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Vector Valued Modular Forms of Degree Two and
their Application to Triple L-functions

Takakazu Satoh

Abstract

We report some properties of vector valued Siegel modular forms of
degree two and triple L-functions of different weight. Their relation
is discussed in the section 3. This is motivated by an observation in
the section 2. In both sections, certain differential operators are
relevant. They are defined in the section 1.

§ 1. Differential operators

In this section we introduce some notations and construct differential
operators. Let n be a positive integer and H, the Siegel upper half space
of degree n. Let p be a rational representation of GL(n, C) and V, the
representation space of p. We denote by St the standard representation
of GL(n, C). A C=-Siegel modular form f of degree n and of ‘weight’ p
is by definition a V,-valued C=-function on H, satisfying the equation

JMLZ3) = p(J(M, Z)f(2)

for all ZeH, and M= (‘é g) e ,=Sp(n, Z) where M{(Z)=
(AZ+B)(CZ+ D) and J(M, Z)=CZ+D. We denote by M (I",) the
C-vector space of all such functions. We also denote by M, (I",) and
S,(I",) the subspaces of M (I",) consisting of all holomorphic forms and
of all holomorphic cusp forms, respectively. Instead of M3 (1",), we write
Mz(I',) if p=det* and My (I",) if p==det* @ Sym" St for simplicity. We
define M, (I",), S.(I"), M, (I",) and S, (I",) similarly. If either fe
M) or ge M (I") is a cusp form, we define the Petersson inner
product by

Fron=[ | S+l ddy.

1

For a variable Z=(z,,) on H,, we put y=(z,,) with ,,= —4x Im(z,,) and
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where d,,=1, d;;=1/2 for j=#1, z},=z,, and z;;=z;,. In what follows,
we consider the degree two case. Let S, be the C-vector space of all
complex symmetric matrices of size two. The action of GL(2, C) on S,
defined by

(1.1) A—>GA'G (AdeS,and G e GL(2, C))

is isomorphic to Sym®St. We construct differential operators I+ =F3;
and V- =V, acting on M;(I"y) and My (I';) respectively by

VNHZ)=kn ' f+6"f
for f e M3(I',) and
- )NZ)=(CFA(Im Z(0-f,)(Z) Im Z));_,

for f=(f))5.,e M7 (I'y), where CFA(4) is the cofactor matrix of 4.
Using Shimura [15, (4.2) and (4.4)] and their anti-holomorphic version we
see that /= define maps

V*: Mg(I)—>Mz ()
and
(1.2) V- M b AL)—>M (;oetk—2®SymTSt®Sym2St(F 2)-

We note that degree n analogue of (1.2) does not hold since 4—CFA (A4)
is a linear map only for A of size two. These operators have a rather
bad property on holomorphy. Holomorphic modular forms are, in
general, mapped to non-holomorphic ones by '+ and annihilated by F-.
If r >2, we have a decomposition

det*®Sym”St®Sym?St

1.3
(13) = det*®Sym” **StPdet* ' @Sym’St@det* +*QSym” ~*St.

In application, we must frequently show the non-vanishing of a desired
component. Generally this is not trivial. If r=0, there is no such
problem. Moreover, in the section 2, we construct holomorphic modular
forms using *. The operator /'~ has a nice action on vector valued non-
holomorphic Klingen type Eisenstein series. This is used for proving the
meromorphy of triple L-functions in the section 3.
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§ 2. Construction of certain vector valued modular forms

To cancel the non-holomorphic term, we put
1 . 1 .
U, gl=—/V'g——gVf
j k

for fe M(I',) and ge M/(I';). Then [f, gle M,,, (I";) since it is
holomorphic. We show the structure theorem of M, ,(I",) and S, ,(I';)
by using this differential operator.

Recall that the graded C-algebra @, M,(I",) where k runs over even
integers is generated over C by four algebraically independent elements.
(We understand that M,(I",)={0} for a negative k.) They are ¢, ¢ M(I",),
05 € M|(I'y), Xyy € Sy(I"y) and %y, € Sp(I7;).  (See Igusa [4] and Maass [9].)

