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§ 1. Introduction 

Let F be an even 2N dimensional vector space over Q, and p be a 
non degenerate alternating bilinear form on F. We put 

FR=F©R~R 2N, 

Sp(F, ft)={g e aut (F)Jp(gu, gv)=p(u, v)}, 

and 

{ 

]
2 =-1 l 

fJ(F, p)= J e aut(FR) p(u, Jv)=symmetric on u, v ; 

p(u, Ju)>O for O=t-"u E F 

and we call fJ(F, p) the Siegel half space. 
An element J of fJ(F, p) is a complex structure of the real vector 

space FR, therefore it defines a complex vector space (FR, J) of N di­
mension, which we denote by E or EJ. The group Sp(F, p) operates on 
fJ(F, p) by 
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Sp(F, p) E g}--+ (J)= -1J 
fJ(F, p) 3 J g g g 

and fJ(F, p) is actually a symmetric space of the simple Lie group 
Sp(F, p)(R) of R-points of Sp(F, p) modulo a maximal compact subgroup. 

A lattice LcF is said to be integral, iff p(L, L)cZ. If an integral 
lattice L is given, (FR, L, J, p) is a polarized abelian variety for all Jin 
fJ(F, p). Put 

Sp(L, p)={r E Sp(F, p)\r(L)=L}. 

Sp(L, p) acts on fJ(F, p) properly discontinuously and two polarized 
abelian varieties (FR, L, J, p) and (FR, L, J', p) with two elements J, J' of 
fJ(F, p), are isomorphic iff J', J' are Sp(L, p) equivalent. 

The symmetric space fJ(F, p) is actually a symmetric domain. Namely 
fJ(F, p) has complex structure, which is invariant under the action of g for 
every g E Sp(F, p)(R). There are exactly 2 such complex structures of 
fJ(F, p); one is complex conjugate of the other. Among these two, one 
satisfies the following condition. 

A system of complex manifolds 

A~D 

is called 1 dimensional family of abelian varieties iff 
1) A, D are complex manifolds; n: is smooth surjective holomorphic 

map; 
2) D is a disc and n: is proper; 
3) 11:-1(-1) (A E D) are all abelian varieties. 

When such a I-dimensional family A ~ D of abelian varieties is given, 
there exist a polarization of 11:-1(-1), (F, p, L), and a map t: D--+fJ(F, p) 
such that 

n:-1(A)~(FR, L, p, tO)) (as polarized abelian varieties) 

for all -1 E small neighborhood of origin of D. Such tis called a moduli­
map of A~D. 

fJ(F, p) is a complex manifold. The complex structure in fJ(F, p) is 
characterized as the unique one such that the moduli-map tis holomorphic 
in a small neighborhood of origin of D for every I-dimensional family 
A ~ D of abelian varieties (belonging to p). 

If a symplectic representation p: G--+Sp(F, p) of a semi-simple connect­
ed hermitian algebraic group G/Q, not containing trivial representation, 
together with an holomorphic map r: : X--+fJ(F, p) of the corresponding 
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hermitian symmetric domain X = G(R) 0/maximal compact into the Siegel 
half space fJ(F, ~) of (F, ~) commuting with symmetries, satisfies the com­
patibility condition: 

p(g) [-r(x)] = T[g(x)] Vg e G Vx e X 

the pair (p, i-) defines so-called GTAS A over an arithmetic variety V = I'\X, 
if p(I')cSp(L, ~) for a cocompact subgroup I' of G without torsion. 
Here L is an integral lattice. 

A is defined as follows; The semi direct product I' I>< pL, with respect 
to the representation p : I'-+aut(L), operates on the product manifold 
XXFR properly discontinuously, so that it produces the quotient space 
I' I>< L\XXFR, which is denoted by A. And the natural map of division 
by I' I>< pL, from XX FR to A, is denoted by p. From A to V = I'\X taking 
the left factor, we have a natural map re. A_':_-,. Vis obviously a fibre bundle 
over the arithmetic variety V with torus as fibres A, (A e V) (associated to 
the fundamental group). 

Take a point Ao e X, we use the same symbol Ao for the point in V 
which is covered by Ao e X. Identify rc1(V, 20) with I', then the action of 
rci(V, A0)=I' on the homology group Hi(A 20, Q)=F of the fibre is nothing 
else than p. 

Therefore the representation of rci(V, A0)=I' on the cohomology 
group H 1(A, 0, Q) = t F ( dual space of F) of the fibre is the dual representa­
tion p* of p. 

The representation of rc1(V, A0)=I' on the higher cohomology group 
Hr(A 20, Q)=Ar(IF) is therefore Ar(p*). 

Since the representation pis always self-dual (·. · existence of~), the 
difference between p or p* is not essential. 

In the manifold A, we can define a complex structure; and A becomes 
a complex manifold. The complex structure of A is canonical by the 
following properties. 
( 1 ) A_':_-,. Vis holomorphic 
( 2) The map of E,<x> to A defined by p o <p31 is holomorphic for every 
xeX. 

where <px is defined by 

for all u e FR. 
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( 3) The complex manifold A=I'\XXFR, (which is a covering of A= 
I' t>< L\XX FR) is a complex vector bundle E over V, where I' is identified 
with the subgroup I' t>< {O} of I' t>< L. 

A, as complex manifold with this complex structure, is actually a 
projective algebraic variety, and rr is a rational map. Moreover addition 
A XA-+A, and inverse A-+A are also algebraic. 

V 

Therefore, fibres A,=rr-1(.~) are Abelian varieties. Thus such variety 
A is called GTAS over V. (Group theoretical abelian scheme over V). 
It has the following properties: 
( 1) A~ V are projective algebraic varieties and rr is everywhere defined 
surjective smooth rational map. 
( 2 ) A X A~ A, A-=-! A are also algebraic. 

V 

( 3 ) As C 00 -manifold A~ Vis a fibre bundle, whose fibres are tori, and 
associated to the fundamental group. 
( 4) Fibres A1 = n--1(A) (A e V) are abelian varieties. 
( 5) The base Vis an arithmetic variety, i.e., V = I'\X; X = G(R)0/maximal 
compact to I' c G, cocompact and no torsion. 
( 6) The action p of n-1(V, A)=I' on F=Hi(A 1, Q) is extendable to an 
algebraic representation p: G-+aut(F) of G defined over Q. 

Conversely, does the properties (1)-(6) characterize GTAS? No, 
perhaps not. Actually from (1)-(6), we can prove that there exist 
(F, L, p), and holomorphic map -r: X-+s:;;(F, p) and p: G-+Sp(F, p), such 
that p(r)[-r(x)]=-r[r(x)] for all r EI'. 
But we cannot prove 

(*) p(g)[T(x)]=-r[g(x)] Vg e G Vx e X 

and 

(**) the commutativity with symmetries. 

If this (*) (**) be true, our A must be GTAS. In order to have (*), 
perhaps we must discuss Hecke- operators, densely distributed, beside I'. 
Anyway, in this note, we use only those properties (1)-(6) of GTAS. 

Satake classified all G and most p which admits some GTAS [6]. 
Susan Addington, inherited Satake, (roughly) classified all p of G which 
admits some GTAS when G is the quaternion type. [2], [3]. For that 
purpose, she invented some combinatorix in a finite group '§, called 
"chemistry". For that, see [2] or [3] [4]. 

When A~Vis a rigid GTAS over an arithmetic variety V=I'\X, the 
space of Hodge cycles in a generic fibre A,=n-- 1(J) (A e V) is denoted by 

HH 7 (A 1, Q) (HHr=O if r=odd) 
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and is equal to 

H'(A)., Q)° = I\ 'CF)G 

where, F=Hi(A 1, Q) on which I'='1t'1(V, ).) operates; and the operation 
is extendable to an action of G on F. Here, /\'CF) is identified canonically 
with H'(A 1, Q): in which I'-invariant part is equal to the G-invariant 
part, and coincides with the space of Hodge cycles. (See [1], [4]). 

Thus the problem of determining the space of Hodge cycles is reduci­
ble to the problem of determining the space of group invariants. But 
unlike the ordinary invariants-theory, this invariants-theory is a bit com­
plicated, because it relates also to a combinatrix of the Galois-group 
("chemistry"). 

In this paper, the author tries to calculate dim HH'(A)., Q) in some 
examples with simple "chemistries". We put dim HH'(A,, Q) = dim /\ 'C F) 6 

=b, also we put the polynomial Ll~=ob,t'=F(t) where N=2dim 0 A,= 
dimpA).=dimP. See [5]. 

In the most of the following cases, G is of the quaternion type. In 
this case, the assumption that p which admits a rigid GT AS does not 
contain 1 implies that /\ 2 " 1 op* is also trivial part free; i.e. b2,+ 1 =0 for 
odd 2r+l. 

Let k be a totally real number field with [k: Q]=m; K be a Galois 
extension of Q such that K--::Jk with @=Gal(K/Q), S=the set of oo-places 
of k on which@ acts transitively. Let B be a quaternion-algebra over k; 
and So(cS) be the set of oo-places of k which splits in B. We assume 
that S0=/=-<j>. Then (@, S, S0) is a chemistry ([2] [4]). Take a (maximal) 
order o of B, and put 

I'(l)={r e oxlv(r)= 1} 

where v: Bx-kx is the reduced norm. If I'CI'(l), I'-I'(l), (com­
mensurable), V=I'\lj 1801 is an arithmetic variety, where lj=the upper half 
plain, of which product lj1801, I' acts as usual. Susan Addington found a 
functor 

associating a @-invariant stable polymer P in the chemistry (@, S, S0) to 
each group-theoretical abelian scheme A over V. Moreover if this P is 
furthermore rigid, then A can not have deformations [1]. Conversely, for 
any @-invariant stable polymer P in (@, S, S0) there exists a group theo­
retical scheme A over V and a positive integer µ such that 
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A 

I -~-~~+µP. 

