — 1x). We
denote by M, , and Sym,, the space of matrices with m rows and » columns
and the space of symmetric matrices of degree n respectively. For any
finite dimensional vector space V over R, (V) is the space of rapidly de-
creasing functions on ¥. When X is a smooth manifold, we denote by
Cr(X) the space of smooth functions with compact support. For any
complex number A we define a holomorphic function det(Z)* on
{Z e Sym,(C)|Re Z>0} so that it coincides with the usual one on
{X e Sym,, (R)| X>0}.

§1. Prehomogencous affine spaces

Fix once for all positive integers »n, m and put V=Sym,, W=»M, ,
and V=V X W. Let G be the semi-direct product of Wand G=GL, with
composition rule

(£,8)(5,8)=(6+¢&g",88) (58 ecW, 88 Q).
Note that G is isomorphic to the subgroup

(L1 Jleewaes)
of GL,,, ;-

As is well-known, the triple (G, -, V) is a P.V. with G-action - on V
given by x-g="gxg (x e V, g € G), whose singular set is {x e V'|det x=0}.
We now introduce two types of prehomogeneous affine structure to (G, V).
We fix once for all a semi-integral positive definite symmetric matrix S of
degree m. For simplicity we write S(u, v) and S[u] for ‘uSv and ‘uSu
respectively (4, ve W). - For X=[x,ul e ¥V and g=(§, g) € G, sct

X.g=[g x'g~, (u—E&x)'g7] (dot action)

and
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Xxg=['g(x+ S[El+ S, &)+ S(&, u)g, (u+8&)g] (star action).

It is easily verified that (X, g)—X-g, X xg give rise to right affine actions
of Gon V. Weput P(X)=det x and P*(X)=det (x —S[u]) (X=[x,u] e V).
Then

P(X-g)=(det g)"P(X)
and
PH*(Xxg)=(detg)’P*(X) (g=(£,g)eG, XeV).

Lemma 1.1. The triple (G, -, V) (resp. (G, %, V) is a prehomogeneous
affine space with the singular set S={XeV|P(X)=0} (resp. S$*=
{Xe V|P¥X)=0}).

Remark 1.2. In fact (G, -, V) is a prehomogeneous vector space and
its relative invariants are P(X)" (n € Z). Thus (G, -, V) is not regular and
the general theory of F. Sato is not applicable to our case.

Let Gi={g e Gg|detg>0} and Gi=W G4 We now define two
representations r and R of G on (V) in the following manner:

r(@f(X)=f(X-geltr (xS[§]—2S(u, £))],
R()f(X)=(det g)"*"*" (X xg),
(8=(§,8) € Gp, X=[x, ul € Vi, f e S (Vi)

The Fourier transform Zf of fe £ (V) is defined by
FAY)= [, FAICK, VX,
Here the inner product { , > on Vy, is given by
X, ul, Ly, v =tr (xy+25(u, v))

and dX is the usual Lebesgue measure on Vg; for X=[x, u] e Vy

dX=dxdu, dx= [] dx,, du=

1<i<j<n
The following formula is easily verified.
Lemma 1.3. r(g)% =% R(g) (g ¢ G).

For 0<i<n, let Vi#{x € Vé]sgnx:(i,n——i)}, V,=V,;XWg and
Vi={x,ule Vy|x—S[uleV,}. Then we have
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Ve—Sa=I[1 V.. Va—Si=[] ¥* (disoint union)
For fe #(Vg) and s € C, we put
Di(s,./) =Li |P(X)]" eftr (x~"S[uD] /(X)X

and

016 N=[ \PHOOFSNAX
The integrals are absolutely convergent for Re s>>0. It is clear that

D s, r(g)f)=(det g)* ™" D(s, )

and
O¥(s, R(g)f)=(detg) ™ 0¥(s.f)  (8e€ Gk fe L (Vg).
Proposition 1.4 (cf. Lemma 15 in [7]). Let fe (V).

(1) Os,f) and Of(s,f) are continued to meromorphic functions on the
whole s-plane.

(ii) @, (s—(m+n+1))2, Ff)=C;¥Q2r)" "V "e[m(2i—n)/8+ ns/4]
XIs) 3 w05 (—s. ),

where C, s=(det 2S)"2" ™Y/ " (s)= [122s I'(s—k/2) and u,(s) are poly-
nomials in e[ —s/2] given by (2.4) in [7].

