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§ O. Introduction 

The main theme of this paper is to exploit an idea that the Abel-Jacobi 
map can be studied in close analogy with the cycle map as far as the be
havior of the image is concerned. 

Given a nonsingular complex projective variety X, let CHT(X) be the 
Chow group of codimension r algebraic cycles on X modulo rational equi
valence (O<r< dim X). The cycle map is a homomorphism 

rT: CHT(X)_-?B2T(X, Z)c=.H2(n_T)(X, Z) 

and the Abel-Jacobi map is a homomorphism 

'o/T: CHT(X)hom";;, Ker (rT)~J'(X) 

where J'(X) is the r-th intermediate Jacobian of X. Set 

~"(X)=Im (rT ), J~(X) = 1m ('o/T). 

Further, letting CHT(X)alg denote the subgroup of CHT(X) of algebraic 
cycles algebraically equivalent to zero, we set 

J~(X) = 'o/T( CHT(X)alg)' 

It is known that J~(X) is a complex subtorus of J'(X) having structure of 
abelian variety and that the quotient groupJ~(X)/J~(X)is at most countable. 

Now we propose to study the behavior of J~(X) for X hypersurfaces 
of dimension 2r-l in a projective space in comparison with that of ~T(X') 
for X' hypersurfaces of dimension 2r. Such an idea must have been known 
for some time, but personally it has occurred to us in trying to understand 
Griffiths' theorem on the image of the Abel-Jacobi map for generic hyper
surfaces of odd dimension ([G3]). We see that there is a strong analogy 
between Griffiths' result and the classical theorem of Max Noether. In
spired by this, we have recently found some explicit example of hypersur
faces defined over Q (the field of rational numbers) such that J~(X)=O 

Received December 3, 1985. 



718 T. Shioda 

([S5]). The pursuit of the said analogy turns out to be quite useful, and 
the aim of this paper is to make it clear. 

The contents of the paper are as follows. After recalling some preli
minary facts in Section 1, we give a unified proof for the theorems of 
Griffiths and of M. Noether in Section 2. Here emphasis is put on show
ing how close the proofs of these theorems are. In Section 3, we review 
the variants for hypersurfaces defined over Q; namely we are concerned 
with the existence of hypersurfaces defined over Q which satisfy the same 
property, called (G) or (N) in text, as generic ones. A result of S. Bloch 
along this line is contained in the appendix. In Section 4, we turn to the 
other side of the problem, i.e., we find hypersurfaces for which the Abel
Jacobi map has nontrivial image of positive dimension. Our approach 
here again follows similar results on the cycle map, dealing with those hy
persurfaces having "inductive structure". 

Acknowledgement. Most of the present work was done during my 
stay at Univ. Paris-Sud and Univ. Mannheim in 1984/85, and I am grateful 
to my colleagues there for their warm hospitality. I would like to thank 
Spencer Bloch for helpful discussion and for permitting me to include his 
recent result in the appendiX. 

§ 1. Preliminaries 

First let us briefly recall the definition of the Abel-Jacobi map 

'o/T: CHT(X)hom~P(X), 

The intermediate Jacobian P(X) is a complex torus which is isomorphic to 
H 2T-l(X, R)/H2T-l(X, Z) as real torus and whose complex structure is given 
by 

where F' denotes the Hodge filtration: if Ht(X, C)= L.P+q=iHP,q is the 
Hodge decomposition, then FPHi= L.a?pHa,t-a. Now take an element '1) 

of CHT(X)hom and let Y be an algebraic cycle on X representing '1). Then 
there is a topological 2(n - r) + 1 chain, say r, such that ar = Y. The linear 
functional 

determines an element of H 2T-l(X, C)/F'H2r-l by the Poincare duality, and 
its image in P(X) is by definition the image 'o/T('1) of '1) under the Abel
Jacobi map. 
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We refer to [G2], [G3], [Li] or [M] for the above as well as for the 
following: 

Proposition 1.1. With the same notation as before, let 

J~(X)=Im (~r). 

Then 
(i) the quotient J~(X)/J~(X) is at most countable. 
(ii) J~(X) is a complex subtorus of rex) having the structure of an 

abelian variety. 
(iii) When one identifies the tangent space to rex) (at the origin) with 

the subspace Hr-l,r + ... +HO,2r-1 of H 2r-I(X, C), the tangent space T to 
J~(X) is contained in Hr-l,r. In particular, dim J~(X)<hr-I,r. 