V 

Moreover Salmon Abdulali [l] showed that Hr(A,, Q)0 = I\ rCF) 0 coincides 
with the space HHr(A,, Q) of Hodge cycles in the generic fibre A, if the 
polymer is rigid. 

So, in this paper, we are going to calculate 

dim /\ 2r(' F) 0 

for our rigid polymer representation space 'F of<:§, in some special cases. 
As notation and notions, we use the same notation and notions as in [2], 
[4] except group theoretical abelian scheme. 

We called group theoretical abelian scheme a GTFabV there and 
denoted it by the notation V-"... U there instead of the notation A-"... V here. 

§ 2. The character-algebra of SL(2, C) 

The trivial representation of SL(2, C) is denoted by 1. The class of 
the identity representation 

x ~ x e SL(2, C) 

of SL(2, C) is denoted by X. The class of the symmetric tensor represen­
tation of SL(2,. C) of the degree li is denoted by X.. Hence X = X 1, I= X 0• 

For 2 classes P, Q of representation of SL(2, C), the class P(f) Q of 
representation is also denoted by P + Q the class P ® Q of representation 
is also denoted by p. Q. Thus the all virtual classes of representation of 
SL(2, C) generates a ring fJJl which is generated by X, and actually iso­
morphic to the polynomial ring Z[t] of 1 variable over Z. The "multi­
plicity" of 1 in PE fJJl is denoted (P, 1). fJJl contains 1, X 1, X2, X 3, • • ·, and 
all the elements P of fJJl are expressable uniquely as linear combinations 
of them with Z as coefficients; and the coefficient of 1 in that linear ex­
pression of Pis nothing else than (P, 1). 

The multiplicative structure of fJJl with respect to the above additive 
structure is given by the Clebsch-Gordan formula: X,-Xµ=X.+µ+X>+µ-z 

+X.+µ-4+ · · · +X1,-µ1· 
For example: 

X 2 =X·X=X 2 +l 

X 3 = X2 • X = (X2 + 1 )X = X 2X + X = X 3 + X + X = X3 + 2X 

X'=X 3· X =(X3+2X)X =X3X +2xx =X.+X2+2(X2+ 1) 

=X 4 +3X 2 +2 



Invariants and Hodge Cycles 

X5 =X4 • X = (X, +3X 2 + 2)X =X 4X +3X 2X + 2X 

=X 5+Xa+3(X 3 +X)+2X=X 5+4X 3 +5X 

x:=X 2-X 2=X4+X2+ 1 

X~ = x: · X 2 = (X4 + X2 + l)X2 =X4Xz + X2X2 + X2 

379 

= Xa+ X4 + X 2 + X4 + X2 + 1 + X 2 =X 6 + 2X, + 3X 2 + 1 

x:= X~ · X2 =(X 6 + 2X, +3X 2 + l)Xz =Xs+ X 6 + X4 + 2(X 6 + X4 + X2) 

+ 3(X4 + X2 + 1)+ X2 =Xs+ 3Xa+ 6X4 + 6X2+ 3 

XX 2=Xa+X 

X 2 X 2 = X(X 3 + X) = XX 3 +XX= X4 + X 2 + X 2 + l =X4 + 2X 2 + 1 

XX~=X(X 4 + X 2+ l)=X5+ Xa+ Xa+ X +X =X5+ 2Xs+ 2X 

X 2X:=X(X 5 +2X 3 +2X)=Xa+X, +2(X4 +X 2)+2(X 2+ 1) 

=X 6 +3X 4+4X 2+l 

Lemma. If n>O is an even integer xn is a linear combination of 
1, X 2, X4, • • ·, X2k, · · ·, Xn of even suffixes 2k, with positive integers a2k as 
coefficients, and an= l; i.e. 

If n>O is an odd integer xn is a linear combination of X, X3, • • ·, Xzk+i, 
• • ·, Xn of odd suffixes 2k+ 1, with positive integers a2k+i as coefficients, and 
an=l; i.e. 

Proof By the induction on n. D 

Definition. If a representation P of SL(2, C) is a linear combination 
of 1, X2, X4, • • • with non-negative coefficients, P is said to be even. 

Lemma. For m, n e Z, n>O, m>O, 

xn is even ~ n even 

xn x-: is even ~ n even. 

Lemma. For n, m e Z, n>O, m>O, 
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(Xn, l)>O ~ n even 

(XnXf, l)>O ~ n even. 

Lemma. For integers v:2::0, µ:2::0, 

(X.·X,.; 1)= {~ 
v=µ 

1;-::j:::.µ. 

§ 3. The character-algebra of (a product of) SL.(C) 

For each atom a e S, we prepare a Lie group Ga~SL 2(C). The 
product Gs= [I aes Ga, is isomorphic to the complex form G(C) of G. By 
this isomorphism, G is considered as a subgroup of Gs. i.e. 

For an atom a ES, the projection to the a-th component Ga of Gs= [I Ga 
is a 2 dimensional representation of Gs. The class of this representation, 
we denote that by Pa or a. The corresponding representation space, we 
denote by Wa or by a. For a molecule X = (a, [3, · · ·, m > the represen­
tation (class) a® [3 ® · · · ® m of Gs is denoted by p x or by X. The cor­
responding representation space, is denoted by Wx or by X. For a polymer 
P= I::i=t Xi the representation class X1 EB· · · EBXk is denoted by PP or P. 
The corresponding representation space we denote by WP or P. Finally 
symbol EB is often abbreviated as + ; and symbol ® is often abbreviated 
as •. For each non-negative integer v, and for each atom a e S, we put 
a.=X.oa: G~Ga=SLz(2, C)~SL(v+I, C). In particular, a 1 =a, a 0=l 
for all a. Then I, a 1, a 2, a 3, • • ·, /31, /32, /33, • • ·, r1, r2, ra, · · · are in the 
commutative ring &l(S) of the all virtual representation-classes of Gs; &l(S) 
is generated by them, in fact, they are spanned by the product: a.a/3./ "r · · · 
of them: i.e. 

This linear expression is unique, and (P, l)=a 0, ••• , 0 is obviously the 
multiplicty of 1 in P. 

The function: 

P~~(P,1) 

is an additive homomorphism of ~(S) to Z, but unfortunately, it is not 
multiplicative, but we have 
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Lemma. If P(a, p, · · ·, w), Q(~, 'f), · • ·,()has no letter in common, 
then 

(P(a, · · ·,w)Q(~, ···,(), l)=(P(a, · ··,w), l)(Q(t · · ·,O, 1). 

Easy. 
The multiplicity (P, 1) is also denoted by 

(P, 1)= J-· -J P(a, · · ·, w)da· · -dw. 

If we take the maximal compact subgroup Gu=SU(2r of G= 
SL(2, er and if we write the Haar measure of Gu as da · · · dw, normalized 

with J-· ·L,, da· · -dw=l, the above symbol of the multiplicity acquaires 

reality. I.e., identifying the representation P with its character functions 
tr P, 

(P, 1)= J-· ·f P(a, • · ·, w)drx· · ·dw 

is just the orthogonality relation via the unitary trick. 
If P involves variables a, [3, • • ·, w; ~' • · ·, 'fJ, obviously we have 

Lemma. 

J-· ·f (J-· ·f P(a, /3 · · ·w, ~- · ·1J)da·. -dw )a~-. ·d1J 

= J-· -J (J-· ·f P(a, p· · ·w, ~- · ·1J)d~- · ·d1J)da· · -dw 

=J-· ·f P(rx· · ·1J)da· · ·d1J. 

This is because tr(P®Q)=tr P-tr Q, tr(P+Q)=tr P+tr Q and Fubini's 
theorem. 

§ 4. Chemistry and abelian scheme 

The fact that a G.T. abelian scheme A~V=I'\~ 1801 over V, cor­
responds to a polymer P implies the fact that the action of I'= rri( V, it), 
(it is a generic point of V) on the cohomology group H~'(A;, Q)=A 2'(tF), 
CF=Hl(A;, Q)), is extendable to a Q-representation pC:J of G, which is 
C-isomorphic to A"(pp). 

Now, therefore, if 
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then t F® C has a unique subspaces F x ,, F x 2 , • • • , F x • such that 
Q 

Therefore: 

le 

tF®C=ffi Fx, 
i=O 

/\rCF)®C= /\rCF®C)= /\r(FxJB .. ·ffiFx.) 

= tt) I\ r,(Fx,)® I\ r2(Fx 2)® · · ·®I\ r•(Fx.) 
r1+r2+•••+rk=r 

Now if X = {a, [3, · · ·, w}, there exist two-dimensional C-linear Gs­
spaces Fx,., Fx,µ, · · ·, Fx,w such that 

as Gs-spaces. Now, in order to compute 

N 

F(t)= l:; br t" = l:; dimQ[/\ 'CF) 6 ] t" = l:; dime[/\ rCF)6®C]tr 
r=O 

we define: 

G(t)= l:; dime/\ rCF®C)t' 
r 

=l:;dim /\r 1(Fx,)t" 1 dim /\""(Fx 2)t" 2 • • ·dim /\r•(Fx.)t'• 

and 

H(t)= ff) /\ r,(Fx,)tr'® · · ·®I\ r•(Fx.)tk= f(Fx,)® · · · ®f(Fx.) 
r1•••r1c 

where f(F x) = l:;~~Fx I\ r(F x) t" is a formal polynomial of t with the G 
vector spaces as coefficients. 

