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§1. Introduction

Let F be an even 2N dimensional vector space over Q, and 8 be a
non degenerate alternating bilinear form on F. We put

Fr=FQR=R",
Sp(F, B)=1{g € aut (F)|p(gu, gv)=L(u, v)},
and
Ji=—1
D(F, B)=1J e aut(Fg)|B(u, Ju)=symmetric on u, v ;;
B, Juy>0 for 0£Yue F

and we call (F, ) the Siegel half space.

An element J of $(F, p) is a complex structure of the real vector
space Fp, therefore it defines a complex vector space (Fg, J) of N di-
mension, which we denote by E or E,. The group Sp(F, §) operates on

Y(F, B) by
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Sp(F,peg
SF P 2J

and §(F, f) is actually a symmetric space of the simple Lie group
Sp(F, B)(R) of R-points of Sp(F, f) modulo a maximal compact subgroup.

A lattice LCF is said to be integral, iff (L, L)CZ. If an integral
lattice L is given, (Fg, L, J, B) is a polarized abelian variety for all J in

9(F. §. Put

} —>g()=g"'Jg

Sp(L, B)={7 e Sp(F, §)|T(L)=L}.

Sp(L, B) acts on (F, p) properly discontinuously and two polarized
abelian varieties (Fy, L, J, 8) and (Fg, L, J/, B) with two elements J, J’ of
H(F, B), are isomorphic iff J/, J” are Sp(L, f) equivalent.

The symmetric space (F, p) is actually a symmetric domain. Namely
9 (F, B) has complex structure, which is invariant under the action of g for
every g e Sp(F, B)(R). There are exactly 2 such complex structures of
Q(F, B); one is complex conjugate of the other. Among these two, one
satisfies the following condition.

A system of complex manifolds

A-"5D

is called 1 dimensional family of abelian varieties iff

1) A, D are complex manifolds; z is smooth surjective holomorphic

map;

2) Dis a disc and z is proper;

3) 772 (2 e D) are all abelian varieties.
When such a 1-dimensional family 4 > D of abelian varieties is given,
there exist a polarization of =~'(2), (F, 8, L), and a map ¢: D—H(F, p)
such that

(A= (Fg, L, B, 1(2)) (as polarized abelian varieties)

for all 2 e small neighborhood of origin of D. Such ¢ is called a moduli-
map of 4->D.

O(F, B) is a complex manifold. The complex structure in (F, p) is
characterized as the unique one such that the moduli-map ¢ is holomorphic
in a small neighborhood of origin of D for every 1-dimensional family
A 5 D of abelian varieties (belonging to p).

If a symplectic representation p: G—Sp(F, f) of a semi-simple connect-
ed hermitian algebraic group G/Q, not containing trivial representation,
together with an holomorphic map z: X—§(F, f) of the corresponding
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hermitian symmetric domain X=G(R)’/maximal compact. into the Siegel
half space §(F, B) of (F, B) commuting with symmetries, satisfies the com-
patibility condition:

(@) [r(X)]l=r[g(x)] VgeG VxeX

the pair (p, 7) defines so-called GTAS A over an arithmetic variety V'=1"\X,
if p(I"YCSp(L, B) for a cocompact subgroup I' of G without torsion.
Here L is an integral lattice.

A is defined as follows; The semi direct product I" X ,L, with respect
to the representation p: [ —aut(L), operates on the product manifold
XX Fp properly discontinuously, so that it produces the quotient space
I’ X L\X X Fg, which is denoted by 4. And the natural map of division
by I'X L, from X X Fg to A, is denoted by p. From A4 to V=]"\X taking
the left factor, we have a natural map z. 4>V is obviously a fibre bundle
over the arithmetic variety V with torus as fibres 4, (1 € V) (associated to
the fundamental group).

Take a point 4, € X, we use the same symbol A, for the point in V'
which is covered by 1, € X. Identify z,(V, 2,) with ", then the action of
7,(V, 2))=1I" on the homology group H,(4,,, @)= F of the fibre is nothing
else than p.

Therefore the representation of (¥, 4,)=1" on the cohomology
group H'(4,,, @)="F (dual space of F) of the fibre is the dual representa-
tion p* of p.

The representation of =,(V, 2,)=1" on the higher cohomology group
H"(A,,, Q)= A"("F) is therefore A7(p*).

Since the representation p is always self-dual (-.- existence of 8), the
difference between p or p* is not essential.

In the manifold A4, we can define a complex structure; and 4 becomes
a complex manifold. The complex structure of 4 is canonical by the
following properties.

(1) A5V is holomorphic
(2) The map of E,,, to A defined by po ¢, is holomorphic for every
xe X.

E, 0y =(Fy, 7(X)) —2—> XX Fp

posgx p
A

where ¢, is defined by

o wy=xxu  forallue Fp.
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(3) The complex manifold 4=I"\XX Fg, (which is a covering of 4=
I' X L\X X Fg) is a complex vector bundle E over ¥, where I is identified
with the subgroup I" X {0} of "X L.

A, as complex manifold with this complex structure, is actually a
projective algebraic variety, and r is a rational map. Moreover addition
AX A—A, and inverse A—A are also algebraic.

" Therefore, fibres 4,=x"'() are Abelian varieties. Thus such variety
A is called GTAS over V. (Group theoretical abelian scheme over V).
It has the following properties:

(1) A5V are projective algebraic varieties and 7 is everywhere defined
surjective smooth rational map.
(2) AxXASA4, A4  are also algebraic.

(3) ASVC =-manifold 4>V is a fibre bundle, whose fibres are tori, and
associated to the fundamental group.

(4) Fibres A,=xz""(2) (2 € V) are abelian varieties.

(5) The base Vis an arithmetic variety, i.e., V=1"\X; X=G(R)"/maximal
compact to I'C G, cocompact and no torsion.

(6) The action p of z(V, ))=1I" on F=H,(4,, Q) is extendable to an
algebraic representation p : G—aut(F) of G defined over Q.

Conversely, does the properties (1) ~(6) characterize GTAS? No,
perhaps not. Actually from (1)~(6), we can prove that there exist
(F, L, B), and holomorphic map ¢ : X—9(F, f) and p: G—Sp(F, B), such
that p(N[z(x)]=cr(x)]forall T e I'.

But we cannot prove

® p@lX)]=7[g(x)] YgeG VYxeX
and

(**) the commutativity with symmetries.

If this (*) (**) be true, our 4 must be GTAS. In order to have (¥),
perhaps we must discuss Hecke-operators, densely distributed, beside I".
Anyway, in this note, we use only those properties (1) ~(6) of GTAS.

Satake classified all G and most p which admits some GTAS [6].
Susan Addington, inherited Satake, (roughly) classified all p of G which
admits some GTAS when G is the quaternion type. [2], [3]. For that
purpose, she invented some combinatorix in a finite group ¢, called
“chemistry”. For that, see [2] or [3] [4].

When 45>V is a rigid GTAS over an arithmetic variety ¥'=1"\X, the
space of Hodge cycles in a generic fibre 4,=7z"'(2) (2 € V) is denoted by

HH'(4, Q)  (HH" =0 if r=o0dd)
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and is equal to
H'(4;, Q)= N"(‘F)°

where, F=H,(4,, Q) on which ["=nr,(V, 2) operates; and the operation
is extendable to an action of G on F. Here, A"(*F) is identified canonically
with H7(4,, @): in which ['-invariant part is equal to the G-invariant
part, and coincides with the space of Hodge cycles. (See [1], [4]).

Thus the problem of determining the space of Hodge cycles is reduci-
ble to the problem of determining the space of group invariants. But
unlike the ordinary invariants-theory, this invariants-theory is a bit com-
plicated, because it relates also to a combinatrix of the Galois-group
(“chemistry™).

In this paper, the author tries to calculate dim HH"(4,, Q) in some
examples with simple “chemistries”. We put dim HH"(A4,, @)=dim N"(F)¢
=b, also we put the polynomial > ¥ (b,1"=F(¢) where N=2dim,4,=
dim p,,=dim P. See [5].

In the most of the following cases, G is of the quaternion type. In
this case, the assumption that p which admits a rigid GTAS does not
contain 1 implies that A® *'o p* is also trivial part free; i.e. b,,,,=0 for
odd 2r--1.