(iv) The direct sum T + T defines a rational sub-Hodge structure of 
H 2r-I(X, Q). 

Remark 1.2. (a) According to Grothendieck's modified version of 
the general Hodge conjecture ([Gr], [S3]), the sub-Hodge structure men
tioned in (iv) above will be the maximal sub-Hodge structure of H 2r-I(X, Q) 
of type (r, r-l)+(r-l, r) (see [MD. 

(b) The definition of the intermediate Jacobian given above is due 
to Griffiths, and it is different from the definition due to Wei! tWl]. 
However the statements about J~(X) hold in either sense, and in particular 
the notation J~(X) has the same meaning as that of Lieberman [Li]. Ac
cording to [W2], the above fact (iii) was already known to Hodge in early 
1950's. 

(c) The quotient in (i) is not necessarily finitely generated, as was 
shown by Clemens [C]. 

Proposition 1.3. Suppose that Z is an algebraic correspondence between 
nonsingular projective varieties Y and X. The maps induced by Z on the 
Chow groups and on the cohomology groups: 

Xd: CHd(Y)~CHd+e(x) 

r/: Hi(Y)~Hi+2e(X) (e=dim X-dim Y) 

are compatible with the cycle map if i=2d, and with the Abel-Jacobi map if 
i=2d-l. 

The last statement for i=2d-l means that the restriction ofXd to the 
part "algebraically equivalent to zero" fits in the commutative diagram 
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where the vertical maps are the Abel-Jacobi maps and where the lower 
horizontal map has the associated tangent map 

.L; Hp,q(Y)~ .L; Ha.b(X) 
p+q=2d-l a+b=2(d+e)-1 p<q a<b 

which is compatible with r/ for i=2d-1. 
For the proof, we refer to Lieberman [Li], Section 6; cf. [M]. 

Proposition 1.4. Let X be a nonsingular hypersur/ace of degree m in 
pn+l. Then, in case n=2r, Hn(x, C) has pure Hodge type (r, r) if and only 
if m<2+2/r. In case n=2r-l, Hn(x, C) has Hodge type (r, r-I)+ 
(r-I, r) if and only if either r= lor r> 1 and m<2+3J(r-I). 

This can be checked without difficulty since the Hodge numbers hP• q 

of such X are known. For the convenience of the reader, we recall that hp,q 
is equal to the number of (n+2)-tuples of positive integers less than m 
whose sum equals m(q+ 1), increased by 1 if p=q (cf. [SI]). 

§ 2. Griffiths' theorem versus Noether's theorem 

From now on we consider the case of nonsingular hypersurfaces X in 
a projective space. Let 

n=dimX, m=degX. 

The space of nonsingular hypersurfaces for fixed n, m forms a Zariski-open 
set of pN (N=n+m+1Cm-I). Following the standard usage, we say that a 
property holds for a generic hypersurface of given dimension and degree if 
it holds for all X belonging to the complement of a countable union of 
proper analytic subsets of the said space. 

Theorem 2.1 (Theorem of Max Noether). ([Le], p. 108; [DD. Assume 
that (i) n is even: n=2r and (ii) m>2+2/r. Thenfor a generic hypersurface 
with (*), the space t:tr(X) of algebraic cohomology classes of the middle di
mension on X is generated by a rational multiple of the class of linear space 
sections. Hence its middle Picard number pr(X)=rank t:tr(X) satisfies 

(N) pr(X) = 1. 
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Theorem 2.2 (Theorem of Griffiths) ([G3], § 13; cf. [K]). Assume that 
(i) n is odd: n=2r-I and (ii) r> 1 and m>2+3/(r-I). Then for a generic 
hypersurface X with (*), one has 

(G) J~(X)=O. 

Furthermore, if W is a nonsingular hypersurface of degree m in p2T+I such 
that pT(W» 1 and if {XI} is a Lefschetz pencil of hyperplane sections of W, 
then the generic member X t satisfies not only (G) but also 

(G') rank J~(Xt»pT(W)-I >0. 