Theorem 1. For each even integer k, we have (as a C-vector space)

Mk,z(Fz)sz—w(Fz)[Sﬂu SDG]@Mk—u(Fz)[SDu xw]
(2-1) @Mk—w(rz)[%a Xlz]@ Vk—le(rz)[%a xm]
@Vk—ls(rz)[%a x12]® Wk—zz(Fz)[xlm X12]

and
Sk,z(Fz)ZSk—lo(rz)[%a QDe]C'BMk-u(Fz)[SOu Xm]

(2-2) @Mk—le(rz)[gﬂu x12]®Vk~1s(F2)[§ﬂsa Xlo]
®Vk—w(rz)[90ea Xu]@ Wk—zz(Fz)[xma sz]

where
V[ =M{I)N C[%, Xigs Xigl  and W (I')) =M (") N C[Xyg, Xy

Corollary 2. Let k be an even integer. Then M, (I';) and S, (I'y)
have a C-basis consisting of modular forms whose all Fourier coefficients lie
in Z.

The proof proceed as follows. The inclusion D is clear in both (2.1)
and (2.2). First, we show that subspaces appearing in the right hand
side of (2.1) are mutually linearly independent. This is shown by the
following lemma.

Lemma ([13, Lemma2.1]). Let k be an integer. For j=4, 6, 10 and
12, let f; e M,_(I"y). If

S +§04 +f;6+$06 +f;00+x1o + [ X3 =0,
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then we have
f4 =f;‘ =f;0 =f12 =0.

The dimension formula of S, .(I";) for r=0 and k>4 or r >1 and k>5
is obtained by Tsushima [16,17]. For k<6, we have dim S, ,(I";)=0.
This is proved by a method similar to Maass [8, pp. 189-196]. Compari-
son of dimension shows equality. For details, see [13, §§1-2]. Corollary
follows from Theorem 1 and Igusa [5].

Our method is so explicit that we can obtain some interesting
numerical values. For fe S,,,(I"y), we denote by [f], e M, (I';) the
Klingen type FEisenstein series attached to f. (Precise definition is given
in (3.2) below.) As an example, let f=4,, e S;((I"}) be the normalized
eigenform. By Theorem 1, we have

Mu,z(Fz):C[Aw]z@C[xm, 904]-
Using Resnikoff and Saldafia [12, Tables III-V], we have

403200
373

On the other hand, let L,(s, 4,,) be the second L-function of 4,,. By the
method of Zagier [18], we obtain

Ly(28, 4,5)(27)"*'T"(28) _ 210,373
(s, dig)se 3.58.72.11

Here we note 28=2(k+r)—2—r with k=14 and r=2. Letfe S;,.(I")
be a normalized eigenform. The above fact suggests that L,(2(k+r)—
2—r, f) appears in the denominator of Fourier coefficients of [f],. We
note that the case r =0 is proved in Mizumoto [10]. (Cf. Kurokawa [6].)
In the next section, we show a modified statement: the special value
L,2(k+r)—2—r, f) appears in the denominator of the pullback of [f],.

TAIIZ[%’ Al =[di]— )

§ 3. Triple L-functions

We study relation between vector valued Klingen type Eisenstein
series of degree two and triple L-functions of different weight. Proper-
ties of triple L-functions of the same weight are investigated by Garrett
[3], where scalar valued degree three Siegel’s Eisenstein series are used.
For a non-negative integer r, let V™ =(C"*! be the representation space of
p=det*®Sym"St. We realize a representation p on V' as

S () A A (9 W)
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where (;) ='x",x"'y, ---,¥7). For an integer g with 0<qg<r, we

put v{"=*0, ---,0,1,0, ---,0) where 1 lies in the (¢4 1)-th column.
This is compatible with the definition of v, in Arakawa [1, (0.2)]. We
omit superscript (r) if there is no ambiguity. By (1.1) and (3.1) we
identify S, with V'® as a representation space of Sym®St. Especially,

((l) 8) e S, corresponds to vi®. We use {v,10<g<r} as a base of ¥,

*
Set (Z 2,) =a. For an integer ¢ with 0<{7 <n, we define I, , as the

subgroup of I", consisting of the elements whose entries in the first n4¢
columns and the last n—¢ rows are zero. For p=det*®Sym"St and
fe S, (I') and se C, we define the (vector valued non-holomorphic)
Klingen type Eisenstein series attached to f by

det(Im M{(Z?)

