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On Plurigenera of Normal Isolated Singularities II

Kimio Watanabe

In this paper we prove some results on plurigenera of normal
isolated singularities. This paper is a continuation of [19].

In Section 1, we recall some preliminary facts related to the concept
of plurigenera of normal isolated singularities. In Section 2, we prove
the §,-formula for non-degenerate hypersurface isolated singularities,
which is a generalization of Theorem 1.13 [19, p. 71]. In Section 3, we
determine the “type” of purely elliptic singularities of hypersurfaces. In
the last section we show a criterion for a singularity to be Du Bois: In
the case where a singularity is quasi-Gorenstein, a singularity (X, x) is Du
Bois if and only if 0<{4,,(X, x)<1. Finally we give examples of Du Bois
singularities with possibly positive geometric genera, which are not quasi-
Gorenstein.

§ 1. Plurigenera of normal isolated singularities

We need to recall a few preliminaries related to the concept of
plurigenera of normal isolated singularities. For more details we refer to
[19].

Let (X, x) be a normal isolated singularity of an n-dimensional analytic
space X. Let V¥ be a (sufficiently small) Stein neighborhood of x and let
K be the canonical line bundle of V—{x}. For convenience, we denote
the line bundle K®™ by mK. An element of I'(V—{x}, O(mK)) is con-
sidered as a holomorphic m-ple n-form. Let » be a holomorphic m-ple
n-form on V—{x}. We write v as

o=@z)dz; Ndz,/\ - - - \dz,)",

using local coordinates (z;, z,, - - -, 2,). We associate with « the continu-
ous (n, n)-form (e A@)"™ given by

|6(2) /(v — 1/2)dz, Ndz, Ndz, Ndz, N\ - - - Ndz, N\dz.
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Definition 1.1. w is called integrable (L*™-integrable) if

J (o N\ @)™ < oo
W —{x}

for any sufficiently small relatively compact neighborhood W of x in X.

Let L*™(V—{x}) be the set of all integrable holomorphic m-ple n-
form on ¥V —{x}, which is a linear subspace of I'(V —{x}, O(mK)). Then
I'(V —{x}, 0(mK))/L¥™(V —{x}) is a finite dimensional vector space.

Definition 1.2. The plurigenus (m-geﬁus), m being a positive integer,
of a normal isolated singularity (X, x) is

0n(X, x)=dim I'(V —{x}, O(mK))/L*™(V —{x}).

These integers {5,,} are determined independently of the choice of
the Stein neighborhood.
In particular §,(X, x)=p (X, x) (See Laufer [10], Yau [21]).

Example 1.3. Let (X, x) be a normal surface singularity defined by
the polynomial x®-+)®+z®+(xyz)®. Then §,(X, x)=48m*—36m-+20; see
Example 2.8.

Let 7: X—X be a resolution of (X, x) and U=z"(V) and E=r"'(x).
By Sakai [15, Theorem 2.1, p. 243],

L™V —{x}) = [¥™(U — E)=I'(U, O(mK-(m— 1)E))

if the exceptional set is a divisor which has at most normal crossings.
Thus

0,(X, x)=dim F(U——E, OmK))/I'(U, O(mK-+(m—1)E)).

This formula provides a practical means to compute g,, in many cases.

§ 2. Plurigenera of hypersurface singularities

Next we consider an isolated singularity defined by a non-degenerate
holomorphic function /. Such singularities are always normal.

In the following we give an effective method for calculating 4,, via
the combinatorial data of the Newton polyhedron I",(f) of a function f
under the assumption that f is nondegenerate with respect to I'(f). It is
based on the computation of resolutions of hypersurface singularities
using the technique of toric varieties.

Before stating our result, we refer to some results obtained by using
the technique of toric varieties.
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First Ehlers and Lo [2] has computed the minimal characteristic
exponent of a non-degenerate holomorphic map germ with an isolated
critical point at 0. Secondly Bernstein et al. [1] and Hovanskii [4] has
computed the Euler-Poincaré characteristic of the zero locus of a func-
tion, and Varchenko [18] has computed the characteristic polynomial of
the monodromy of a critical point of an analytic function.

It is known that there is a canonical resolution by the torus embedd-
ing associated with a simplicial subdivision of the dual Newton diagram
of f. So we need to recall a few preliminaries related to the repetition of
the torus embedding associated with a simplicial subdivision of the dual
Newton diagram of f. For more details we refer to [14].

