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On a Duality of Branching Rules 
for Affine Lie Algebras 
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§ O. Introduction 

Let 9 be an affine (Kac-Moody) Lie algebra, and let g be an affine 
Lie sub algebra thereof. In this paper we consider the irreducible decom­
position of an irreducible g-module L(A) with highest weight A with 
regards to the subalgebra g. More specifically, we are to find the 
multiplicity (A: A) of an irreducible highest weight g-module L(A) ap­
pearing there, to be called the branching coefficient. 

Recent theory of Kac-Peterson [1] [2] enables us to formulate this 
problem in terms of modular functions as follows. In the decomposition 
of L(A), the irreducible components appear as a "string" L(A - no) (n E Z) 
in the direction of the null root 0 of g. Introducing the generating func­
tion E;JACq) = L,nEz (1: A-no)qn, we are led to the identity of characters 

(0.1) 

Here fj denotes the Cartan subalgebra of g, and A runs over a finite set 
of dominant integral weights of g mod Co having the same level m = (A, 0). 
Kac-Peterson [1] [2] show that, up to a rational power of q, the characters 
are expressible as quotients of classical theta functions. As a con­
sequence, ejir) = Ejiq) X (some power of q) with q=e2"i< becomes a 
modular function (this is an object analogous to the string functions in [1] 
[2].) Thus the problem is to determine the modular functions eA'ir) 
defined via the theta function identity (0.1). 

For level 1 modules L(A), this has been studied in [3] [4], motivated 
by its connection with soliton theory. There the functions ej,lr) have 
been determined for the pairs Ai~~I=:>Cf1l, AW=:>AW and CW=:>ql) in 
terms of Hecke indefinite modular forms. Since (0.1) involves theta 
functions of dimension I, it gets complicated for large l. The point in [4] 
(although somewhat obscure there) was to derive another identity for 
eA'i!') that involves theta functions of dimension 1, that is, the level of A. 
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The purpose of the present paper is to establish a general duality of 
this sort, relating the functions e A,tC-r:) for two pairs of Lie algebras (g, g) vs. 
(gt, gt). What is characteristic here is that the roles of the rank I and the 
level m of the representations are interchanged between these two pairs. 
We note here a similarity between our work and Frenkel's [5] where he 
considers the branching coefficients with respect to a Heisenberg sub­
algebra. 

Let us illustrate our result in the simpler case of finite dimensional 
Lie algebras. For fixed positive integers I, m, consider the pairs 

g=gt(2/, C)::Jg=~1'(21, C) 

gt=gt(m, C)cgt=~1'(2m, C). 

Their irreducible representations are parametrized by Young diagrams 
Y, Y, yt and yt, respectively. To be more precise, let Y (resp. yt) stand 
for the corresponding irreducible gt(21, C)-module (resp. gt(m, C)-module) 
on which the center of gt(2/, C) acts as a scalar I Y I = the number of tiles 
composing Y (resp. I Ytl_/). There is a one to one correspondence 
between diagrams Y contained in a rectangle R2l ,m of size 2/Xm and yt 
in Rm ,2L of size m X 21; namely, take the complement and transpose the 
diagram. In the same way, let YcRL,m correspond to ytCRm,L. Under 
these correspondences, the following duality of branching coefficients 
holds: 

Theorem 1. (Y: Y)=(yt: Yt). 

Theorem 1 appears as Proposition 1.3 in Section 1. Note again that 
the choices of I, m are arbitrary. To prove Theorem 1, we make use of an 
identity which gives the characters of gt(21 + m, C) (resp. ~1'(21 + 2m, C) 
in terms of those of gt(2/, C) and gt(m, C) (resp. ~1'(2/, C) and ~1'(2m, C). 
It will be. termed the complementary decomposition of characters in the 
text. 

The same method applies to affine Lie algebras as well. Consider 
now the pairs 

g=Aj~:"l::Jg=ql) 

gt=A~:",cgt=C~). 

The corresponding theta function identities read as follows: 

(0.2) 

(0.3) "A(m)( ut)et () -x(m)( t) L.J XAt T, AtAt T - At T, U • 
At 
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Here A and A denote dominant integral weights of Ag~1 and CP), both of 
level m. They are in one-to-one correspondence with At (level 2/) of 
A~~I or At (levell) of C~) respectively, by the same correspondence as 
Jin Theorem 1. 7Sl)(-c, u), X~l)(7:, u) and X~t)(7:, ut) signify the suitably 
normalized characters of A~i~1 (restricted to CP», CP) and C~) respec­
tively. Finally 

where -9(v)(7:, u) is a theta function of dimension 1 (see (2.12», Xj7- 1) 

denotes the character of A~~t. 1)(7:) the Dedekind eta function, and a is a 
diagram automorphism which permutes the vertices of the Dynkin diagram 
<cyclically. In the notations above, we have 

Theorem 2. e,1i7:) =e1tAt(7:). 

Note that Theorem 2 reduces to Theorem 1 above in the limit q = 
e2gi<~0. 

