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§ 0. Introduction

The notion of rigid analytic spaces was introduced by Tate [T]. Since
then the theory has been developed considerably and we now have a rather
satisfactory general theory (for example, the proper mapping theorem,
GAGA, resolution of singularities). Thus it may be worthwhile to see how
many of the results known for compact complex manifolds have analogues
for rigid analytic spaces.

In the following we shall show that many important results on com-
pact complex manifolds have counterparts in the category of compact
smooth rigid analytic spaces. For example, the notions of algebraic di-
mension and Kodaira dimension will be introduced and the structure
theorems of algebraic reductions and pluricanonical mappings will be
shown. Using these general results, we shall develop the bimeromorphic
geometry of compact smooth rigid analytic spaces of dimension two (rigid
analytic surfaces) which is similar to that of the complex analytic surfaces.

A-rigid analytic surface appears naturally as the “generic” fibre .S, of a
formal lifting of a surface S, in characteristic p>> 0 to characteristic zero.
We shall show that the Kodaira dimensions of S, and S, are equal in
almost all cases. (See Theorem 5.11, below.) We conjecture that S, and
S, have always the same Kodaira dimension. This will be proved, if we
know the structure of certain rigid analytic surfaces with algebraic dimen-
sion zero. At the moment, we have no satisfactory theory of such surfaces.
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On the other hand, for the case of algebraic dimension one, we have a
satisfactory theory as we shall show below.

Since the theory of rigid analytic spaces are not familiar to algebraic
geometers, we explain in Sections 1, 2, and 3 basic ideas of the theory
without proofs. The proofs can be found mainly in [BGR] and [FP]. In
Section 4 a general theory of bimeromorphic geometry of compact rigid
analytic spaces will be developed. ' In Section 5 we deal with the theory
of rigid analytic surfaces, and show that the theory is quite analogous to
the complex analytic case. Finally in Section 6 examples of rigid analytic
analogues of non-Ké&hler surfaces will be givens.

§ 1. Affinoid algebras and affinoid spaces

In what follows, by k we always mean a complete non-Archimedean
valuation field with a multiplicative valuation | | Namely, the valuation
| | satisfies the following conditions.

Ul) |a|=0foreachaek. |a]=0if and only if a=0.

U2) |a-b|=la|-|b|for all a, b ¢ k.

U3) |a-+b|<max{|al, |b|} foralla, b ek.

We also assume char k=0 and the valuation is non-trivial. The function
d(a, b):=|a—>b| on k* defines a metric on k and k is totally disconnected
with respect to the metric.

Put

k°:=lack| |a|L1}, k°°:={a e k| |a|<1}.

Then k° is a ring and k°° is its maximal ideal. The field k=k°/k°° is of
characteristic p=min {m € Z|m>0, |m|<1}.

Put
Tn=k<21, Zyy » v o, Zn>
t={ D] Gpyng 2t - - 23| lim @, =0},
ai >0 la]—+oo
where z;, - - -, z, are variables.

Then]T, is a ring consisting of power series which converge on
(G -+, x) € k7] [x| <1, 1=i<n).
Define a semi-norm || || on T, by
Ifl=max|a,| for f=3 a.z.

Then, || {| is indeed a norm and (7, || |)) is a Banach algebra.
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Definition 1.1. An affinoid algebra A over k is a k-algebra with a
finite k-algebra homomorphism p: T,,—A4. (That is, 4 is a finite 7},-module
through p.)

The following theorem is fundamental.

Theorem 1.2. 1) T, is Noetherian.

2) T,isa UFD.

3) Every ideal in T, is closed with respect to || ||.

4) For each ideal I of T,, there exists a finite injective k-algebra homo-
morphism T,—T,/I, where d:=Xrull dim T,/I.

5) For every maximal ideal wmi of T, T,/m is a finite extension of k.

6) Every affinoid algebra A is isomorphic to a certain quotient k-
algebra T,/I, and has a structure of a Banach algebra by the quotient norm
on T,/I induced by T,. The norms on A given by different expressions T,/I,
T,/J are equivalent.

7) Every k-algebra homomorphism f: A—B of affinoid algebras are
continuous with respect to the norm given in 6).

Definition 1.3. For an affinoid algebra 4 put
Sp (4):={m|m is a maximal ideal of A}.
The space Sp (A) is called an affinoid space.

For any point x € Sp(4), by f(x) we mean the image of f € 4 in A/x.
Since A/x is finite over k and k is complete, the valuation | | can be
uniquely extended to that of A4/x. Hence |f(x)| is well-defined. The
spectral seminorm || f1|;, of A4 is defined by

fllot=_sup |73

The seminorm || ||, is @ norm if and only if the radical of 4 is zero. By
Theorem 1.2, 6) an affinoid algebra 4 has a Banach norm || || Then, we
have the inequality :

Iflse =M1l for any fe A.

For T,, we can easily show that || f|;,=||f]]. More generally we have the
following theorem.

Theorem 1.4. The spectral seminorm of an affinoid algebra A is a
norm if and only if A is reduced. In this case, the spectral norm is equi-
valent to the quotient norm introduced in Theorem 1.2, 6).
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We also have the following theorems.

Theorem 1.5 (Maximum modulus principle). For an affinoid algebra
A and an element f € A, there is a point x & Sp (A4) such that we have

LG I=I111lsp-

Theorem 1.6. If 4 is a reduced affinoid algebra, then the intergral
closure of A in its total quotient ring is a finitely generated A-module.

Theorem 1.7 ((BKKN, Satz 3.3.3]). An affinoid algebra is an excellent
ring.

Let 4 be an affinoid algebra. Put
A%:={fe | |fllo=1}, 4°°:={fec A| |[fl»<1}

Then A° is a ring and 4°° is an ideal of A°. The quotient 4=4°/4°°
is a k-algebra. Let ¢: A—B be a k-algebra homomorphism of affinoid
algebras. Then we have ¢(4°)C B° and ¢(4°°)C B°°. Hence it induces
a k-algebra homomorphism §: 4—B.

Theorem 1.8. The following conditions are equivalent.
1) ¢: A—B is finite.

2) ¢: A°—>B° is integral.

3) ¢: A—B is finite.

Any k-algebra homomorphism ¢: A— B of affinoid algebras defines a
map Sp (B)—Sp (4) by x—¢~*(x). This map is denoted by ¢* or Sp (¢).
A morphism of affinoid spaces is, by definition, a map induced by a k-
algebra homomorphism.

Now we introduce a topology on X=Sp (4) by taking {x € X| | f(x)]
<1}, f € 4, as a subbasis of open sets. This topology is the weakest
topology such that X e x> f(x) € k*:=(the algebraic closure of k) is con-
tinuous for all f € 4. Then we can easily show that Sp(T,) is home-
omorphic to D*:={(z,, - - -, z,) € k"| |z;]<1, 1<i<n} and Sp(T,/I) with
+ T =1 is homeomorphic to the closed subset {(z,, - - -, z,) € D"|g(2)=0
for all g e I} of D", if k is algebraically closed.