Let f(z,, z,, - - -, z,) be a germ of an analytic function at the origin
such that f(0)=0 and let f has an isolated critical point at the origin.
Then f can be developed in a convergent Taylor series f(z,, z,, - - -, 2,)=
> a2z where z'=z{. . .z}». Recall that the Newton boundary I'(f) is
the union of the compact faces of I",(f) where I".(f) is the convex hull
of the union of the subsets {1+ (R*)"*'} for 2 such that a,%0. For any
closed face 4 of I'(f), we associate the polynomial f,(z)=>,.,a,2". We
say that f is non-degenerate if f, has no critical point in (C*)**! for any
AdeI'(f). We assume that f has a non-degenerate Newton boundary.
Let X be the germ of the hypersurface f-'(0). Let I™*(f) be the dual
Newton diagram and let 2* be a simplicial subdivision of I'*(f). It is
known that there is a canonical resolution z: ¥—X which is associated
with 3%,

Let N* be the space of positive vectors in the dual spaces of R**'.
For any vector 4=(q,, a,, - - -, a,) of N*, we associate the linear function
AQ)=>7, a2, on I (f) and let d(4) be the minimal value of 4(2). on
. (f)andlet A(A)={ae I .(f); AQQ)=d(4)}. We introduce an equiva-
lence relation~on N+ by A~B if and only if 4(4)=4(B). For any
face 4 of I'.(f), let

A*={Ae N+, 4(A)=4}.

The collection of 4* gives a polyhedral decomposition of N* which we
call the dual Newton polyhedron of /. We denote it by I'*(f). 4(4) is
a compact face of I'(f) if and only if 4 is strictly positive. We say that
a subdivision 3* of I'*(f) is a simplicial subdivision if the following
conditions are satisfied.

(i) 2*is a subdivision by the cones over a simplicial polyhedron
whose simplexes are spanned by primitive integral vectors with determi-
nant 1.

(ii) Let ¢ be an n-simplex spanned by {4,, 4,, - - -, 4,}, which is
denoted by {A4,, 4;, ---, 4,>. Then
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(_n\ A(A;)={one point}.

(iii)) Assume that I'(f)’ is non-empty where
I'(fY={xel(f); x,#0o0nlyifie I}

and 7 is a subset of {0, ---,n}. Theng,={4eN*;a,=0if iisin I} is
a simplex.

Let p: N *—I, be the natural projection onto an n-dimensional sim-
plex I,=N*/R.,. Then p(2*) gives a simplicial subdivision of I,.

Since every cone in 3* is non-singular, the associated torus-embedd-
ing Z is non-singular.

Let E(A) be a divisor of Z associated with a one-dimensional cone
generated by A€ N *, i.e., using the notations of Oda [13] E(A)=orb (R,4).
Since 3* is an r.p.p. decomposition of N*, Z is a modification of C"*'.
Let z be its birational morphism from Z to C™*'.

More precisely, let 3* be a simplicial subdivision of I'*(f). For
each n-simplex ¢=<(4,, - - -, 4,», A;=(a,, - - -, a;;, - - -, a;,,), We associate
an (n+ 1)-dimensional Euclidean space C"*' with coordinates (u, ,, U, ;,

--,u,,) and a birational mapping z,: C**'—C"*' which is defined by

Zj= (uv,o)ao’j(ua,l)ahj ct (ua,n)an'j'

Let Z be the union of C**' which are glued “along the image of =,”.
Let 7 be the projection and let X be the closure of 7~ (X —{x}), x being
the origin. It is known that z|g: ¥—X is a resolution of X. Let d;=
d(4,) and 4,=A4(P;). We assume that (M7_, 4(4,)={one point}. We
define £,(u,) and £,,,.(u,) by

S =£ow) ] ()% and [ (m W)= fu, () T] @,

By the definition, X is defined by f,(4,)=0 and XN {u, ,=0} is {u,; u ;=0
and f,, ,(u,)=0}.

Note that f,, ,(u,) isa function of {u,,; 4,—4,#0}. Thus XN
{u,,=0} is non-empty if and only if dim4,>0. Let E(4;; 0)=
{u, e X;u,,=0}. a(E(A;;0))={0} if and only if 4, is strictly positive.
The union of E(4,; ¢) for simplexes ¢ which contain 4, is a divisor of X
and we denote it by E(4;). We say that vertices A, - - -, A, in 2* are
adjacent if there is an n-simplex ¢ of 3* which contains 4, - - -, 4,.