Let k be a totally real number field with [k: Q]=m; K be a Galois
extension of Q such that KOk with ¥ = Gal(K/Q), S=the set of co-places
of k on which @ acts transitively. Let B be a quaternion-algebra over k;
and S,(CS) be the set of co-places of k which splits in B. We assume
that Sy,==¢. Then (%, S, S)) is a chemistry ([2] [4]). Take a (maximal)
order o of B, and put

()= e o*|y()=1}

where v: BX—k* is the reduced norm. If I"'CI'(1), I'~I'(1), (com-
mensurable), V=I"\§!'*! is an arithmetic variety, where §=the upper half
plain, of which product §'o!) [ acts as usual. Susan Addington found a
functor

A
s P= X,
| 4

associating a @-invariant stable polymer P in the chemistry (%4, S, S,) to
each group-theoretical abelian scheme A4 over V. Moreover if this Pis
furthermore rigid, then 4 can not have deformations [1]. Conversely, for
any %-invariant stable polymer P in (%, S, S;,) there exists a group theo-
retical scheme A4 over ¥ and a positive integer x such that
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A

—

vV

Moreover Salmon Abdulali [1] showed that H"(4,, @)¢= A"(*F)¢ coincides
with the space HH"(4,, Q) of Hodge cycles in the generic fibre 4, if the
polymer is rigid.

So, in this paper, we are going to calculate

dim /\ZT(L F)G

for our rigid polymer representation space ‘F of ¢, in some special cases.
As notation and notions, we use the same notation and notions as in [2],
[4] except group theoretical abelian scheme.

We called group theoretical abelian scheme a GTFabV there and
denoted it by the notation VU there instead of the notation 4>V here.

> uP.

§ 2. The character-algebra of SL(2, C)

The trivial representation of SL(2, C) is denoted by 1. The class of
the identity representation

x—>xeSLR2,C)

of SL(2, C) is denoted by X. The class of the symmetric tensor represen-
tation of SL(2, C) of the degree v is denoted by X,. Hence X=X, 1=X,.

For 2 classes P, Q of representation of SL(2, C), the class PO Q of
representation is also denoted by P+ Q the class P@®Q of representation
is also denoted by P-Q. Thus the all virtual classes of representation of
SL(2, C) generates a ring # which is generated by X, and actually iso-
morphic to the polynomial ring Z[¢] of 1 variable over Z. The “multi-
plicity” of 1 in P € Z is denoted (P, 1). £ contains 1, X, X;, X;, - - -, and
all the elements P of Z are expressable uniquely as linear combinations
of them with Z as coefficients; and the coefficient of 1 in that linear ex-
pression of P is nothing else than (P, 1).

The multiplicative structure of £ with respect to the above addltlve
structure is given by the Clebsch-Gordan formula: X,-X,=X,, ,+X,,,_,
F Xyt X

For example:

X'=X-X=X,+1
X=X X=X+ DX=XX+X=X,+ X+ X=X,+2X
X=X X=X, +2X) X=X, X+ 2XX=X,+ X, +2(X,+1)

=X,+3X,+2
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X=Xt X=(X,+3X,+2) X=X X +3X,X+2X
=X, + X, +3(X,+X)+2X =X, +4X,+5X

Xi=X, X,= X+ X, +1
Xi=X3 X,= (X4 X, + DX = XX+ XX, + X,
= Xyt X+ Ko+ X+ Xo+ 1+ X, = X, 42X, 43X, + 1
Xi=X3- Xy =(Xs4 2Xs4 3%, + DXo= Xy + Xyt X+ 2(X, 4+ X+ X5)
3K XoF 1)+ Xo= Xy 3X,+ 6X,+6X,43

XX,=X,4+X
XX, =X(X,+X)=XX,+ XX=X,+ X, + X,+ 1=X,+2X,+1

XXI=X(X,+ X, + 1) =Xs4 X+ Xy + X+ X=X, +2X,+2X
X2X2= X (X4 2X,+2X) = X, + X, + 2(X,+ X) +2 (X, + 1)
=X, +3X,+4X,+1

Lemma. If n>0 is an even integer X" is a linear combination of
1, X5 Xy o+ oy Xows - - -5 X, Of even suffixes 2k, with positive integers a,, as
coefficients, and a,=1; i.e.

Xr=al+aX,+ - +ayXp+---+X, Z3ay>0,a,=1

If n>0 is an odd integer X™ is a linear combination of X, X;, - - -, Xpp 11
-+, X, of odd suffixes 2k + 1, with positive integers a,; ., as coefficients, and

a,=1;ie.
Xt=a, X+ a, X+ -+ @i Xogsr+ - +X0 Z3y.,>0, a,=1
Proof. By the induction on n. 0

Definition. If a representation P of SL(2, C) is a linear combination
of 1, X,, X,, - - - with non-negative coefficients, P is said to be even.

Lemma. For m,ne Z, n>0, m>0,

X™ is even > n even

. —
XX} is even Z n even.

Lemma. For n,me Z, n>0, m>0,
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(X", H)>0 Z neven
(X"X7, 1)>0 2 n even.

Easy.
Lemma. For integers v=0, =0,

1 y=p
0 v

§ 3. The character-aigebra of (a product of) SL,(C)

For each atom « ¢ S, we prepare a Lie group G,=SL,(C). The
product Gg=[],es G., is isomorphic to the complex form G(C) of G. By
this isomorphism, G is considered as a subgroup of G;. i.e.

G —> Gy

For an atom « € S, the projection to the e-th component G, of Gg=[[G,
is a 2 dimensional representation of Gg. The class of this representation,
we denote that by p, or «. The corresponding representation space, we
denote by W, or by @. For a molecule X={a, §, - - -, ) the represen-
tation (class) «@BR- - -®w of Gy is denoted by p, or by X. The cor-
responding representation space, is denoted by Wy or by X. For a polymer
P=3%,_, X, the representation class X;®- - -@ X, is denoted by p, or P.
The corresponding representation space we denote by W, or P. Finally
symbol @ is often abbreviated as 4 ; and symbol & is often abbreviated
as ». For each non-negative integer v, and for each atom « e S, we put
a,=X,0a: G5G,=SL,2, C)B3SL(v+1, C). In particular, a;=a, ay=1
for all @. Then 1, a;, oy, 5, ** 5 s> Pos Ba» ** 5 T1s Tap 15, - -+ are in the
commutative ring Z(S) of the all virtual representation-classes of Gg; Z(S)
is generated by them, in fact, they are spanned by the product: a, f8,,7,,* * -
of them: i.e.

a. e”Z

®

'%(S) 3 P; P:Z a»auﬁ---vmava‘svﬁ o,
(v)

This linear expression is unique, and (P, 1)=aq,
multiplicty of 1 in P.
The function:

o, is obviously the

.....

P (P, 1)

is an additive homomorphism of Z(S) to Z, but unfortunately, it is not
multiplicative, but we have
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Lemma. IfP(a, B, -, »), O, 9, « -+, ) has no letter in common,
then

(P(a, Tty OJ)Q(S, MY C)’ 1):(P((X, ) w)a 1)(Q($a M) C): 1)

Easy.
The multiplicity (P, 1) is also denoted by

(P, 1)=I- : -fP(a, o w)da- - -do.

If we take the maximal compact subgroup G,=SU(2)"™ of G=
SL(2, C)™ and if we write the Haar measure of G, as do - - - dw, normalized
with | ---| da---deo=1, the above symbol of the multiplicity acquaires

Gy .
reality. ILe., identifying the representation P with its character functions
tr P,
(P, 1)=J. . .fp(a, co,0)da- - -do

is just the orthogonality relation via the unitary trick.
If P involves variables o, 8, - - -, w; &, - - -, 7, obviously we have

Lemma.

I. . I q . .Jp(,x,ﬁ. 0, & p)da- - -dw)d&- --dyp

e[ ([ [ Pl e )i
:‘[‘. . .Ip(a. pda- - -dy.

This is because tr(PQ® Q)=tr P-tr Q, tr(P+Q)=tr P+tr Q and Fubini’s
theorem.

§ 4. Chemistry and abelian scheme

The fact that a G.T. abelian scheme 4>V =T"\9'S*' over V, cor-
responds to a polymer P implies the fact that the action of I"'=mr(V, 2),
(2 is a generic point of V) on the cohomology group H*'(4,, Q)= A"(*F),
(‘F=Hy(4,, Q)), is extendable to a Q-representation p{’ of G, which is
C-isomorphic to 4(pp).