Example 1.7. On{(z, - --,z,) e k*| |m,|<z | M withr, e &, |7, [ £,
we can introduce a structure of an affinoid space by Sp (4), where

A=k<217 Crty Zyy Wiyt e, wn>/(wlzl'—'7r17 R} wnzn—nn)'

We often write 4 as k{z,, - - -, Z,, m/2}, - - -, T,/Z,p. Especially we have
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{(Zl’ Tt Zn) € knl |Zil=l> l§l§n}:5p(k<z,, c 2y I/Zl’ MY 1/2,,>),

if k is algebraically closed.

§ 2. Rigid analytic spaces

Since the topology on an affinoid space X defined above is totally
disconnected, it is necessary to introduce a Grothendieck topology to
obtain a good theory of analytic spaces.

Definition 2.1. An open subset YC X=Sp (4) of an affinoid space X
is called an affinoid subdomain, if there exist an affinoid algebra 4, and a
k-algebra homomorphism +: 4— A, such that for any morphism ¢: Sp(B)
—X with ¢(Sp(B))C Y, there exists a unique k-algebra homomorphism &:
Ay—>B with =1 £°, »

Sp (B)—2>8p (4)
5‘\ /’ e
Sp (4r)
The following lemma is an easy consequence of the definition.
Lemma 2.2. Let YC X=Sp (A) be an affinoid subdomain. Then the

canonical morphism ®: Sp (Ay)—Y is bijective. Moreover, if x € Sp (Ay),
y=1%x) € YT Sp (A), then there are canonical isomorphisms

Aly"—>A,[x", n=1
where y=1""(x).
Corollary 2.3. proj lim, A/y* = proj lim,, Ay/x™.
By the above lemma, we can regard an affinoid subdomain as an

affinoid space Sp (4y).

Lemma 2.4. Let Y,C X=Sp (A) be an affinoid subdomain and Y,C Y,
an affinoid subdomain of Y,. Then Y, is an affinoid subdomain of X.

Lemma 2.5. Let f: Sp (B)—Sp (A4) be a morphism of affinoid spaces
and Y be an affinoid subdomain of Sp (4). Then ¥Y=f\(Y) is an affinoid
subdomain of Sp (B) and By is isomorphic to B, Ay (the complete tensor
product). In particular, if Y, and Y, are affinoid subdomains, then so is
Y.NY,

Example 2.6. A4 rational domain RCX= Sp (4) is, by definition, an
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open subset in X defined by
R={xe X| |fi®I=I/()], 1=i<n},

where f,, fi, - - -, f, are elements of 4 and have no common zeros in X.
A rational domain R is an affinoid subdomain. The affinoid algebra A,
is given by

with the canonical injection +»: 4—4 5, where by A(X,, - - -, X,,> ‘we mean

ALX,, -, XDy =3 a,X"a, € 4, lim{a,]|=0}.
v | o

If A=T,/I, then
A<X’19 ttty Xn>:k<Zl’ MR Zm an; tt Sty Xn>/]k<' t Zi’ ) Xia ° '>'
We have the following lemma.

Lemma 2.7. 1) If Y, and Y, are rational domains of X=Sp (A4), then
s0is Y,=Y,NY,and Ay,~ Ay, , Ay,

2) If Y, is a rational domain of X and Y, is a rational domain of Y,
then Y, is a rational domain of X.

Now we introduce two Grothendieck topologies on X=Sp (4). Let
Z be the set consisting of all affinoid subdomains (resp. rational domains)
of X. We consider the empty set as a rational domain of X. For any
Ue & put

Cov(U):={%={Us}icd $(1) < o0, }e'} U;=U},

where U, is an affinoid subdomain (resp. a rational domain) of X. Then
by virtue of Lemma 2.4 and Lemma 2.5 (resp. Lemma 2.7) (&, Cov) de-
fines a Grothendieck topology of X. Namely, (&, Cov) has the following
properties.

) ¢eF,XeF. U VeF,then UNVeF.

2) Forany Ue %, {U} e Cov(U).

3) X {U}lie;eCov(U) and VCU, Ve, then {UNV}ge
Cov(V).

4 If {U}ses € Cov(U) and {U,}iex, € Cov (Uy), j e J, then
{Ui}ierkex, € Cov(U).
An element of & is called an admissible open set and an element of Cov(U)
is called an admissible covering of U. The Grothendieck topology given by
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affinoid subdomains and the one given by rational domains are essentially
the same by virtue of the following theorem.

Theorem 2.8 (Gerritzen-Grauert [GG]). Any affinoid subdomain of an
affinoid space X is a finite union of rational domains of X.

Let G be one of the Grothendieck topologies defined above. Then,
we can define a presheaf @y, called the structure presheaf by associating
Ay to each admissible open set U. Similarly for any finite 4-module M,

U—>MRA,
A
defines a presheaf M~.

Theorem 2.9 (Tate [T]). For any admissible covering & of X, we have

Ho (%, M*):{Ma p=0,
0, p=+0.

In particular, Oy and M~ are actually sheaves for the Grothendieck topology.

Thus, on X we can introduce a ringed space structure (G-ringed space
structure) (X, Gy, 04) with respect to the Grothendieck topology. More-
over, by Corollary 2.3, for any point x € X==Sp (4), we have

Oy.,=proj lim A/x".
Hence, 0y, is a local ring. Thus, (X, G, 0x) is a G-local ringed space.

Definition 2.10. Let X and Y be affinoid spaces. A morphism f=
(. ¥): (X, Gy, O5)—(Y, Gy, O) of G-local ringed spaces is defined as
follows.

1) ¢: X—Y is a continuous map of the Grothendieck topologies.
That is, for any admissible open set U of ¥, ¢~*(U) is admissible in X and
for any admissible covering % of U, ¢~'(%) is an admissible covering of
o /(U).

2) For any admissible open set U of ¥, there is a k-algebra homo-
morphism +r;: Op(U)—0x(p~"(U)), which is compatible with restrictions.
Moreover, »={y} induces a local homomorphism +,: Oy ,(s;—0x,

One of the main reasons why we must introduce the Grothendieck
topology is the following.

Proposition 2.11. There is a one-to-one correspondence between the set
of morphisms X—Y of affinoid spaces and the set of morphisms (X, Gy, Ox)
—(Y, Gy, 0y) of G-local ringed spaces.



772 K. Ueno

Definition 2.12. A morphism f: Sp (B)->Sp (4) of affinoid spaces is
a closed immersion (resp. finite), if the corresponding homomorphism f*:
A->B is surjective (resp. finite).

Now a rigid analytic space is defined as follows.

Definition 2.13. A G-local ringed space (X, Gy, 0) is called a rigid
analytic space over k, if X has an admissible covering {X;},; (#(/) may be
infinite) such that (X;, G4|X;, 04|X;) is an affinoid space for each i. A
morphism f: (X, Gy, Ox)—(Y, Gy, 0y) of rigid analytic spaces is a G-local
ringed space morphism.