The first part of Theorem 2.2 has strong analogy with Theorem 2.1. 
To emphasize this fact, we shall sketch a unified proof of (N) and (G) 
which is based on 1) the Hodge theory and 2) the monodromy theory of 
Lefschetz pencils (cf. [D], [K]). Before doing so, we note that the second 
part of Theorem 2.2 implies the celebrated result that the Griffiths group 

GrifP(X)=CHT(X)hom/CHT(X)alg 

can be nontrivial, that is, algebraic and homological equivalence can differ 
for algebraic cycles of codimension r> 1. As an example of W, one can 
take the Fermat variety of dimension 2r, since pT(W)-I is then not smaller 
than the cardinality of the set .@::" consisting of (n+2)-tuples of integers 
which are permutations of(aa, m-ao, ••• , aT +h m-aT +I ) for some positive 
integers ao, ... , aT +I less than m (cf. [SI]). 

Proof Taking a Lefschetz pencil {X,lt E Pi} of hypersurfaces of di
mension n and degree m, we shall prove (N) and (G) for a generic member 
X=Xt • Let S={th ••• , tk } be the subset of pi corresponding to the 
singular members, and fix a reference point 0 E pl- S. The fundamental 
group 11:1= 11:1(PI_S, 0) has standard generators at (1 <i<k) represented 
by a positively oriented loop around each tt. By the Lefschetz theory (cf. 
[Le], [G3], [La])), the monodromy representation of 11:1 on the homology 
group H = Hn(Xo, Z) has the following properties: 

(Ll) There exist "vanishing cycles" 01, ••• , Ok in H such that at 
induces the Picard-Lefschetz transformation 

(r E H). 

(L2) o/s are conjugate under 11:1. 

(L3) o/s generate the primitive part of H, i. e. H itself if n is odd 
and H modulo the linear space sections if n is even. 
In short, the monodromy representation of 11:1 on the space generated over 
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Q by vanishing cycles (which coincides with the space of primitive cycles) 
is irreducible. 

On the other hand, let M t denote the maximal sub-Hodge structure of 
Hn(Xt, Z) of type (r, r-l)+(r, r-l) if n=2r-l and of type (r, r) if n= 
2r. Then we have 

(HI) M/i!)Q gives a Hodge-theoretic upper bound, for 1fT(Xt) or 
J~(Xt) according to the parity of n. (This follows from the well-known fact 
that algebraic cycles are Hodge cycles and from Proposition 1.1). 

(H2) The condition (ii) of Theorem 2.1 (or Theorem 2.2) fails exactly 
when Hn(x, C) is of type (r, r) (or of type (r, r-1)+(r-l, r», and hence 
M t1=Hn(xt, Z) under the condition (ii). (See Proposition 1.4.) 

(H3) The Hodge filtration F"Hn(Xt, C) depends holomorphically 
on t (cf. [Gl], [G3]). 

Now identify Hn(Xt, Z) with Hn(Xt, Z) by the Poincare duality, and 
denote it by Ht. Take a primitive element r of Ho. Suppose that t is in 
a small neighborhood U of 0 in pl_S and regard r as an element rt e H t • 

Then rt belongs to M t if and only if it is orthogonal to FT+IHn(Xt, C), i.e. 

(#) J w=O 
rt 

By (H3), this is an analytic condition on t e U; hence the set of t e U such 
that rt e M t is either a countable subset of U or U itself. In the latter 
case, (#) holds for any t e pl_S and for any rt obtained by continuous 
deformation of r. In particular, (Ll) implies that (r, OJ)Oj belongs to Mo. 
By (L3), (r, OJ)1=O for some i and hence OJ e M/i!)Q. Then (L2) implies 
that all OJ e Mo®Q, and (L3) shows that Mo=Ho. But this is excluded 
under the condition (ii) by (H2). 

Therefore, for a given r e H o, the subset of t e U with rt e M t is at 
most countable; call this set Ar • The union A of all AT for r primitive is 
again a countable subset of U. So we conclude that, for any t e U - A, 
Mt={O} if n is odd and Mt®Q is the one-dimensional space spanned by 
the class of linear space sections if n is even. This proves (N) or (G) for a 
generic member of the Lefschetz pencil {X,} we started with. q.e.d. 