Now, therefore, if

3
P:§Xi Xiz{a’z"ﬁh "'w"l)t}
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then ‘F@C has a unique subspaces Fy,, Fy,, - - -, Fy, such that
Q
k
tF®C=@)FXi Fr,=Wy, (=X)

Therefore:

N(CRH)®C=N(FRC)=/N\"(Fz,®- - -©Fx,)
= @ A )ON(Fr)®- - QN "Fx,)

TitrateeeTE=T

Now if X={a, 8, - - -, ®}, there exist two-dimensional C-linear G
spaces Fy,,, Fx,g *  +, Fx,, such that

FX:FX,a®FX,‘B®"'®FX,w; FX,aEWw "':'FX,awEWm

as Gg-spaces. Now, in order to compute

F(t)=3b,1" =3 dimgl A"(F)°1t" = 3 dim[ A" (F)° @ Clt”
3 dim [ ATCFR O,
we define:
G(1)=3" dimg A"(FRC)1"
3 1dim AT(Fy) 17 dim AT(Fy )7 - -dim AS(Fy) e
and

Ht)= © A"Fx)t"®@- - - QN F)t'=f(Fx)Q - - - Of(Fy,)

TiveeTE

where f(Fy)=> 2Fx \"(Fy)t™ is a formal polynomial of ¢ with the G
vector spaces as coefficients.

§i5. |X|=2
Lemma. For two linear spaces A, B over a same field k.
N(AQB)=Z[N(A) R SYB)ID[SHA)® N*(B)]

where SYV), NXV) are the spaces of symmetric and alternating 2-tensors
nVv.

Well known. |

Putting X={«, B}, since Fy= Wy=af, we have
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Lemma. A°(Fy)=C
N (Fr)=Fy=af
/\2(FX) 5“2""132
N F)=ap
N(Fy)=C
The first, second, fourth, fifth formulas are obvious.
lemma,

N(EFD= N )= N(@@ B = (A ()@ S (B) D (SH(@) @ NH(B))= s+ a,.

Because of the last

Therefore
4
f(FX):ZO N (F)t"=CHaft+(a,+ ) * +apt*+Cr*
=(1+tH1+ @+ ) af+ o+ 16,
where 1 means the trivial vector space C over C. We write this by f(«, 8):

1.C.
SFD=fla, =1 +191+(t+1%) aB+ oy + 15,
14+t -0 /1
=L a,a))] 0 ¢+ 0|l B |="aPp,
r’ 0 0/ \",
where
1 1
a=| «a f=| B | etc. and
[24) ,32
1+ 0 12
P=f{ O t4+1* 0}
1 0 0

For the later purpose we put
1 1 24 [¢4)

Ma=|ea|l,a,a)=|a aax aa,].
[44] Ky X s

Because of the Lemma we have

f M(da=E  (3X3 identity matrix).
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We put for a non-negative integer v

a

fla, By =[A+ )N+ + 1)+ t'a+ 18P ="a,P,pb,

where
1 (1
. ]; iﬁ}
1R
azyJ L J

and P, is (2v-+1) X (2v-+1) matrix, of which entries are polynomials in ¢,
of degree 4v. Similarly to M («), we define for non-negative v

( 1 a Qe U,
[24
M(a)="14, &=
alaj
\a2v Ay, 0o,

This is a (2v+1) X (2v+ 1) matrix, and
f M(da=E  ((2v+1)X(2v-+1) unit matrix).

Also we define P, ,, the (v+1)X(v+1) matrix which consists of
even-th rows and even-th columns of P,, and define P, , the v X v matrix
which consists of odd-th rows and odd-th columns of P,.

Then

P,,"‘"Py,g‘l"Pu,l
and
P?~P7 4+ P™, tr Pp=tr P},+tr P},

For small 'S, P, P, ,, P, are

1+t 0 ¢’
P,=P=| 0 t+2 0
t? 0 0

I4+1* ¢t
P1,o=< o )a P1,1=(t+t3)
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142684415418 0 37434 43¢0 ]
0 2t 61346154217 0 213 +2t5
Py=| 31'43t*+3¢° 0 P4t 410 OI
0 2004265 0 o o]
r* 0 0 0 oJ
L+e2 68441041 3124 3¢ 3% ¢t
P, ,=| 3t°4+3¢*43¢¢ ti4- 4ttt 0
¢t 0 0
24+ 6134+ 61°4-2¢" 213 4-21°
“~< 265424 0 )

§ 6. Cyclic case, p=1
Let ¥=Z,={0,1, ---,n—1}, P=> gX, X=0,1). Put O0=q,
1=8,2=7,3=4, ---,n—2=y9, n—1=0, X,={, i+1), n=0: then

Pzng=X1+ st +Xn—1={09 1}+{1) 2}+{29 3}+ e +{n—19 0}

={a, B} + {8, T} - - - + {7, 0} +{0, a}

H)=f(Fx)f(Fx,) - - - f(Fx,_)=f(a, )R, NS, 0)- - - f(n, ©)f(w, @)
='@PBAPTPS- - -Pd'@P=tr QPSP - - Pd'OPQ)
=tr(PBBPFT - - - PirdP Q).

Now put §=M(B), - - -, d'd= M (), then

1 1 o
M(@)=d'd=| a |(l, x, )=l oo an,
[44] Ay Qe Oty
and
H@)=tr(PM(B)PMT)- - - PM(0)PM(a)),
therefore

F(0)=(H(0), 1)= f , f H(t)de- - -do
=tr<P (j M(ﬁ)dp)PjM(r)dr- P J M(w)deIM(oc)da)
—tr(PE PE- - - PE PE)=tr(P".
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. 1+¢+ ¢
Now since: P~ . 0 ®(t+1°),
the eigen polynomial of P={Z*— (14t Z—t*H{Z—(t+1¢°)}. Eigenvalues
of P are

1o A1)+ I46r0 18 ﬂ=(1+r‘*)—«/1+6t4+z8

=413
2 2 p=tt

Therefore for even n=2m,

P) T LEsE | 48\ 2 4 1 L A+4 | 48\ n
:<(1+t)+«;1+6t+t>+<(1+t)—«;1+6t+t) (Y
2

=2 [ﬁ)(z’; )(1+t4)2k(1+6t4+t8)m—k]+(t+z3)n.

It is also determinable recursively by:
FO 4 g fOD 4 g, fOD 4G f@D 20 (n=3,4, -- ).
from f®, f® @ where
f®  =tr(P") e Z[t]
fEO=141"4+10¢*+13+1°

fO=1+1
fO=3

where
g,=0,(t) e Z[t] (i=1,2,3)
are coefficients of the characteristic polynomial

Z*+0(t)Z*+ 0,(8)Z+ 04(t) = det (ZI,— P)
=21+t + Y2+t 4+t — - 13- N Z -+ (1P 4-1).
Therefore
g(t)=—1—t—t°—14,

o (t)y=t+t*—t*+ 1341,
g (t)=1"+1".
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For example:
O = —a(O)fPt)— o) V() — () fO(2)
=14t4+2+tH(1 4+ 2+ 1084+ 1°4-15)
—(+ =t )+ 1) — (4173
=144 1204612654617+ 12484 1041104112
fOD =0, =00 f O~y f©
=(I4+1+2+A++ 0+ - +17)
=@+ =+ ) (I 2+ 100+ 0417 — (1) (1419
=144 24 15t 67+ 112°+ 7"+ 418° - Te° + 1117
461 15 Bt

§7. Cyclic case, u=2 or =2

f¢=27,={0,1, ---,n—1}, X={0, 1}, P=2 3, gX=2{0, 1} +2{1, 2}
+ - -+2{n—1, 0}, it is treatable as if p=1 if we count the same molecule
twice in P i.e.; put X,=X,={0, 1}, X,=X,={1, 2}, X,=X,={2,3}, - - -,
Xon-1= Xy ={n—1, 0}

