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§ 1. Introduction

1.1. In [KT] we studied the characteristic cycles of holonomic sys-
tems on a flag variety associated to highest weight modules of a complex
semisimple Lie algebra, and investigated its relation to the representations
of a Weyl group.

In this paper we consider Harish-Chandra modules 1nstead of highest
weight modules, and prove a theorem similar to the main theorem of
[KT] (Theorem 1 below). The main theorem of [KT] turns out to be a
special case of Theorem 1 and this paper gives a generalization of the
result of [KT], although the proof is essentially the same as the one in

[KT].

1.2. Let G be a connected complex semisimple algebraic group and
Gy a real form of G. We assume that Gy is connected for simplicity.
We fix a maximal compact subgroup Ky of Gy and denote its complex-
ification in G by K.

We consider the abelian category (g, K) whose objects are (g, K)-
modules of finite length with trivial central character. Here g is the Lie
algebra of G. The result of Beilinson-Bernstein [BB] implies that 5#(g, K)
is equivalent to the abelian category .#(g, K) consisting of coherent 2-
Modules on the flag variety X with K-actions. Using the fact that X is
the union of finitely many K-orbits (Matsuki [M]), it is easily shown that
any irreducible component of the characteristic variety Ch(R) of IN e
(g, K) is the closure of the conormal bundle T}X of a K-orbit O, and
in particular I is holonomic (actually regular holonomic). We take the
multiplicity of 9 along T#X into account and consider the characteristic
cycle Ch(M) € P, Z- [TEX], where O is running through the K-orbits on
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X. Let K(#4(g, K)) be the Grothendieck group of .#(g, K). By the
additivity of Ch we have a Z-linear homomorphism

() K, K-> ZITEX).

One can define natural actions of the Weyl group W on K(.#(g, K)) and
@0 Z[T%X] (see Section 3 below). Then our main theorem is the fol-
lowing.

Theorem 1. The Z-linear homomorphism
ch Y
K(A(g, K))—>@ Z[T5X]

is W-equivariant.

1.3. The contents of this paper are as follows. In Section 2 we
summarize the known results concerning the Beilinson-Bernstein theory,
the Riemann-Hilbert correspondence, Harish-Chandra modules and K-
orbits on the flag variety. In Section 3 we give the definitions of W-
actions and prove Theorem 1. Additional remarks are stated in Section 4.

1.4. On this occasion we give a remark on the paper [KT]. After
writing it up, we learned that Theorem 6 in [KT] was already conjectured
by Joseph [J], and V. Ginsburg informed us that he also proved the same
theorem by a different method (letter dated January 25, 1984).

1.5. The author expresses his hearty thanks to Professor M.
Kashiwara and Professor R. Hotta for valuable suggestions.

§ 2. Harish-Chandra modules and holonomic systems

2.1. The Beilinson-Bernstein theory

Let G be a connected semisimple algebraic group over the complex
number field C with Lie algebra g. We denote the flag variety by X. X
is naturally identified with the set of all the Borel subalgebras of g. We
denote the sheaf of regular functions and the sheaf of differential operators
on X by 0y and Dy, respectively. The natural action of G on X induces

an algebra homomorphism U (g)—gl’(X, 9y), where U(g) is the universal
enveloping algebra of g. Let 3(g) be the center of U(g) and ¥, the trivial
central character of 3(g). X, is the algebra homomorphism from 3(g) onto
C given by 3(a)=—>U(g)—>U(g)/gU(g)=C. A U(g)-module M is said to
have the trivial central character if zm=YX(z)m for all z ¢ 3(g) and m ¢ M.



Holonomic Systems on_a Flag Variety 141

Theorem 2. (Beilinson-Bernstein [BB])

(i) D is surjective with Ker D= U(g) Ker X,= U(g)(3(g) N g U(g)).

(ii) The abelian category of finitely generated U(g)-modules M with
trivial central character and that of coherent @ r-modules M are naturally
equivalent to each other. The correspondence is given by M=T'(X, M)
and M =Dy Qu M.