Let w=Res((1/f)dz,\dz,/\ - - - N\dz,). o is locally written in the
form

w=dZ,/\d22/\ R /\dzn/(aﬂaZO)'
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Then o is a nowhere vanishing holomorphic n-form on X —{x}.

Lemma 2.1. #*(z*(dz/f)™) has zeros of order A (2)+m(A4,]—1—
d(A,)) at a divisor E(A,), where |Ay|=ay+ay+ - - - +ap,.

Proof. Pick n primitive integral vectors 4,=(a,,, a;, - -+, a;,,) of
2*, by which n-simplex ¢ is spanned. Then there exists the associated
(n+1)-dimensional Euclidean space C»*' with coordinates (u, 4, - - -, U,.,)
and a birational mapping =,: C**'—C™"*! which is defined by

2= (g ,0) "ty )™ 7 - (U, 0)
Then
wH @) =a*(epedt 2k
= (U0 - Um0 - (Ul - ylnn)in
= (Us,) Oy, )P - - - (g, )"
w¥dz=rn*(dz,/\dz,/\ - - - \dz,)
= (U, o) 17 (g, )l g N - Nl

mf = (ty, )47+ (W, n) A [ (00 < 5 Us,0)-

The desired result follows immediately from the equations above.

When (X, x) is defined by a non-degenerate holomorphic function,
the numbers {5,,} are expressed in terms of the Newton diagram. We
denote by I"_(f) the cone over I'(f) with cone point the origin.

 Theorem2.2. §,(X, x)=#mA(f))—#{2 e N**'; Q-+, () Nmd(f)
#¢} where mA(f)={2e N**'; 2/m+(1, 1, - - -, ) e ' _(f)}.

Proof. If 0 is any holomorphic m-ple n-form on X —{x}, g=0/w™ is
a holomorphic function on X —{x} and hence extends to be holomorphic
also at x. The singular point x is normal, so there exists a holomorphic
function G(z) in C{z,, z,, - - -, z,} such that G|y=g. Expand G(z) in a
power series:

— 2021 2
G=2 Capayee 2020 - - 210

Then #*(z*0™) € I'(X, O(mK+(m—1)E)) if and only if AQX)+m(A4|—1—
d(A))+(m—1)=0 for any strictly positive integral vector 4 of X*. So,
7*(z%0™) ¢ I'(X, O(mK+(m—1)E)) if and only if A(2)<m(d(A4)—|A4]) for
some strictly positive integral vector 4 of 3*, i.e., A/m+(1, 1, ---, 1) e
I (f)

An arbitrary polynomial F can be uniquely divided into two parts:
F=(F),+(F)_, where (F)_ consists of monomials z* such that 2 ¢ m4(f),
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and we denote F—(F)- by (F),.

Hence 0~ go™ (mod L¥™(X—{x})), where g=(G)_|,. Moreover,
assume moreover Fo™ e L*™(X—{x}). Then there exists H=H, in
C{zy 2z, - - -, z,} such that H | X=G_|X. Hence G_—H,=P f=(3 cz)f
=> ez )= c(Zf), +(z’f).) for some polynomial P. Therefore
G_=3c,(z*)_. Thus the proof is complete.

Example 2.5. Let (X, X) be a normal surface singularity defined by
the polynomial x*+3)*+2z"—2yz°. Then

Yo' ¢ L2/42(X_ {x})’ yswn ¢ L2/42(X__ {x}) and
0 ¢ L¥(X—{x}), but
(X*+ Y+ 20 =Ayz*0* e L'(X —{x}).
Corollary 2.6 (Merle-Teissier [L1]). p (X, x)=§(4(f)).

Corollary 2.7. It is the Newton boundary of a non-degenerate holo-
morphic function that determines 3,, completely.

Example 2.8. Let (X, x) be a normal surface singularity defined by
the polynomial x®+3)®+4 2%+ x%y%z%  Then

gmA(f)=8m’+ 15m*4-8m+-1,
and
#Ha e NS QL)) Nmd(f) = g} £8(m—2) + 15(m—2) + 8(m—2)+ 1.
Therefore
8,(X, x)=48m*—36m+20.