P=X+X+Xo+ - +Xpn_s+Xon1

Therefore: by putting =0, =1, - - -, 0=n-—1,
H(@t)=f(e, B)f (e, B)S(B, (B, NS, 0 (T, )
T f(779 a))f(v’ w)f((‘)9 a)f(w’ C()
=f(a, BYf(B, 1) f(1, 0) - - -f (5, 0} f (o, @)’
='@,P, z,ézt,ézp 27;21:?2}) 252 T t%P 2D Dy Pocty
='q,P, 2M2(.B)P 2Mz(r)P 2M2(5) --+P 2M2(w)P e
=tr(P,My(B)P,My(¥) - - - PyMy(w)P,My(ax))
Therefore:

F@)=(H(), 1)
- I . J tr(PMy(B)PMA(Y) - - - PuMy(c)deed - - -do
=tr(P2( Mz(ﬂ)dﬁ)Pz( M(r)dr)- : -Pz( M(a)doz))
—tr(P,EP,E- - - P,E)=tr(PY)

Similarly for general y;
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F@t)=tr(P7).
Therefore, they are determinable recursively by
SO+ af S f N - a, fP=0

for n=m from £, - - -, ™V where

fr=frO=tr(P}) e Z[t]

fO=meZ
and

g1=0y(t), -+ -, Gn=0,(t) € Z[t]
are coefficients of the characteristic polynomial
Z"+0(t)Z" 7+ o277+ - - - +an(1)

of the matrix P,, where m=2u+1.
For small ¢ and n, the values of tr P} are

tr Pl=1-4+2¢+42¢* 46134 10244 61° 4+ 2¢° 247 18

tr P2=1-4+612456¢*+126¢°+210¢° 41268+ 56¢2 4 61 |- t'¢

tr Pi=1-4-414-82¢*+452¢°4-2600¢° - 820811 20574¢* 4 33224
4407902 + 332241+ 205741 4 82081% + 26001* 4- 452z
48218 | 4430 %2,

‘We write here the characteristic polynomial of P,:

(142246t F 15412 0 32430443 0 t“]
| 0 2t+ 61346174217 0 21342t 0

P,= 312 4-3¢4+3¢¢ 0 R VAR L 0 0
| 0 2134218 0 0 0
L tt 0 0 0 0
"’Pz,o@Pz,x

where
142460410 41%  3e24-3¢443¢5 ¢
Py o= 3t*+3t*+32° 1241t 8 0
tt 0 0]
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_(2+6t3-|—6t5+2t7 2t84-2¢°
ne 218424 o )

Therefore the characteristic polynomial of P,=the characteristic poly-
nomial of P, , X the characteristic polynomial of P, .

The characteristic polynomial of
Z—(14+1246t*+1°41% —Br*+3t4 4318 —r*
P, = — (324344319 Z—(*+4 1% 0
—tt 0 VA
=[Z—(14+246*+ 1+ 1)][Z —(*+ 4t*+19]Z
—t(Z—(*+4t*41%) — (3¢2+ 314 - 3¢%)°Z
=27~ (14224 10¢*4-2¢° 1% Z*
(2?4t =Tt 21— Tt 4t 1 Z L (£ 412 )
The characteristic polynomial of
p Z (2t +61>+61°4217) — 213+ 219
B —(2t° 4219 z
=27 (2t 46>+ 6t°+2t")Z —(41° 48154 4¢)
Therefore the characteristic polynomial of

P, =[Z*—(1 426+ 101*+ 2t 19 Z*
F (24t —=Tt® =22 =Tt — 4t - ') Z + (10 + 41+ t1)]
X[Z*— 2t + 68+ 61°+2t")Z —(41°+ 8184 4117)]

=2Z5—(1+4+2t+262+ 615+ 10¢* 4 61°+2¢° - 21" -t5) Z*

42t +174-102° —41* 4381 — 1125787 — 10£°4- 78— 11¢1°
43811 — 41 - 102 -1 -2t 1) 23
H (26342054104 32¢"++ 16¢°+ 6817+ 611 76¢ + 100£*
47614611+ 68814 168"+ 3241+ 418 - 2110 —2¢*) Z*
4 (—4234-8¢10 241 - 5612 — 141" - 808 — 3217+ 72218
—32¢"74- 801" — 14£2° - 561 — 21* 4 81 —41™)Z
— (411424184 4012 + 2417 + 41,

Let & be an arbitral finite group. Assume in this section, that

S=¢ and the action of ¥ on S(=%) is the left multiplication. We are
still assuming that | X'|=2, and put
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X={a, &}.
Take the unique element /2 € ¢ such that £=hAw. Then it is easy

P=3 gX={a, ha}+{ha, Pa}+ - - - +{h"'a, a}+{B, hB}
+{B, BB} - - - +{h" B, By {7, BT} - - -
HAETT 1 Ho, o+ - {7, 0)
where:
n=the order of 4 in ¥ (=the smallest positive integer n such that
h =1
k=|9/H|
g=1,g, g, -, g,=representatives of ¥/H
B=gw, T=g, - - -, 0 =gy, h=ghgy", hy=g:hgs", - - -, hy=g,hgi*
H={l,h I, -- -, h" '}=the cyclic subgroup generated by %

And, in this case, by the same calculation as before,
2dim Ay
F(t)= >, dim HH'(4;, Q)t"=(tr P™)*,
7=0

Where A5V is an abelian scheme belonging to the polymer P=) gX
and A4, is a generic fibre in that. In the same way, if we taken an abelian
scheme belonging to P=p > g, with higher #>0, F(¢) becomes:

F(t)=(tr(P7))"*

§8.

If @=:8, the calculation will become difficult, and only for some ex-
amples we can calculates the dimension of G-invariant cycles.
I) Edges of a tetrahedron.
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@ =tetrahedral group= 4,

P={a, B}+{a, TH+{a, 8} +{B, 7}+1{8, 6} +{r, 6}
F(@)=(f(e, B)f (@, NS (@, )f (B, NS(B, DS (T, ), D).

Lemma. ((@+bX+cXy)(@+bX+c'X)(@’+b"X+c"X,), )
=ad'a’ 4 (ab’b” +ba'b"” +bb'a’’)+(ac’c” +ca’c”’ +cc’a”’)
+ (b’ +ceb'c” +ec’b)+ec’c”
Calculation O

We put this 3-linear form

a b ¢
d b =aa’a”+ab’b”+ba’b”+bb'a”+ac’c"+ca’c”
aII b// cll

+ec’a’ +be'c” +ceb'c” +ceb'c” +ce’b” +cc’c”.

We put furthermore,
Definition.

{4, B, C}=tr(PAPAPA)+tr(PAPBPB) X 3+ tr(PAPCPC)
X 34tr(PBPCPC) X 3 +1tr(PCPCPC)

for three 3 X 3 matrices 4, B, C.
Fo)= [[[[76.010. 956, S )@ 1f @, D) dadparas
- f J f tr (PM(r)PM(3)PM(B)) U {(@+ cBo) +bpar+ can}

X {(a+cT2) + b+ canl{(a+ ¢6,)+ bia+ cag}da] dpdrds

a+tcp, bg ¢
=”J tt(PMT)PMEPME) |a+cr, b7 c|dpdrar,
a-+cd, bo ¢
where a=1-41¢*
b=t+1?
c=t*

~[[[ e@m@PMOPME) X0+ B @+ e @+ )



392 M. Kuga

+{(x+cB)brbd+bB(a+cr)bd +bpby(a+cdy,)}
+{(a+cBcc+c(a+cr)e+ccla+cdy)}
+{bBcc+cbrc+ cchdt+cecldpdrdd

- f J J tr(P(al -+ cBM(B)P(al +c1,M(1))P(al +c5,M(5))dpdrds
+ f J J tr(P(al +cB.MB) P(r M(1)P(GM(8))d pdTd3
+ m tr(P(bBM(B)P(a-t T, M(1)) P(b5M(3))dpdrds
+m tr(P(bBM(B)) P(bT M(1))P(al 4¢3, M(8))dBd1d5
+[[f wp@+ B M(BYP(CM(T)P(cM@)dfdrds
+j j f tr P(cM(B)P(al + T, M(N)P(cM(G)dpdTds
+ ”f tr P(cM(B))P(c M) P(al -+ c8,M(5))d pdrd3
+f J f tr P(bBM(B))P(cM(N) P(cM(3))dpdTds
+ I” tr P(cM(B))P(b1 M(V)P(cM(3))dpdrd3
+ f f f tr P(c M(B)) P(cM(1)P(b3M(5))dpdYd3