§}5. IXl=2 

Lemma. For two linear spaces A, B over a same field k. 

where S2(V), I\ 2(V) are the spaces of symmetric and alternating 2-tensors 
in V. 

·. · Well known. D 

Putting X={a, [3}, since Fx~ Wx=a[3, we have 
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Lemma. /\ 0(Fx)=C 

I\ 1(Fx)=.Fx=.<X/3 

I\ 2(Fx) =.az+ /32 
/\ 3(Fx)=.a/3 

/\ 4(Fx)=C 

383 

The first, second, fourth, fifth formulas are :obvious. Because of the last 
lemma, 

Therefore 
4 

f(Fx)= ~ I\ '(Fx)tr=.C+af3t+(a 2+ /32)t~+af3t 3+Ct 4 

r=O 

=(1 +t 4) 1 +(t+t 3)af3+t 2a2 +t2/3z 

where 1 means the trivial vector space Cover C. We write this by f(a, /3): 
i.e. 

(
l+t 4 0 

=(1, a, a 2) 0 t+t 3 

t 2 0 

where 

etc. and 

(
l+t 4 

P= 0 
t2 0 

For the later purpose we put 

Because of the Lemma we have 

f M(l:)da=E (3 X 3 identity matrix). 
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We put for a non-negative integer 1.1 

where 

1 1 
(X ~ 

a- <X2 ~-.- .-
<X2, ~2.J 

and P. is (21.1+ 1) X (21.1+ 1) matrix, of which entries are polynomials in t, 
of degree 41.1. Similarly to M(a), we define for non-negative 1.1 

1 a a2 • • • • <X2, 

(X 

This is a (21.1+ 1) X (21.1+ 1) matrix, and 

f M,(a)da=E ((21.1+1)X(21.1+l) unit matrix). 

Also we define P,,o, the (1.1+ 1) X (1.1+ 1) matrix which consists of 
even-th rows and even-th columns of P., and define P,, 1 the 1.1X1.1 matrix 
which consists of odd-th rows and odd-th columns of P,. 

Then 

P,-P., 0+P.,1 
and 

For small µ'S, P,,, P,,, 0, P,,,1 are 

c,· 0 

P1=P= 0 t+t3 

t2 0 
'i) 

p =c+t' t') 
l,O f2 0 ' Pi, 1=(t+t 3) 
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l+t 2 +6t 4+t 6+t 8 0 3t 2 +3t 4+3t 6 

0 2t+ 6t 3 + 6t 5 + 2t 7 0 

0 ~41 
2t 3 +2t 5 

P2= 3t 2 +3t 4+3t 6 0 t 2 +4t 4+t 6 0 0 

0 2t 3 +2t 5 0 0 0 
t4 0 0 0 0 

(l+t'+6t'+t"+t" 3t 2 +3t 4+3t 6 

P2, 0= 3t 2 +3t 4+3t 6 t 2 +4t 4+t 6 

t4 0 fl 
Po -=(2t+6t 3 +6t 5 +2t 1 

.,, 2t 3 +2t 5 

2t 3 ;2t} 

§ 6. Cyclic case, µ = l 
Let ~=Zn={O, 1, · · ·,n-1}, P=L,gX, X=(O, 1). Put O=a, 

1 =/3, 2=r, 3=o, · · ·, n-2=r;, n-l=m, Xt=(i, i+l), n=O: then 

P= r,gX=X 1+ · · · +Xn-i={O, 1}+{1, 2}+{2, 3}+ · · · +{n-1, O} 
g 

={a, /3}+{/3, r}+ · · · +{r;, m}+{cv, a} 

H(t)=f(Fx,)f(Fx,) .. -f(FXn-,)=f(a, /3)!([3, r)J(r, o) .. ·f(r;, m)f(m, a) 

=t&pfltflpftfpg. · -PolwP=tr(l&Pfltflp. · -PwiwP&) 

=tr(P fltflpftf · · -PwtwP&t&). 

Now put fltfl=M(/3), · · ·, &irx=M(a), then 

and 

H(t)=tr(PM(.B)PM(r) · · -PM(m)PM(a)), 

therefore 

F(t)=(H(t), l)= f-· ·f H(t)da· · -dm 

=tr(P(f M([3)d[3 )pf M(r)dr ···Pf M(m)dmP f M(a)da) 

=tr(PE PE·· -PE PE)=tr(Pn). 
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Now since: (
1 +t 4 

P- t2 

the eigen polynomial of P={Z 2 -(l+t 4)Z-t 4}{Z-(t+t 3)}. Eigenvalues 
of Pare 

l= (l+t 4)+-v'1+6t 4+t 8, 

2 

Therefore for even n = 2m, 

tr(Pn)=ln+ µn+pn 

=( (l+t 4)+~1+6t 4 +t 8r +( (l+t 4)-~1+6t 4 +t 0r +(t+tsr 

=_2_[f: ( n )(1+t 4)2k(1+6t 4 +t 0r-1c]+(t+t 3r. 
2n k=O 2k 

It is also determinable recursively by: 

from j<2l, j<1J, poi, where 

where 

pni =tr(Pn) e Z[t] 

j< 2>(t)= 1 +t 2 + 10t4 +t 5+t 6 

j<ll(t) = 1 + t4 

j<Ol(f)=3 

(i= I, 2, 3) 

are coefficients of the characteristic polynomial 

Z 3+ai(t)Z 2 +alt)Z+as(t)=det(ZI 8 -P) 

Therefore 

=ZS-(1 + t+ t 3+ t 4)Z4+(t+ t 3 -t 4 + ts+ t7)Z +(ts+ (7). 

ai(t)= - I-t-t 8-t', 

alt)=t+t 8 -t 4 + ts+1 1, 

as(t)=ts+t 1• 
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For example: 

j<3>(t) = -<11(t)j<2>(t)-<1z(t)f<1'(t)-<13(t)J<0>(t) 

=(1 +t+t 3+t 4)(1 +t 2+ 10t4+t 6 +t 8) 

-(t+t 3 -t 4+t 5 +t 1)(1 +t 4)-(t 5+t7)3 

= 1 + t2 +t 3 + 12t4+6t 5 +2t 6 +6t 7 + 12t8 +t 0+t 10+t 12 

J<4>(t)= -<11 .ps> _<12 ·J<2> _<1s .pi> 

=(l+t+ts+t4)(1+t2+ts+ ... +t12) 
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-(t+t 3 -t 4+ t 5 +t 1)(l +t 2+ 10t4+t 6 +t 8)-(t 5 +t 7)(1 +t 4) 

= 1 +t 2+ t 3+ 15t4 +6t 5 + llt 6 + 7t 7 +4lt 8 + 7t 0 + llt 10 

+6t11+ 15t12+t1s+tu+ tis. 

§ 7. Cyclic case, µ=2 or µ>2 

If~=Zn={O, 1, · · ·, n-1}, X={O, 1}, P=2 I:;ggX=2{0, 1}+2{1, 2} 
+ · · · +2{n-l, O}, it is treatable as ifµ= 1 if we count the same molecule 
twice in P i.e.; put X0 =X 1={O, l}, X2=X 3 ={1, 2}, X4 =X 5={2, 3}, · · ·, 
X2n-2=X2n-1={n-l, O} 

Therefore: by putting a=O, fi=l, · · ·, w=n-1, 

H(t)=f(a, fi)f(a, fi)f(fi, r)f(fi, r)f(r, o)f(r, o) 

· · f(1J, w)/(1), w)f(w, a)f(w, a) 

=f(a, fi)2f(fi, r)2f(r, 0)2 •• f(1J, r»)2f(w, a)2 

= t&2P2fi/fi2Pzf /f 2P2B2 • • • t~2P2w/w2P2&2 

=t&2P2Mz(fi)P2MzCr)P2MzCo)· · ·P2Mz(w)P2&2 

=tr(P2MzCfi)P2MzCr)· · ·P2M2(w)P2M2(a)) 

Therefore: 

F(t)=(H(t), 1) 

= f-· -f tr(P2MzCfi)P2MzCr) · · · P2MzCa)dadfi · · -dw 

= tr( P2(J Mz(fi)dfi )Pz(J M(r)dr) · · · P2(J M(a)da)) 

=tr(P 2EP2E- · -P2E)=tr(P~) 

Similarly for general µ; 
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F(t)=tr(P;). 

Therefore, they are determinable recursively by 

ftn)+aJ1n-I)+az/1n-2)+ ... +amftn-m)=O 

for n~m fromf1°l, · · · Jtm-I) where 

f~n)=f1n)(t)=tr(P;) E Z[t] 

f1°l=m E Z 

and 

are coefficients of the characteristic polynomial 

of the matrix Pµ, where m=2µ+ I. 
For small µ and n, the values of tr P; are 

tr Pi= 1 +2t+2t 2 +6t 3+ 10t4+6t 5 +2t 6 +2t 7 + t 6 

tr P~= 1 +6t 2+56t 4+ 126t6 +210t 8 + 126t 10 +56t 12+6t 14+t 16 

tr Pi= 1 +4t 2+82t 4+452t 6 +26OOt 8+ 82O8t10 +2O574t 12+33224t 14 

+ 40790t 16 + 33224t 18 + 2O574t20 + 82O8t22 + 26OOt24 + 452t26 

+ 82t28 +4t30 + t32_ 

We write here the characteristic polynomial of P 2 : 

l+t 2+6t 4+t 6 +t 6 0 3t2+3t 4 +3t 6 0 t4 

0 2t+6t 3 +6t 5 +2t 7 0 2t 3+2t 5 0 

P2= 3t 2 +3t 4 +3t 6 0 t 2 +4t 4+t 6 0 0 

0 2t 3+2t 5 0 0 0 
t4 0 0 0 0 

-P2,a©P2,1 

where 

(1+1'+61'+1'+ t" 3t 2 +3t 4+3t 6 

Ii) P2,o= 3t 2 +3t 4+3t 6 t 2 +4t 4+t 6 

t4 0 
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p = (2+6t 3+6t 5+2t 7 2t 3+2t 5) 

l,O 2t 3 +2t 5 0 . 