Remark. Using Kato’s theorem [9, p. 246], we can calculate §,, of
the above example.
One can easily check that Theorem 2.2 gives the following:

Proposition 2.9 (Watanabe-Higuchi [20], Yumiba [23]). Under similar
conditions,

(1: 1’ Tty 1) € (F—(f))o@6m207 fOI' mglo

(19 1, ,1)6[1(].)@5171.:19 ) fO" mgl,
(L1, -, De () >limsupd,/m* >0,

m—co

where ( )° means the interior of ().
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§ 3. (0, s)-type purely elliptic singularities

In this section we consider natural generalization of purely elliptic
singularities of surfaces to higher dimensions.

Definition 3.1. A normal isolated singularity (X, x) is purely elliptic
if §,.(X, x)=1, for m>1, where §,,(X, x) is the m-genus of (X, x).

They are the next most reasonable class of singularities after rational
singularities. These purely elliptic singularities have a theory very similar
to the theory for simple elliptic singularities and cusp singularities. They
are also useful in answering some questions about other types of normal
n-dimensional isolated singularities. Basically, we apply the result of
Ishii [8] to this situation, our tool being the technique of toric varieties
due to Varchenko [18], Ehlers-Lo [2] and Oka [14]. Several examples of
such singularities are found, especially a certain class of hypersurface
singularities with the minimal characteristic exponent equal to 1, and all
cusp singularities.

In the case where dim, X =2, (X, x) is a simple elliptic singularity or
a cusp singularity if (X, x) is a purely elliptic Gorenstein singularity. In
higher dimensions, however, the condition is in some sense less restrictive
than in dimension 2, as the following example shows:

Example 3.2. Let (X, x) be the n-dimensional normal isolated singu-
larity obtained by blowing down the zero section, denoted by M, of a
negative line bundle. If the canonical line bundle of M is trivial, then
(X, x) is purely elliptic; see [20].

Example 3.3. Let (X, x) be the n-dimensional normal isolated singu-
larity defined by a quasihomogeneous polynomial of type (ry, 7y, - - -, )
with r(f)=r,+r,+ - --+r,=1. Then by Proposition 2.9 (X, x) is purely
elliptic; see also [20].

Now we derive a criterion for (X, x) to be purely elliptic.

Definition 3.4. Let (X, x) be a normal isolated singularity. We say
(X, x) is quasi-Gorenstein if there exists a holomorphic n-form o defined
on a deleted neighborhood of x, which is nowhere vanishing on this
neighborhood.

Theorem 3.5. Let (X, x) be a normal isolated quasi-Gorenstein singu-
larity and let w be an n-form satisfying the condition of Definition 3.4 and
let V be a Stein neighborhood of x. Then (X, x) is purely elliptic if and
only if @ ¢ LX(V —{x}) and fo™ € L¥"(V —{x}) for any fe m, the maximal
ideal in Oy .



678 K. Watanabe

One can easily check that the Theorem above gives the following:

Theorem 3.6. Let (X, x) be a normal isolated singularity. Suppose
that w is a holomorphic n-form defined on a deleted neighborhood of x,
which is nowhere vanishing on this neighborhood and that there exists a
resolution n: X—X such that the exceptional set A=n-(x) is a divisor
which has at most normal crossings. Then (X, x) is purely elliptic if and
only if w is not L*-integrable and (z*w)+ A =0, i.e., any multiplicity of n*w
on each component of A is greater than or equal to — 1 and there exists at
least one component where the multiplicity of n*w is exactly —1.

Remark. Let (X, x) be a normal isolated singularity whose local
ring Oy , is Cohen-Macaulay. If the singularity (X, x) is quasi-Gorenstein,
then the local ring 0y, is Gorenstein.

Problem 3.7. Find a purely elliptic singularity which is not quasi-
Gorenstein. There are no known examples of this type.

From now on, we study the exceptional sets of a good resolution of
a purely elliptic singularity (X, x) of a hypersurface. By Theorem 3.5,
Ky~ iermE,—> e, E; where m;=0foriel. PutE, =%, E, E,=
Sies E;. We call E; the essential part of the exceptional set, which
plays, in fact, an essential role as we see below.