Remark. Later we shall construct rigid analytic spaces X by patching
together affinoid spaces X;. There are many Grothendieck topologies which
induce the same Grothendieck topology on X;. Among them we can find
the finest one, if the G-topologies satisfy certain mild conditions. (See, for
example, [BGR, 9.1].) Therefore, in the following we do not give explicitly
the G-topology.

Definition 2.14. 1) A morphism f: (X, Gy, O%)—(Y, Gy, 0y) of rigid
analytic spaces is a closed immersion (resp. finite), if there exists an admis-
sible affinoid covering {U,};.; of X such that the induced morphism f~*(U,)
—s> U, of affinoid spaces is a closed immersion (resp. finite) for each i € I.

2) A morphism f: X—Y of rigid analytic spaces is separated if the
diagonal morphism 4: X—XX y X is a closed immersion. If ¥Y=Sp (k),
X is called a separated rigid analytic space (over k).

If X is separated and U, V'C X are affinoid subspaces of X, then UNV
is also an affinoid subspace of X.

As already mentioned above, the topology of an affinoid space X=
Sp (A4) given by the Banach norm of A is totally disconnected. Further, if
the residue field k is not finite, X is not locally compact. But we can define
proper morphisms.

Definition 2.15. Let f: X=Sp(4)— Y=Sp(B) be a morphism of
affinoid spaces and UC X an affinoid subdomain of X. The open set U is
said to be relatively compact in X over Y (we use the symbol U ,X), if
there exists an affinoid generating system {f, - - -, f,} of 4 over B (that is,
I1f:11<land B{T}, ---, T,,>->A sending T; to f; is a surjective B-algebra
homomorphism) such that

UCi{xeX| | (0T, - -, | f(0)]<1}

Lemma 2.16. Let X, X, be affinoid spaces over an affinoid space Y
and U,e ¢ X;, i=1,2. Then we have
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Ui Xy X€ 5,X: Xy X, and U Xy U,y X; Xy X,
That is, relative compactness is closed under base change and fibre product.

Definition 2.17. A morphism f: X—Y of rigid analytic spaces is
proper, if

1) fis separated;

2) there exist an admissible affinoid covering {Y,},.; of Y and a finite
admissible affinoid coverings {X }1< <., and {X7 }i<;<n, of f71(Y}) such that
X;,cy X;, If Y=Sp(k) and fis proper, X is called a compact rigid ana-
Iytic space.

Note that the underlying topological space of a rigid analytic space is
not necessarily locally compact and a proper morphism is not necessarily
closed.

Definition 2.18. Let (X, G, 0) be a rigid analytic space and let &
be an Oy-module. If there exist an admissible affinoid covering {U};es,
U,=Sp (4,), and a finite A-module M, for each i e I such that #|U, =M,
then % is said to be coherent. (If we need to specify the covering %, we
say U-coherent.)

Theorem 2.19 (Kiehl [K12]). Let & be an Oy-module over an affinoid
space X=S8p (4). The following conditions are equivalent.

1) F is U-coherent for an admissible affinoid covering U of X.

2) F is U-coherent for any admissible affinoid covering U of X.

3) There exists a finite A-module M such that F ~M".

Theorem 2.20 (Kiehl [KI1]). Let f: (X, Gy, O0x)—(Y, Gy, 0y) be a
proper morphism of rigid analytic spaces and & a coherent Oy module. Then
R f F is a coherent 0 x-module for any integer i.

Corollary 2.21. If X is a compact rigid analytic space over k, then
dim, HY(X, F)< oo

Jor any coherent Oy-module F on X and for any integer i.

From the above theorems we infer the existence of the Stein factoriza-
tion for a proper morphism. If X is a proper algebraic k-scheme, then X
carries a structure of a compact rigid analytic space X**. Then GAGA
holds for X and X°* ([K&8]). (See also Example 3.3 and Example 3.5
below.) Also we have the Serre duality for locally free sheaves on a com-
pact smooth rigid analytic space. (Actually a more general duality theo-
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rem holds. For example, one can use the argument in [HA, Appendix].)
Moreover, by Theorem 1.7 Hironaka’s theorem on resolution of singulari-
ties holds for rigid analytic spaces.

§ 3. FElementary examples and analytic reduction

In the following, for simplicity we assume that the field & is algebrai-
cally closed.

Example 3.1. The affine space A7. Take an element ¢ ¢ k with |[¢|>1.
For any interger m>0, put

An={2, @i, T Tip) WM ayy, [l =0}

S {14 eeeFip—o

Then A,,~k{z/c™, - -, z,/c™) and there are natural inclusions
A, CACA,C-- Ay CAp T -,
Moreover, we have
Sp(A4,)={z e 47| |z;|L|c|™, 1<iZn}.

Hence we have A;= Ug_,Sp(4,). Taking {Sp(4,)} as an admissible
covering of A7, we can introduce a structure of a rigid analytic space on
Az

Also we have another admissible covering. Put

U,={z e 4} |z|Z|c|, i=1, - - -, n}

Upn={ze A& |c["<|z| < c|™0, i=1, -+, 0},
where ¢ € k with |¢|>1, m=1, 2, -- .. Then we have

UOZSP (k<Zl/C, ] Zn/C>),

Um:sp (k<zl/cm+la ft Zn/cm+1= Cm/zla MR cm/zn>)

() Up=4r.

m=0

Example 3.2. An affine scheme. Let X be an affine scheme of finite
type over k. Then X is a closed subscheme of an affine space, hence using
the rigid analytic structure of the affine space, we regard X as a closed
analytic subspace of the affine space.
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Example 3.3. A4 scheme X of finite type over k. Since each affine
subscheme of X carries the structure of a rigid analytic space, by patching
together the rigid analytic structures of open affine subschemes of X, we
can introduce on X a rigid analytic structure. If X is a separated scheme,
the corresponding rigid analytic space is separated.

Example 3.4. The projective space P}.
Put

X, ={(z:z:---:12) e PY |z|<zi], 0Zk<n}, i=0,1,2,---,n.
Then we have
X,=D ={0ny, -, w)| [wil <1, i=1, -+, n}
~SP(k{2o/Zs, -+ *3 ZiorfZis Zi 1] Zis * 05 ZalZs)).
If we put

Aij:=k<zo/zir D) Zn/Zia (Zj/Zi)—1>3

then we have X;;=X,NX,~Sp(4,;). Moreover, a k-algebra homo-
morphism A,;—A4,;, which sends z,/z; to (z;/z,)(z;/z;)~* induces an iso-
morphism X;;~X,,. In this way, Py has a structure of a rigid analytic
space. We claim that P} is compact with respect to this structure. Indeed,
let us take an element ¢ of k with |¢|>1 and put

X={z:z: -1 2,) e PY |z |Zez], 0Sk<n}, i=0,1,2, -, n

Then X, is also an affinoid space and {fi}oéién is also a finite admissible
covering of P7. By definition, we have X, X,.