Therefore the characteristic polynomial of P 2 =the characteristic poly­
nomial of P 2, 0 X the characteristic polynomial of P 2, 1• 

The characteristic polynomial of 

P2,o= -(3t 2 +3t 4 +3t 6) Z-(t 2 +4t 4 +t 6) 0 

-t4 0 Z 

=[Z-(1 +t 2 +6t 4 +t 6 +t 8)][Z-(t 2 +4t 4 +t 6)]Z 

-t 8(Z-(t 2 +4t 4+t 6))-(3t 2 +3t 4 +3t 6)2Z 

=Z 3 -(l +2t 2 + 10t4 +2t 6 +t 8)Z 2 

+(t 2 -4t 4 - 7t 6 -2t 8 - 7t 10 -4t 12 + t 14)Z +(t 10 +41 12+ t 14) 

The characteristic polynomial of 

=Z 2 -(2t+6t 3+ 6t 5+2t 7)Z-(4t 6 +8t 8 +4t 10) 

Therefore the characteristic polynomial of 

P2= [Z 3 -(l +2t 2 + 10t4 +2t 6 +t 8)Z 2 

+(t 2 -4t 4 - 7t 6 -2t 8 - 7t 10 -4t 12 +t 14)Z+(t 10+41 12+t 14)] 

X [Z2 -(2t+ 6t 3+6t 5+2t 7)Z-(4t 6 + 8t 8+4t 10)] 

=Z 5 -(1 +2t+2t 2 +6t 3 + 10t4+ 6t 5 +2t 6 +2t 7 +t 8)Z4 

+(2t+ 12+ 10t3-4t 4+38t 5- Ilt 6 + 78t 7 - 1Ot8+ 78t 9 - llt 10 

+38111 -4112+ 10113+ t14+2115)Z3 

+( -2t 3+2t 5+4t 6 +32t 7 + I6t 8 + 68t 9 +6It 10+ 76111+ 100!12 

+ 76t 13 +6lt 14 +68t 15+ l6t 16+32t 17 +4t 18+2t 19 -2t 21)Z 2 

+( -4t 8 + 8t 10 - 2t 11 + 56t 12 - I4t 13 + 8Ot14 - 32t 17 + 72t 16 

-32! 17 +8Ot 18- 14t19 + 56t20 -2t 21+ 8t22-4t 24)Z 

-( 4t 16 + 24t 18 + 40t 20 + 24t 22 + 4t 24). 

Let <§ be an arbitral finite group. Assume in this section, that 
S= <§ and the action of <§ on S( = <!J) is the left multiplication. We are 
still assuming that IX I= 2, and put 
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X={a,n 

Take the unique element h E <§ such that f;=ha. Then it is easy 

P= I: gX ={a, ha}+{ha, h2a}+ · · · +{hn- 1a, a}+{,8, h2,8} 

+{h2,8, hip}+" " "+{hn- 1,e, ,B}+{r, hsr}+ • • • 

+{hr- 1r, n+ ... +{ill, hkill}+ • • ·{h;- 1ill, ill} 

where: 

n=the order of h in <§ ( =the smallest positive integer n such that 

hn=l 

k=j<§/HI 

g1 = 1, g2, g3, • • ·, g k = representatives of <§ / H 

p=g2a, r=g3a, .. ·, ill=gka, h2=g2hg:;1, hs=gshg31, .. ·, hk=gkhg-;;1 

H={l, h, h2, · · ·, hn- 1}=the cyclic subgroup generated by h 

And, in this case, by the same calculation as before, 

2dimAx 

F(t)= I: dim HHr(A,, Q)tr =(tr pn)k. 
j-0 

Where A~ Vis an abelian scheme belonging to the polymer P= I: gX 
and A, is a generic fibre in that. In the same way, if we taken an abelian 
scheme belonging to P=µl:gx with higher µ>O, F(t) becomes: 

F(t)=(tr(P;))k 

§ 8. 

If<§ ¾-S, the calculation will become difficult, and only for some ex­
amples we can calculates the dimension of G-invariant cycles. 
I) Edges of a tetrahedron. 

a 

p 

r 
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~=tetrahedral group== A4 

P={a, fi}+{a, r}+{a, o}+{/3, r}+{/3, o}+{r, o} 

F(t)=(f(a, fi)f(a, r)f(a, o)f(fi, r)f(fi, o)f(r, o), I). 
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Lemma. ((a+bX +cX 2)(a' +b'X +c'X 2)(a" +b"X +c"X 2), 1) 

=aa'a" +(ab'b" +ba'b" +bb'a")+(ac'c" +ca'c" +cc'a'') 

+(be' c" +cb' c" +cc'b")+cc' c" 
Calculation 

We put this 3-linear form 

a' b' c' =aa'a" +ab'b" +ba'b" +bb'a" +ac'c" +ca'c" (
a b C) 

a" b" c" 
+ cc' a"+ be' c" + cb' c" + cb' c" + cc' b" + cc' c". 

We put furthermore, 

Definition. 

{A, B, C}=tr(PAPAPA)+tr(PAPBPB)X3+tr(PAPCPC) 

X 3 + tr(P BPCPC) X 3 + tr(PCPCPC) 

for three 3 X 3 matrices A, B, C. 

F(t)= f Jf f f(fi, r)f(r, o)f(o, fi)-f(a, fi)f(a, r)f(a, o)dadj3drdo 

= ff f tr(PM(r)PM(o)PM(fi))u {(a+cfi 2)+bfia+ca 2} 

X {(a+cr 2)+bra+ca 2}{(a+co 2)+boa+ca 2}da ]dfidrdo 

(
a+cfi2 bfi c) 

= ff f tr(PM(r)PM(o)PM(fi) a+cr 2 br c dj3drdr, 

a+co2 biJ C 

where a= 1 + t 4 

b=t+t 3 

C=t 2 

D 
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+ { (x+ cfi2)hrbo+ bfi(a+ cr2)bo +bfibr(a + CO2)} 

+ {(a+ cfi2)cc+ c(a + cr2)c+cc(a+ co2)} 

+{bficc+cbrc+ccbo}+ccc]dfidrdo 

= J ff tr(P(al + cfi2M{fi))P(al + cr2M(r))P(al + co2M(o))dfidrdo 

we have 

+ ff J tr(P(al +cfi2Mfi))P(rM(r))P(oM(o))dfidrdo 

+ JJJ tr(P(bfiM(fi))P(a+cr2M(r))P(boM(o))dfidrdo 

+ JJJ tr(P(bfiM(fi))P(brM(r))P(al +ca2M(o))dfidrda 

+ Jf J trP(al +cfi2M(fi))P(cM(r))P(cM(o))dfidrda 

+ JJJ trP(cM(fi))P(al +cr 2M(r))P(cM(o))dfidrdo 

+ JJJ trP(cM(fi))P(cM(r))P(al+co 2M(o))dfidrdo 

+ Jf J tr P(bfiM(fi))P(cM(r))P(cM(o))dfidrdo 

+ JJ J tr P(cM(fi))P(br M(r))P(cM(o))dfidrda 

+ JJ J tr P(cM(fi))P(cM(r))P(boM(o))dfidrdo 

+ JJ J tr P(cM(fi))P(cM(r))P(cM(o))dfidrdo. 

Defining matrices A, B, C, by 

J (al+cX 2M(X))dX=A 

f bXM(X)dX=B 

J cM(X)dX=C, 

F(t)=tr(PAPAPA)+tr(PAPBPB) X 3+tr(PAPCPC) X 3 

+ tr(P BPCPC) X 3 + tr(PCPCPC) 

={ABC} 

In order to compute these matrices A, B, C, we put: 
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Lemma. 

f XM(X)dX-(! 
1 

!)-K 0 

1 

f X,M(X)dX-(; 
0 

;)-J 1 

0 
then obviously 

A-al+cJ-(~ 
0 

.iJ a+c 

0 

B-bk-(~ 
b 

~) 0 

b 

c-c1-(~ 
0 

;), C 

0 

where a=l+t4, b=t+t8, c=1 2. 

Now 

tr(PAPAPA)=tr(((l +1 4)P+t 2PJ)3), (A =(1 +1 4)l 3 +12J) 

(( (
1+1 4 0 t 2

) (1+1 4 0 1
2)(0 0 =tr (l+t') 0 r+t 8 0 +1 2 0 t+t 3 0 0 1 

t 2 0 0 t 2 0 0 1 0 

=trl ((1 +3t 2 +t 4 2t 2+t'+2t 6
) )

3)1 
t 4 EB(t+2t 3+2t 5+t7) 

t2+t6 

1 + 13t4+2t 6+52t 8 212 +1 4 +20t 6 + 1118 

+91 10+811 12+91 14 +571 10+231 12+571 14 

+5211a+211a+ 13120 + 1111a+2O11s+120 
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=tr +124 +2122 +(t+21s+21s+11)s 

12+ l016 +t 8 +281 10 2t 4 +1 6+ 14t8 +6t 10 
+21 12+281 14 +1 16 +25112+61 14+ 14t16 
+10t1a+ 122 + 11s+2 124 

= 1 +t 3+ 15t'+6t 5+3t 6 + 1817 +66t 8 +35t 9 + 15t10 +48t 11 + 106112 

+481 13+ 15t14+35f 15+661 16+ 18(17 +3t 18+6t 19+ 15t20+t 21 +1 2\ 
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On the other hand 

and 

and 

Lemma. 

c,· 0 

'i)(! 
1 

lH+ 
1 +t 2+t 4 

,:,·) PK= 0 t+t 3 0 0 

t2 0 1 t2 

c,· 0 

'i)(; 
0 ]) C 0 !+:+'') PJ= 0 t+t 3 1 0 = 0 t+t 3 

t2 0 0 1 0 0 t2 

Calculation. 