6y U@Z9=, 3 (< M(Z)*

) F(Zy9p0 M, Z) .
By a method similar to Arakawa [1, Proposition 1.2}, we see that [1],(Z, s)
converges absolutely if Re(k-2s)>4, and it belongs to M (I";). For
Siegel modular forms f,, - - -, f, (of various degree) and a field K, we
denote by K(f,, - - -, f,,) the field generated by all the Fourier coefficients
of f}, ---,f, over K. For simplicity, we put [f1.(Z2)=[f]1,(Z, 0) and
Qf1)=0(1/1.(Z,0)). We note that under our normalization of v,,

(3.3) o(NHcals1)

by Arakawa [l1, Proposition 1.2]. For even integers r >0 and k£ and
feS,..(I'), we have

(3.4) V-1f1AZ, 5) =Zs; (1, .o(Z, s+ 1).

for Re(k+2s)>4 ({14, Proposition 1.1]). Here the right hand side of
(3.4) means that the second and the third components in the decomposi-
tion (1.3) are zero. By (3.4), the functional equations of scalar valued
Klingen type Eisenstein series, which is obtained by Bocherer [2, (16) and
(22)], are generalized for vector valued ones as follows.

Proposition 3. Let k and r be even integers and let f e Sy, (I")). Put

]’3<s+ ktr )F(S)F(Zs—— 1

2
k4r __1>
2

L(2s—2+4+k+r,f)
Fg(s)(s+

K(s,f)=n~2""
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and

EZ.5.0)= ] 6= DKG+®.NS1Z, 9

where I'(s)=[13-, ['(s—(j/2)) and Ly(s,f) is the second L-function of f.
Then [f1.(Z, s) extends meromorphically to the whole s-plane and satisfies
the functional equation

3.5) E(Z,s,f)=E(Z,2—k—s,f).

We write Fourier expansion of fe S,(I") as f(z2)=> 7., a(n, f)e*"s. Let
I, be the identity matrix of size n. If fe S(I") is a normalized Hecke
eigenform and p is a prime, we define semi-simple M, (f) € GL(2, C) (up
to the conjugacy class) by det(,—tM,(f)=1—a(p,f)t+p*~'t*. For
normalized eigen cuspforms f, g and h, define the ‘triple L-function’

L(s; f, g, h) by
Ls;fig, )= [] det(l—p* M (/ QM ()QM,(h)~".

piprime

Theorem 4. Let f, g and h be normalized eigen cuspforms of degree
one and of weight v(f), v(g) and y(h) respectively satisfying v(f)>v(g)>
v(h). Put

L(s; 8, 1)
=T (s—v(f)+ DI (s —2()+ DI (s —v(h)+1)L(s; /8, b)

where I"o(s)=2Qn)~*I'(s). Then L(s;f, g, h) extends meromorphically to
the whole s-plane and satisfies the functional equation

(3.6) L(s; f, 8 = — LO(f)+(@)+v(h) —2—s; f, 8, h).

Moreover, if v(g)+v(h)—u(f)>0 and L(s;f, g, h) is holomorphic at
s MO Hv@+vM) 1 g
2 s

X)) L( v(f)+v(2g)+v(h) —1;f.g h):O,

and if w(g) +v(h) —u(f) >4, then

2.8 gt =@M (y(g)+u(h) —2; 1, g, h) e
oY GoF i@ ran oy Qb &)

Corollary 5. Let fe S,(I",) be a normalized Hecke eigenform. Let
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Lys, )= 11 det(Il,—p~* Sym’ M (/)™

p:prime
be the third L-function of f. Put
Ls,/)=To(s)[" (s —k+1DLs, f)-
Then L(s, f) satisfies the functional equation
L, )= —LBk—2—5s,f).

In particular we have L,((3k/2)—1, f)=0.
We sketch the proof. For details, see [14, §2]. Put

k=u(g)+v(h) —(f),

g=u(f)—u(g),

r=2u(f)—ug)—v(h).
Then k, g and r are even integers satisfying 0<{g<r and k+r=v(f)>12.
Let F(z, w, s) be the component at v, of [f L((g ?v)’ s>. After some

computation, we obtain
<<Fq(Z, W, S)’ g(Z)>k+7'-—q9 h(w)>k+q

(39) =2(4n)2—-s—2k—7 F(2k+r_2+S)F(k+r_‘q_1+S)F(k+q—'1+S)
I'(2k+r—2+2s)

L(s+2k+r—2;f,8h)
L,(2s+2k+r—2,f)

where L,(s, /) is the second L-function of /. Hence by Proposition 3,

<<K <s + %)F (2w, 5), g(z)>k+r_q, h(w)>k+q

=n:4—4s»—T——(7k/2)29—4s—2k—(37’/2)(s+§__1>F(s+k__1)l"(s+k+r_q_l)

b

X [(s+k+q—DIQk+r—245)L(s+2k+r—2;f, g h)

is invariant under s<>2—k—s. This yields (3.6). Using properties of
Eisenstein series, L(s;f, g, #) is shown to be meromorphically extended
to whole s-plane. Noting a minus sign in (3.6), we have (3.7) under the
holomorphy of L(s;f, g, h) at s=(k/2)+r—1. By (3.9) and the same
argument as in Garrett [3, § 6], we have
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L2k +r—2; 1,8, h)
e O[S & h).
L2(2k+r—2,f)<ga g>k+_q-—r<h7 h>k+q
Now (3.8) follows from (3.3), (3.10) and
LRk +r—2, == f, 51, & Q(f)

due to Zagier [18, Corollary to Theorem 2]. Corollary 5 is a direct
consequence of