Definition 3.8. A quasi-Gorenstein purely elliptic singularity (X, x)
is of (0, i)-type (i=0, 1, - - -, n—1) if H*~(E,, O) consists of (0, /))-Hodge
component.

Remark. Since C=H"(E;, O5,)=GriH"(E;))= @iz HY'(E)),
H* (E;, 0z,) coincides with one of HY% (E;).

Theorem 3.9 (Ishii [8]). Let (X, x) be a 3-dimensional Gorenstein
purely elliptic singularity with a good resolution =: X—X such that Kz=
—E;. Then E; is either;

(i) a non-singular K 3-surface if (X, x) is of type (0, 2),

(ii) « chain of surfaces E,, E,, - - -, E, where E, and E, are rational
and E; (i=2, - - -, r—1) are elliptic ruled and any intersection curves are
elliptic, if (X, x) is of type (0, 1), or

(i) the dual graph 'y, of E,; is a triangulation of the real 2-
dimensional sphere, any component of E; is a rational surface and any inter-
section curve is rational if (X, x) is of type (0, 0).

Let (X, x) be a normal n-dimensional isolated singularity defined by
a non-degenerate holomorphic function f. In the following, we study the
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“type” of purely elliptic singularities. From the result of Ishii [8] we
need not obtain all the information about the exceptional set. We only
have to know the dimension of the dual graph of the essential divisors.

Theorem 3.10 (Ishii [8]). Let n: X—X be a good resolution of an
n-dimensional purely elliptic singularity (X, x) of type (0, s) with the
essential divisor E,. Assume moreover that (X, x) is quasi-Gorenstein.
Then the dual graph of 'z, of E, is an (n—s— 1)-dimensional simplicial
complex.

We can easily see that the converse of Theorem 3.10 is true. Let 4,
be the compact face which contains the point (1, 1, - - -, 1) as a (relatively)
interior point.

The notation being as in Section 2, the following propositions are
trivial from Lemma 2.1.

Proposition 3.11. 4 meromorphic (n-+1)-form dz,/\dz,\ - - - \dz,|f
has a pole of order one along E(A) if and only if 4(A)> (1,1, ---, 1).

Proposition 3.12. XN E(A) is non-empty if and only if dim 4(4)>0.

Theorem 3.13. Let s be the dimension of 4,. Then there are n+1—s
vertices Ay, « -+, Ay,is of 2% such that Ay=M\12s7'd(A;), and the dual
graph Iz, of E, is a subdivision of the (n—s)-dimensional simplicial com-
plex spanned by A, Ay, -+, Apoi-, if s>0, and a (n—1)-dimensional
simplicial subdivision of the boundary of the n-dimensional simplicial complex
spanned by A, Ay, « -+, Ap,y if s=0.

Corollary 3.14. Let (X, x) be an n-dimensional purely elliptic singu-
larity defined by a non-degenerate holomorphic function, and let s be the
dimension of 4,. Then (X, x) is of type (0, s—1) if s>0, and of type (0, 0)
if s=0.

Remark. This corollary is due to S. Iida [5] in the case where all
faces of I'(f) are simplicial.

Now consider non-degenerate holomorphic functions f(z,, z;, - - -, 2,,)
with the property that the Newton boundary contains the point (1,1,
..., 1). All such functions fall into n+41 classes according to the dimen-
sion of the compact face 4, which contains the point (1,1, ---,1) as a
(relatively) interior point.

The following are examples of polynomials of 4 variables, which
makes 4,.
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Example 3.15 (Yonemura [22]).
dim 4,=0 xyzw.
dim 4,=1 x*4)%z°w? and others.
dim 4,=2 x*+4)°+4z*w? and others.
dim 4,=3 xP4+y'4z7+w* (p+1/g+1/r+1/s=1),
and other quasihomogeneous polynomials of type
(a, b, c,d) with a+b+4c+d=1.

Remark. The case of dim 4,=1 is reduced to the case of dim 4,=0,
e.g., X+ yziwi=(x+yzw)* —2xyzw.

§4. A criterion for a singularity to be Du Bois
The purpose of this section is to prove the following:

Theorem 4.1.  If a purely elliptic singularity (X, x) is quasi-Gorenstein,
then (X, x) is a Du Bois singularity.

Remark. This Theorem is due to S. Ishii [8] in the case of Gorenstein
singularities, for the Cohen-Macaulay property implies H*(X, 0,)=0 for
i#0,n—1.

