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Introduction

Let I" be a fuchsian group of the first kind and denote by d, the
space of cusp forms of weight 1 on the group I'. It would be interesting
to have a certain formula for d,. But it is not effective to compute the
dimension d, by means of the Riemann-Roch theorem. The purpose of
this paper is to give some formula of d, by making use of the Selberg
trace formula (4], [6], [7]).

§ 1. The Selberg eigenspace

Let S denote the complex upper half-plane and we put G=SL(2, R).
Consider direct products

S=SxXT, G=GXT,

where T denotes the real torus. The operation of an element (g, &) of G
on S is represented as follows:

§3 (Z:v ¢)—)(g’ 0()(2, ¢):( jj——::(,bi

s ¢+arg(cz—i—d)——oz) eS,

where g:(‘cZ Z) € G. The space S is a weakly symmetric Riemannian

space with the G-invariant metric
2 2
ds'— dx*+dy —l—<d¢— dx>2’
2
y 2y

and with the isometry y defined by u(z, ¢)=(—2z, —¢). The G-invariant
measure d(z, ¢) associated to the G-invariant metric is given by
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d(z, §)=d(x, y, ¢):£>Wyfg___6@;

The ring of G-invariant differential operators on S is generated by 9/0¢
and
= i o 5 ¢ d 0
Bt )+ Dy 2 0
Nox T a7) T og Vo ax
which we call the Casimir operator of S. By the correspondence
Gog<«—(g,0¢eG,

we identify the group G with a subgroup Gx {0} of G, and so the sub-
group I" of G with a subgroup I" X {0} of G. For an element (g, @) ¢ G,
we define a mapping T, ., of LXS) into itself by (T\,, /)2 ¢)=1((g, @)
(z,¢)). For an element g ¢ G, we put T, ,=7,. Then we have

(TN ¢)=f( aztb ¢+arg(cz+d>),

cz4-d

where g= (Z Z) Let I" be a fuchsian group of the first kind not contain-
1

ing the element (— 0 __?)(: —1I). We denote by m(k, )=m(k, 2) the
set of all functions f(z, ¢)~satisfying the following conditions:

(i) flz ¢) e LMI\S),

(i) Afe P=2/G ¢ aa¢ [z §)=—v=1kf(z 9).

We call m(k, 2) the Selberg eigenspace of .
We denote by Sy(I") the space of cusp forms of weight 1 for the
above fuchsian group [" and put

d,=dim S(I").
Then the following equality holds:

Lemma ([1], [3]). The notation and the assumption being as above, we
have

m(1, = 2) =l HYPF@: F@) € SO,
and hence

(1) d1=dimm<1, __g_>
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§ 2. The compact case

In this section we suppose that the group I” has a compact funda-
mental domain in the upper half-plane S.

It is well known that every eigenspace m(k, 1) defined in Section 1 is
finite dimensional and orthogonal to each other, and also the eigenspaces
span together the space L¥(I"\S). We put 1=(k, 2). For every invariant
integral operator with a kernel function k(z, ¢; 2/, ¢) on m(k, ), we have

[ ke g5z, 01 )d, ) =hD Sz )

for fem(k, 2). Note that #(2) does not depend on f as far as f is in
m(k, 2). We also know that there is a basis {f™}=_, of the space L¥I"\S)
such that each f™ satisfies the condition (ii) in Section 1. Then we put
A" =(k, 2) for such spectra. We now obtain the following Selberg trace
formula for LX(I"\S):

(2) i; hGw)= 3 L) k(z, ¢; M(z, $))d(z, ),

where D denotes a compact fundamental domain of I" in S and k(z, &;
z’, ¢’) is a point-pair invariant kernel of (a)-(b) type in the sense of Selberg
such that the series on the left-hand side of (2) is absolutely convergent
([6]). Denote by I'(M) the centralizer of M in I" and put D, =I"(M NS.
Then

(3) 3 [ kg M o) o)=3 [ ke g Mz, )G ).

where the sum over {4} is taken over the distinct conjugacy classes of I".
We consider an invariant integral operator on the Selberg eigenspace
m(k, 1) defined by

(yy/)l/Z 3 (yy/)1/2 e
=T | Goy=1 e

It is easy to see that our kernel w, is a point-pair invariant kernel of (a)-
(b) type under the condition §>>1 and vanishes on m(k, 2) for all k1.
Since I"\G is compact, the distribution of spectra (k, 1) is discrete and we
put

o)z, ¢; 2/, §))=

__3
H 2,#2a/"3a >
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dy=dimm(l, p,), (8=1,2,3, ).
Then the left-hand side of the trace formula (2) equals >"7_, dy4,, where