Example 3.5. Any projective scheme of finite type over k has a
natural rigid analytic structure, because it can be regarded as a closed
analytic subspace of the (rigid analytic) projective space. (For details, see,
for example, [RA], [FP, IV.1].)

Example 3.6. Tate’s elliptic curve. Take an element g € k with 0<
|g|<1. The map z~>gz generates an infinite cyclic group {g) of auto-
morphisms of k*. Put T=k*/{g). By a method similar to that in Example
3.1, on k*=A}; —{0} we can introduce a structure of a rigid analytic space
such that the map z+—>gz defines an analytic automorphism of the rigid
analytic structure. Take an element = with g=z% We let X, (resp. X,)
be the image of {zek| |x|<|z|<1} (resp. {z e k] |q|Z|z|Z|x]}) in T.
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Also by U, (resp. U,), we mean the image of {z € k| |z|=1} (resp. {z € k||z}
=|z|) in T. Then, we have X; N X,=U, U U, (disjoint union). We con-
sider X;, X,, U,, U, as affinoid spaces. (For example X,~Sp (k{z, n/z)),
U,~Sp (k{z/z, n/z)).) Then T is a compact rigid analytic space and
{X;, X,} is an admissible covering. Since {X;, X,} is an acyclic covering, we
can easily calculate the cohomology groups H¢(T, 0p) and obtain
dim, HYT, 0;)=1 for i=0,1. The rigid analytic space T is an elliptic
curve. Put

n(2) =n§ q"z/(1—q"z), P2 ZnGZZ q"2’[(1—q"z)"

Then p,(qz) =p(2), pi{qz)=pi(z) and they are meromorphic functions on
T. Put

sk="§1m’cq’”/(1 —q™),
B =9,(2) 251, 1) =Pi() 5.
Theorem 3.6 (Tate). P and y’ satisfy the following equation:
(*) P+ oy’ =p*+Bp+-C,

where
B= —35s,, C= —(5s;-+7s5)/12.

Moreover, the map
T—>P;,  [zZl—>(1: p(2): §'(2))

defines an embedding of T as a cubic curve defined by the equation (*).
The j invariant of the cubic curve defined by (*¥) has the form

Jj=(1-48B)/4, Ad=q ] (1 —g™*
m=1

=1/q+R(q)
=1/g+744+196884g+ - - -,

where R(q) € Z|[[q]] (resp. F,[[q]]), if char k=0 (resp. char k= p>0).

The following proposition shows that not all elliptic curves (that is,
curves of genus one with rational points) are Tate’s curves.

Proposition 3.7. Let k be a complete non-Archimedean valuation field
(not necessarily algebraically closed) and E an elliptic curve defined over k.
Then the following conditions are equivalent.
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1) There exists a finite extension K[k such that
EXK=K*[{qg).
: .
2) [JBE)>1

Next let us consider an analytic reduction of a rigid analytic space and
relation to a formal scheme.
Let A be an affinoid algebra. Put

A%:i={fe A|flo=1}, A°%:={fe A]||fl»<1},
A:=A°/4°°.

fA=T,=k{(X,, ---, X, >, then A°={3 0, X* e A|a, e k°}=k°(X}, -+ -,
X, A°°=k°°(X,, ---, X,». For any element g=>b,X* of 4°, we have
b, € k°° for sufficiently large |«|, hence A~k[X,, ---, X,]. Since any af-
finoid algebra is a quotient 7,/I, 4 is a k-algebra of finite type. (See for
example [BSG, 6.3.4, Corollary 3).) The analytic reduction X of an affinoid
space X=Sp (4) is, by definition, the algebraic k-scheme Spec (4).

Lemma 3.8. There exists a reduction morphism R: Sp(A4)—Spec(A),
where for any maximal ideal m of A, R(m) is the image of mNA° in A.
Moreover, R is surjective onto the set of closed points.

Definition 3.9. Let (X, G4, 0f) be a separated rigid analytic space.
An admissible covering % ={U,} is called a pure covering, if % satisfies the
following conditions.

1) For each i, U, intersects a finite number of U,.

2) If U, NU,sQ, then there exists an affine open set V,,C U, with
U,NU,;=R;%(V,,;), where R,: U;,—U, and R,;: U”—Jj” are the analytic
reductions.

From the above definition, if {Sp (4,)} is a pure covering of a rigid
analytic space X, we can define a scheme X locally of finite type over k, by
patching together Spec(4;). The scheme X thus obtained is called the
analytic reduction of X (with respect to the pure covering {Sp (4,)}. Note
that X depends on the choice of a pure covering.

Example 3.10. X={z € k||q|<|z|L1} where g € k, 0<|g|<{1l. Then
we have

A=k(X, YY[(XY—q), 4°=k°(X, YY/(XY—g).

Hence, we have .
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A~FK[X, Y)(XY).

Therefore, X=Spec (A) is a join of two affine lines (see Figure 1).

lz]=q

lz]=1

lgl<|z]<1

Figure 1

Example 3.11. X=4A7. The admissible covering {U,},<; given in
Example 3.1 is pure and X is an infinite union of A (cf. Figure 2).

Figure 2
Example 3.12. T=k*/{g>. If we use the admissible covering {X;, X5},
T is as in Figure 3.
P;

P;
Figure 3

The dependence of the analytic reduction on pure coverings is clarified,
if we consider the relationship between rigid analytic spaces and formal
shemes. Recall that for 4=T, we have

Ao=ko<x’ R Xn>’ A°°=k°°<‘Xls ) Xn>=mA°=

where m=£k"°°, the maximal ideal of the valuation ring £°. Hence we have
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A°=projlim A°/m*A° =proj lim k°[X,, - - -, X, J/mk°[X,, ---, X,].

Thus, to 4° we can associated a formal scheme Spf 4° over Spfk°. More
generally, for any affinoid algebra we have a formal scheme Spf 4° over
Spfk° and Sp (A4) can be regarded as its generic fibre. In general, to any
rigid analytic space X of finite type over k (i.e., covered by a finite number
of affinoid spaces), we can associate a formal scheme & over Spfk° and
X can be regarded as the generic fibre of 2 —Spfk°. Conversely, for a
formal scheme & —>Spf £° locally of finite type, we can construct a rigid
analytic space X over k. The correspondence is not one to one, since the
formal schemes depend on pure coverings. Moreover, if 27 is obtained
from the formal monoidal transformation of & along a closed subscheme
whose ideal sheaf is contained in an ideal generated by an element g ¢ k
with |¢g|<1, then the rigid analytic spaces corresponding to &’ and & are
the same. The details can be found in [RA].