Now, since A=al+bJ, B=bK, 

tr(PAPBPB)=a tr(PPBPB)+c tr(PJPBPB) 

= ab2tr(P P KP K) + cb2 tr(P JP KP K) 

= ab2 tr(P KP KP)+ cb2tr(JP KP KP) 
=tr((ab 2I,+cb 2J)(PKPKP)) 

ab2/3 + cb2J = (1 + t4)(t + t3)2/3 + tz(t+ t3)2J 

= [
(1 + t4)o(t+ t3)2 o t2(t+t3)2 l 

(1 +1 2+t 4)(t+t 3)2 
t2(t+t3)2 0 

o I 
(1 +t 2+t 4)(t+t 3)2j 

t 2 +2t 4 +2t 6 
0 t 4 +2t 6 +t 8 

+2t 8 +t 10 

= 0 
t 2 +3t 4 +4t 6 0 =Q +3ts+tio 

t 4 +2t 6 +t 8 0 t 2+3t 4 +4t 6 

+3ts+tlO 

0 

PKPKP= t+t 3 0 t+t 3 t+t 3 0 t+t 3 0 t+t 3 
[ O l+t"+t• 0 l [ 0 l+t'+t' 0 l [] +1• 

'i] 
0 t2 0 0 t2 0 t2 0 

(1 +t 2+t 4) 0 
(1 +tz+t4) 

l+t 4 0 ti 
X (t+ t') x(t+t 3) 

- 0 
(t+t3)(1 +t2+t4) 0 0 t+t 3 0 
+(t+t3)t2 

t2(t+t3) 0 t2(t+t3) t2 0 0 
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t+3t 3 +5t 5+5t 7 
0 t 3 +2t 5 +2t 7 +t 9 

+3t9+t11 
= 0 t 2 +4t 4 +6t 6 +4t 8 

0 +t11 
t 3 +2t 5+2t 1+t 9 0 t5+t1 

hence 

t 2 + 2t 4 + 2t 6 + 2t 8 
0 t 4 +2t 6 +t 8 

+t10 

Q(PKPKP)= 0 t 2 +3t 4 +4t 6 +3t 8 
0 +t10 

Therefore 

X 

t 4 +2t 6 +t 8 

t +3t 2 +5t 5 +5t 7 

+3t 9+t 11 

0 

t 3 +2t 5+2t 7 +t 9 

t 3 + 5t 5+ 14t7 +27t 9 
+ 37t11 + 37t13+ 27t 15 
+ 14t17 +5t 19+2lt 21 

0 

2t 5 + 10t7 +24t 9 
+ 36t11 + 36!13 + 24t 15 
+l0t1r+2t19 

0 t 2 +3t 4 +4t 6 +3t 8 

+t10 

0 t 3 +2t 5 +2t 1+t 9 

t 2 +4t 4 +6t 6 +4t 8 
0 +t10 

0 

0 

t 4 + 7t 6 +22t 8 

+4lt 10 + 5Ot12 
+4lt 14 +22t 16 
+ 7t1B+t20 

0 

t5+t1 

t 5+4t 7 +9t 9 + l4t 11 

+ 14t13+9t15+4t17 
+tl9 

0 

2t 1 +8t 9+l4t 11 

+ 14t13+ 8t15+2t 17 

tr(QPKPKP)= t 3 +t 4 +5t 5 + 7t 6 + l6t 1 +22t 8+35t 9+4lt 10+5lt 11 

+ 5Ot12 + 5lt 13 +4lt 14+ 35t15+ 22t16+ 16t17 + 7t18 

+5t19+t2o+t21. 

Therefore 

tr(PAPBPB) X 3=tr(QPKPKP) X3=3t 3+3t 4 + 15t5 +2lt 6 +48t 7 

+66t 8 +105t 9+123t 10+153t 11 +15Ot 12+153t 13- · ·. 

Lastly 

tr(P APCPC) X 3 + tr(P BPCPC) X 3 + tr(PCPCPC) 

= tr(3APCPCP) + tr(3BPCPCP) + tr(PCPCPC) 

=tr(3t 4AP 3)+tr(3t 4BP 3)+tr(t 6P 3) 

=tr((3t 4A +3t 4D+ t 6/ 3)P 3). 
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Now we put 

then our 3-ple sum is equal to tr(RP 8), and since 

[31'+1• +31" 315 +31 1 
31' l 

R= 315+31 1 3t 5+4t 6+31 8 3t 5+31 1 

3t 6 315+31 1 314 +4t 6 +31 8 

[l+t' 0 

'ff pa= 0 1+t 3 

t2 0 

= [I +51 4 :5t 8 +1 12 

12+316+flO 

0 t 2 +3t 8 +1 10] 
13 +31 5 +3t 7 +1 9 0 , 

0 t 4 +t 8 

We have 

tr(RP 3)=tr 3t 5 +3t 7 [
3t 4+1 6+3t 8 3t 5 +3t 7 

314 +41 6 +3t 6 

3t 5+31 1 

Therefore 

3t 6 

X O t 8 +3t 5+3t 1+t 9 0 [
}+51 4+51 8+f 12 Q t 2+3t 6+tlD] 

=tr 

12+3t 6+tlD Q t 4 +t 8 

314 +1°+2lt 8 +5t 10 31°+ 12110 + 18t12 316+1 8 + 15110 
+391 12 +51 14 +211 16 +121 14 +31 16 +31 12+151 14 

+t1s+3 120 + 11s+3t1s 

? 

? 

311 + 1319 +241 11 

+241 13 + 13t15 
+3tl1 

? 

? 

616 +41 10 +I5t 12 

+41 14+61 16 

= 3t4 + 16 +31 1 +271 8 + 13t9 +91 10 + 24111 + 54112 + 24113+91 14 

tr(PA) 8 +tr(PAPBPB) X 3+tr(RP 3)=(1 +41 3 +211 4 +211 5 +251 6 

+691 1 + 15918 + 15319 + 147110 +2251 11 +310t 12+225t 13+ 147114 

+ 153t15+ 159t16+691 17 +25t 18+2lt 19+ 21120+41 21+ 124). 



Invariants and Hodge Cycles 

This is the F(t). This polymer is not rigid for any S. 
II) Hexahedron 

r 

'(; = hexahedral group~ s4 

P={a, p}+{p, r}+{r, o}+{o, a}+{a, e}+{p, r;}+{r, C:}+{o, w} 

+{e, r;}+{r;, O+{C:, w}+{w, e} 
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F(t)=(f(a, p)f(p, r)f(r, o)f(o, a)f(a, e)J(p, r;)J(r, ()f(o, w)J(e, r;) 

X/(r;, C:)/(C:, w)f(w, e), 1) 

=([tr(PM(a)PM(p)PM(r)PM(o))][tr(PM(e)PM(r;)PM(()PM(w))] 

X/(a, e)J(p, r;)J(r, ()f(o, w), 1) 

Lemma. 

tr(ACB)tr(A'C' B')=tr[(ACB)0(A'C' B')] 

=tr[(A0A')(C0 C')(B0B')]. 

Obvious 

Therefore 

F(t)=(tr(P< 2lM(a, e)P' 2lM(p, r;)P<2iM(r, ()P<2lM(o, w)) 

X/(a, e)f(p, r;)J(r, ()f(o, w), 1) 

where: 

Now 

Lemma. 

P<2l=P0P 
M(X, Y)=M(X)0M(Y). 

D 

f.f AM(X, Y)Bf(X, Y)dXdY=A[al0l+bK0K+c(J01+10J)]B 
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where a=l+t4, b=t+t3, c=t 2 and A,B are any 1X9 or 9Xl constant 
matrices and 

M(X, Y)=M(X)0M(Y)=(; ; 2 :; 2)0(~ ;2 ;; 2). 

X2 X2X X~ Y2 Y2 Y Y~ 

Since/(X, Y)=a+bXY+c(X 2 +Y 2), 

f M(X)dX=l 3 

f XM(X)dX-K-(! ~ !) 
f X,M(l,dX-J-(; ! ;) 

ff AM(X, Y)Bf(X, Y)dXdY 

=A(f f (a+bXY +dX 2 + Y2)M(X)(2)M(Y)dXdY )B 

=A[a f M(X)dX(2) f M(Y)dY+b f XM(X)dX(2) f YM(Y)dY 

+cf X2M(X)dX@f M(Y)dY+c .f M(X)dX@f Y2M(Y)dY]B 

=A[aI 3 (2) l 3 +bK(2)K+c(J(2) 13+ l 3 (2)J)]B. 

Therefore 

F(t) = tr(P <2>QP <2lQp<2>QP <2lQ) 

where 

Q=al (2) 1 +bK0K+c(J(2) I+ 1 (2)J) 

r
l+t4 I+t4 Q 

I+t 4 

1 +t 4 

= l I +t
4 

I +t 4 

0 I+t 4 

I +t 4 

Q.E.D. 