A, denotes the eigenvalue of w, in m(l, y;). As for the eigenvalue 4,,
using the special eigenfunction

g 5
[z, g)=e" "y, py=v,(v,— 1)-74_,

for a spectrum (1, g,) in LX(S), we obtain

ooy TADI((A+8)/2) o 9—1 o+1
dy=2""z @) I(1+(/2) r ( 2 +”ﬂ)F ( 2 ”ﬂ)'

If we put v,=1/24++ —1r,, then

— e TA2I((1+0)/2) o0 — 9 _ /=
(4) =z LIS F(5—+«/ 1rﬂ>r(2 M—Trﬂ).

In general, it is known that the series > 5., dp4, is absolutely convergent
for 6>>1. By the Stirling formula, we see that the above series is also abso-
lutely and uniformly convergent for all bounded & except 6= +(2v,—1).

Now we shall calculate the components of trace appearing in the
right-hand side of (3) ([2]).

. . (10
1) Unitclass: M= (0 1>.

It is clear that wy(z, ¢; M(z, ¢))=1, and hence

J(D)= J . dG ¢)=L d(z, $)<co.

2) Hyperbolic conjugacy classes.
For the primitive hyperbolic element P, we put

g_lpg=<(2)o 2‘2_1) (g€ G), |1)>1
and ["=g~'I'g. Then

i L))rreo

The hyperbolic component is calculated as follows:
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J(P’O=J;P a)g(z, ¢; Pk(Z’ ng))d(z, ¢)
zjg—1pp wf?(g(z’ ¢)’ Pkg(Z, QS))d(Z, ¢)

— wiz, ¢; g P*g(z, ))d(z, ¢)

g~1Dp

-1
— @O VDA e 2 | A dxdy,
g

-10p (Z—A2"2)|z— AZ)

where gD, is a fundamental domain of "/ <(é° 20_1» in S. Thus,
1]

J(P¥)=(2*7) I'/2r@+10/2)  (sgn)*log|a,| )
rG+2/2 14" —ala*+40

Let {P,} be a complete system of representatives of the primitive hyperbolic
conjugacy classes in [” and let 1, , be the eigenvalue (|2, ,/>1) of repre-
sentative P,. Then, the hyperbolic component J(P) is expressed by the
following

I(P)=3, > J(PY)

_ 20mr@+ ) <
TG+ =i

3) Elliptic conjugacy classes.

Let p, p be the fixed points of an elliptic element M(p € S) and ¢, {
be the eigenvalues of M. We denote by @ a linear transformation which
maps S into a unit disk:

(sgn 2, ,)*log| 4, .| |2§,a+20‘,5|‘5-

! lzl()c,a_zo—,{'”

e

il

w=0(z)=2"F_,
z—

!

Then we have QM@= <(C) g) and

Mz—p £ z—p
Mz—p § z—p

The elliptic component is calculated as follows:

0= . 0z, 63 M(z 6)dG )

_ 841 S 1‘ (yy/)(5+1)/2 T '
STan s G-na—zp | Ed EOH=ME )
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3 (1 — wiwy-!

P 1] < 1=ww)|[1—Cwwf

_ 167[25 1 (1__;,.2)5—1 dr
[I(M):1] Jo 1 —=Cr)|1—C7r?)

dudv (W=u-++—1v)

We put

o (1—r2y-'r
1(5)_’L (1—2rH[1 -2

s S
Then, under the condition §>>0, the function e is Lebesgue-
—Cr
integrable on [0, 1]. Hence
1 2\5-1
lim 67(8)=lim [ SL=r"r 4
30 a0 Jo 1 -C%"
. - 1 o 1 7 dt
“in {5 el L o-olEw) T
30 2 1% o+ 0( ) 1%/ 2
-
20-8)°
Therefore we obtain
. -
lim 6J(M)= 7 S
3-0 [F(M):1] 1-

Since M and M -! are not conjugate and /(1 —C%) is pure imaginary, we
have

lim 8J(M)+lim 8J(M ~*)=0.
60 8—0

‘We conclude that the contribution from elliptic classes to d, vanishes.