Proof. Let T be the linear operator of (V) given by TJ f(!x, ul)=
S(x—S[ul, u]). For Fe L (Vg), we define its Fourier transform F by

Fe=| | Felir (spldy
and put
Pi(s, F)= jv |det x|* F(x)dx.

In view of Lemma 15 in [7], our proof is reduced to the following formula.

Lemma 1.5. Assume that Res>0 and fe S (Vy). Then



Zeta Functions Associated with Prehomogeneous Affine Spaces 419
(D;F(S, T.f)=¢j(s7 Ff),
@ (s, FIf)=(det 28)~""e[m(2j —n)/81p (s + m/2, F ),

where
Fi)= | f(Ce e (V).

Proof. The first part is obvious from the definitions. The Lebesgue
convergence theorem implies

O (s, FTf)
=J |det x| dx{lim f eltr (x- + v = Te)S[llF Tf(x, u])du}.
Vs el0JWER

Changing the order of integration, we have
I eltr (x-' v = Te)STllF TH(x, ul)du
WER

= au| dydof, oheltr -+ VTSl v+ =197

+o = lex(x ' 4+ — 1) S+ xp}]
—det (e—+/ —Tx-)-™" (det 25)-

Iv e[tr {xy4++ — lex(x 7'+ — 1) Sy, vDdydv.
R
Taking the limit, we obtain

lim eftr (x~ '+ — 1e)STu]]lF Tf([x, ul)dxdu

sl0JW

= e[m(2j—n)/8] |det x| (det 25)""°F (x),

which completes the proof of the lemma. Q.E.D.

§2. Zeta functions associated with prehomogeneous affine spaces

In this section we study zeta functions associated with P.A. introduced
in the previous section.

For x € Vg (det x=£0) put G,={g e Gi|x-g=x}=S0(x). Similarly
for X=[x,u) e Vp— Sy (resp. Vz—S8%), we put Gy={gec G| X -g=X}
(resp. GE={g « G| X+g=X}). Then G, (resp. G, _g,7) is isomorphic to
G (resp. G¥) through the mapping ¢ (resp. ¢*), where ¢(h) = (u(1 —h~")x",
th=Yy (resp. ¢*(h)=(u(h~*—1), h)). We normalize a Haar measure dg (resp.
d&) on G§ (resp. Wp) by
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dg=(det g) *[]dg;; (resp. dé=1[] d&;).

Then d,g=dé&dg (g=(§, g) ¢ G}) gives a right invariant measure on G5.
Welet x e V, (resp. X e V;, X e V¥) and normalize a Haar measure dy,
(resp. dvy, dv¥) on G, (resp. Gy, G%) by the following formula:

[ otexe=[ idetx-gl-wrdCeeg) [ lhe)dvuth)
6% G:\G} G
Gosp. [ gleidg=[  |POC-g)mrd(x-g) [ phig)da(h),

[ 1P rdcg) [ gthgydsim,
Gx\6} &%

where d(x-g) (resp. d(X-g), d(Xxg)) is the usual Lebesgue measure on
Vi=x-G§ (resp. V,=X-G3, Vi=XxGyp). Itis easy to see that

dyy(d)=|det x|""*dv,(h)  (X=[x,u], he G,),
and
dvi(ct(hy)=|det y|™"* dv(h) X=[x,ul, y=x—S[ul, h e G)).

Let L=VNM/(Z), L¥*={x=(x,;) e Vg|x,;€27'Z, x, e Z}, M=
M, (Z), M¥*=Q2S) "M, L=LXM, L*=L*XM*, '=SL,(Z) and I'=
{(6,2) e Gg|ée M,ge'}. Then L and L* are dual to each other with
respect to the inner product { , > and L (resp. L*) is I'-invariant under
the dot action (resp. the star action). For x e V), (det x==0) (resp. X ¢
Vo—3Sg XeVy—S8§) we put I',=I'"NG, (resp. I'y=T"NGy, I'$=T"
NG%E). Itis easy to see that I',\G, (resp. I'x\Gx, T'5\G%) has a finite
volume and we define

u(x>=j d,
Te\Gy

(resp. w0 = dvz 0= o)
rx\Gx rines
unless n=2 and —(det x) (resp. — P(X), — P*(X)) has a square root in Q.
In this exceptional case we put p(x)=0 (resp. p(X)=0, ¢*(X)=0).