I +t 4 
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0 1 0 
1 0 1 
0 1 0 

0 1 0 0 1 0 
+(t+ts) 1 0 1 1 0 1 

0 1 0 0 1 0 

0 1 0 
1 0 1 
0 1 0 

0 0 1 1 0 0 
0 1 0 0 0 0 1 0 
1 0 1 0 0 1 

0 0 1 1 0 0 
+t2 0 1 0 + 0 1 0 

1 0 1 0 0 1 

0 0 1 1 0 0 1 0 0 
0 1 0 0 1 0 0 0 1 0 
1 0 1 J 0 0 1 0 0 1 

1 +t 4 0 t2 0 t+t 3 0 {'I. 0 0 

0 l+t 2 
0 t+t 3 0 t+t 3 0 ts 0 +t4 

t2 0 l+t 2 
0 t+t 3 0 0 0 t2 

+t4 

0 t+t 3 0 l+t 2 
0 t2 0 t+t 2 0 +t4 

t+t 3 0 t+t 3 0 1+2t 2 
0 t+t 3 0 t+t 8 

+t4 

0 t+t 3 0 t2 0 1+2t 2 
0 t+t 3 0 +t4 

t2 0 0 0 t+t 3 0 1+1 2 
0 t2 

+t4 

0 t2 0 t+t 3 0 t+t 3 0 1+21 2 
0 +t4 

0 0 t2 0 t+t 3 0 t2 0 1+2t 2 

+t4 
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Now 

[!+t' 0 ''] [l+t' 0 ~] p<Z)=P®P= ~2 t+t 3 0 0 0 t+t 3 

0 0 t 2 0 

(1 + t4)2 0 (1 + t 4)t 2 t 2(1 + t 4) 0 t4 

0 (1 +t 4) 0 0 0 t 2(t+t 3) 0 
x(t+t 3) 

(1 +t4)t2 0 0 t4 0 0 

(t+t3) 
0 (t+t 3)t 2 

x(l+t 4) 
- 0 0 (t+t3)2 0 0 

(t+t3)t2 0 0 

!2(1 + t4) 0 t4 

0 t2(t+t3) 0 0 0 

t4 0 0 

1 +2t 4 
0 t2+t6 t2+t6 0 t4 

+ts 

0 t+t 3+t 5 
0 0 0 ta+ t5 0 +t7 

t2+t6 0 0 t4 0 0 

t+t 3+t 5 
0 t3 + t5 

+t7 
- 0 0 t 2+2t 4 

0 0 +t6 

t3+ !5 0 0 

t2+t6 0 t4 

0 t3+t5 0 0 0 
t4 0 0 
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We put this p<2>Q=A, then 

F(t)=tr(A 4). 

Since A-A 0+A 1, where 

1+5t 4+5t 8 2t 2 +t 4 t+3t 3 +5t 5 2t 2 +t 4 

+5t 7+3t 9 +5t 6 +t 8 +t12 +5t6+ts 
+2t 10 +tll +2t10 

t 2 +3t 6+t 10 t 4 +t 8 

Ao= t3+3t5 
+3t 7+t 9 

t 2 +4t 4+6t 6 t 3 +3t 5 

+4t 8+t 10 +3t 7+t 9 

A1= 

t 2 +3t 6+t 10 2t 4+t 6 
+2t 8 

t 3+2t 5 t 4 +t 8 

+2t 1 +t 9 

t6 t6 

t+2t 3 +4t 5+4t 7 t 2 +3t 4+4t 6 t 2 +3t 4+4t 6 
+2t 9+t 11 +3t 8 +t 10 +3ts+tio 

t 2 +3t 4+4t 6 t+2t 3 +4t 5 2t 3 +4t 5+4t 7 
+3t 8 +t 10 +4t 7 +2t 9 +2t 9 

+tll 

t 4+2t 6+t 8 t 3 +2t 5+2t 7 t5+t7 
+t9 

Therefore 

F(t) = tr(At) + tr(At). 

t6 

t6 

0 

2t 3 +4t 5+4t 7 
+2t 9 

t 2 +3t 4+4t 6 
+3ts+t10 

We know that for odd power t• the coefficient c. in F(t)=tr(A 4)= .6 C,t' 
is O < c. = dim IV(F) 0 < dim !V(µF) 0 = dim H·(A,Q) = 0, for a large µ. 
So we calculate tr A 4= .6 C,t• only for even power. 

We put Ao'" =the even power polynomial part of A0. 

1 +5t 4 +5t 8 2t 2 +t 4+5t 6 
0 2t 2 +t 4+5t 6 3t 4+4t 6 

+110 +t 8 +2t 10 +t 8 +2t 10 +3t 8 

t 2 +3t 6 +t 10 t4+t8 0 2t 4+t 6+2t 8 t6 

= 0 0 t 2 +4t 4+6t 6 
0 0 +4t8+tIO 

t 2 +3t 6+t 10 2t 4+t 6+2t 8 0 t4+ts t6 

t4+ts t6 0 t6 0 
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We put A 0 =the odd power polynomial part of A 0 

-

0 0 

0 0 

t3 +3t 5 +3t 7 t8 +3t 5 +3t 7 

+ta +ta 

0 0 

0 0 

A0 =At+Ao 

t+3t 8 +5t 5 

5t1 +3t 9 +t 11 

t 8+2t 5+2t 7 
+t9 

0 

t 8 +2t 5+2t 7 

+ta 

t5+t7 

A~=At 2+At Ao +Ao At +Ao 2 

0 0 

0 0 

t 8 +3t 5 +3t 7 t 3 +3t 5 +3t 7 

+ta +ta 

0 0 

0 0 

At=At 4 +At 3Ao +At 2A0At +At 2Ao 2 +At Ao A:2+At Ao At Ao 

+At Ao Ao At +At Ao Ao Ao +Ao At At At +Ao At At Ao 

+ Ao At Ao At+ Ao At Ao Ao+ Ao Ao At At+ Ao Ao At Ao 

+ Ao Ao Ao At+ Ao Ao Ao Ao 

=At 4 +Ao 4 +At Ao At Ao +At Ao Ao At +Ao At At Ao 

+ Ao At Ao At+ Ao Ao At At+ At At Ao Ao 

(mod odd power oft), 

Now since 

a(l, 1) a(l, 2) 0 a(l, 4) a(l, 5) 

a(2, 1) a(2, 2) 0 a(2, 4) a(2, 5) 

A+-0 - 0 0 a(3, 3) 0 0 

a(4, 1) a(4, 2) 0 a(4, 4) a(4, 5) 

a(5, 1) a(5, 2) 0 a(5, 4) a(5, 5) 

0 0 b(l, 3) 0 0 

0 0 b(2, 3) 0 0 

Ao= b b 0 b b 

0 0 b(4, 3) 0 0 

0 0 b(5, 3) 0 0 
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a(l, 1)= 1 +5t 4 +5t 8 +t 12 a(l, 2)=2t 2 +t 4 +5t 6 +t 6 +2t 10 

a(2, l)=t 2 +3t 6 +t 10 a(2, 2)=t 4 +t 8 

a(4, l)=t 2 +3t 6 +t 10 a(4, 2)=2t 4 +t 6 +2t 8 

a(5, l)=t 4 +t 8 a(5, 2)=t 6 

a(3, 3)=t 2 +4t 4 +6t 6 +4t 8 +t 10 

b(l, 3)=t+3t 3 +5t 5 +5t 7 +3t 9 +t 11 

b(2, 3)=t 3 +2t 5 +2t 1 +t 9 

b(4, 3)=t 3 +2t 5 +2t 7 +t 9 

b(5, 3)=t 5+t 7 

b =t 3 +3t 5+3t 1 +t 9• 

At Ao= 

where 

0 0 c(l, 3) 0 

0 0 c(2, 3) 0 

a(3, 3)b a(3, 3)b 0 a(3, 3)b 

0 0 c(4, 3) 0 

0 0 c(5, 3) 0 

c(l, 3)= l:: a(l, k)b(k, 3) 

c(2, 3)= l:: a(2, k)b(k, 3) 

c(4, 3)= l:: a(4, k)b(k, 3) 

c(5, 3)= l:: a(5, k)b(k, 3). 

0 

0 

a(3, 3)b =B 

0 

0 

We put this matrix B. 

tr(B 2)=trAt A0 At Ao 

=c(l, 3)a(3, 3)b+c(2, 3)a(3, 3)b+a(3, 3)c(l, 3)b 

+a(3, 3)c(2, 3)b+a(3, 3)c(4, 3)b+a(3, 3)c(5, 3)b 

+c(~~a0,~b+c0,~a0,~b 

=2[c(l, 3)+c(2, 3)+c(4, 3)+c(5, 3)]a(3, 3)b 

=2[l::k a(l, k)b(k, 3)+ l:: a(2, k)b(k, 3) 

+ l:: a(4, k)b(k, 3)+ l:: a(5, k)b(k, 3)]a(3, 3)b 

=2[l::k(a(l, k)+a(2, k)+a(4, k)+a(5, k))b(k, 3)]a(3, 3)b 

=2[(1 +2t 2 +6t 4 +6t 6 +6t 6+2t 10+t 12) 

X (t+3t 3 +5t 5 + 5t1+ 3t 9 + t 11) 

+(2t 2 +4t 4+ 7t6+4t 6+ 2t 10)(t 8+2t 5+2t 7 + t 9) 

+(2t 2 +4t 4 + 7t 6 +4t 8 +2t 10)(t 8 +2t 5 +2t 7+ t 9) 
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+(3t 4 + 6t 6 +3t 8)(t 5+ t7)](t2 +4t 4 +6t 6 +4t 8 + t 10) 

X (t 3 +3t 5+3t 1 + t 9) 

=2 X (t 6+ 12t 8 + 77t 10+ 342t 12 + ll44t 14 +2994t 16 + 6256t 18 

+ 10546t 20 + 14410t 22 + 15983t 24 + 14410t 26 + 10546t 28 

405 

+ G256t30 + 2994t 32 + l 144t 34 + 342t 36 + 77t 38 + 12t 40 + t 42). 