In fact, by Theorem 4.1, Ishii’s Theorem [8, Theorem 2.3] holds in
the case of quasi-Gorenstein singularities. For the reader’s convenience
we shall restate it in a generalized form.

Theorem 4.2. Let n: X—X be a good resolution of a normal isolated
quasi-Gorenstein singularity (X, x) of dimension n=2. Denote 7= (X).oq by
E and decompose E into irreducible components E; (i=1,2, ---,n). Then
the following three conditions are equivalent:

(i) 0,.(X,x)<1 for any me N.

(ii) (X, x) is @ Du Bois singularity.

(i) Ky=n*Ky+ > mE, withm,=—1 for all i.

Normal isolated Du Bois singularities are characterized as follows:
Let (X, x) be a normal n-dimensional isolated singularity and z: X—X be
a good resolution. Then (X, x) is a Du Bois singularity if and only if the
natural maps H%(X, 0z)—HYE, 0;) are isomorphisms for all i >0 where
E=7r"%(x),eq (see Steenbrink [16]).

Assume moreover that X is a (contractible) Stein space. Let 7: X—X
be a resolution of X such that E=r"!(x),. is a divisor with normal cross-
ings on X.

For the analysis of the situation, two exact sequences are of funda-
mental importance:
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0—>0s(— E)—>03——>0,——>0,
and
0——>0:(K)—>O0:( K+ E)——>0 (K ;)—>0.

Lemma 4.3 (Steenbrink [16]). Let (X, x) be an isolated singularity
where X is a contractible Stein Space; let m: X—X be a resolution of X
such that E=n~'(x)"" is a divisor with normal crossings on X. Then for
all i =0 the natural map

HY(X, 05)—>HYE, 0,)
is surjective.
From this lemma, we need only to verify the natural map
HY(X, 0g)—>H(E, 03)

is injective for all i >0, i.e., we only have to prove the following Lemma
and Proposition. From the assumption that (X, x) is a quasi-Gorenstein
singularity there exists a non-vanishing holomorphic »n-form defined on a
deleted neighborhood of x e X. We denote z*w by &. The notations
being as above, since (X, x) is purely elliptic, (®)+ £=0. Then by cupp-
ing, or wedging with @ we have a sheaf morphism from 0 to 0z(K+E).

Lemma 4.4. The associated morphism
HY(X, 05)—>H'(X, Ox(K+E))
is injective for i <n.

Proof. Recall the point of view of [10], which we will be using
below. In particular, consider the sheaf cohomology with support at
infinity. Then we have the following commutative diagram, where the
vertical arrows are cupping, of wedging, with &:

- HYU, Op)————> HY(U, O} > HL(U, ) - -
Bq 74
> HYU, Ou(K+ EY)—>HY(U, 0K+ EN -2 HE(U, Op(K+ E))—> - -

B

The right hand side arrows 7, are isomorphisms, since “at oo’ @=w
doesn’t vanish. By the result of Grauert and Riemenschneider [3] and
Serre duality H{(U, 0,)=0 for i <n, so 4, is bijective for all i<{n—1 and
Y., is injective. Because 7,0 r;=¢; 0 B, is injective, B, must be injective
too.
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Proposition 4.5. For all i >0, the natural map
HYU, 0,)—>HYE, 0y)
is injective.

Proof. Consider the following commutative diagram, where the
vertical arrows are cupping, or wedging, with @:

0——>0y(—E)—> 0y >0y, >0

0——>0y(K)—>0y(K+ E)—>0 5(K z)—>0.

We obtain long exact sequences

) ] re .
* "—)HZ(Ua (OU(_E))___)HZ(U9 0U)'_‘_‘_—>H‘L(E7 @E)—)' o
Bs a;

-« —>H(U, 0,(K))—>H'(U, 0,(K+ E))—2>HY(E, 0 4(Kg))— - -

Just as in Lemma 4.4, H*(U, 0,(K))=0 for i>0, so p, is bijective for
i>0. Because y;o f;=a;o° 1, is injective for i >0, 2, must be injective
too. - Thus the Proposition is proved, and therefore completes the proof
of Theorem 4.1.