Now we put
oo =3 x
(5) *@)=>" (sgn Zz;c,a) lo_gklzo,al |28 2E]
a=lk=1 Izo,u—ZO,aI

Then, by the trace formula (2), the Dirichlet series (5) extends to a mero-
morphic function on the whole d-plane and has a simple pole at §=0
whose residue will appear in (6) below. Finally, multiply the both sides
of (2) by 6 and let § tend to zero, then the limit is expressed, by the above
1), 2) and 3), as follows:

3

. 1
dimm(1, — 2 )= L Res ¢x(3),
1mm(, 2) 3 B:COS&()
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namely, by (1) we have
(6) d, =1 Res c+().
2 =0

Remark 1. Let [” be a fuchsian group of the first kind which con=
tains the element — 7, and X a unitary representation of " of degree 1 such
that X(—I)=—1. Let S,(I", ) be the linear space of cusp forms of weight
1 on the group I" with character X, and denote by d, the dimension of the
linear space S,(I',X). When the group I has a compact fundamental
domain in the upper half-plane S, we have the following dimension formula
in the same way as in the case " 3 —1I:

1 1(M) c 1
7 d==—> —-Res Z¥(s),
(7 U2 G [D(M): £ 1] 1_zz+2 Res &(6)

where the sum over {M} is taken over the distinct elliptic conjugacy classes
of I'/{+1I}, I'(M) denotes the centralizer of M in I", £ is one of the eigen-
values of M, and {§(s) denotes the Selberg type zeta-function defined by

(8) g@=3; 5, Hl ek

% —
k=1 ZO,u-—ZO,a

Here 2,,, denotes the eigenvalue (4, ,>> 1) of representative P, of the primi-
tive hyperbolic conjugacy classes {P,} in I'/{Z£ I}.

|25, + Agal -

§ 3. The finite case 1 (:I" 3 —1)

Let I" be a fuchsian group of the first kind not containing the element
—1I, and suppose that " has a non-compact fundamental domain D in the
space S. Then, we see that the integral

f 5 e o8 &3 Mz, $))d(z, §)

is uniformly bounded at a neighborhood of each irregular cusp of I', and
that by the Riemann-Roch theorem, the number of regular cusps of I is
even. Therefore we assume for simplicity that {x,, #,} is a maximal set of
cusps of I" which are regular cusps and not equivalent with respect to [".
Let I"; be the stabilizer in I" of &,, and fix an element ¢, € SL(2, R) such

that ¢, 00 =, and such that ¢;I",0, is equal to the group {((1) T) ime Z}.
Then the Eisenstein series attached to the regular cusp «; is defined by
(9) Efz é; §)= bl g~ V=1 +arglez+a)) (i=1,2),

oeﬁgr |ez+df*
)

opto=(th
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where s=t++ — 1r with £>>1. The series (9) has the Fourier expansion
at k, in the form

Ei(aj(zﬁ ¢)7 §)= _Z_‘. aij,m(ya o5 syerr Yoims,
The constant term a;;, (¥, ¢; 5) is given by
e’ ay, (¥, ¢; 9)=a;,,(y; )
=0;)° +‘1fz‘j(s)yl_s

with Kronecker’s 4, and

_ e (520 0)- Nyy(©)
)= Ty m o L) 5 (send)-Nyfe)
I e s (1 R

where Nij(c)=#{0§d<1c!: C Z,) € a;lfoj}. We put

D(5)=(s(5))-

Then it is easy to see that the Eisenstein matrix @(s) is a skew-symmetric
matrix.

Since [" is of finite type, the integral operator defined by w; is not
completely continuous on L7"\S) in general and the space L¥(/"\S) has
the following spectral decomposition

LN\ =LA\ ® Li(N\S) @ L2l 1\S),

where Lj is the space of cusp forms and is discrete, L%, is the discrete part
of the orthogonal complement of L? and Liont is the continuous part of
the spectra. We put

Hyz, ¢;‘z’, ¢,):—§7117 ?;1 I: h(r)Ei<z, é; _;--H/jTr)

><E¢(z’, ¢ %—I—V — lr)dr.
Here A(r) denotes the eigenvalue of w; in m(1, 1) given by (4):

2a F(l/Z)T((1+5)/2) 8 _J=
(10 =2z LETCED ( +«/—r>< x/—T")

with Z—S(s——l)— and s=—++/ —1r. We put

4>|
pof —
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k)2, ¢3 2/, ¢')=MZ iz, &; M(2', ¢')

er
and

E,;Z/Cg—Hg.