2.2. The Riemann-Hilbert correspondence
Let Oy, be the sheaf of holomorphic functions. We set

Dyn=03, @Dy and M, =D, R M=0,,, QM
ox 2x ox

for a Zx-Module IN. A coherent Z3-Module IN is said to be regular
holonomic if N, is a holonomic D y,,-Module with regular singularity
in the sence of [KK]. For a regular holonomic & ;-Module IR, we set
DAM)=RHom Dy, (Oxpry M) DA(M) is a bounded complex of C-
Modules which is an object of the derived category. Furthermore it is
known that 2Z(IN) is a perverse sheaf, that is, o/ :=2Z(IN) satisfies the
following conditions.

(i) #YA") is constructible for each 7.

(ii) ##4(A)=0 for i <0.

(iii) codim(supp ((A)))>i for i>0.

(iv) codim(supp (s#( *)))>i for i>0, where
AF=RHome (A, Cx).

Theorem 3 (Kashiwara, Mebkhout see [Ka]). D% gives an equi-
valence between the abelian category of regular holonomic 9 y-Modules and
that of perverse sheaves on X.

2.3. Harish-Chandra modules
Let Gy be a connected real form of G. We fix a maximal compact
subgroup Ky of Gy and denote its complexification by K.

Definition. A g-module M which has also a K-module structure is
called a (g, K)-module if the following conditions hold.

(i) Any me M is contained in a finite-dimensional K-invariant
subspace M, and the induced homomorphism K—>GL(M,) is a homo-
morphism of algebraic groups.

(ii) If f is the Lie algebra of K, then the f-module structure on M
obtained by differentiating the K-action coincides with the one obtained
by restricting the g-module structure.

(i) k. X.m=AdE)X).(k.m)forkeK Xegandme M.

Let 2#(g, K) be the abelian category consisting of (g, K)-modules of
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finite length which have the trivial central character as U(g)-modules. By
the correspondence of Theorem 2 5#(g, K) is equivalent to the category
(g, K) consisting of coherent & ,-Modules with K-actions. We say that
a coherent 2 -Module It has a K-action if an isomorphism p*I~g*IN
of D, x-Modules which satisfies the usual cocycle condition is given,

where KX X% X and KX X- P, X are defined by g(k, x)=k.x and p(k, x)=x.
In order to investigate .#(g, K) we need the following.

Proposition 1 (Matsuki [M], see also Vogan [V] and 2.4 below).

(i) There exist finitely many K-orbits on X.

(ii) For x e X let K, be the stabilizer of x in K and (K,), its identity
component. Then the order of any element of K,[(K,), is at most 2. In
particular K,[(K,), is an abelian group.

We denote the set of the K-orbits on X by %.

Lemma 1. For IN e A(g, K) any irreducible component of the char-
acteristic variety Ch(IN) is the closure of the conormal bundle T#X of some
O e¥. Inparticular IN is holonomic.

Proof. Since Ch(IN) is an involutive subvariety of T*X, it is suffi-
cient to show that Ch () is contained in [[,ce T6X. Set M=I'(X, M)
e M(g, K). Take a finite-dimensional K-invariant subspace M, of M so
that M=U(g)M, and set M,=U,(@)M,. Then gtM=@,;.,(M,;/M,_)
is a finitely generated S(g)-module and the support of the associated

coherent sheaf QJZ on g* is contained in f={xeg*|{x, {)=0}. Let

T*X Lg* be the natural map. Then we have Ch(SD?)CT"I(supp(g/H/J )
Cr'(t)=1loec T¥X. Here the first inclusion follows from the defini-
tion since M=Dy Ry M.

Moreover we have the following.

Proposition 2 (Beilinson-Bernstein [BB], see also Vogan [V]). If
M e (g, K), then I is regular holonomic.

Hence by Theorem 3 .#(g, K) is equivalent to the abelian category
F(g, K) consisting of the perverse sheaves on X with K-actions. Thus
we have the following equivalence of the abelian categories:

(*) (@, K)=4(g, K)=F(g, K).

Next we describe the simple objects of these categories. For O e ¥
and a one-dimensional local system (locally constant sheaf whose stalks
are one-dimensional C-vector spaces) 7 on O with a K-action, let 7 be the
DGM-extension of ¥ to 0. We also use the same notations for the zero
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extensions of 7 and *7 to X. Then r[-codim O] and *r[-codim O] are
objects of F#(g, K) and the latter is a simple object. Furthermore any
simple object in F (g, K) is isomorphic to some “7[-codim O]. Hence the
set of the simple objects is parametrized by

&={(0,7)|0 e € and T is a K-equivariant one-dimensional
local system on O}.