Let us illustrate some of implications among rational singularities,
purely elliptic singularities and Du Bois singularities, which have appeared
so far.

o,=0 for rQO.
o e L(X—{x}) -«—>p,=3,=h""1=0

(X, x)=0 for i>0. ———— Cohen-Macaulay———> Buchsbaum

(p,=0)
o ] v
*w e I'(X, O(K+ E))—H""'(X, 035)—H""'(E, 0,) is isomorphic. < Du Bois

|
(pgz ]) J\
el

H(X, 05)—H(E, 0,) is isomorphic for i >0.

o e (X (O(K;zé))_f()z 0(K))
0,=1 for m>0.
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Theorem 4.6. Let (X, x) be a normal isolated singularity with the
property

On(X, x)=0 if m#0 (mod p)
0.(X, x)=1 if m=0 (mod p)

and with a non-vanishing holomorphic cross section of O(pK) on X—{x}.
Then the singularity (X, x) is Du bois.

Proof. Recall that there exists a quasi-Gorenstein purely elliptic
singularity (¥, y) and a finite group G of Aut (Y, y) with no fixed points
except at the singularity y such that (X, x)=(Y, y)/G. Since a quotient
singularity of a Du Bois singularity is also Du Bois, from the preceding
lemma (X, x) is Du Bois.

Typical examples including the condition of Theorem 4.6 are the
Tsuchihashi cusp singularities. For the definition of Tsuchihashi cusp
singularities and their fundamental properties, see [17].

Let N be a free Z-module of rank n>1. Let (C, I") be a pair of an
open convex cone in Np=N®,R which contains no line in N, and a
subgroup I" of the automorphism group GL(N) of N such that C is -
invariant, the action of I" on D=C/R, is properly discontinuous and
free, and has the compact quotient D/I".

For such a pair (C, I') there exists a normal isolated singularity,
which is denoted by Cusp (C, I') and is called a Tsuchihashi cusp singu-
larity.

The important properties to notice are as follows:

(i) A Tsuchihashi cusp singularity (X, x) has a resolution z: XX
whose exceptional set E consists of rational surfaces, crossing each other
along rational curves, in such a way that the ‘“dual graph” is a triangula-
tion of a compact topological surface 7.

(ii) According to I"CSL(N) or not, a Tsuchihashi cusp smgulanty
has a nonvanishing holomorphic cross section w of 0(K) or ¢(2K) so that
(0)=—FE or (20)=—2E respectively, which is defined on a deleted
neighborhood of the singularity x. This phenomenon corresponds to the
fact that T is orientable or not.

(iii) Let m, be the maximal ideal at x. Then Rr,0z(—E)=m, in
the derived category of complexes of @ -modules bounded below and
with coherent cohomology sheaves.

Corollary 4.7. The Tsuchihashi cusp singularities are Du Bois singu-
larities.

Ishida [7] showed that Du Bois singularities are Buchsbaum.



684 K. Watanabe

Theorem 4.8. Let (X, x) be a normal isolated Du Bois singularity.
Then the local ring Oy, is a Buchsbaum ring.

Corollary 4.9 (Ishida). Tsuchihashi cusp singularities are Buchsbaum.
Remark. Ishida [6] proves this Coroilary directly.

Finally we show that there is a Du Bois singularity, which is not
purely elliptic. Let M be a compact complex manifold, and let F be a
complex analytic line bundle over M.

Lemma 4.10 (Kodaira vanishing theorem). If F—K is positive in the
sense of [12], then HY(M, O(F))=0 for g=1. Here K is the canonical line
bundle of M.

Assume that F is positive. We denote the total space of the dual
line bundle F* by X. The zero section of X is contractible. Then we
get an n-dimensional normal isolated singularity (X, x) by blowing down
7: X—X. The Leray spectral sequence for p: X— M, p the projection of
F*, shows

HY(X, 05)=H'(M, R'p,0x)= @© H'(M, O(KF)).

Proposition 4.11.  [f F— K is positive, then (X, x) is Du Bois.

Proof. From Lemma 4.10 it follows that the maps H(X, 0;)—
HY(M, 0,) are isomorphisms as soon as kF— K is positive for all k>1.

Corollary 4.12. If K is negative, then (X, x) is Du Bois.

Corollary 4.13. If F—K is positive and p (M)>1, then (X, x) is a
non-quasi-Gorenstein Du Bois singularity. Consequently (X, x) is not an
“elliptic” singularity, much less a purely elliptic singularity. Here p (M)
is the geometric genus of M.
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