Now 

b(I, 3)b b(l, 3)b 

b (2, 3)b b (2, 3)b 

A 02= 0 

I b(4, 3)b 

l b(5, 3)b 

0 

b(4, 3)b 

b(5, 3)b 

0 

0 

D 
0 

0 

b(l, 3)b b(l, 3)b 

b(2, 3)b b(2, 3)b 

0 

b(4, 3)b 

b(5, 3)b 

0 

b(4, 3)b 

b(5, 3)b 

where D=b-b(l, 3)+b-b(2, 3)+b-b(4, 3)+b-b(5, 3), 

b(l, 3) b(l, 3) 

b(2, 3) b(2, 3) 

0 

b(4, 3) 

b(5, 3) b(5, 3) 

0 

0 

0 

0 

0 

b(l, 3) b(l, 3) 

b(2, 3) b(2, 3) 

0 

b(4, 3) 

0 Xb 

b(4, 3) 

b(5, 3) b(5, 3) 

where O=b(l, 3)+b(2, 3)+b(4, 3)+b(5, 3). 

where 

A -4_ 
0 -

bi+b1b2 
+b1b4+b1b5 

I I 

0 

I I 

I I 

I I 

0 

I I 

I I 

0 

0 

II 

I I 

0 

I I 

I I 

I I 

0 

II 

b5b1+b5b2 
+b5b4+b; 

bi=b(l, 3) (i= I, 2, 4, 5). 

tr(A 04)=(bi+b 1b2+ · · · + 0 2+ · · · +b5b1+ · · · +b~)b2 

= {(b1 +b2 + b4 +b5)2+ 0 2W = 2 X (b1 + b2+ b4 +b5)2 X b2. 
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Therefore 

tr((A O)4)=2 X(t+ 5t8+ 1Ot5+ 10t7 + 5t 9+ t 11) 2+(t 3+3t 5+ 3t 7 + t 9) 2 

=2 X (t 8+ l6t 10 + 12Ot12+ 56Ot14+ 182Ot16+4368t 18+8OO8t 20 

+ 1144Ot22+ 12878t24+ 1144Ot26+8OO8t 28+4368t 30 

+ 182Ot32+ 56Ot34+ 12Ot36+ 16t38+ t40). 

Next put 

At 2 =4(B(ij))EB(b) 

A- 2 -(C(ij)) EB(Ll). 

We know B(i,j), C(i,j); b, LI are polynomial oft. Now 

b(l, 3) b(l, 3) b(l, 3) b(l, 3) 

b(2, 3) b(2, 3) b(2, 3) b(2, 3) 
(C(i,j))= b 

b(4, 3) b(4, 3) b(4, 3) b(4, 3) 

b(S, 3) b(S, 3) b(S, 3) b(S, 3) 

and (B(i,j)) is known by a computer. 
Namely, if we put, 

J,.i(t) J,.z(t) Jilt) Jilt) 

fzi(t) fzz(t) fzlt) fzs(t) 
(At) 2 - EB(f(t)) 

f.i(t) f.z(t) f.lt) f.s(t) 

f;,i(t) fsz(t) fslt) fss(1) 

and put 

Then 

Fi(t) =4+ Ot2+ 5614+ 8t 6+ 24Ot8+48t 10+ 144t12+48t 14+ 24Ot16 

+8t16+ 56t2o+ot22+4t24 

Fz(t) =0+ 8t 2+4t 4 + 8416 + 33t 8+ 248110+ lOOt12+248t 14+44t 16 

+ 84ts+4t20+ 8122+ot24 

Flt) =0+ 8t 2 +4t'+ 84t 6+44t 8+ 248110+ lOOt12+ 248t 14+44t 16 

+ 84t 18+4t 20+ 8t22+OtH=Fz(t) 
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+ 16!18 + 12t20 +ot 22 +0t 24• 

Since 

b(I, 3) b(l, 3) b(I, 3) b(l, 3) 

A02 = ( C(ij)) +(LI)= 
b(2, 3) b(2, 3) b(2, 3) b(2, 3) 

bEB(LI), 
b(4, 3) b(4, 3) b(4, 3) b(4, 3) 

b(5, 3) b(5, 3) b(5, 3) b(5, 3) 

tr[(At 2)(A 02)]-Llf 

=tr(f(ij))(C(ij)) = "f:J(i,j)b(j, 3)b= I; F1 -b(j, 3)-b 
i,j j 

=[Fi(t)b(l, 3)+Fz(t)b(2, 3)+F 4b(4, 3)+F 5b(5, 3)]Xb 

=(4t+ 12t3 +92t 5 +236t 7 + 784t9 + 1376t11 + 2816!13 + 3712t15 

+4296! 17 +4296t 19 + 3712t21+2816t 23+ 1376t25 + 784t27 

+236t 29 +92t 31 + 12t33+4t 35)(t 3 + 3t 5+ 3t 7 + t 9) 

=4t 4+24t 6 + 140t8 +552t 10 + 1780t12+4528t 14 + 11532!16 

+ l 7072t18 +25256t 20 + 31136!22 + 33200t24+31136t 26 

+25256t 28 + 17072t30 + 11532!32+4528! 34+ 1780t36 

+552! 38 + 140t' 0+24t 42+4t 44 

=X . 

. ·. tr(At 2) (A02) = X + Llf 

Ll=Ob=b(b(l, 3)+b(2, 3)+b(4, 3)+b(5, 3)) 

=(t 3+ 3t 5+3t 1+ t 9)(t+ 5t 3 + 10t5+ 10t7 + 5t 9 + t 11) 

=(t 2 +4t 4 + 6t 6+4t 8+ t 10)2={(t 2(1 + t 2)2)} 

LI= t•+ 8t 6+28t 8+ 56t 10+ 70t 12+ 56t14+ 28t 16+ 8t 18+ t 20 

f = t 4+ 8t 6 +28t 8+ 56t 10 + 70t 12+ 56t 14+ 28t 16+ 8t18 + t 20 =LI 

Llf = (t 2(1 + !2) 4) 4 = t8(1 + t 2) 16 

=t 8+ 16t10 + 120t12+ 560t14 + 1820t16+4368t 18+ 8008t20 

+ l 1440t22+ 12870!24+ l 1440t26+ 8008t28+ 4368t 30 

+ 1820!32+ 560!34+ 120!36+ l 6!38+ t 40 • 

Now by a computer, 

tr(At)4-g 4 = 1 + 36t'+ 8t 6 + 510t8 +200t 10+ 3692t 12 + 1816!14 

+ 14899!16+ 7576!18 + 34452t20 + 15400t22+45622t 24 
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+ 154OOt26+ 34452t 28+ 7576t 30+ 14899! 32+ 1816t 34 

+ 3692[ 36+ 200( 88+ 510(40+ 8(42+ 36( 44+ (46 

With g= f 2(1 + f 2)4= t 2+ 4t 4+ 6t6+ 4t 8+ t 10 

Now 

g4= fB(l + (2)16== J2 
= t 8+ I6t 10 + 12Ot12+ 560t14+ 182Ot16+ 4368t 18+ 8OO8t20 

+ 1144Ot22+ 1287Ot24+ 1144Ot26+ 8OO8t28+ 4368t 30 + l 82Ot32 

+ 560( 34+ 12Ot36+ 16t38+ t 40. 

trAt 4 = 1 + 36t 4+ 8t 6+ 51Ot8+ 200110 + 3692t 12+ 1816t 14 

+ 14899t 16+7976t 18+34452t 20+ 154OOt22+45622t 24 

+ 154OOt26+34452t 28+ 7976t 30+ 14899( 32+ 1816t 34 

+ 3692( 36+ 200( 38+ 510( 40+ 8(42+ 36(44+ / 48+ g4 

tr A04 =2t 8+ 32t 10+24Ot 12+ l 120t 14 + 364Ot16+ 8736t 18 

+ 16O16120+22ssot 22+2s756t 24+22ssot 26+ 16O16t28 

+ 8736t 30+ 3640( 32+ 1120(34+ 240t36+ 32(38+ 2t 40 

tr(At 2A02) X 4= 16t 4+96t 6+ 560t 8+22O8t 10+ 7120t 16+ 18l 12t18 

+46128t 16+68288t 18+ 101024t 20+ 124544t 22+ 132800!24 

+ 124544t 26+ 101O24t28+ 68288t 30+ 46128t 32+ 18112(34 

+ 712Ot36+ 22O8t38+ 560t•0+96t 42+ I6t 44+4df 

tr(At A0)2 X2=4t 6+ 48t 8+ 3O8t10+ 1368t 12+4576t 14 + 11976t 16+ 25O24t18 

+42184t 20+ 57640t 22+ 63952! 24+ 5764Ot26+ 42184t 28 

+ 25O24t30+ l 1976t 32+ 4576t 34+ 1368(36+ 3O8t38+ 48t 40 

+4t42 

g•+ 4df = 5g4= 5t 8+ 8Ot10+ 6OOt12+ 28OOt14+ 910Ot16+ 21840( 18 

+ 4OO4Ot20+ 572OOt22+ 64350( 24+ 572O0t26+4OO4Ot28 

+21840( 30+ 9100( 32+ 2800( 34+ 600(36+ 8O(38+5t 40 

tr At=tr(At)4+ tr(A 0)•+ [tr(At 2A02)] X 4+ [tr(AtA 0 At A0)] X 2 

(mod odd powers of t) 