+”f tr P M(B))P(cM(1))P(cM(3))ddrdo.
Defining matrices A, B, C, by
f (al + X, M(X))dX = A
f bXM(X)dX =B
f eM(X)dX=C,

we have
F(t)=tr(PAPAPA)+tr(PAPBPB) X3 +tr(PAPCPC) X3
+tr(PBPCPC) X 3+tr(PCPCPC)
={ABC}

In order to compute these matrices 4, B, C, we put:
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Lemma.
01 0
jXM(X)dX: 1 0 1]=k
01 0
| 00 1
IXzM(X)dXz 01 0|=s
1 0 1
then obviously
a 0 c
A=al+c¢J=|0 a+c 0
c 0 a+c
0 b O
B=bk=|b 0 b
0 b 0
¢c 0 O
C=cl=|0 ¢ 0 .
0 0 ¢

where a=1+1t*, b=t+41° c=1%
Now

tr(PAPAPA)=tr((1 +t)P+1t*PJ)), (A= +4tY,+2T)

1+t 0 ¢ I+t 0 B\ /0 0 1\\°
=trl[(A4+H] 0 ¢4+ O)+¢ O 42 O}JO 1 O
1’ 0 0 1’ 0 0/\1 0 1
14322414 2024 t4+2¢° 3
=t I teT G—)(t+2t3+2t5—|—t7)>
tr4-1° t*

1413242645218 2244420251118
[+9t1"+81t’2+9t“ 45710423112 4 57
520142418 4 13720 4 11£% 4207184 ¢20

=tr| +* +21% (26004265417
| 2410604254284 2744154 14254612
| 4201242871 41 425714 6114 14710
L+10118—|—122 RPN, LY

=143 150+ 615+ 3¢5+ 18174 66¢°4-35¢° 4 15¢10 4481 - 1061

448 4 15 35 - 66118 1811 3484 640 15420 7 1%,
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On the other hand

Lemma.
1+ 0 /0 1 0 0 1422+t O
PK=| 0 t+¢* 0|1 O 1|=|t+¢ 0 t+1°
* 0 0/\0 1 O 0 t? 0
14+t 0 3 /0 0 1 2 0 14241t
Pi=| 0 ¢+ 0]|l0 1 0]=|0 z+¢° 0
t* 0 o/\1 0 1 0 O t*
Calculation.

Now, since A=al+bJ, B=bK,
tr(PAPBPB)=atr(PPBPB)+ctr(PJPBPB)
=ab*tr(PPKPK)+cb* tr(PJPKPK)

— ab*tr(PKPKP) - cb*tr (JPKPKP)
=tr((ab*l,+ cb*J)(PKPKP))

and
ab’l,+ e =1+t + 3 L+t (t+ %)
(1) (415 0 (1) ]
- 0 (1 + 2 1Y (14 1) 0 |
| £+ 0 (1+t2+t‘)(t+13)2J
(42 4 8
t* 43+ 418
- 0 +—§t5+-th° 0 =0
2 4 6
Lt‘*+2t‘5-;—t8 0 t_{_'gt%t_gﬁft
and
0 1+4+e2+t* O H 0 142242 0 J(14+2 0 7
PKPKP=it+t* O tHeft e+t 0 t+e2f] 0 422 0
. 0 t* 0 0 t* oJL# 0 0
(142419 I+ ( . 2
X (1419 0 S | LA
= +HA+£24+1H
0 (1)1 0 0 +* O

| ¢+t 0 e+ JL et 0 0
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3 5 7
:j’;tﬁ_:“t?f +3t 0 t3+2t5+2t7+t9]
= 0 24t 6154418 0
+t11
13420542t 410 0 IANN
hence
2 4 6 8
t_{_j_mZt 242 0 144208418
2 4 6 8
O(PKPKP)—= 0 t—l-—:“?t +41°43t 0
. 61 .8 24344154318
tr 21841 0 g J
2 5 7 h
fﬁgfg;ﬁf +5t 0 P22
X 0 1244144615 ++4¢8 0
+t10
P25 4217410 0 A
(t3451°+ 1417+ 27¢° 544174914 141" )
43713713 4-27¢%° 0 41484915 1 4477
4+ 141 5194211 4
14471542218
_ 0 +41£1°4 501 0
= 441142248
7t18 20
2¢° 41074+ 24¢° e . 1
361" 4 36154 247 o A48 L4
1007426 +14t’3+8t15+2t"J
Therefore

tr(QPKPKP)=t*4t*+ 515+ 7t°+ 161" +22¢°+35¢° 44114 51"
450812 4-51¢18 4411443581224+ 16217+ T
R R S T A
Therefore
tr(PAPBPB) X 3=tr(QPKPKP) X 3=3t*+3t*+ 15¢°+21¢°+48¢7
+661° 410522+ 123704 153¢" +150¢"2 4 153¢%- - -
Lastly

tr(PAPCPC) X 3+tr(PBPCPC) X 3 +tr(PCPCPC)
—tr(34PCPCP)+tr (3BPCPCP)+tr(PCPCPC)
—tr(3t*AP%)+tr (3t*BP?) +tr (1°P?)
—tr((3t*A+3t*D+1°I)P?).
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Now we put
3t*A+-3°B+1t°I,=R,
then our 3-ple sum is equal to tr(RP?), and since

(3244154 3¢° 3t5+3¢7 kI ]
R=1| 334317 3°+4¢°543¢° 3154-3¢7
L 3t° 3654317 3t'441°4-3¢°

(14+¢+ 0 t*)®
Pi=| O t+t3 0
| 7 0 0
(14-5t44-51041" 0 24310411
= 0 B304 374 1° 0 R
ti4- 3010 0 et
We have
(3t*4- 15+ 3¢° 314317 3z¢
tr(RP%)=tr| 3t°+3¢" 31444154328 3154-3¢7
L 3¢t 3¢5 4317 3¢t 4-41° 318

145¢4 53¢ 0 £ 3184110
X 0 1243543710 0

243520 0 tt418
3445421284561 3¢ 12010418212 3845 4-15¢% )
4397124 5414421426 41281443116 43¢t 1501
+t18+3120 +t16_l_3t18
=tr 3t74+13¢° 424"
? 4248 4 13¢% ?

+3t”

9 9 61° 411+ 151
: ’ + 41446110 1,

=3¢t 037 2718 1310 4- 910 - 2411 4- 54412 - 24118 -9
13385427410 3117 1181 3¢ 20,

Therefore

tr(PA)+tr(PAPBPB) X 3 +tr(RP®)=(144t*+21¢*+211°+25¢°
+69¢7 4159284153274 147¢1°4-225¢ " + 310412 - 225¢ 18 4- 147¢ 1
4+ 153684 159104 6917 4258 4214 21 ¢ - 427 + ).
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This is the F(¢). This polymer is not rigid for any S.
II) Hexahedron '
T

% =hexahedral group= S,

P={a, B}+{8, 1} +{1, 8} +{3, o} +{a, E}+{B, 7} +{1, 3 +{0, 0}
+{& n}+{n, 3+{G o} +Ho, £}
F(t)=(f(a, B)S (B, NS, 0)f(3, ) f(er, S (B, S (7, DS (6, 0) (€, )
X f(9, OfC, 0)f(, §), 1)
=([tr(PM(a) PM(B)PM(1)PM()][tr (PM(§)PM () PM(Q)PM(w))]
X fle, OB, DS, DS, w), 1)
Lemma.
tr(ACB)tr(4’C’'B")=tr[(ACB)®(A'C’'B")]
=tr[(4®4)(CRC)(BY B
Obvious O
Therefore
F(t)=(tr(POM(ax, )PP M(B, ))P O M(¥, )P P M(3, )
X fla, )@, DS, Of(3, w), 1)

where: PO=PRXP
M(X, Y)=MX)Q M(Y).
Now

Lemma.