(3.10)

L(s; £, £, /) =Los, /)L (s—k+ 1, f)
and Moreno and Shahidi [11, Lemma 2].

Remark 6. One can expect that L(s; f, g, ) extends holomorphically
to the whole s-plane. At least, this holds for L(s; f; f, /) where fe S,(I",)
with k<50 due to Moreno and Shahidi [11, Remark 1].

Remark 7. In fact Q(f],)=Q(f) for r=0 and r=2. For r=0,
see e.g. Kurokawa [7, Theorem 3] or Mizumoto [10, Theorem 2]. For
r=2, this is a consequence of Corollary 2.

Note added in proof. 1. Piatetski-Shapiro and S. Rallis (Rankin
triple L functions: Compositio Math., 64 (1987), 311-115) and T. Ikeda
(private communication) obtained information on where poles of triple L
functions locate and when they are holomorphic respectively. By virtue
of these results, we see that triple L functions are holomorphic at s=
() +2(g)4v(h))/2—1 in our full modular case. Hence, the holomorphy
condition in Theorem 4 is unnecessary.

References

[1] T. Arakawa, Vector valued Siegel’s modular forms of degree two and the
associated Andrianov L-functions, Manuscripta Math., 44 (1983), 155-185.

[2] S. Bécherer, Uber die Funktionalgleichung automorpher L-Funktionen zur
Siegelschen Modulgruppe, J. Reine Angew. Math., 362 (1985), 146-168.

[31 P. B. Garrett, Decomposition of Eisenstein series: Rankin triple products,
Ann. of Math., 125 (1987), 209-235.

[4] J. Igusa, On Siegel modular forms of genus two. II, Amer. J. Math., 86
(1964), 392-412.

[5] ——, On the ring of modular forms of degree two over Z, Amer. J. Math.,
101 (1979), 149-193.

[6] N. Kurokawa, Congruences between Siegel modular forms of degree two,
Proc. Japan Acad., 55A (1979), 417-422.

[71] , Eisenstein series for Siegel modular groups, Proc. Japan Acad., 57A
(1981), 51-55.

[81 H. Maass, Siegel’s Modular forms and Dirichlet Series, Lecture Notes in
Mathematics, 216, Springer, Berlin-Heidelberg-New York, 1971.




Vector Valued Modular Forms 97

, Lineare Relationen fiir die Fourierkoeffizienten einiger Modulformen
zweiten Grades, Math. Ann., 232 (1978), 163-175.

[10] S. Mizumoto, Fourier coefficients of generalized Fisenstein series of degree
two. I, Invent. Math., 65 (1981), 115-135.

[11] C.J. Moreno and F. Shahidi, The L-function Ls(s, 74) is entire, Invent. Math.,
79 (1985), 247-251.

[12] H. L. Resnikoff and R. L. Saldafia, Some properties of Fourier coefficients
of Eisenstein series of degree two, J. Reine Angew. Math., 265 (1974),
90-109.

[13] T. Satoh, On certain vector valued Siegel modular forms of degree two,
Math. Ann., 274 (1986), 335-352.

[14] , Some remarks on triple L-function, Math. Ann., 276 (1987), 687-698.

[15] G. Shimura, On the derivatives of theta functions and modular forms, Duke
Math. J., 44 (1977), 365-387.

[16]1 R. Tsushima, An explicit dimension formula for the spaces of generalized
automorphic forms with respect to Sp(2, Z) Proc. Japan Acad., 59A
(1983), 139-142,

, An explicit dimension formula for the spaces of generalized -auto-
morphic forms with respect to Sp(2, Z) (preprint)

[18] D. Zagier, Modular forms whose Fourier coefficients involve zeta-functions
of quadratic fields, Lecture Notes in Math., 627, Springer, Berlin-
Heidelberg-New York, 1977, 105-169.

[91

(17]

Department of Mathematics

Tokyo Institute of Technology
Oh-okayama, Meguroku, Tokyo 152
Japan