We remark here that the set of K-equivariant one-dimensional local
systems on O is parametrized by the set of irreducible (one-dimensional)
representations of K,/(K,), for a fixed x ¢ O.

We denote the objects in (g, K) (resp. #(g, K)) corresponding to
7[-codim O] and *7[-codim O] under the equivalence (*) by M, ,, and
Reo,p (wesp. M, ,, and L, ,,). Then we have the following decomposition
of the Grothendieck groups:

K(#(g, K))= «@n Z[M,n] = (gDr) Z[L,p);
K(A(g, K))=(§37) Z[o,p] =50 2ol

2.4. K-orbits on X

We give a parametrization of K-orbits on X and other informations
for the convenience of the readers. . The reader is referred to Matsuki
IM] and Vogan [V] for the proofs and other results.

We denote the Lie algebras of Gy, Ky and K by g,, f, and f, respec-
tively. Let g,=%Pp, and g=(@Dp be the Cartan decomposition of g,
and its complexification. Let § be the involution on g defined by
Ox+y)=x—y(x el yep). wealsodenote its restriction to g, by 4.

For a #-stable Cartan subalgebra §, of g, and a positive root system
A4* of (g, HRx C) let b(h,, 4*) be the corresponding Borel subalgebra of

g.

Proposition 3 (Matsuki [M]). (i) Any Borel subalgebra of g is K-
conjugate to 0(Y,, 4*) for some G-stable Cartan subalgebra b, of g, and a
positive root system A4+ of (g, §, Qg C).

(i) Let Yy, and Y, be 8-stable Cartan subalgebras of a,. Let 4+ and
A’ be positive root systems of (g, 5, Qe C) and (g, H, Qg C), respectively.
Then b(%,, 4%) is K-conjugate to b(fy, 4'*) if and only if there exists an
element k ¢ Ky so that k.%,=10, and k.0(9,, 4*)=0(0;, 4').

For a @-stable Cartan subalgebra 4, of g, let W (},) be the Weyl group

of (8,5, ®@rC). Set W(h, Ke) = (Na(§o) N Kr)/(Ze(ho) N Kz) (S W (D).
Since the set of Gg-conjugacy classes of Cartan subalgebras of g, and the
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set of Kg-conjugacy classes of f-stable Cartan subalgebras of g, are in
one-to-one correspondence, we have the following.

Corollary (Matsuki [M]). Let {{{?|i e I} be a set of representatives
of the Gg-conjugacy classes of Cartan subalgebras of g, so that each HV is
O-stable. We fix a positive root system 49+ of (g, 5 Qg C) for eachie I,
Then the set of K-orbits on X (K-conjugacy classes of Borel subalgebras in
) is parametrized by the set [[;.; WO, K \W(H?), and the K-conjugacy
ciass corresponding to W(H§», Kpw is the one containing b(H§?, wA®+).

For the classification of the Cartan subalgebras of g, we refer the
reader to Sugiura [Su] and Warner [W]. In particular, since the number
of the conjugacy classes of Cartan subalgebras is finite, the number of K-
orbits on X is finite.

Let §, be a f-stable Cartan subalgebra and 4+ a positive root system
of (g, § ®rC). Let O be the K-orbit on X containing b=b(b,, 4*). We
denote the Borel subgroup corresponding to b by B. Then O is isomor-
phic to K/K; with Ky={k ¢ K|k.b=b}=K N B. Note that the set of the
irreducible K-equivariant local systems on O is in one-to-one correspond-
ence with the set of irreducible representations of the component group
K/(K;),. This group is described as follows.

Proposition 4 (see Vogan [V]).  In the above notations set Hy=Z_(,)
and H=2Z,9,RxC). Then we have:

Ki/(Ke)y=(KN B)/(K N B),~=(KNH)/(KNH),~(KeN H)/(Kz N Hy),
=~ Hy/(Hyg)o=(Z[2Z)"

Jfor some non-negative integer N with 0< N <dimg(h, N po)-

§ 3. W-module structures

3.1. W-module structure on K(.#(g, K))

Set G;=GXG, g;=gDg and K,=4AG={(g, g) e G,|g e G}. We first
consider #(g,, K,)=#(g®g, 4G). The flag variety of G, is X X X, where
X is the flag variety of G, and its decomposition into 4G-orbits is given
by XXX =]]wew O(w), where W is the Weyl group of G and O(w)=
4G. (eB, wB). Here we identify X with G/B for a fixed Borel subgroup B.
Since each O(w) is simply-connected, we have:

K(A(gDg, 4G)= P ZIM,]= D Z[Z,),
wew WEW
with oy = WMoy, a0d By =L (ou,1)-

Let XX XX X245 X% X (1<<i<<j < 3) be the natural projection. For
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M., M, e A(gPg, 4G) we have

OXxXxX

L
%( o) & (p23m2)) e M(g@Dg, 4G)

for each i, Hence we can define a multiplication on K(.#(g®g, 4G)) by

. . L
mlml=S o ([ ermy) @ eim)].
% 13 OXXXxX
Proposition 5 (see Lusztig-Vogan [LV] and Springer [Sp]). The above
multiplication defines a ring structure on K(MA(gPg, AG)) so that

K(//(g@g, 4G)) =~ Z[W]
[EIR ]<————> w

Remark 1. By the Riemann-Hilbert correspondence one can trans-
late this proposition into topological language, and this is actually the
approach given in [LV] and [Sp]. Since they consider the Hecke algebra
of W, we must specialize the indeterminant g to 1 to get the above result.

Now we define a W-action on K(.#(g, K)). By Proposition 5 we
have only to define an action of the ring K(#(g®Pg, 4G)) on K(4(g, K)).

Let XX X-25 X (=1, 2) be the projection onto the i-th factor. For
M e A (gDg, 4G) and N e A(g, K) we have

([ m & @M)€ A, K)

OXxX

for each 7.

Proposition 6 (Lusztig-Vogan [LV]). An action of K(.#(a®g, 4G)) on
K(A4(g, K)) is defined by

=3 0 ([ m @ @),

XXX

where IN e M(qPg, 4G) and N e A(g, K).

Hence K(.#(g, K)) is endowed with a W-module structure.

In particular K(A(gPg, A4G)) (=Z[W]) has a WX W-module struc-
ture. Note that this action of W X W coincides with the two sided regular
representation of W X W on Z[W].

For a simple reflection s of W let X, be the variety of semisimple-

rank 1 parabolic subalgebras of g corresponding to s. Write XZsx A
for the natural map.
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Proposition 7. For IN € #(g, K) we have:
s [ =[M]+ 5 (— 1)1[%%(Lﬂ;k j i} we)]

This is proved by the same method as in the proof of Proposition 5
in [KT], so we omit the proof.

3.2. W-module structure on @, Z[T$X]

We first review the Springer representations of W. We follow
the approach of Lusztig [L] using DGM-extensions (see also Borho-
MacPherson [BM]).

Set §={(x, ) e gX X|x e b} and let g—&g be the natural map. We
denote the set of regular semisimple elements (resp. nilpotent elements) in

g by gy, (resp. N) and set §,,= p~'(gy) (resp. N=p~'(N)). Let g

and N-2Y5 N be the restrictions of p. Since p, is a W-principal bundle,
we have an action of W on the local system p..(Q, ) on g, where Q;
is the constant sheaf on §,, whose stalks are the rational number field Q.
By the functoriality of the DGM-extension we have an action of W on
*(Pe(Qy ). Since *(p{Q,,)) is isomorphic to Rp.(Q,) as an object in
the derived category (Lusztig [L]) and since Rp,,(Qy) is isomorphic to
Rp.(Q,)|N by the base change theorem, we have an action of W on
Rpy+(Qp).

For x e Nset X,=p '(x)={b e X|x eb}. Then the action of W on
Rp,(Qy) induces its action on H*(X,, Q)= R*py+(Qys), for each i. This
is the Springer representation of W in the usual sence.

For O e % we set Z,=TiX and Z=\pee Zo. Z is an algebraic
variety of pure dimension d=dim X. We identify 7*X with N via the
Killing form on g. Then we have Z=p;'(N(p)) with N(p)=NNp. Hence
we have an action of W on HY{(N(p), Rpx+(Q») | N(®)=H¥Z, Q). Since
the dual space of the top cohomology group H?24(Z, Q) has a natural
basis {[T5X]}oc,, We have a W-action on the vector space (H?4(Z, Q))*=
Doece QTEX]. '

Remark 2. In order to define a W-action we can use the method
of Kazhdan-Lusztig [KL] in place of the above approach. The coincidence
of these two approaches is proved in Hotta [H1; Appendix] though it is
not exactly of this form.