ﬂ AM(X, V)Bf (X, Y)dXdY = A[al ® | +bK® K+c(J® 1 +1®J)|B
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where a=1+1*, b=t+1°, c=1t* and A, B are any 1 X9 or 9 X1 constant
matrices and
1 X X 1 Y v,
MX, V)=MX)QMT)=|X X xx|o|y ¥ vy
X, X,x X: Y, ,Y Y
Since f(X, Y)=a+bXY+c(X,+ Y,),

IM(X)dX:la
01 0
IXM(X)dX:K_—_ 1 0 1
01 0
0 0 1
IXzM(X)dX=J= 010
10 1

J AM(X, Y)Bf (X, Y)dXdY
=A( j f (@-+bXY+dX,+ Y)M(X) @ M( Y)dXdY)B
—4 [a I M(X)dX®I M(Y)dY+b j XM(X)dX@I YM(Y)dY

te f X,MX)dX® j M(Y)dY+c [ M(X)dX@J Y, M( Y)dY]B

=A[al,@1,+bKQ K+ c(JQ 1,4+ 1, J)]B.
Q.E.D.

Therefore
F(t)=tr(P®QP®QP®QP®Q)
where

0=al®1+bKRQRK+c(JR1+1RJ)

(141 )
1+ 0
144
1444
= 1414
1424

141
O 1-41¢*
L 14+ |
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010
101
010
010 010
+@+tH|[ 101 101
010 010
010
101
010
L
(o001 ( 100))
010 0 0 010
101 001
001 100
412 010 + 010
101 001
001 100 1 0
010 010 0 010
101 001 001 ]
(1+4+2* 0 t? 0 t4¢ 0 r 0 0
2
0 1+J;f 0 |t+2 0 42| 0 £ 0
2 1+41¢* 3 2
t 0 Tt 0 t+t¢ 0 0 0 t
2
0 ¢41¢8 0 :_";f 0 t? 0 t+¢° 0
2
—|t+2 0 t+13| 0 l_:‘t%t 0 t+t* 0 t+4-¢°
3 2 1+2¢2
0 t+t 0 t 0 oy 0 t41? 0
9 3 1+41¢* 2
t 0 0 0 t+t¢ 0 T+t 0 2 t
0 £ 0 |t+£* 0 t+e2| 0 1_;%’ 0
2 3 2 1+2t2 '
| 0 0 t 0 t+¢ 0 t 0 T

J



400 M. Kuga
Now
1+¢¢ 0 t2] 1+ 0 t?
PO=PRP=| 0 t+1* 0l®| 0 t+¢* O
¢’ 0 0 t* 0 0
(14142 0 (4% (14t 0 )
4
0 (;J(rfff) 0 0 0 Do
(149 0 0 t 0 0
3
i 0 o
= 0 0 @+ 0 0
(t+32 0 0
1+t 0 tt
0 ¢+t 0 0 0
tt 0 0
. 5
(lf;ez’ 0 40 frer 0o
3
o " SR 0 0 4150
12418 0 0 tt 0 0
l:ii}‘t{13+tﬁ 0 AL
. 2 4
= 0 0 ’;;,2’ 0 0
A 0 0
ti4-tt 0 rt
0 13418 0 0 0
.t 0 0
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0 0 o 0 FEN. 0 o 0 o +7)

1+ 1+ 1+ ,07+
w & 8 8 6 '
0 o T 0 T+, 0 T+ 0 JT 0 0
14,17+ 17+ 7+
u 6 2 8 0

’ 0 oy 0 ggtag 0 gt 0 JE o7
J+ J+, 07+ o+
Nt Jt2 JTH! JT+?

Y

o +.0e+ Jt. e+ oI +o19+ oI+ o+, +

JE+g2 JE+? A JE+ 1 JE+7
ean S&leleT S‘NIT
g€+ oip+ JT+ 0+ St €+ olv+
e+ 2 oIp 1T JT+1 A€+ 1

1 JT+ o T+ ol +

’ o +4IT JT+ ol o+t o€+ 7
ol t+ ol + eIt +
JTH. v+ JE+ v+ JE+ Iyt S v+
I +e1T JE+,2 €+ ,1 JT+1

o}t wl e+ ot +
iy J o5+ IS+ a5+ d oI5+ wl e+
YR e 1 o B 14 JE+1 R 4 IS+ 1)

=0wd
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We put this P® Q= A, then
F(t)=tr(4%).
Since 4 ~A,+ A,, where
(145644 51° 26+ 1* t4+3t2 4565 26741t

+2t10 +t11 +2t10

pE 354410 gt g8 134218 2t 4-¢°
427 L 2¢8

A= £343¢° 154318 2+ 4144 61° 134380
PP 3020 2t -6 134213 tt4-r®

+2¢8 4287410
|15 4-1£° ¢t 15417 t®
(t+208 145417 P34 4 1243140
+2t9+t11 +3t8+t10 +3t8+t10
1234410 P23 415 20344454447

4378420 447280 421°
A1= +t11

tr4- 21018 2205427 0417
+1°
Le3 20542074 ¢° ¢4+ 4-205 418 42088

Therefore

F(t)=tr(4f) +tr(4)).

N 45t 45743 4 5¢0418

A3 374 4 34710

3t 4418
+}-3¢8

tﬁ

1343154317

+1°
t6

0

234415+ 417

+2¢°
1243t 418
+3t8+t10
tr 26548

t5+t7

N\

J

We know that for odd power ¢* the coefficient C, in F(t)=tr(4*)=> C,*
is 0<C, =dim A*(F)*<dim A*(uF)%=dim H*(4,0)=0, for a large pu.

So we calculate tr 4*=73" C,t* only for even power.

We put A7 =the even power polynomial part of 4,.

(14544518 2¢%4-t*45¢° 0 et 4144518 3144448
+t10 +l‘8+2t10 +t8+2110 +3t8
124384120 tir® 0 2t 48208 g8

= 14441618
PR30 4110 2t g5 2r° 0 tt4-18 1°
| 141 t° 0 1t 0

1
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We put 4; =the odd power polynomial part of A4,

,

43134 5¢°

0 0 567430411 0 0
0 o RHEE 0
=|t*+324-3¢7 * 3054317 0 1235437 $3 3154317
+1£° +7 + +1
0 0 tj_—;2ﬁ+2t7 0 0
[ 0 0 141 0 0
Ay=A7 +A4;

Ai=A*+ Ay Ay + Ay AF + A *
A=A+ AP A7 + AT AT AT + AT AT+ Ay AT AT+ AT A7 AT A
+AF Ay A7 AS + Ay A5 Ag A5 + A7 A Ay AT + A7 A7 AT Ay
+ A7 AF A Af + A5 Ag Ay Ay + A5 As AT AT + A A7 AT Ay
+ A7 Ay Ay Af + A5 A7 A5 A7
=AM+ Ay AF Ay AT Ay + AT Ay Ay A7 +-Ag AT AT Ag
+ A7 AT Ag AS + A7 Ay AT AT + AT AT A7 Ay
(mod odd power of ¢).

tr Ag==tr Afttr Ayt 4-tr(Af Ag AF A7) X 2 +tr (452457 X 4.

Now since
fa(1, 1) a(l,2) 0 a(l, 4) a(l, 5))
a2, 1) a(2,2) 0 a(2,4) a(2,5)
Af = 0 0 a(3,3) 0 o |,
a4, 1) a(4,2) 0 a4, 4) a(4, )
la(5, 1) a(s, 2) 0 a5, 4) a(s, s)
[0 0 b(1,3) 0 0
0 0 b(2,3) 0 0
Ay = b b 0 b b
0 0 b(4,3) 0 0
| O 0 b(5, 3) 0 0
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a(l, )=1+5¢*+5t4+¢" a(l, 2)=2t*+t*4 515+ 1421
a2, D=1>+3¢+¢* a(2,2)=rt*+1*

a(4, D=1"431°4 1 a(d, )=2t*4+1421°

a5, N)=¢*+41° a(5, 2)=1t*

a3, 3)=1"+4¢* 615441541
b(1, 3) =143t 56545174 3¢+
b2, )=1>+2t°+2t"4-1°
b(4,3)=1" 426542t 41¢°

b(5, 3)=1"+1"

b =3 304370, (
0 0 ¢(1, 3) 0 0 )
0 0 c(2,3) 0 0 {
Afd;=1a@B,3)b a(3,3)b 0 a(3,3) a(3,3)b|=B
0 0 c(4, 3) 0 0 |
L o 0 c(5, 3) 0 o |
where c(1,3)=> a(l, k)b(k, 3)