§4. Compact rigid analytic spaces

In the following a compact reduced irreducible rigid analytic space is
called a rigid analytic variety. Also a non-singular rigid analytic variety is
called a rigid analytic manifold.

a) Algebraic reduction

A meromorphic mapping ¢: X—Y of rigid analytic varieties is defined
in the same way as in the complex analytic case. (See, for example, [U 2,
Definition 2.2].) By [HI] we can always resolve the points of indeterminacy
of ¢ by succession of monoidal transformations of X with non-singular
centers. If a meromorphic mapping ¢: X—7Y has an inverse, we call ¢ a
bimeromorphic mapping and X and Y are said to be bimeromorphically
equivalent.

Theorem 4.1 ((BO2]). The field #(X) consisting of all meromorphic
Jfunctions on a rigid analytic variety X (the meromorphic function field of X)
is an algebraic function field and we have

tr deg, A(X)<dim, X.

The number a(X)=tr deg,(X) is called the algebraic dimension of X.
Since char k=0, by [HI], there exists a nonsingular projective variety V
defined over k whose rational function field is isomorphic to .#(X). Then
by GAGA, if we regard V as a rigid analytic manifold, the meromorphic
function field .#(¥) is equal to the rational function field of V. Therefore,
we have a meromorphic mapping
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such that ¢ induces an isomorphism of meromorphic function fields of X
and V. Choosing a suitable bimeromorphically equivalent non-singular
model X of X, we have a proper surjective morphism ¢: X— ¥ which in-
duces an isomorphism of meromorphic function fields of X and V. The
morphism ¢: X—V is called an algebraic reduction of X. The algebraic
reduction is unique up to bimeromorphic equivalence. Moreover, all
fibres of ¢ are connected.

A slight modification of the proof given in [U2, Section 12, (12.8),
(12.9)] gives the following theorem.

Theorem 4.2. 1) Let f: X—Y be a surjective morphism of rigid ana-
Iytic varieties with connected fibres. Then there exists a proper rigid ana-
Iytic subspace Y, of Y such that

aV)saX)<a(Y)+a(X)<a(Y)+dim f,

for any y e Y, where X, = f'(»), the fibre of f over y, is nonsingular and
dim f=dim X—dim Y.

2) If M is an irreducible subvariety of a rigid analytic variety N, we
have

a(N)<a(M)+codim M.

A rigid analytic variety X is called a Moishezon variety if a(X)=
dim X.

Corollary 4.3. 1) An irreducible subvariety of a Moishezon variety is
a Moishezon variety.

2) If M is a Moishezon variety and f: M—N is a surjective morphism
of rigid analytic varieties, then N is also a Moishezon variety.

b) L-dimension and Kodaira dimension
Let L be a line bundle on a normal rigid analytic variety X. Put
N(L):={m=1]| H(X, L™)=0}.
Then the L-dimension (X, L) is defined by
max dim @,,,;,(X), if N(L)#¢,
#(X, L):={meNw
— o0 ,  IEN(D)=9¢,

where @,,,;, is the meromorphic mapping to a projective space associated
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with H(X, L™). If X is not normal, (X, L) is defined by
©(X, L)=r(X*, *L),

where ¢: X*— X is the normalization of X.
For a Cartier divisor D on X, the D-dimension (X, D) of D is defined
by

(X, D)=x(X, [D)),

where [D] is the line bundle. associated with D.

If X is non-singular, the L-dimension (X, K,) of the canonical bundle
K of X is called the Kodaira dimension of X and denoted x(X).

Now it is easy to show that the algebraic dimension, the L-dimension
and the Kodaira dimension enjoy the same properties as those of complex
varieties. Here we only state some important facts. For details consult,
for example, [U2, § 5~8§ 9].

Lemma 4.4. (X)) ZLa(X).

Theorem 4.5 (Iitaka’s fibration theorem). If «(X)>0 for a rigid ana-
Iytic manifold X, there exist a bimeromorphically equivalent model XofX,a
non-singular projective variety W and a surjective morphism ¢: X—W such
that

1) dim W=x((X),

2) all fibres of ¢ are connected,

3) k(X,)=O0, for a general fibre X, of ¢,

4) the morphism ¢ is bimeromorphic to @ g1 X—0 (X)) for a
sufficiently large m € N(Ky).

Theorem 4.6. Let ¢: X—V-be the algebraic reduction of a rigid ana-
Iytic variety X. Then we have
K(X,)<0

for a general fibre X, v of . Moreover, if a(X)=dim X—1, then X ,Isa
non-singular curve of genus one.

§ 5. Rigid analytic surfaces

A smooth rigid analytic variety of dimension 2 is called a rigid analytic
surface. In this section we shall study the structure of rigid analytic sur-
faces.

a) Intersection theory and the Riemann-Roch theorem

Let C, D be irreducible curves on a rigid analytic surface S. If C+#D,
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then C and D intersect at a finite number of points. For an intersection
point x € CN D, we define the intersection multiplcity 7,(C, D) of Cand D
at x by

Iz(c’ D)zdlmk @X,z/(f’ g)a

where f=0 (resp. g=0) is a local equation of C (resp. D) at x. Then the
intersection number C-D of C and D is defined by
C-D:= >, I(C, D).
zeCND
It is easy to see that

C-D=D-C=deg[D]|,=deg[C]|p,

where [D]|, is the restriction to C of the line bundle associated with D.
Hence, for a line bundle L on S the intersection number C-L=L-C is
defined by

C.-L=L-C=deglL|.
Also the self intersection number C? of C is defined by
C?*=deg [C]].

Then by linearity we can define the intersection number D-D’ of divisors
D and D’ and the intersection number D-L=L-D of a divisor D and a
line bundle L.

If divisors D, and D, are linearly equivalent, we have

D,-D'=D,.D’.
For a divisor D on a surface S, the Riemann-Roch theorem says that
;‘) (—1y dim, H*(S, 04(D))=D-(D—Ky)[24+X(S, Oy),
where
XS, O9)=p(S)—q(S)+1,

Pg(S)=dim, H*(S, Os),
q(S)=dim, H'(S, 05).

For a proof, we can use the argument given in [KO2, I, Section 2]. Note
that by the Serre duality we have

P(S)=dim, H'(S, Ky).
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If S is algebraic, then by GAGA we have Noether’s formula
121(S, 05) = K2+ c(S),

but we do not know if this holds for a non-algebraic surface S at the
moment. The virtual genus #(C) of an irreducible curve C on S is defined
by the adjunction formula

27(C)—2=C*4+C-K,.
Then we have
#(C)=dim, HY(C, 0,).

b) Exceptional curves of the first kind

An irreducible curve C on a surface S is called an exceptional curve
of the first kind, if C*= —1 and #(C)=0, In this case C is isomorphic to
P'. Iff: X—X is obtained by blowing up a surface X at a point x, then
C=f"%(x) is an exceptional curve of the first kind. Here, we shall prove
the converse. By GAGA this is true if S is algebraic. In general, we imi-
tate the idea used by [KO2, II, Appendix] in the complex analytic case.