In this paper, we consider only the case of hypersurfaces, but the same 
argument as above works also for the case of complete intersections in a 
projective space. For the proof using etale cohomology, we refer to [D], 
[K] and [Su]. 

§ 3. Variants for bypersurfaces over Q 

The theorems of Noether or of Griffiths are certainly the most 



Algebraic Cycles 723 

fundamental results for algebraic cycles on hypersurfaces in a projective 
space, but one is immediately led to the following type of questions: 

Question I. Can one find some nongeneric X, especially some X defined 
over Q, satisfying the property such as (N) or (G)? 

Question II. Can one give some X for which 'G'T(X) or J~(X) is non
trivial, or can one find a nontrivial lower bound for pr(X) or dim J~(X) for 
a given X? 

We discuss the former in this section and the latter in the next section. 
As for the Question I, there are two approaches, i.e. one is to con

struct explicit examples and the other is to argue existence abstractly. Let 
us review the recent results on this subject. The results concerning (G) 
below have all been motivated by the corresponding results concerning (N) 
under the "close analogy". 

First, to find explicit examples, one possibility is to use the action of 
some automorphisms of a hypersurface on its cohomology, which should 
play the role of monodromy in the proof of Theorem 2.1 or 2.2 given in 
the pervious section. Namely, if one finds a hypersurface X admitting a 
group G of projective transformations such that the primitive part of 
Hn(x, Q) has no G-invariant sub-Hodge structure of type (r,r-I)+(r-I, r) 
if n=2r-1 or of type (r, r) if n=2r other than {O}, then the same argJI
ment as in Section 2 will show that X satisfies the condition (G) or (N). 

The following results are based on such an idea: 

Theorem 3.1 ([S4D. Assume that (i) n = 2r, (ii) g. c. d. (m, 6) = 1 and 
(iii) there is a prime divisor of n + 1 not dividing m. Then the hypersurface 

satisfies the condition (N), i.e. pT(Y;:) = 1. 

Theorem 3.2 ([S5D. Assume that (i) n=2r-l, (ii) r> 1 and m>2+ 
3/(r-l), and (iii) the integer 

is a prime number. Then the hypersurface 

satisfies the condition (G), i.e. J~(Z;:)=O. 

The additional assumptions on m and n in the above theorems are 
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imposed to assure a kind of irreducibility of the action of the following 
automorphism of Y: or Z~-l: 

(0<i<2r) 

where d= (m_l)2r+l + 1, which replaces the irreducibility of the mono
dromy representation. 

Remark 3.3. (a) The automorphism g above can be viewed as the 
monodromy along the circle I t I = 1 of a pencil {Yt} or {Zt} defined by 

and similarly for Zt. Of course, these are not Lefschetz pencils. 
(b) We do not know whether or not the full image of the Abel-Jacobi 

map J~(X) is trivial for X = Z~ in Theorem 3.2. There are n + 2 linear 
subspaces of codimension r on X 

(O<i<n+I) 

(suffix being taken modulo n+2), which are mutually homologically equi
valent. It is easy to show that the cycles Lj-Lj give torsion elements of 
CHr(X) of order dividing do. We expect that L j , L, are not rationally 
equivalent. (At any rate, this is true in the I-dimensional case n=r= 1, 
where L t - L j gives Q-rational points of order do of J, the Jacobian of the 
curve Z;'. Indeed, cl(LI - Lo) generates the torsion part J(Q)tor of the 
Mordell-Wei! group of J over Q provided do=m2 -3m+3 is prime and 
m>4, as can be shown by a result of Gross-Rohrlich [G-R].) 

Now the assumption on m and n in Theorem 3.1 or 3.2 is more re
strictive than that of Theorem 2.1 or 2.2, and it will be very nice if one 
could find some explicit examples for each possible value of m, n. But no 
other examples have been known so far. So we turn to non-explicit ap
proach to the problem. The first result in this direction is due to Terasoma: 

Theorem 3.4 ([T]). For any choice of (m, n) satisfying the assumption 
of Theorem 2.1, there exists a nonsingular hypersurface defined over Q, of 
dimension n and of degree m, which satisfies the condition (N). 