c(2,3)=> a2, k)b(k, 3)
c4,3)=> a4, kb(k, 3)
e(5,3)=> a(5, kb(k, 3).
‘We put this matrix B.
tr(BY)=trd; Ay A Ay
=c(1, 3)a(3, 3)b+¢c(2, a3, )b +a(3, 3)c(, 3)b
+a(3,3)c(2, 3)b+a(@, 3)c(4, 3)b-+a(3, 3)c(5, 3)b
+c(4,3)a(3, 3b+c(5, 3)a(3, 3)b '
=2[c(1, 3)+c(2, 3)+c(4, 3)+c(5, 3)]a(B, 3)b
=2[>" a(l, )bk, 3+ > a2, k)b(k, 3)
427 a4, kYbk, 3+ a5, k)b(k, 3)]a(3, 3)b
=2[2 (a1, k) + a2, k)+a4, k)+a(5, k)b, 3)]a(3, 3)b
=2[(1 4202+ 61+ 61+ 61° 420+ 1)
X (243245674 56+ 317+ 1)
+ QA T 454200 (4 2654 27+ 1)
+ QeI 41 T 4 20 (P 2654287 19)
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+ (Bt 604+ 3 (P 1N (P 4t 6544154 £1)
X (34343174 1%)
== 25 (04 1225+ T4 3421+ 114413 4 2994115+ 62561
1 1054612+ 1441017 1 159833+ 14410¢2° 4 10546¢%3
1 62561% 29941 4 1 1447% -+ 342¢% 4 TT1%+ 12094 1),

Now
(51,3 b 0 b(1,3b b, 3b)
} b3 B2 0 bR, b2 b
Az=| 0 0 A 0 0 ’
b3 b@I 0 @I b, |
65,3 b 0 G D b, 3)bJ

where A=b0-5(1, 3)+b-b(2, 3)+b-b(4, 3)+b-b(5, 3),

[b(l, 3 b, 3) 0 b(1,3) b1, 3))
2.3 5.3 0 b2,3) b2 3!
Ayi= 0 0 7 0 0 X b
b4,3) b4 3) 0 b(4,3) b4 3)
{b(i 3) b(5,3) 0 b(5,3) b(53))
where 7 =b(1, 3)+b(2, 3)+b@, 3)+b(, 3).
bi+bb, '
tbbotrbb, 0 I i
Ait= 0 0 o 0 0 b’
J T i S
byb,+bb,
/ R Yo

where
b,=b(1,3) (i=1,2,4,5).

tr(A;) =@+ bby+ - - -+ 2+ - - - +bbi+ - - - )Y
Z{(b1+bz+b4+bs)2+ Dz}bzzz x(b1+bz+b4+bs)2 sz-
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Therefore

tr((4;)) =2 X (t+ 52+ 10£°+ 101"+ 562+ ')+ (34 313+ 31"+ £°)?
=2 X (t*4 161+ 120¢24 560114+ 1820¢'°4- 43681+ 8008 +*
4+ 11440¢% 4- 128781 4 114402%°+ 800818+ 4368¢*°
+ 18202324 5601344 120264 16238+ £49),

Next put
A =4(B(ij) ()
A7 ~(CEN) D).
We know B(i, j), C(i,j); b, 4 are polynomial of . Now

b(1,3) b(1,3) Imna (1, 3))

b(2,3) b(2,3) | b(2,3) b2 3)
(CEN= b

b4,3) b4, 3)

b(4,3) b4, 3)
[ b(5,3) b(5,3)

b(5,3) b(5,3)

and (B(,j)) is known by a computer.
Namely, if we put,

Su(®)  fu(®) [ fu)  fis())

fu®) fu®) | S Sis()
(45 ~ | D)

Ju@®)  fu) | fu()  fi(D)
@) fo® ] Sl S0

and put
;ﬁj(t) =Fj(t)'
Then

F(t)=4+401*4 561"+ 8¢°+240¢°+ 48¢1°+ 1441'* 484+ 240¢1°
4+ 81164156120+ 0124

Fy(t) =04 812+ 4¢*4 84154 3318+ 24812 4- 10022 2481144 441
+ 841°+ 4124 8¢ 4 0™

F(t)=04 8¢+ 41*+ 841+ 44¢°4 248+ 100212 4- 248114 44¢1°
+ 84118+ 41204 812+ 0t* = Fy(t)
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F,(1)=0-40¢"+12¢*+ 16¢°+ 88¢°+4 887+ 16012+ 88¢14 4 88116
416284 127204 0r 2 4 0t ™,
Since
b(1,3) b(1,3) b(1,3) b(1,3)
b(2,3) b(2,3) b(2,3) b(2,3)
b4,3) b@4,3) b4,3) b@4,3)
b(5,3) b(53) b(5,3) b(53)

A7*=(CHN+ D)= bD(4),

tr[(Ag*) (4 )] —4f

=tr(fH(CE)= g,f(i,j)b(j, 3)b=]Z F;-b(j,3)-b

=[F(t)b(1, 3)+ F,()b(2, 3)+ F,b(4, 3)+ F.b(5, 3] xXb

= (4141264 92¢° 423617+ 7841°+ 1376+ + 281612+ 37121
+ 429611+ 4296110+ 371217+ 281614 13761 4 7841
42360249213 4+ 12853+ 4%) (3 + 3t° 4+ 3¢+ ¢9)

=414+ 241°+ 140¢° 4 55211+ 178012+ 452814 115321
+17072¢*8 42525612+ 31136¢% ++ 332002 4- 31136¢ 2
425256284+ 17072t + 11532£°24-4528¢%44- 1780¢ %
+ 55223 4 1402*°+ 24142+ 4¢*

=X.

tr(4;)(4; ) =X+ 4f.

Ad=0b=>b(b(, 3)+5b(2, 3)+5b4, 3)+5b(5, 3)
=433+ 3"+ %) (¢4 565+ 1027+ 10"+ 5¢°+ )
=+ 41+ 615+ 4r°+ 1) ={(*(1 + 1))}
A=1*+ 8¢+ 28184 561104 7012+ 561144 28¢16 4 87184 ¢
Sf=1*+ 8¢+ 28¢5+ 561+ 7012+ 56144 28¢5+ 818+ X =4
Af=@ 1+ =31 + )
=154 16¢1+4 12022+ 5601 4 1820¢°+ 43688 8008
+ 114407+ 128702 4 11440¢*° 4 80082 -+ 43681
+ 182022+ 560¢** + 120£% 4 167 %4 £*°,

Now by a computer,

tr(A47) —g* =14 361+ 8¢5+ 510¢*+ 20071+ 3692¢2+ 18161
+ 1489917+ 757611+ 3445247+ 15400¢% -+ 45622¢™
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+ 154001+ 34452t 475761 4- 14899¢% 4 181613
+3692¢% 42001 %4 510¢40+ 812+ 3614+ 1€
with g=1*(1+t)4=12-+41*+ 61+ 41°- 1
gt =1+ r)0=f*
— 1% 167+ 120¢ 4 5607+ 18207+ 43687+ 8008
+1 14401‘”+ 12870t24+ 11440¢% + 80081 %+ 43681+ 18201 *
+5601% 4 120¢% 4 16¢% 4 1.
Now
tr Ait=14361*+ 8¢°+ 510¢°+ 200t °+ 3692¢ >+ 18161
-+ 1489916 +7976¢ 8- 3445214 154001 4 456221 *
- 415400124 34452¢% 47976104 148991 4 18161
+36921% 200124 510144 8t 2+ 3614+ g*
tr Ag*=2t%+ 321"+ 240+ + 1120¢ 4 3640¢°4- 87361 °
4+ 160161204- 228801 4 257561244 22880126 4- 160161%
+ 87361436401+ 11201 4 240¢°6 - 3230 - 210
tr(A$24;?) X 4=161*4-961°+ 5601842208104 7120¢° 4 18112¢%®
+46128£10+ 682887184 10102412+ 124544:™ 4 132800**
+124544¢% 101024+ 4 682881+ 46128%2+ 18112¢*
+7120¢% 4 22081 %+ 560¢° 4 96¢ 2+ 16t * + 44 f
tr (A A7)? X 2 =41+ 48¢°+ 308110+ 13681124 45761+ 119764+ 250241
+421841™+ 576401 + 639521 * + 576401 %+ 421841
42502450+ 11976132+ 4576t -+ 136810+ 3087 % 48¢*°
+41 | |
g1 44 = 5g*= 51" 801+ 600¢ - 2800¢ -+ 9100£°4- 218407
+ 400401+ 57200 4 643501+ 57200¢+ 400401 *
© 218407 +9100¢% + 28004 600¢* -+ 80¢**+- 51
tr Ag=tr (A7) +tr (A7) + [tr (4 Ay D] X 44+ [tr (45 45 A5 471X 2
, (mod odd powers of ¢)
=14 52¢*4 108¢°4 1125784 2828104 13020724 28424+
+85743¢%-+ 1318641%4-233720¢ 4 2776641 4- 3324801 *
C 427766412 4233720124 13186410+ 8574312+ 28424 +%
41302070+ 28288 4- 112504 1081474 52144 15,
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Since
0 RRPLNT PO PLRPLN P 0 )
+3t8+t10 +3t8+110
$2A- 3t 48 0 0 P340
Ay =| +3841" 38411
P4 2t54-18 0 0 42t 418
L 0 144285418 245418 0