For 0<li<n,weput L,=LNV,;and Lf=L*NV¥. Let L,/- (resp.
L¥/x) be a complete set of representatives of L, (resp. L}) under the dot
action (resp. the star action) of I". 'We now define Dirichlet series &,(s, L)
and &¥(s, L*) by

S, D=__ > pXe[—tr (x'SDI|P(X)|~

X=[x,ul€Li/-

and
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§G6, L= 2. pX)[P*X)|"
XeLi/x
Lemma 2.1. The Dirichlet series &,(s, L) and £} (s, L*) converge abso-
lutely if Re s>(m+n+1)/2.
Proof. On accounting the relation between dv} and dv, we have
([, uly=det y["*[I",: < Pu(y),

where y=x—S[u]. For each fixed y e V,,, we say that two elements » and
o’ in M* are equivalent if there exists a 7 € I", such that #'=uy (mod M).
Take a complete set T,¥ of representatives of such equivalence classes in
M*. Let &, be a complete set of representatives of ¥, under the action
of I'. Then we can take

{y+Slul, ully € Ri, y+Slul € L*, u e T}
as L¥/«. Since

1T . k-1 .
L [[’y 4 (F[erS[u],uJ)]'— ue;*;/M 17
S[u]-ﬁ-yEyL* Slul+yeL*

we have

B HOIPOSE g e

*
XeLj/* S[ul+yeL*

Noting that {y e V;|S[u]+y e L* for some u e M*} is contained in a
lattice of V5, we see that &f(s, L¥) converges absolutely if Re (s—m/2)>

(n+1)/2 (cf. (2.6) in [7]). The convergence of &,(s, L) is similarly proved.
Q.E.D.

Remark 2.2. The above proof implies that

EX(s, L¥)=2""*DC 5 (s—m/2; S),

where
(s )= 2 2. |, (dety)?
ue€M*/ M YEARn
y+S[ule L*
and

n 277.'k/2

=1L pagy

To show the analytic continuation and the functional equation of
&,(s, L) and £¥(s, L), consider the integrals
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Z(Lo)=[  detg™ 3 r(@)f(Ndg,
R €

ZH(f L5 )= detgt e 5 R(g)f(Xd,g.
R

Here f'is a function on Vg, L'=LN(Vy—Sg) and L¥ =L* N (Vz—S%).

Lemma 2.3 (cf. Lemma 16 in [7]). When n=2, the integral Z(f, L, s)
and Z*(f,L*,s) (f e #(Vy)) are absolutely convergent if Re s >(m-+n+1)/2.
Furthermore we have

ZUh Ls)= 2, &ils, DO s—(m+n+1D)2.f),
ZH(f L%, 5)= 2, §6(s LOOF(s—(m+n+1)/2,/).
If fe C3(V,) (resp. fe Cy(V¥)) this is true even for n=2.
Proof. 1t is easy to see that for real s

[, 100t = In@ridg
I'\G§ Xer
S_[ detg™™™ 3 F;(gxg)dg,
F\GR zeL’

where L'’={x e L|det x+0}. Thus the convergence of Z(f,L,s) is an
immediate consequence of Lemma 16 in [7]. For X e V— S5, put
P (X)=|det x|° e[tr (x~'STul)].
Then
P(X-g)/Py(X)=(det g)~* e[tr (xS[E]—2S(u, §))]

and we have

Z(Ls)=[ 3 PCgIPXOS(X-8)g

XeL

=5 5 HOPO™ [ Puuenen(X-8)(X ),

0<i<n X€Li/-
which proves the assertion on Z(f, L, s). The remaining part is checked
in quite a similar manner. Q.E.D.
Set

Xel

Z(Lo=( @™ T r@f(Ddg

detg<1
and
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ZXfIn )= @etg) e 5 R@)/(0dg.
B

detg>1

These integrals are absolutely convergent for any s € C and hence define
entire functions if fe (V) and n=2.

Theorem 2.4 (cf. Theorem 5, in [7]). Assume n=2.
(i) Dirichlet series &,(s, L)y and £}(s, L*) (0<i<n) are continued to mero-
morphic functions in the whole s-plane.
(ii) They are holomorphic except for possible simple poles at s=
(m+k+1)/2 1<k<n).
(iii) They satisfy the following functional equations:

£ (Gn-+n D2 —s, L) = Cle| |- (s)

X3 us)e| "= e s, .