The outline of the proof is as follows. Take a Lefschetz pencil of 
hypersurfaces {Xt }, defined over Q, and consider the associated monodromy 
representation of the algebraic fundamental group of pl_ S on the £-adic 
cohomology group Hn(xio Qe) as in Deligne's proof of Noether's theorem 
[D]. Here 1 is chosen as a Q-valued point of pl_ S over a Q-rational 
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point t. The key of Terasoma's proof is to compare the image t-adic 
group of the monodromy representation with that of the Galois represen
tation of Gal (ilIQ) on H"(X" Q,) and to show that, for a suitable choice 
of a Q-rational point t of pl-S, these t-adic groups coincide. Then the 
proof reduces to the result of lD]. 

The corresponding fact for (G) has been recently shown by Suwa: 

Theorem 3.5 ([Su]). For any choice of(m, n) satisfying the assumption 
of Theorem 2.2, there exists a nonsingular hypersurface defined ova Q, of 
dimension n and degree m, which satisfies the condition (G). 

More recently, just after the Sendai Symposium, S. Bolch has re
marked that the method of Terasoma can be used to prove: 

Theorem 3.6. Under the same assumption as before, there exists a 
nonsingular hypersurface over Q which satisfies not only (G) but also (0'). 
i.e. which has J~(X)=O but J~(X)*O. Thus such an X over Q has the 
Griffiths group ofrank>O. 

Bloch's proof will be found in the appendix at the end of this paper. 

§ 4. Construction of hypersurfaces with nontrivial J~(X) 

Now we turn to the Question II stated at the beginning of Section 3. 
The example of hypersurfaces X with nontrivial ~r(X) (dim X = 2r) which 
have been best studied so far is perhaps the Fermat case X=X';:: I:?:JxY' 
= o. The Fermat varieties of a fixed degree m and of various dimensions 
are related by what is called the inductive structure, which allows one to 
construct nontrivial algebraic cycles on a higher dimensional Fermat variety 
starting from those on lower dimensional ones (cf. [K-S], [R], [SI], [S2]). 
In this section, we show that the method of inductive structure is also 
useful in constructing hypersurfaces with nontrivial J~(X). Indeed we can 
give some lower bound of the dimension of J~(X) for X admitting the in
ductive structure. Namely we have 

Theorem 4.1. Suppose that a nonsingular hypersurface X of odd di
mension n = 2r-l has a defining equation of the form 

for some O<s<r. Let U and V denote the hypersurfaces in p2. and p2r-2.-1 
defined by 

(dim U=2s-1) 
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(dim V=2(r-s-l». 

Then 

(4.1) dim J~(X»dim J~(U)· {pT-s-1(V)_l} 

where pT-S-l(V) is the middle Picard number of V. 

As a special but interesting case, we restate the case n = 3 : 

Corollary 4.2. Let C be a nonsingular plane curve of degree m with 
the equation f(xo, Xl' X 2)=O, and let D be the m points in pI defined by 
h(yo, YI)=O, h being a binary form of degree m without multiple factors. 
Assume m>3. Then the threefold X in p' defined by the equation 

has nontrivial J~(X); more precisely, one has 

(4.2) 

This result can be expressed in more geometric terms. Embed C and 
D into X as disjoint subsets as follows: 

and let L(P, Q) denote the line of P' joining P E C and QED, which is 
obviously contained in X. For a fixed Q, {L(P, Q)IP E C} forms an 
algebraic family of I-cycles on X parametrized by C. Fixing a point Po 
of C, consider the map of C to the intermediate Jacobian J2(X) of X: 

and let aQ be the induced homomorphism of the Jacobian J( C) into J~(X). 
With this notation, we can rewrite Corollary 4.2 as follows: 

Corollary 4.3. Each homomorphism aQ: J( C)~J~(X) is an isogeny 
from J(C) to its image. In particular, for any PI E C, there exist only 
finitely many points P E C such that the lines L(P, Q) and L(P j , Q) are 
rationally equivalent. Furthermore these aQ's are related by a single rela
tion: L;QaQ=O, and any m-I of them are independent. Hence the images 
of aQ (Q E D) generate an abelian subvariety of J~(X) whose dimension is 
equal to 

(m-l). dim J(C)=(m-l)2(m-2)j2. 
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Proof of Theorem 4.1. Let us prove this in several steps. 
Step 1. First we recall the general setup of hypersurfaces with induc

tive structure (cf. [K-S), [Sl)). Suppose n=a+b with a, b>O, and consider 
hypersurfaces of a fixed degree m xn, Xa-t, Xb-t, xa and Xb in projective 
spaces of respective dimensions given as follows: 

xn: f(zo, .. " Za)+h(za +1> •• " Zn+I)=O 

xa-I: f(xo," ',xa)=O 

Xb-I: h(yo, "',Yb)=O 

xa: f(xo, .. " x a)+X::'+l=O 

Xb: h(yo, .. " Yb) + Y;;'+l = O. 