Then the integral operator #; is now complete continuous on LX7"\S) and
has a11~ discrete spectra of ;. Furthermore, an eigenvalue of f(z, ¢) in
LY(M\S)® LL(I'\S) for &, is equal to that for £, and the image of &, on it
is contained in L3(I"\S). Considering the trace of #; on L}(I"\S), we now
obtain the following modified trace formula ([4], [7]):

3= #lz 432 9dC )
=[ 130z 6 MG )~ Bl 657 )G )

where each of 2 denotes an eigenvalue corresponding to an orthogonal
basis {f™} for LX(I"\S). We put

fﬁ {25 0z ¢: M(z ¢)) — Bz, ¢; z, $)}d(z, ¢)
=J()+J(P)+J(R)+J(0),

where J(I), J(P), J(R) and J(oco) denote respectively the identity com-
ponent, the hyperbolic component, the elliptic component and the para-
bolic component of the traces. Then the components J(I), J(P) and J(R)
are as in Section 2 and in the following we shall calculate the component
J(o0) (cf. [9)).

Let D, be a fundamental domain of the stabilizer I", of cusp &, in [".
Then we have

J(c0)=1lim {i LY 3 iz 5 Mz )G, )

Y -0

—[, i gizpae ).

where DY denotes the domain consisting of all points (z, ¢) in D, such that
Im(o;'2)<Y, and D, the domain consisting of all (z, ¢) € D such that
Im(o;z)<Y for all i=1, 2. Making use of a summation formula due to
Euler-MacLaurin and the Maass-Selberg relation, we have the following

(cf. [2], [9]):

) _ e TAT((0+1)/2) .
fﬁ{ %Zi;;iwa(z,@M(z, Gz, ) =2 LEO LI 08T 42)+-o(D)
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as Y— oo, where ¢(8) denotes a function of § such that lim,_, d¢(6)=0;

1 ° .1 L1
W LY I_w h(r)Ei(z, é5 —2—+v - lr)EZ.(z, é; _2_+4/_ 1r)dr d(z, ¢)
—0e TUDI((G+D/2) 4
r(1-+(/2)

— _41? Il h(ﬂ%i(% +'~/:—1—r)dr+ o(1)

as Y—oo (j#i). By the expression (10) of A(r), we have
h(r):O( [P );

e

gY

and the operator #; is complete continuous on LXI"\S). Therefore we
have

lim § r h(r)""_gf(_;- Eom ) 1r)dr=0.

5—+0 1]/-”

It is now clear that the above result, combined with the formula (6),
proves the following ([9]):

Theorem 1. Let I” be a fuchsian group of the first kind not containing
the element —1I and suppose that the number of regular cusps of I" is two.
Let d, be the dimension for the space consisting of all cusp forms of weight
1 with respect to I'.  Then d, is given by

@11 ¢=§R%am,
s=0

where {¥(s) denotes the Selberg type zeta-function defined by (5) in Section 2.

Remark 2. Let [" be a general discontinuous group of finite type not
containing the element —7. Then we can prove that in the same way as
in the above case, the contribution from parabolic classes to d, vanishes.

§ 4. The finite case 2 (:" > —1)

Let I” be a fuchsian group of the first kind and assume that " con-
tains the element —7 and has a non-compact fundamental domain D in
the space S. Let X be a unitary representation of I" of degree 1 such that
I(—I)=—1. We denote by S,(I", X) the linear space of cusp forms of
weight 1 on the group [” with the character X and by d, the dimension of
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the space S,(I", 2). In this section we shall give a similar formula of the
number d; when the group [ is of finite type reduced at infinity and %*=~1.

Since I" is of finite type reduced at co, oo is a cusp of I" and the
stabilizer [",, of co in " is equal to + [, with F0={((1) T) tme Z}. The
Eisenstein series E,(z, ¢; s) attached to co and X is then defined by

X M)y v
12 E Z, ,S . e (¢+&rg(cz+d))’

(12) Az, §59)= B oo

M=5
where s=¢-++/— 1r with ¢>>1. The constant term in the Fourier ex-
pansion of (12) at oo is given by
@y, ¢3 8)=e" "y + ()7,

)= —v=Ivz 1O 5 ed)
F(s—}—_l_) L0 el

2 aher

In the following we only consider the case X (1) i)):l. As shown in
[3], the parabolic component J(co) in the trace formula is given by

Y —co

= 1 Mlﬂiﬁ_“ v—irn . 1
- 4nj ) AR V=11 h(o)““( >+E(5)

with lim,_, 6e(6)=0. When we combine this with the formula (7), we are
led to the following theorem which is our main purpose in this section.