Next we review a geometric description of the action of simple reflec-
tions of W on the space (H24(Z, Q))* due to Hotta [H1], [H2]. We fix a
simple reflection s. We define natural maps p,, @, and z, by the follow-
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ing commutative diagram:

T*X, X X< T*X =N=sXX N

Xs
[of lrs

T*X,= >X, X N.

For O e € we say that O is s-vertical (resp. s-horizontal) if z;'(z (Z,)=Z,
(resp. t;'(c(Zo)2Z,). Let ¥ and ¥; be the set of s-vertical and s-
horizontal K-orbits on X, respectively. Set O,=z,(0) for O e ¥. The
following is obvious.

Lemma 2.

(i) O is s-vertical if and only if n;(x(x))N O is open dense in
;7 (7 (x)) for any x e O.

(ii) X,=Uoee; O, (disjoint union).

(ii)) ;' (Z)=Uoces Zo (irreducible decomposition).

(IV) ZUS(ZO):W‘W}{.? for 0 € %Z

Proposition 8 (Hotta [H1], [H2]). Let O be a K-orbit on X.
(i) If O is s-vertical, we have

5.[Zo]=—1[Z,].
(ii) If O is s-horizontal, we have
5. [Zo]=[Zo]+ (@} o @4 0 oI ZoD,

where w¥, pf and @, are pull-back and direct image of algebraic cycles.
Furthermore (¥ o @y pF)(Zo]) € Bo Zsy [Z,], Where O is running
through O’ e €5 with O’ Cr;'(x,(0)).

By the above proposition we see that the Z-lattice @y, Z[TFX]
in (H2%(Z, Q))* is W-invariant. Hence we have an action of W on

Docy ZITEX].

3.3. We prove the following in this subsection
Theorem 1 (repeated). The Z-linear homomorphism

KA, K-> @ ZITEX)

is W-equivariant.
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Remark 3. Set 30=0—0. Since M,,,,|X—00 and &, | X—00
are isomorphic to XU %(Ox_;0) Rcx_s07> We see that Ch(I, ,,) and
Ch(2,,)) belong to [TEX]+(Doco Zso [T%X]). Hence Ch is surjective.

Proof of Theorem 1. 1t is sufficient to show Ch(s. [IR])=s. Ch(N)
for any simple reflection s and I e A#(g, K). By [Sa] (see [KT; Theorem
7)) there exist integers m,(O’, O) for O e ¥ and O’ € ¥} so that

Ch(W)= 3 nolT5X]
implies
Furthermore we have

>3m0, ONT5X,]=(@,4 o)(TEX])

o’ees

for O e #;. Hence we have

Ch(Ln;" j Wé):m;"(Ch ( f )) Tl 3 m0, ONTEXD.
Thus by Proposition 7
Ch(s. [EIR]):O;s no(TEX]+ OIGZW m(0', O)[T§X))
+ 5 nTERT+ @ 0,0 1XTEE)
On the other hand by Proposition 8
s. Ch(IIR]) = ;; no(—[TEX])

+ Z no((TEX1+(@F o @y 0 pF)(TEXD)-

Thus we have only to prove that if O and O’ are distinct elements of %3,
then m,(0’, 0)=0 and m,(0, O)= —2.

For O e € set O=x;'(x,(0)). If we set K= (K, P), the decomposi-
tion of X into K-orbit is given by X= [l oc«s O, and hence this decomposi-
tion satisfies the Whitney condition. For O € %% we define I, € £(g, K)
by 9Z(My)=Cs[—codim O]. Then

Ch(Io) € [TEX]+ 21 LT3 X],
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where O’ is running through O’ e €% with 0’ C90. Hence using induc-
tion on dim O we see that it is sufficient to show

Ch(Ln;k f imo) — —2Ch(M,)
for O e ;. By the Riemann-Hilbert correspondence we have

@%(Iar;k | 93%0)=rc;‘(Rm*(M(mo»)m
= (Rr,x(Co))[—codim O+1].
Since #, is a P’-bundle, we have the following triangle

Cs

e

Col—2——>n7 ' (Ra¥(Cyp)).