Then there is a diagram 

(4.3) 

where (i) cp is a rational map of degree m defined by 

e being a fixed m-th root of - 1; (ii) the fundamental locus of cp is the sub
variety Xa+I=Yb+1 =0 of xa XXb which can be identified with xa-I XXb-l; 
(iii) [3: z~xaXXb is the blowing-up along the center xa-IXXb-I; (iv) 
t = [3 0 cp is a morphism of Z to xn; and (v) [31 = the restriction of [3 to the 
exceptional divisor ZI (thus ZI is a pi-bundle over xa-IXXb- I). 

Step 2. Now we apply Proposition 1.3 to the correspondence ZI be
tween y=xa-IXXb-1 and xn. We further specialize to the case n=2r 
-1, a=2s, b=2(r-s-l)+ 1, d=r-l, e= 1. Then we obtain a commu
ative diagram 

CH8(xa -I)alg X CHr - 8 -1(Xb -I )~CHr -ie Y)alg~CHr(xn)alg 
(4.4) 1';8 x rr-8-1 ,;r-11 ,;r 1 

J~(xa-I) X ~r-8-I(Xb-I) ~ J;-l(Y) ~ J~(xn) 

such that the tangent map of the lower horizontal map is compatible with 
the map 
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Step 3. Letting the suffix "prim" denote the primitive part, one of 
the key cohomological facts on inductive structure asserts the injectivity of 
the map 

(4.5) 

This is well-known for the Fermat case (see [K-S], [SI] or [R]) and hence 
is valid for the present situation too since the property in question is a 
topological one. Therefore the "tangent map" of 

is injective, and thus 

This proves Theorem 4.1. q.e.d. 

Proof of Corollaries 4.2 and 4.3. Let n=3, r=2, s= 1 in the above. 
It suffices to observe that D=Xo consists of m points so that ~~rim(D) has 
rank m-l and that for a curve C=X1 we have J~(C)=Jac(C), whose 
dimension is (m-l)(m-2)/2. Hence (4.2) follows from (4.1), proving 
Corollary 4.2. 

As for Corollary 4.3, note that the upper horizontal map in (4.4) sends 
the O-cycle (P-Po)xQ on CXD to the I-cycle L(P, Q)-L(Po, Q) on X3. 
Then the rest of the assertion follows from the injectivity of tangent map 
of 

stated in Step 3. q.e.d. 

Remark 4.4. (a) Of course, the dimension of J~(X) for certain X 
can be strictly larger than the lower bound given by (4.1) or (4.2). For 
example, it is well-known that dim J~(X) = 5 for any cubic 3-folds. Also, 
for Fermat 3-folds of small degree, we can determine dim J~(X) since the 
general Hodge Conjecture holds for them (cf. [S3], Section 3). 

(b) Suwa [Su] studies analogous problem for the Abel-Jacobi map in 
the algebraic context (i.e. the one defined by S. Bloch). His result for 
supersingular Fermat varieties in positive characteristic also makes use of 
inductive structure. 

Finally we give an application to the rank of the Chow group 
CHr(X/K) which, for X defined over a number field K, denotes the group 
of K-rational algebraic cycles modulo rational equivalence. 
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Proposition 4.5. With the notation of Corollary 4.2, assume further 
that f(xo' XI> x2) and h(yo, Yl) have coefficients in a number field K. Let N 
be the number of K-irreducible factors of h, and let R be the Mordell- Weil 
rank of the Jacobian J( C) of Cover K. Then 

(4.6) rank CH2(X/K)> 1 +(N-I)R. 