Proof. Let 2=det ((1/(2—4,,))(@/0x,,)) be a differential operator on
Vg. Forf® e Cy(V¥) put f,=2f". Note that

(s, f)=(—1) :@: (s+k/DD¥(s—1,11)

and that for any s e C there exists an ¥ such that @¥(s, f{”) is not zero.
It is easy to see that

F(X)=(=2z/ = 1)"P(OF LX)

Thus £, (resp. Ff,) vanishes on 8% (resp. Sg). The Poisson summation
formula and Lemma 1.2 now imply

Z(Ffi, L, $)=Z (F[;5 L, $)+C5Z%(fi, L*, (m+n+1)[2—ys),
Z*(fza L*a S)ZZT(.fu L*a S)+Cn,SZ+(y-fi’ La (m—l—n+ 1)/2—S)’

Hence Z(Zf,, L, s) and Z*(f;, L*, s) are entire functions of s and satisfy
the functional equation

Z*(fia L, (m+n+ 1)/2"_S):Cn,SZ(}rf;’ L, S)'

Applying Lemma 2.3 and Proposition 1.4 to both sides, we have the
analytic continuation of &} and the functional equation (iii) in Res>0.
Taking account of the fact

Qr)"eln(n+ D/8II" () ((n+ 1)/2—5)
OZ ”z,z(s)un—z.j((n“i‘1)/2"‘5) =0y,
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we have the analytic continuation of &,. Therefore (iii) holds for any
seC. Q.E.D.

Remark 2.5. As we can see from Lemma 3.1 and Theorem 3.2 below,
even when n=2, £§(s, L*) has an analytic continuation to a meromorphic
function on C and is holomorphic except for possible simple poles at
s=(m+2)/2 and (m+3)/2.

§3. Imtegrals Z(f(X; ), L, s) and Z*(f¥(X; 2), L*, s)
For 2 € C, we define functions £,(X; 2) and /¥(X; 2) on V by

£, ul; 1) =det (1 +5 \/l__T x)—le[—tr Qv =T+ %) S]]

and

(. ul; p={ et G ST ep (dmr () x> ST
T 0 otherwise.
Put

d, ()= C}sQm)r - Dr=nG=mm =1 (2 —m/2).
A direct calculation shows

Lemma 3.1. The integral Z*(f}(X; 2), L*, s) is absolutely convergent
and is equal to

C.lsdn,s(s+2—(m~+n+1)/2)&¥(s, L*),
if Res>(m-+n+1)/2 and Re (A+s) >m+n.

Thus Z*(f¥(X; 2), L*, s) is continued to a meromorphic function of
(4, 5) on the whole C*. Tt is easily verified that the Fourier transform
FHX; 2) exists if Re 1>(m-+n+1)/2 and is equal to C;sd, () f.(X; 2).
Furthermore the identity

2 SHGD=d, (D) T £, D)

holds if Res>m+n+1. By a similar argument to that in the proof of
Lemma 21 in [7], we obtain the following theorem.

Theorem 3.2 (cf. Lemma 21 in [7]).
(i) Assume that Re s>(n—1)/2 and that the pair (2, s) satisfies the fol-
lowing inequalities:
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Re2>m+1, Res<<Re 1—m/2 ifn=1,
Re 2>Max (13/2, 2 Re s+7/2)+m ifn=2,
Re2>m+n+7/2, Res<Re A—(m-+n—1)/2 if n>3.

Then the integral Z(f,(X; 2), L, s) is absolutely convergent.
(ii) Both Z(f.(X; 2), L, s) and Z*(f,(X; 2), L*, s) are continued to mero-
morphic functions of (2, s) on C* and satisfy

Z*(ff(X, 2), Lx, S)zdn,s(z)z(fn(X’ ])a L, (m+n+ 1)/2_S)

§4. The contribution of purely parabolic conjugacy classes to the dimension
formula for the space of Jacobi cusp forms

In this section, we show that special values of £¥(s, L*) appear in the
calculation of the dimension formula for the space of Jacobi cusp forms.

We recall the definition of Jacobi cusp forms from Shintani’s unpub-
lished work (for more precise treatment refer to [2]; see also Yamazaki [9]).
Let G= Gn_m be the subgroup of Sp,, . , consisting of

1 LR/ {lm § 1.
m+n ty) 0 1, a b
(& 7, 0)g= | | ,
T Ln
L B O B d

where &,7e M, ., £ € Sym,, and g= [Z 5] e Sp,. Then G is the semi-

direct product of H=/{(§, 5, x)} and G=Sp,,. Th~e center Z of G is {(0,0, )}
and hence G is not reductive if m>1. Welet Ggacton 2=92, ,=9,X
M, (C) ($,.=the upper half plane of degree n) as follows:

EZy=(g<{z), wj(g 2) "' +&-8{z)+7)
(&= 7Kg e G, Z=(z, W) € D),
where g{z>=(az+b)(cz+d)™" and j(g, z2)=cz+d. We define an auto-
morphy factor Jg (g, Z) by
Js,(&, Z)=det j(g, 2)'e[tr {—Sk+S[wlj(g, 2) "¢
—2S8(&, w)j(g, 27" —S[€lg <2},

where S is a positive definite semi-integral symmetric matrix of degree m
and / is a positive integer. Then the space &(S, /) of Jacobi cusp forms

of index S and weight / with respect to /"= G(Z) is defined to be the C-
vector space of holomorphic functions f on & which satisfy
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(1) fHKZ))=Js,(T,2)f(Z) forV7el,YZe2,
(ii) as a function on Gp, J5 (&, Z,)"'f(§{Z,)) is bounded
(ZOZ(V - 1 Im O) € 9)'

For Z=(z, w) and Z’'=(z’, w’) € 2, we put

Ks(Z, Z)=As,, det (;7_2:%)"2[41- (z—2)*STw— W],

where

n—1n-1% :
Ag,=(det 28)r2-n 9 2 =n s TT ] <1~ m2+’ —j),

i=0 j=1
Let du(Z) be the Gr-invariant measure on 2 given by

duZ)=(dety)y="-"' ] dx,dy,; [] duydv,
1<i<j<n }é;éryy:

(Z=(z,w), z=x++ — 1y, w=u-++ — 10).

In view of Satake [3] and applying the Selberg trace formula, we obtain
the following dimension formula for &(S, /).

Lemma 4.1. Assume | >m-+2n. Then

dime @S, D=[ 3 KeuliKZ 2)Ieil. )"
\a 7eT/2(F)
|Js,1(&2 Z)|* au(Z).

Here g, is an element of 5,2 such that §,{Z,y=2Z and Z(f):{(O, 0,k)|ke
Sym,, (Z)} is the center of I'.

We set I"={7 ¢ I'|e[tr (Sy,(h)]=1 for Yh e H(7)z}, where H(§)=
{he Hh'ghg'=(0, 0, y,((h) e Z} for ge G. The following is easily
verified.

Lemma 4.2. Assume [ >m-+2n. Then
dime &S, 0= X Kedi(Z 250, 2)"
Mo rel/z(F)
5,8z, Zy)|° du(Z).

For an integer r (0<r<n), let 17, be the set consisting of 7 ¢ /” which
is I*-conjugate to & [(1) )lc] (h=(&,7,x) e I, x € Sym, (Z), rank x=r). We

set
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11)= K5 (K29, )5, 0, )
I'\o 7e (Ilrnf )/Z(T)
!JS,1(§Z’ Zo);~2 dﬂ(Z)-
The sum > 7,1, (1)) is called “the contribution of purely parabolic

conjugacy classes to the dimension formula for &(S, /)”. Observe that
o,NI"is

(W
n

0
0 0
\ L,

7' eM, (Z), x' e Sym, (Z)}.

{7 e I,|7 is [-conjugate to (0, (7', 0), £)

Shintani’s argument in the proof of Proposition 8 in [7] works also for our
case (see also Theorem 3.2 (i)) and we have the following theorem.

Theorem 4.3. The integral Is,l(ﬁ ,) is absolutely convergent if | >2n—+
m-+3 and equals

2w, Ay, o r—1
Piecrtlas Z(f,(X DL n— "> )
Here
r r 2ﬂk
= =L@ - L2
U—fl B o=l et -t

and L'V =Sym, (Z) X M,, (Z).
Combining Theorem 3.2 (ii), Lemma 3.1 and Remark 2.2 we have
Corollary 4.4.
I (I1,)=(det 28)" -2 =" =12y~ n-n@=r+hr

0, U E5(r—n; S) ﬁ: ]nl (z_ﬁir;;"_j>,

where we put £F(s; S)=2.

Remark 4.5. Special values of &f(s;.S) at non-positive integers are
known only for n<<2. If n=1, as is well-known, we have

=k )= 35BSk,

where B,(x) is the k-th Bernoulli polynomial and for x € R we define {(x)
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by the condition: x={x) (mod Z) and 0<{x><1. On the other hand,
when n=2, £¥(s; S) is a linear combination of partial zeta functions studied
in Arakawa [1]. Applying his results to this case we have &F(1—k; S) e Q.
(We can also evaluate &f(1 —k; S) explicitly using formulas in [1]. For
example £5(0; )=2"% if m=1 and S=1.)
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