By the Riemann-Hilbert correspondence we have

Ml

+1/ AN

M ,[— 1]——>Lar* J' M.

Hence
Ch(Ln;" f smo> — Ch(D,[1])+ Ch(,[ — 1]) = — 2Ch(I,)
and we are done.

§4. Complements

4.1. We describe the W-module structure of K(.#(g, K)) and
(H:Y(Z, Q))* more explicitly.

The following is a generalization of a result of Kazhdan-Lusztig [KL;
(6.1) and (6.2)]. Since the proof is the same as that of [KL], we omit it.

Proposition 9. As a W-module, we have

HHZ Q)= @ (Huo (Xer Q)

where d,=dim X, and Cx(x)=Z(x)/(Z£(x)),.
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Hence suitable information on the K-conjugacy classes of nilpotent
elements in p and the Springer correspondence of the group G give the
irreducible decomposition of (H24(Z, Q))* as a W-module.

Next we consider K(.#(g, K)). The explicit description of the action
of a simple reflection with respect to the basis {[{,,]1|(0,7) e &} is
given in [LV] (see also [V]). We include it here for the convenience of
the readers.

Lemma 3 (Lusztig-Vogan [LV]). Fix a simple reflection s, (0, 7) € &
and x € 0. Set O=z;'(x,(0)) and Li=r;'(x,(x)).

(@) If Ly O, then s. [M 5, ) ]= —[M o,

(bl) If LENO={x} and O'=0—0 is a single K-orbit, then there
exists a unique locally constant extension # of 7 to O and s.[M ,,]=
Mo, ] with 77=7] 0"

(b2) If L3N O=L;—{point}, then O’=0—0 is a single K-orbit,
there exists a unique locally constant extension 7 of 7 to O and s. [, ]
=[Mor,»] with 7" =7|0".

(c) If LZNO={x,y}, then O'=0—0 is a single K-orbit, 7 has
two distinct extension 7, 7, to O and 5. [M,, 1= —[M o, )] [ Mior,0] +
[ (o1, an] With 7/=7,]O’.

(c2) If Ly N O=L;—{two points in one K-orbit}, then 7 has at most
one extension to O. 1In the case 7 has an extension 7 to O, #|0— O has
a unique extension 7, to O different from 7 and s.[M o, ,1=[M,,,,] With
T«=74|0. Inthe case? does not have an extension, 5. [ 1=, ]

(dl) IfL;NO={x} and O—O is a union of two orbits 0’ and 0"
with dim O=dim 0””=dim O’—1, then 7 has a unique extension # to O
and 5. [Meo, 1= Mo, o]— [Menp] With 7'=7] O’ and 77=7| 0"

(d2) If L;NO=L;,—{two points in two K-orbits}, then s. [N, ,]=
[%(O,r)]-

Now we give an alternative description of the W-module (H2%(Z, Q))*
~(K(A#(g, K))/Ker Ch)R), Q different from that of Proposition 9.

Proposition 10. Let {§§°},., be a set of representatives of the con-
Jugacy classes of Cartan subalgebras of g, so that 0(5{*)=9. We fix for
each i e I a positive root system A+ of the root system AD of (g, P Qg C).
We identify Cartan subalgebras %" Qg C via the Borel subalgebras
b, 49*) and regard W as its Weyl group. Then there exist linear

characters W (5, KR)ﬁ{-I_— 1} so that

(K(A#(g, K))/Ker Ch) (>z§ Q= S—R Indv”;(%n,KR)(Xt).
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Remark 4. If §, and §, are Cartan subalgebras of g contained in
Borel subalgebras b, and b,, respectively, then there exists g € G so that
Ad(g)h;, =Y, and Ad(g)b,=b,. Moreover Ad(g)|H,: H,—b, is uniquely
determined by b, and b,.

(Sketch of the proof of Proposition 10)
For Oe ¥ set Ao=>2 o.ncs [Mw,n]. Then we see from Lemma 3
that V=P, Q4, is W-invariant. By Remark 3 ¥ is isomorphic to

(K(A(g, K))[Ker Ch) ® Q= (H*(Z,Q))*.