Lemma 5.1. Let C be a non-singular curve in a rigid analytic surface
S with HY(C, N;)=0, where N is the normal bundle of C in S. Putn=
R(C, Np). Then for a sufficiently small e>>0 there exists a non-singular
subvariety € on A7 X S such that the morphism p: €—47 induced from the
projection of 47X S to the first factor is proper and smooth and p~'(0)=C,
where A2={(z,, - - -, z,) € k"| |z;|<Le, i=1, - - -, n} and 0=(0, - - -, 0).

Proof. Let {%,=Sp(A4,)};c; be a finite admissible affinoid covering
of C. We assume that there are f;, - - -, f;, € 4; such that

Vimlx e | |f,|<1} j=1,---,i, iel

form an admissible covering of C. By [KI3], there exists a finite admis-
sible covering {Sp (4;,,)} e, Of Sp (4,) such that there exist open immer-
sions ¢; ;: Sp (4;,,{Z; ;»)—S and that {Im¢; ;},;c,,.cer IS an admissible
covering of a tubular neighbourhood of Cin S. Now we can apply the
argument of [KO 1] and obtain the desired result. Q.E.D.

Remark 5.2. In the above proof we only need to assume that the
curve C is compact. Also we can show the universality of the family
constructed above.

Theorem 5.3. Let C be an exceptional curve of the first kind in a
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rigid analytic surface S. Then there exist a rigid analytic surface S and a
surjective morphism A: S—S such that A(C)=x is a point and 2 is the inverse
of the blowing up of S at x.

Proof. Itis enough to show that a neighbourhood of C is isomorphic
to the blowing up of a certain non-singular affinoid space. We follow the
argument of [KO 2, II, Appendix].

Choose a point z € C. Then we can find an admissible open neigh-
bourhood U of z in S, such that U~Sp (k{X;, X;») and X;=0is a local
equation of the curve C in U. In the following, we identify U with
Sp (k{X}, X;)). Let us consider a homomorphism

¢ k{Y,, Yoy—>k{X,, Xy,

which sends Y; (resp. Y,) to X, X, (resp. X;). Then we patch together S—
{»} and Sp (k{Y,, Y,)) by means of the morphism Sp (¢) and obtain a non-
singular rigid analytic space S. There is a natural morphism 7% S—S and
the image C= (C) of Cis non-singular with trivial normal bundle N; in
S.  (Roughly speaking, we obtain S by contracting a curve defined by
X,=0 in U, hence deg N,=deg N,+1=0.) Hence we can apply the
above lemma and obtain a one-parameter family ¥={C,},<,. Since
€?=0, the natural morphism f: ¥—S is an open immersion. Hence p o/
is a morphism from a neighbourhood of € in S to 4, ={¢|<e}. Therefore,
g=pof o pis arigid analytic function on a neighbourhood W of C in S,
and in this neighbourhood g=0 defines a divisor C+ A, where A4 is defined
by X,==0. Then C and 4 intersect transversally at z.

Now choose another point y € C. In the same way as above there is
a rigid analytic function 4 in a neighbourhood W of C in S such that A=0
in W defines a divisor C+ B, where B and C intersect transversally at y.
Then it is easy to show that a morphism

A: W— kX P!

which sends x to (g(x), A(x), (g(x): A(x))) is an open immersion and A(C)=
(0, 0) X P*. Hence we conclude that there exists a two dimensional smooth
affinoid space ¥ such that an admissible open neighbourhood of the curve
C in S is isomorphic to the blowing up of ¥ at a point of V. Q.E.D.

A rigid analytic surface S is called a relatively minimal model, if S
contains no exceptional curves of the first kind. From the above theorem
we infer the existence of a relatively minimal model of a rigid analytic sur-
face by contracting exceptional curves of the first kind. Also we can prove
the factorization theorem of a bimeromorphic morphism.
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Theorem 5.4. Let f: X—Y be a bimeromorphic morphism. Then f is
decomposed into a finite succession of contractions f;:Y,—Y,,,, i=0, 1,
- -+, n of exceptional curves of the first kind in Y,, where Y,=X, Y,,,,=7,

f=fn°fn-l° o °f(‘)’

c) General theory
Here we collect together some general facts on rigid analytic surfaces.

Theorem 5.5. If a rigid analytic surface S is of algebraic dimension
two, then S is projective.

Proof. By the algebraic reduction of S the surface S is bimeromorphic
to a non-singular projective surface. Hence, by a finite succession of blow-
ing-ups of S we obtain a projective surface S. Hence our surface S is
obtained from $§ by contracting exceptional curves of the first kind. But
contracting a projective surface, we obtain a projective surface. Hence S
is projective. Q.E.D.

Theorem 5.6. If a rigid analytic surface S is of algebraic dimension one,
then there exists a surjective morphism f: S—C from S to a non-singular
curve C such that the general fibres of f are non-singular curves of genus
one. Thus S has a structure of an elliptic surface (see d) below).

Proof. By Theorem 4.6, there is a surjective morphism g: S*—C
from a bimeromorphic model S* of .S to a non-singular curve C such that
the general fibres of f are non-singular curves of genus one. By Theorem
5.4 we may assume that S* is obtained from S by a finite succession of
blowing-ups. Now assume that an exceptional curve E of the first kind of
S* is mapped onto C by g. Let F be a general fibre of g. Put D=E+F.
Since we have D= C?+2C- E > 1, by the Riemann-Roch theorem we have
A(S*, O(mD)) ~D*m*/2, For m sufficiently large, we have H°(S* 0(Kg—
mD))=0. Hence g(S*, D)=2 and a(S)=a(S*)=2. This is a contradic-
tion. Hence all exceptional curves are contained in the fibres of g.
Therefore, contracting exceptional curves appearing in the blowing-ups of
S, we have a surjective morphism f: S—C such that f is an algebraic re-
duction of S and the general fibres of f are non-singular curves of genus
one. Q.E.D.

The following lemmas will be used later.

Lemma 5.7. If a rigid analytic surface S contains an effective divisor
D with D*>0, then (S, D)=2. Hence, S is projective.

Proof. By the Riemann-Roch theorem we have X(S, O(mD)) ~ D*'ni*/2,
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Moreover A(S, O(mD))=hS, O(K;—mD))=0 for a sufficiently large m.
Hence we have h%(S, O(mD)) ~ D*m?/2. Q.E.D.

Lemma 5.8. Let a rigid analytic surface S be relatively minimal and
k(S)=0. Then K is nef. That is Ks-C =0 for any curve Cin S.

Proof. Assume that there exists a curve C in S with K- C<<0. Since
£(S)=0, there is an effective divisor D e |nK;| for a positive integer n.
Since D-C<<0 we can write D=D'+4+mC with m>0. This implies C*<0.
Then by the adjunction formula, C is an exceptional curve of the first kind.
This is a contradiction. Q.E.D.

d) Elliptic surfaces

A surjective morphism f: S—C of a rigid analytic surface to a non-
singular curve is called an elliptic surface, if general fibres of f are non-
singular curves of genus one. An elliptic surface f: S—C is called minimal,
if every fibre of f contains no exceptional curves of the first kind. In the
following we assume that an elliptic surface is minimal, unless otherwise
mentioned.