= 1 + 52t 4+ 108t 6+ l 125t 6+ 2828t 10+ 13O2Ot12+ 28424t 14 

+ 85743t 16+ 131864t 18+ 23372Ot20+ 277664t 22+ 332480! 24 

+ 277664t 26+ 233720! 28+ 131864t 30+ 85743( 32+ 28424! 34 

+ 13020( 36+ 2828( 38+ 1125(40+ 108(42+ 52(44+ [48. 
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Since 

0 t2+3t 4+4t 6 t 2+3t 4+4t 6 
0 +3ts+tio +3tB+tlO 

t2+3t 4 +4t 6 
0 0 t2+3t 4+4t 6 

A+- +3ts+tio 3tB+flO 1-

t 4 +2t 6+t 8 0 0 t 4+2t 6 +t 8 

0 t 4+2t 6+t 8 t 4+2t 6+t 8 0 

(a a) :+: (a a) At'""' b b EB b b 

(a a) 4 
, · (a2+ab a2+ab) 2 (c c)(c c) 

tr(Ai) 4=2tr b b =2tr ba+b2 ba+b2 =2tr d d d d 

=2[(c 2+cd)+(cd+d 2)]=2(c+d)2 

=2(a+b) 4 

=2(t 2+ 4t 4+ 6t 6+4t 8+ t10)4 

=2[t 2(1 + t2)4]4 

=2g4 

c=a 2+ab 

d=b 2+ab 

c+d~(a+b) 2 

=2(t 8+ 16110+ 120112+ 56Ot14+ 182O116+4368t 18 

+80081 20+ 11440122+ 1287Ot24+ 11440126 +80081 28 

+43681 30+ 1820132+ 560134+ 120186 + 16138+ t 40). 

Similarly 

with 

A1 - (; !) + (; !) 
a= t+ 2t 8 + 4t 5+41 7 + 2t 9+ t 11 

f3=t 8+21 5+21 7 + 19 

r =21 3+41 5+ 411 + 2t 9 

0=1 5+11. 

Putting ..:!1, ..:!2 eigenvalues of (f 1), 
tr[(A1)4]=2tr[(; !)] 

=2(..:lt + ..:!D=2[01+ ..:l2)4-(4..:l~l2+6lfl;+411lm 

=2[(a+ o)4- ..:l1.i!l4..:!~+ 8..:!1..:!2+ ..:l;-..:!1..:l2)] 
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=2[(a+o)4-(a ·o-/3-r)[401+ A2)2-2(a ·o-f3 · r)]] 

=2[(a+o)'-(a ·o-f3 ·r)[4(a+o)2-2(a ·o-f3 ·r)]] 

a+o=t+2t 3 +5t 5+ 5t 7 +21 9+ (11 

a ·0-/3-r= -t 6 - 516 - 10110- 12112- l0114 -5t 16-t 18 

=2[(1+21 3+ 515+ 517 +21 9+ 111) 4 

+(1°+51 8+ 10110 + 12112+ 10114 + 5116+ 118) 

X (412+ 161'+ 5716 + 12518+2061 10+2521 12+2061 14 

+ 125116+ 57118+ 16120+41 22)] 

=2(1'+ 81°+481 8+2081 10+ 711112+ 197011'+44831 16 

+84681 18+ 13271120+ 17478122+ 1913612'+ 17478126 

+ 13271(28+ 8468130+ 4483132+ 1970184+ 711186 

+ 208188+481 40+ 8142+ 144). 

[o a aO a o o rl 
a O O a 0 a r 0 

A+A-= 
b O O b 0 /3 () 0 

0 b b 0 /3 0 0 o 

[ 0 aa+ap ar+ao ~:··] aa+af3 0 0 

ba+b/3 0 0 br+bo 

0 ba+b/3 br+bo 0 

tr(At A1)2=(aa+af3)2+(ar+ao)(ba+bf3) 

+(aa+af3)2+(ar+ao)(ba+bf3) 

+ (ba+ bf3)(ar + ao) + (br + bo)2 

+ (ba+ bf3)(ar + ao) + (br + bo)2 

=2a 2(a+ f3)2+2ab(r +o)(a+ /3) 

+ 2ab(a+ /3)(r + o)+ 2b2(r +o) 2 

=2a 2(a+ f3)2+ 2b2(r +o)2+4ab(a+ /3)(r + o) 

=2(aX) 212+2(bY)21 2+4abXY1 2, 

a= (2 +31 4 +41 6+31 6+ 110 

b=1'+21 6 +1 6 

lX =a+ /3=1+31 3 +61 5+ 611+31 9 + 111 



By a computer, 
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lY =r +o=21 3 + 515 + 517 +21 9 

X= 1 +31 2 +61 4 +61 6 +31 6+1 10 

Y=21 2 +51 4 +51 6 +21 9• 

411 

tr(At Ai:')2 =2(1 6+ 1216+ 78110+3481 12+ 116lt 14 + 3024t16+62881 18 

+ 10554120 + 14376122 + 15932t24+ 14376t26 + 10554128 

+ 6288t30+ 3024132+ 1161134+ 348136 + 78136+ 12140 + 142), 

Now 

0 a a o [o a a 0 

a 0 0 a a 0 0 a 
A+2_ 

1 -
b 0 0 b b 0 0 b 

0 b b 0 0 b b 0 

a2+ab 0 0 a2+ab 

0 a2+ab a2 +ab 0 
-

0 ab+b 2 ba+b 2 0 

ba+b 2 0 0 ba+b 2 

a 0 0 

m~ 
0 0 r 

0 a r a r 0 
A-2_ 

1 -
0 f, 0 f, 0 0 

f, 0 0 0 0 0 

a2 +rf, 0 0 ar+ro 

0 a2 +rf, ar+ro 0 
-

0 af,+of, f,r+o 2 0 

f,a+of, 0 0 f,r+o 2 

A 0 0 

ll 0 A A A=a 2+ab 
A+2_ 

1 - 0 B B B=ab+b 2 

B 0 0 C=a 2 +af, 

C 0 0 

11 

D=ar+ro 

0 C D E=af,+f,o 
A-2_ 

1 -
0 E F F=f,r+o 2 

E 0 0 
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A 0 0 A C 0 0 D 

0 A A 0 0 C D 0 
At2A12= 

0 B B 0 0 E F 0 

B 0 0 B E 0 0 F 

AC+AE 

AC+AE 
X 

X BD+BF 

BD+BF 

tr(At 2A12)=2A(C+E)+2B(D+F) 

where 

=2(a 2+ ab)(ci:2+ r.e + ap+ op)+ 2(ab+ b2)(ar + ro+ .er+ if) 

=2a(a+b)(a(a+ p)+ p(r +o))+ 2b(2+b)(o(r +a)+ r(a+ p)) 

=2a(a+b)(a 0X + p0 Y)t 2 +2b(a+b)(r 0X +0 0 Y)t 2 

= 2a(a + b) ~ + 2b(a + b) r; 
a+b= f 2 +4t 4+ 6t6 +4t 6 + t 10 = f 2(l + (2)4 

a+ p=t +3t 3+6t 5+6t 7+ 3t 9+ t 11 =tX 

r +o=2t 3 + 5t 5+ 5t 7 + 2t 9 =tY, 

a=t 2 + 3t 4+4t 6 + 3t 8+ t 10 

b=t 4 +2t 6 +t 8 

a= t+ 2t 3 + 4t 5+ 4t 7 + 2t 9 + 111 = a0t 

p=t 3 +2t 5 + 2t 7 + t 9 = .Bot 

r=2t 3 +4t 5 +4t 7 + 2t 9 =rot 

o=t 5+ t 7 =o 0t 

~=(a 0X + p0 Y)t 2 

=t 2+ 5t4 + 18t6 +43t 8 + 72t 10 + 86t12+ 72t14 +43t 16 + l8t 18 

+stzo+t22 

r; =(r 0X + 00 Y)t 2 

=2t 4 + l0t 6 + 30t8 + 57t10 + 70112+ 57t14 + 30t16 + l0t 16 + 2t 2~. 

By a computer, 

tr(A+ 2A12)=2(t 6 + 12t8+ 77t10 + 342t 12+ 1144t14 +2992t 16+ 6240t 18 

+ 10490120 + 14298122 + 15848!24+ 14298t26+ 10490!28 

+6240t 30 +2992t 32 + 1144t34+ 342t 36+ 77!38+ 12t40+ t 44) 
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Now 

tr At::=tr(At 4)4+tr(J 14) + [tr(At A1 At A1)] X 2+ [tr(At 2A12)) X 4 

(mod odd powers oft) 

=2 X (t 4 + 14t6 + 12lt 8 + 688t10 + 2955t 12 +9428t 14 + 24319t16 

+25412t 18 +84347t 20 + 114862t22 + 127262t24 + 114862t26 

+ 84347t28 + 25412t30 + 24319t32 + 9428t34 + 2955t36 + 688t 38 

+ 12lt 40 + 14t42 +t 44) 

tr A4 =tr At+tr At 

= 1 + 54t4 + 136t 6+ 1367t8 +4204t 10 + 18930t12 +47280t 14 

+ 13438lt 16 + 182688t18 +402414t 20 + 507388t22 + 587004t24 

+ 507388t26 + 402414t28 + 182688t30 + 13438lt 32 + 47280(34 

+ 18930t36 + 4204t38 + 1367t40 + 136t42 + 54t44 + (48• 

This is the wanted F(t). This polymer is rigid for S0 ={a, ~, c;, ,}. 
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