4~ 520 5)

with a=1*+43t*4 4%+ 3t8—}-t1", b=1t*4-2¢8 415

™ (a a)“ (az—}—ab czz—}—ab>2 (c c)(c c)
tr(df)'=2tr\p 5) =20\po s 2 patpe) =2"\g /\a a

=2[(*+ cd)+(cd+ dH)]=2(c+d)

=2(a+b)* c=a’+ab
=2(t* 44t 615+ 4154 110)* d=b"+ab
=2[*(1+ )Y c+d=(a+b)*
=2g4

=2(¢%+ 16214 120¢" -+ 5602 4- 1820115+ 4368¢®
+ 800872 -+ 114407+ 12870¢* -+ 11440£* - 8008+
+4368:* -+ 1820¢% 4 5601 + 120¢°°+ 16£°8+ ¢ ),

()

with a=t+2t"+ 41>+ 41"+ 2¢°+
B=14-2t"42t"+1°
T=2t3+ 4344174 2¢°
o=t41".

Similarly

Putting A,, 4, eigenvalues of (“ f ),

r s
tr[(A;)'*]:ztr[(;‘ g)“]

=2(4+2) =2[(4,+ 2)' — (4232, + 62545+ 42,2)]
=2[(a+ 0)t — 2,2,(423 4 82,4, + B—242)]
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=2[(a+8)— (a6 —B- N4+ 1) —2(a-6—5-N]]
=2[(a+0)'—(a-6—8-N[4(a+0)"—2(a-6—-Nll
Q-+ 0=1t+20"4 5t 50" 210 "
@ 0—B-T=—1t"—5"—106"°—12¢* —10¢* — 5¢16 —¢8
=2[(t+2°+ 5¢°+ 57+ 2¢°+-¢)*
A (20 5684 1080+ 124124 1012 4 5¢6 4 £%)
X (4t 4+ 16t*+ 57t 4+ 12515+ 206104 2524+ 206¢
+ 125214 5784 161+ 41™)]
=2(t*48t°+ 4815+ 20804 711£'24 19701 4483¢*¢
+ 84681+ 132711+ 17478¢% + 19136¢** 4 17478¢*°
+13271£% + 84681%° 4 4483¢°2 4+ 19702+ 711
+2087%° 4 48104 8124 1*).
Now
(0
a
b
L0

ATA- =

> Q8 O

a
0
0

> O O =

T O O &

=]

© ™ R ©
% X O

S © O =

B 0
0 ac+af ar+ad 0
acx—+af 0 0 ar+aé
ba+bp 0 0 by +bo

L 0 batbg br+bs O

tr(A4; A7) = (aa+ ap)*+ (ar + ad) (ba+ bp)
+ (aa+af)*+ (ar + ad) (ba+ bp)
+ (ba+bB) (ar + ad)+ (br + bo)*
+ (ba+bB) (ar + ad) + (b7 + bo)*
=2d*(a+ ) +2ab(y + ) (a+p)
+2ab(a+ §) (7 +8)+26(r + B’
=2d"(a+ B)*+2b*(7 + 6)*+ 4ab(a+ B) (7 + 6)
=2(aX)'t*+2(bY)t*+4abX Y1*,
a=1t+3t* 44143540
b=t*+42t"41¢°
tX=a+B=1t+3t"+ 61"+ 61"+ 3¢° 4"
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tY=740=2"45¢+5t"+2¢1°
X=1+43r"4+6t*+6¢°+ 3¢+ 1"
Y=2145¢* 4 5¢°+2¢°.
By a computer,
tr(A7 A7) =2(¢0+ 12¢°4 781"+ 348¢ + 1161714 30241'°4- 62881
4+ 10554¢%° 4+ 1437612+ 159321 + 143761% -+ 105541%
+ 6288¢%04- 302413 4+ 11611% + 348¢%8+ T8¢ 4 121404 1*7).

Now
00 a a 0y(0 a a O
a 0 0 a {a 0 0 a
A= |
b 0 0 b Ib 0 0 b
o o 5 oJlo » 5 0
rat+-ab 0 0 az—{—ab]
0 a+ab a*+ab 0
| 0 ab+b batbt O
Lba+ b 0 0 ba-+ b’
¢ 0 O (e 00 n
e 0 «a 7 O (0 a 7T O
"T10 g & OO0 8 5 O
g 0 0 4 15 00 4
(a’+78 0 0 af +70

0 o478 ar+15 0
0 ap+d8 pr+ot O

I

(Ba+38 O 0 pr+dé
(4 0 0 4
e 0 4 A4 O A=ad"+ab
70 B B O B=ab+b*
(B 0 0 BJ C=d"+af
(C 0 0 D D=a7+76
L |0 cpo E=af+ 86
710 E F O F=pr+&
lE 0 0 F
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(A 0 0 A”C 0 0 D
g |0 A 4 0ffo c D0
o B B O||0 E F 0

B 0 o BIJLE 0 0o FJ

(AC+ AE

AC+AE X
- ¥ BD+ BF
{ BD+ BF

tr(4;*47*)=24(C+E)+2B(D+F)
=2(a*+ ab) (&’ + 1B+ aB+6p)+2(ab+b") (o + 76+ pr +0°)
=2a(a+b)(a(a+p)+ P +0)+2b(2+b)(6(r +08)+T1(a+p))
=2a(a+b)(a, X+ B, Y) 1>+ 2b(a+b) (1, X +8,Y) 1
=2a(a+b)é+2b(a+b)y
at+b=1"+41"+ 61+ 4+ =1*(1+1%*
at+p=t+3t>4+ 61"+ 61"+ 3+ 1" =1X
T+0=2t"45t"+5t"+2t*=tY,
a=t"+3t* 44543841
b=1t'42t+1¢®
a=t+20+ 41>+ 4¢"4- 2+t =yt
B=1>+2t"4 2"+ 1=yt
T=203 4415+ 41" 42t =7t
O=t"+1"=dyt
where
E=(a.X+p )t
=14 514+ 182544315+ 721104 864124 72414 43415+ 18118
» +5t2°—|—t22
7= X+8,Y)t"
=214 10254 3025+ 57¢1°4 70112 4 571+ 30¢ 15+ 10£2° 4 2.
By a computer,
tr(A A7) =224 12¢54 77120+ 342¢12 - 11441 42992+ 624018
+10490£%4- 142987+ 158481+ 14298¢*°+ 104901 %
+6240¢%04-2992¢3 4 114413 + 342430+ 77184 12440+ £*)
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Now
tr Ai=tr(4;*)' +tr (47 %)+ [tr (A7 AT A ADIX 2+ [tr (447D X 4
(mod odd powers of ¢)
=2X(t*+ 1415+ 1212°+4 68810+ 2955¢12 1 9428714 4-24319¢16
42541248+ 843471+ 1148621 4 1272621 4 114862+ %
+ 8434714 25412¢%0+4 243191+ 94283 + 2955¢°6 -+ 6881 *®
+ 121244 1422 4-1*)

tr A*=tr Aj+tr A}
=14 54t*+1361°+ 1367¢°+ 4204:*°+ 18930¢*2+ 472801 **
+ 13438174 18268818 +402414¢™ -+ 5073881 4- 587004
+ 507388125 4024141+ 18268810+ 134381124 472801
4+ 18930¢%°+ 42041+ 13671+ 1361 2+ 541+ .

This is the wanted F(¢). This polymer is rigid for S,={a, 8, &, {}.
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