For an elliptic surface f: S—C we consider a fibre f~!(x) over x as a
divisor. If f~'(x) is a singular curve of genus one, f~'(x) is called a singular
fibre. A singular fibre f~!(x) is called a multiple fibre mD of multiplicity
m, if we have f~'(x)= mD, D=3 5_,n,D;, (ny, ny, - - -, 0)=1, m=2. All
possible types of singular fibres and multiple fibres are the same as those
in the complex analytic case.

Theorem 5.9. Let [ S—C be an elliptic surface. Then a canonical
divisor K of S is written as

Ko=f*(Ko—F)+3. (m— D E.,

where K, is a canonical divisor of C, F is a divisor on C with
—deg F= X(Sy @S)a
and m E,, m,E,, - - -, myEy are all multiple fibres of f.

This theorem can be proved completely in the same way as in the
complex analytic case. (See, for examples, [BH, Part 2, Section 2] or [U1,
Theorem 7.4].)

Theorem 5.10. Let f: S—C be an elliptic surface with £(S)=1. Then
Jor any integer m=86, @, 51 S—0,,x,(S) is isomorphic to f: S—C.
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For a proof we can use the same argument as in [I, Corollary to
Proposition 8]. The number 86 in the above theorem is the best possible
as an example in 6, b) shows.

e) Formal lifting of smooth algebraic surfaces in characteristic p

Let S, be a non-singular algebraic surface defined over k, with
char ky)=p>0. Assume that S, has a formal lifting f: ¥—>Spf R to
characteristic zero, where R is a complete valuation ring with the residue
field R/m=k, Letk be the field of fractions of R. Then as was men-
tioned above (see Section 3 above), the “generic fibre” S, of fis defined as
a compact rigid analytic surface.

Theorem 5.11. In the above situation we have
K(SO) = K(Sﬂ)’

except possibly in the case where £(S))=1, 2(S,, O5.)=0, p(Sp)=1, £(S,)
= —co and a(S,)=0.

Proof. By the upper semi-continuity of cohomology groups ([BO1])
we have

P, (S))=P,(S,), m=1.
Hence we have always
C8)) £(Sp) =#(S,).
Moreover we have
5.2) X(Sp, Oso) =%(S), Us,)-

Since for any exceptional curve C, of the first kind of .S, we have H°(S,, N¢,)
= H'(S,, N¢,)=0, C, can be uniquely lifted to a smooth formal subscheme
of & and & has a formal contraction to a smooth formal scheme. Hence
we may further assume that the surface S, is relatively minimal.

If p(S;)=0, then any line bundle on S, can be lifted to S, and S, is
algebraizable. Hence, in this case, the above theorem is true by virtue of
[KU, Theorem 9.1]. Therefore, in the following we assume that p(S;) =1,
hence #(S;)=>0.

Step 1. k(S,)=2 if and only if (S,)=2.

If k(S,)=2, then by the above inequality (5.1) we have #(S,)=2.
Conversely, if #(S;)=2, then as S, is relatively minimal, K% >0. Hence
K%>0. Therefore, S, is algebraic and S, is of general type or rational.
If S, is rational, there is a curve C, in S, with K- C,<<0. Then by the
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analytic reduction we find an effective divisor C, in S, with K, -C,=
Kg,-C,<0. Since S, is relatively minimal, by Lemma 5.8, we have
#(S;)= — co. This is a contradiction. Hence, £(S;)=2.

Step 1. k(S,)=0 if and only if £(S,)=0.

Since we assume p(S;)=1, S; is a K3 surface or an abelian surface.
If S,is a K3 surface, then X(S;, 05,)=2. Hence X(S,,0s,)=2 and X(S, K§)=
2 for any m=1. Since #*(S,, KZ:)=1 for any integer m, we have /° (S, K)
>1. Hence we have «(S,)=0. If S, is an abelian surface, the formal
lifting of S, is well-known and the canonical bundle is trivial. Hence we
obtain «(S,)=0.

Step III.  Assume £(S,)=1. Then by (5.1) we have #(S;)=1. Hence
by Step I we have (S;)=1. Conversely, assume £(S;)=1. Then from the
above argument we infer that £(S,)=1 or £(S,)= —o0. Since we have
1(Sy, K§,)=0 for m=2 and x(S,, K§)=X1(S,, s,), if X(S,, Os,)=%(S,, Us,)
=1, then we have A(S,, K§)=1. Hence £(S,)=1. Next assume %(S;, Os,)
=0. If S, is algebraic, then by [KS, Theorem 9.1] we have #(S,)=1. If
a(S,)=1, then S, is an elliptic surface. Since K3, = K5, =0, S, is a minimal
elliptic surface. Then £(S,)= — oo implies A%(S, K5;")=1 for a suitable
positive integer m by Theorem 5.9. This contradicts the fact that #%(S,,
K{y=0 for any positive integer. Q.E.D.

Remark 5.12. We conjecture that in Theorem 5.11 we have always
£(S,) =K(S,).

Further analysis of the last part of the argument in Step III above
shows that the conjecture is true if there exists no rigid analytic surface
with a(S)=0, b,(S)=2. In the complex analytic case, the classification
theory tells us that an analytic surface with a(S)=0, 5,(S)=2 does not
exist.

§ 6. Examples

In this section we shall give examples of compact rigid analytic ana-
logues of non-Kéhler surfaces.

a) Elliptic surfaces with odd b,

Let L—C be a line bundle on a non-singular compact curve C. We
consider L as an analytic space. Choose « € k with |¢|>1. Then « acts
on L—{0-section} fibrewise. Set S, ,:=(L—{0-section})/{a). Then S, ,
carries a structure of a rigid analytic space with a morphism f: S, ,—C.
All fibres of f are isomorphic to k*/{a)=E,, Tate’s elliptic curve. Hence
f: 8.,,—C is an elliptic surface.
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Lemma 6.1. 1) K;=f*K,.
2) If deg(L)=0, then we have

bi(S1,)=2+28(C), K'(25,,.)=1+g(C),
9(Sz,)=1+g(C),

where q(S)=dim H'(S, 0s) and g(C) is the genus of C.
3) If deg(L)=£0, then we have

b(S:,0)=1428(C), K*(25%,,.)=g(C),
q(S;,)=1+g(C).

Proof. Let {%;};c4 be an admissible affinoid covering of C and {g,,}
be transition functions of L such that on %,, L is isomorphic to %, X A}.
Let w, be affine coordinates of 4 such that the above transition functions
are given with respect to these coordinates. Let z be a meromorphic 1-
form on C. Then {dw,/w,/\ <} is a global meromorphic 2-form on S=S, ..
Hence we have Ky=f*K,.