Proof We may assume N> 1. By Corollary 4.2, each K-irreducible 
factor of h defines an isogeny of J(C) to its image in J~(X). Take R ele
ments of CH1(X/K)alg =J(C)(K) which form a basis of the Mordell-Weil 
group modulo torsion. Then their images in CH2(X/K) map to R inde
pendent elements in J~(X), and hence they are themselves independent. 
Since the only relation among these isogenies of J(C) into J~(X) is the 
relation "sum of all these isogenies is zero", we see that CHZ(X/K)alg con
tains at least (N - I)R independent elements. q.e.d. 

Example 4.6. Let K=Q and X=X! be the Fermat 3-fold of prime 
degree m. Then h(yo, Yl)=Y1l'+Yl" has two irreducible factors over Q, and 
C=X';' is the Fermat curve of degree m. Hence we have 

rank CH2(X!/Q) > 1 +rankJ(C)(Q). 

By a result of Gross and Rohrlich [G-R], the rank of the Mordell-Wei! 
group J(C)(Q) tends to infinity as m-HX), which shows: 

(4.7) lim rank CHZ(X!/Q) = 00. 

In closing this paper, we would like to raise a question which is related 
to the above Corollary 4.3 and Remark 3.3(b): 

Question. Suppose that a nonsingular threefold X of degree >3 in p' 
contains two lines L, L'. Then are Land L' rationally inequivalent? 

Appendix by Spencer Bloch 

A remark on Griffiths groups* 

Here is another application of the ideas in Terasoma's paper [T]. Let 
X be smooth and projective of dimension 2r defined over a number field k, 
and assume Hzr(xii" Q,) contains a nontrivial primitive algebraic cycle class 
[Z] with Z defined over k (e.g. X = quadric in P5). Let Y be X blown up 
along the base of a Lefschetz pencil defined over k, so we have Y -+pl. Let 

*) Extracted from a letter to T. Terasoma, dated July 1, 1985 
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Sept be the set of singular fibres. For I E (pt......; S)(C) we have the Grif
fiths group 

Griffr (Y(l) = {cycles homologous to zero on Y(t)} 
modulo algebraic equivalence 

and [ZIY(l)] E Griffr(Y(I». Set Z(t)=ZlyCt). 

Proposition. Assume the monodromy representation on the vanishing 
cycles is irreducible. Assume also the Hodge structure on the vanishing cycles 
is not of type (r, r - 1) + (r - 1, r). Then there exists an infinite number of 
points t E (pt_ S)(k) such that no multiple of [Z(t)] is zero in Griff"(Y(I» 
for any geometric point I over t. 

Proof Let V be the £-adic vanishing cycle representation. As in 
Griffiths' work there is a nontrivial class 

In fact this class is of infinite order. Note pt_ S is a K(1':, 1) so the 
continuous Galois cohomology here is the same as the topological coho
mology. Let p denote the monodromy representation. If a is a l-cocycle 
on 1':t(pt-S) with values in V, then g-+(a(g), peg»~ is a homomorphism 
from 1':t(pt-S) to the semidirect product Vxlm (p). Denote this homo
morphism by a. By the argument of [T] there are lots of t's such that the 
composites Gal (Q/k)-+Im (a) (defined up to conjugation) are surjective. 
Note that for such a t, the map 

r=Ker (Gal(Q/k)-~Im(p»---+Im (a) n V=Im (aIKer(p) 
def 

is also surjective. 
From the Hochschild-Serre spectral sequence we get 

O---+Ht (1m (p), V)---+Ht(1':t(Pt-S), V)----+Homrm(p) «Ker(p»Ckb, V) 
II t t 

O----+Ht (Im (p), V)----+Ht (Gal(Q/k), V)----+Hom1m(p) (rCkb, V). 

The image of a in the homomorphism group on the top right is induced 
by aIKer(p) so the above mentioned surjectivity implies that a maps to a 
non-zero element fi(t) in Ht (Gal (Q/k), V). 

If Z(t) is algebraically equivalent to zero, then arguing as in my Crelle 
paper [B), there would be an abelian subvariety A(t) of the intermediate 
Jacobian of yet) such that A(t) is defined over k, the Tate module T.(A(t» 
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c Vas a Gal «(}Jk) submodule, and f3 comes via the Kummer sequence 
from a k-point of A(t). As Suwa [Su] has observed, irreduciblity of the 
representation p forces A(t)=O. This completes the proof. 
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