J(oo):lim{2jjflr Z’ iz, ¢; M(z, $))d(z, ¢.)-—fﬁ Hiz, b5z, g)d(z, ¢)}

Theorem 2. Let I be a fuchsian group of the first kind containing the
element —1I and suppose that I is reduced at infinity. Let X be a one-

dimensional unitary representation of I' such that X(—I)= —1, X(((I) i)) =1

and X*=£1. We denote by d, the dimension of the linear space consisting of
cusp forms of weight 1 with respect to I' with X. Then the dimension d, is
given by

X (M) g 1 ( 1 )
13 d=_ — Res $)—— -1,
(13) ] z{zj‘i[F(M) 1 C2+ ¥ (s) 773
where the sum over {M} is taken over the distinct elliptic conjugacy classes
of I'[{= I}, I'(M) denotes the centralizer of M in I', T is one of the eigen-
values of M, and [¥(s) denotes the Selberg type zeta-function defined by (8)
in Section 2.
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We may call the formulas (11) and (13) a kind of Riemann-Roch type
theorem for automorphic forms of weight 1.

Remark 3. For a general discontinuous group [” of finite type con-
taining the element — I, we obtain the contribution from parabolic classes
to d, in the same way as in the case of reduced at co.

§5. The case of I"\(p)

Let p be a prime number such that p=3mod4, p+#3 and let
@,(p) be the group generated by the group I'|(p) and the element x=

T, -1
(«?F —\/Op ), namely, @y(p)=Iy(p)+x[(p). Let ¢ be the Legendre
symbol on I'(p): e(L):(%) for I— (Z’ g) e I'(p). Since e(s)=c(—1I)
= —1, we can define the odd characters ¢* on @ (p) such that e*(k)
=44/ —1. Then we have
S(I'(p); &) =S(Dy(p), e )D Sy (D(p), 7).
We put
i =dim Sy(®(p), e*).
Then
dim S,(I"y(p), e)=d1=‘u1+ +pr.
We denote by I'y(p), @,(p) the inhomogeneous linear transformation group
attached to I'(p), @,(p) respectively. If ¢(p) is the parabolic class number

of I"(p), then ¢g(p)=2; and if e,(p), e,(p) are the number of elliptic classes
of order 2, 3 respectively of I'y(p), then

e(p)=0, eg(p)=1+(_§i).

Let ¢*(p), e(p), e¥(p) denote respectively the number of parabolic classes,
the number of elliptic classes of order 2, the number of elliptic classes of
order 3 for @,(p). Then we have

*(P=—0o(p=1;

=31+ ()

ef(p)=—ey(p)+eip)=eip),

e (p)=

R = D= D=
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where ¢}(p) denotes the number of classes of elliptic elements of order 2 of
el'(p). Itis known that

, 2 4h if p=3mod 38,
ap=(-(2))={"
p 2h  if p=Tmod3,

where h denotes the class number of Q(v/ — p), which is an odd integer.
Let 9, denote the number of the elements L in I'((p) such that e~ (L)
= +4+/— 1. Then, by [5], we have the following

h  if p=3modS3§,

5= {0 if p=7mod8.
In the following, we shall calculate the contribution from elliptic elements
to p. Let {M} be a complete system of representatives of the elliptic
conjugacy classes of order 2 in @(p). Then {M} is given by {fc(;b la)’)}’
where {( ab Z)} denotes the representatives of positive definite integral
quadratic forms ( ap b) such that det( 4p b): p-  Then the result of

pb pd pb pd
calculation is given in the following table:

The number . B
of elliptic - [
4 e(L) classes of ¢ [r(M): =11 1-¢° e(+L)
order 2
p=3mod8|s(L)=1 3h V=1 2 Y ( V== Tr%

—=3mod 8|e(L)=—1 h o) _;_ ”;1 (F/ D=

p=Tmod 8|e(L)=1 2h V=1 —;———2— 4 — 1)=$71t.

It is clear that there is no contribution from elliptic classes of order 3 to
. Therefore the contribution from elliptic classes to y° is given by

I 1 -
2{Zm[F(M) +1]1 (M)== Z'

We also have +,:(1/2)=F1. Let {P,} be a complete system of repre-
sentatives of the primitive hyperbolic conjugacy classes in I",(p) and let
2, . be the eigenvalue (4,,,>> 1) of representative P,. We put
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Z*(5)=i Z”': e(P,) log Ao,

SHET (B

128+ 25,21

Then, we have consequently the following

(14)

1
dy= it + i =L Res Z#(3).
2 s=0

Remark 4. Combining the above (14) with Serre’s result’, we have

the following remarkabie equality

[1]
[2]
£31
[4]
[51
[6]

[71
[8]

Res Z*(9)=(h—1)+4(s-+2a).
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