Let €, be the set of O e € such that b(){®, wd*) e O for some w e W. For
i, je I'we write i<jif i=j or dim (§{ N p)<dim (¥ N p,). Then

Vo=@ (@ ZA,)
j<i 0€¥;
is W-invariant and if we set
| 4205 O] v,

we have V=@, V® as a W-module. We fix iel For we W let
a, be the class of A, in V¥, where O is the K-orbit on X containing
b(HP, wA®+). Then we have VO =@ yewan, K\ Qa,. By Lemma 3

and the arguments as in [V] we see that s. a,= +a,,. Thus
V@ ~Indy g, KR)(X%)
for some X, and we are done.

Remark 5. X, is uniquely determined by X,(w)a,=w.a, for we
WGP, Kg). In particular, if H{® is a fundamental Cartan subalgebra
(i.e. dim (§{” N f,) is maximal) we see that X, coincides with the restriction
of the sign representation sgn of W to W(§», Kp)= W(K)=(the Weyl
group of K).

4.2. As an example we treat the case when g, has only one conjugacy
class of Cartan subalgebras. By Propositions 9 and 10 we have the
following.

Proposition 11.  If g, has a unique conjugacy class of Cartan sub-
algebras, then we have

Indf ,(D®sgn= D H,y,(X,, Q)F™,
x € K\N(p)
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In the case g, is a complex semisimple Lie algebra viewed as a real
semisimple Lie algebra, the above formula is just

QAW N= @ (Hoo, (X, QD H (X, Q)

with Cy(x)=Z4(x)/(Z«(x)),, from which the completeness theorem of
Springer is obtained (see [KL]).

We see by [Su] that if g, is a non-compact real form of a complex
simple Lie algebra, g, has only one conjugacy class of Cartan subalgebra
if and only if the pair (g, f) is one of the following three types:

( I ) g=A2n—1a i=C, (n22)’

(II) Q=Dm f'T"‘-Bn--l (n24)a

1) g=E, I=F,

Remark 6. Note that in the cases (I), (I) and (III) the auto-
morphism 4 of g is obtained by extending the symmetry of the Dynkin
diagram of g using the usual presentation of g by generators and relations.

In order to write down the formula in Proposition 11 explicitly, we
need a classification of K-conjugacy classes of nilpotent elements in p.

[
Consider the natural map K\N(p)—G\N. Then we have the following.

Proposition 12 (see [Se]). For ee N the following conditions are
equivalent. '

(i) e is conjugate to an element of N(p) under the action of G.

(ii) Let n, be the number attached to the vertex i of the weighted
Dynkin diagram of e (n;=0, 1 or 2). Then in the Satake diagram of g, we

have:
n;=n if o O

n,=0 if?.

Proposition 13.  If g, has a unique conjugacy class of Cartan sub-
algebras, then the map @ is injective.

Proposition 12 is stated in [Se] as a theorem of Antonyon and the
proof is given for the case g, is a normal real form. But the proof in
[Se] for normal forms applies to the general case under some modification.
Proposition 13 is shown by using the results of [Ko] and [KR] if we note
Remark 6.

Remark 7. We can prove more generally that the natural maps
K\p—G\g and K\f—G\g are injective if g, has only one conjugacy class
of Cartan subalgebras.
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Using Propositions 12, 13 and the Springer correspondence (see [Sh]
and [ALS]) we can write down the formula in Proposition 11 explicitly.

In the case (I) we have Ind§?z,,,(1)=@® X,, where ¢ is running through
the partitions of 2n whose parts are even and X, is the irreducible repre-
sentation corresponding to ¢. A direct proof of this formula is given in
[T]. I understand that this was originally conjectured by N. Iwahori.

In the case (II) we have Indj{E™ ,,(1)=1@X, where X is the irre-
ducible representation of W(D,) corresponding to the pair of partitions
((n—1>>1), @) in the usual conventions. But this is trivial.

In the case (III) we have Ind}{F5(1)=1,020,D24,.

Remark 8. Using the recent result of Matsuki describing the closure
relations of K-orbits on X, we can construct for each K-orbit O a non-
singular variety Y with a K-action and a K-equivariant proper surjective

map Y—f+5 which is generically finite. This is an obvious generalization
of the desingularization of Schubert varieties given in [D]. If g, has only
one conjugacy class of Cartan subalgebras, the above fis birational and
in this case we can calculate the dimension of each stalk of the intersection
cohomology sheaf of the closure of any K-orbit by the method given in
[Sp] (see [LV]).
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