Let w be a regular 1-form on .S whose restriction to a general fibre of
fis not zero. Then on f~Y(%,), w is written as

;=0 lw——‘— adw,lw,+1,,

where a, e I'(f~Y(%)), Os)=T'(%,, 0,,) and z; is a regular one form on
S~ Y%,) whose restriction to any fibre is zero. Choose p, € I'(%,, £23)
which has no zeros on %, (If necessary, we take a refinement of the
covering {#,}.) Then we have t,=b,u, where b, e I'(f (%)), 0.,)=
I'#,, 0,). Hencer, e I'(%, 23,). On %, %, wehave w,=g,w,. Hence
we have

O, =AW, W, +a,dg, /8. + Ti=a,dw, W, + T,
Therefore, on %, N\ %, we have

{aA =a,
azdgl,u/gl/x + T, = 7-'11'
Hence {a;} is constant. Thus we may assume ¢,=1. Then we have

Ty Tp= —dgz;:/gz,‘-

This implies {dg,,/g,,} is zero in H'(C, 2}%). Thus the existence of a regular
1-form @ whose restriction to a general fibre is not zero implies deg (L)=0.
Moreover, in this case we infer from the above expression for o that dw
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=0. Conversely if deg(L)=0, we can reverse the above argument and ob-
tain a regular 1-form w. Hence we have

g(O)+1, if deg (L)=0,

g(C) ,  if deg(L)+0.

Next let us consider H'(S, 0g). It is easy to show that R'f, 0 is
trivial. Hence by an exact sequence

@y ={

6.1) 0—>HY(C, 0,)—>H(S, 05)—>H(C, R'f,05)——>0,
we have
(S, 05)=g(C)+1.

Finally we shall show that b,(S)=A"(S, 2%) +h'(S, 0s). By the Hodge-
de Rham spectral sequence, it is enough to show that

d: HO(S, Q}g)_"‘)HO(Ss Q%)a
d: H'(S, 05)—>H'(S, 2%)

are zero maps. We have already showed that the first map is zero. As
for the second map, let us consider an exact sequence

0—> ¥, ——> Q5—> 0% ,c—>0.

Since f'is smooth, there are natural isomorphisms 2%, wg,> 0. Since
f+ S§—C is a rigid analytic fibre bundle, we have exact sequences

6.2) {0———9910——>f*!2}9——> fi82%,c—>0,
0——> R f*(f,26)—> R, s—> RS, }S/c”—>0-

From the first exact sequence of (6.2) and the exact sequence (6.1) we
infer that it is enough to show that d,: H(C, RY, 0s)—H*C, Rf,£2%) is
the zero map. Since any regular 1-form on a smooth curve is d-closed,
ds,ct Rf3O0s—R'f, 0% is the zero map. Hence, by the second exact se-
quence of (6.2) the homomorphism d: R'f,0;—R'f, Q2% factors through
R £, 05—>R [, (f85) =R f,.0:RQ2L—R' [, 2%. As we have R'f,0;=0,,
H(C, R'f,05)—H"(C, R'f,,0,02%) is the zero map. Hence we have the
desired result. Q.E.D.

An analytic reduction of S, , is a fibre bundle over an analytic reduc-
tion C of C. Its fibre is a cycle of non-singular rational curves which is an
analytic reduction. of Tate’s elliptic curve. If deg (L)+0, the reduction
S, is not projective.
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b) Logarithmic transformations

Let C be a non-singular curve, L a line bundle on C and f: S, ,—C
be the elliptic surface constructed above. Choose an admissible affinoid
neighbourhood D=Sp (k{t)) of a point x € C. Put D*=Sp (k(z, t"*))=
D—{0}. Put D=Sp (k{s)), D*=Sp (k{s, s"*)). Define a morphism p:
D*—D by

Q¥ k{H—k(s), M (D)=5T,

where m is a positive integer. Then ¢ is an m-sheeted cyclic covering
ramified at the origin.

Lemma 6.2. H'(D, 03)={1}, H'(D*, 0})={1}.

Proof. The cohomology group H(X, 0%) corresponds to the set of
isomorphism classes of line bundles on X. If X is a smooth affinoid space,
a line bundle on X corresponds to a projective @(X)-module of rank one.
Now if X=D or D*, 0(X) is a UFD. Hence any projective module on X
is free. Q.E.D.

Let us fix a trivialization of L|,:
Lip=DX A'=Sp (k{t)) X A'.
Then we have a trivialization
@*(L|p) =D X A'=Sp (k{s)) X A'.
Let us consider an automorphism g of D X E defined by

g (Ss [C])_—"‘)(emsa [ﬁC])s

where ¢,, is a primitive m-th root of unity, [{] is a point of Tate’s curve E,=
(4'—{0p/{a) corresponding to a point { € 4'—{0}, and f"=a. The
automorphism g genertes a cyclic group G of order m and the group G
operates freely on D E. Hence the quotient space S,=DXE|G is a
smooth rigid analytic space. There is a natural morphism f,: Sp,—D.
By construction we have £ 7%(0)=mF,, where F, is an elliptic curve isomor-
phic to k*/{B)>, and other fibres of f, are isomorphic to E,.
The group G operates also on D X A' by

g: (s, O—>(ens, 7).

The action is free on D* X 4' and the quotient space L}=(D* X 4")/G is
a line bundle on D*. Then we have an isomorphism
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¥ Splm—">Lf (B

over D* where the action of § on L} is the fibrewise multiplication. On
the other hand, by Lemma 6.2, L} is a trivial bundle on D*. Therefore,
there is an isomorphism

LE/{B>~—>S|ps

over D*.

Now we patch together S, and S, ,—f(x) by ¢o+ and obtain an
elliptic surface f : S—C. We write S=L,(m, B)(Sy.,.) and call the above
process to construct S a logarithmic transformation. Note that the elliptic
surface L,{m, B)(Sy,,)—C has a multiple singular fibre mF, over the point x.

Applying logarithmic transformations at a finite number of points on
C, we obtain an elliptic surface over S with arbitrarily many multiple fibres.
The elliptic surface /: L, (2, 8;) o L,,(3, B2) o L (7, Bs)(P' X E,)—P* has the
following property: @ ., does not give the structure of an elliptic surface
but for any m=86, @, gives the structure of an elliptic surface, where
Bi=pi=pi=a. (See Theorem 5.10 above.)

¢) Hopf surfaces (|GG, p. 182-183])

Choose two elements «, § ek with 0<|e|<<|g|<<I1. Consider an
automorphism g of k? defined by

(zi, z—>(az,, ,Bzz)-

Then H, ,=k*—{(0, 0)}/<{g) has a structure of a rigid analytic surface. If
a™= " for suitable positive integers mi, n, H, , has a structure of an elliptic
surface over P* and a(H, ;)=1. If @, B are algebraically independent over
Q, then we have a(H,,,)=0. We always have

4(H, ) =1, (%, )=0.

We can construct other examples of rigid analytic surfaces S with
a(S)=0, b,(S)=1 by using a method of Kato [KA]. This will be dis-
cussed elsewhere.
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