We shall work out a list of such dual identities for pairs g:Jg, where 
g=g" is the invariant subalgebra of an involutive diagram automorphism 
a of g. This leads in particular to a duality of branching coefficients 
for the pairs CW:Jql) vs. C~)cC~) (Proposition 3.11). In most cases, 
however, an extra factor (independent of weights) enters in the right side 
of the second identity (0.3). We do not know a simple Lie theoretical 
interpretation of (0.3) in such cases. Nevertheless it provides an effective 
way of determining eli7:) for small m. 

Let us give a brief account on the plan of this paper. In Section 1 
we shall treat finite dimensional Lie algebras gr(n, C), o(n, C) or ~1:>(n, C), 
and explain the complementary decompositions and duality of branching 
,coefficients for them. The essential points of this paper are all contained 
in this paragraph. Sections 2 and 3 deal with affine Lie algebras. In 
,order to fix notations, we first review in Sec;:tion 2 on generalities of affine 
Lie algebras and Kac-Peterson's theory. In the latter part of Section 2, 
we give the complementary decomposition of characters for affine Lie 
.algebras. The result is listed in Table II. Section 3 is devoted to the 
duality of eli7:) associated with a pair g:Jg" (Table IV). As an applica­
tion, we shall explicitly determine ell7:) for small levels m in terms of 
either Heeke indefinite modular forms or (positive-definite) theta functions 
of dimension 1. In particular, for A~i~I:JA~;l, Bi~I:JDi~1 and Di~l:JBP), 
,eli7:) is determined for all m. 

We would like to thank Professor N. Iwahori and Professor M. 
Kashiwara for their kind interest and illuminating discussions. We are 
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also grateful to Professor K. Saito for giving lectures on his theory of 
extended affine root systems, and to Professor M. Wakimoto for sending 
his preprints before publication. 

§ 1. The finite dimensional case 

In this section we shall deal with classical finite dimensional Lie 
algebras, and explain complementary decomposition of characters. As 
an application, we derive a duality of branching rules of irreducible 
representations between two pairs of Lie algebras. 

Let gn be one of the classical complex Lie algebras 

gr(n, C), o(2n+ 1, C), 0~(2n, C) or o(2n, C). 

We say that gn is of type A, B, C, D accordingly. The theory of highest 
weight tells that an irreducible representation of gn is specified by giving 
a sequence of integers (or half odd integers) A =(AI' ... , An), AI> ... >An. 
The corresponding character 

is explicitly given in terms of determinants (Table I). 

In Table I, IZAl, ... , ZAn I (resp.lzAl_Z-At, ... , zAn_z-Anl) signifies 
det (Z;J)I::;i,j::;n (resp. det (z;J-ZiAJ)I::;i,j::;n). 

The irreducible characters of gr(n, C) are graphically represented by 
Young diagrams. When An>O, Xl n) is in one-to-one correspondence with 
a Young diagram Y of signature (A 1 -n+1, A2 -n+2, ... , An). In this 
case we use also the notation X~) to signify Xln ). 

Ii 
J. 

y= 

In 

Fig. 1.1 

In the general case, take an integer e~An and put il=AI-n+l-e, ... , 
in=An-e,j;;;;;.··· > in;;;;'O. Denoting by Y the diagram of signature 
U;, ... , in), we have 

Note that Y is determined from A up to the "shifting" e>-+e-l, J>-+h + 1. 
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Table I 

Type A: N Cn)(z ... Z )_/ZA' ZA' ... zAn/ A. b 'n - , , , 

DCn)(Zl> .. " Zn) =N~nJ.l,n-2, ... ,O(Zl, •. " Zn) 
IT (Z;-Zj). 

l~i<j~n 

Type Btl: N1n)(Zl>"', zn)=/zA'-z-A', ZA2_Z-A', .. " zln_z-An/ 

DCn)(Zl> .. " zn) =N~nJ.l/2, n-3/2, ... , 1/2(Zl, .. " zn) 
n 

= IT (ZV2_Z;1/2) IT (z; -zj)(l-z;lzjl). 
i=l l~i<j~n 

Type C: N1n)(Zl"", zn)=/zA'-z-A" Z"'_Z-A', ... , ZAn_z-An/ 

A=(Al, ···,An)eZn, Al>"'>An>O, 

DCn)(Zl, ... , zn) =N~~~_l, ... ,lzl> ... , zn) 
n 

= IT (z; _Z;l) IT (z; -Zj)(1-Zi-lZjl). 
i=l l~i<j~n 

TypeDtJ: N1n)(Zl>" .,zn)= ~ /ze,A',ze2A" .. ',zenAn/ 
el,.··.en= ±I 
ele2··· en=1 

DCn)(Zl, ... , zn)=N~nJ.l,n-2, ... ,O(Zl> ... , zn) 
IT (Zi -zj)(l-z;lzjl). 

l~i<j~n 

t) 8=0 (tensor representation) 01' 8= 1/2 (spin representation). 

Likewise, an irreducible character X1n) of 0j:l(2n, C) is represented by 
a Young diagram of signature U;, .. ·,fn) with};=Al-n, h=A2 -n+l, 
... , In =An -1. In this case the correspondence X1n)~ Y is one-to-one. 
We write X~) to mean x~n). 

Now let n =1 +m with fixed integers I, m> 1. There is a natural 
inclusion glffigm cgl +m • We shall give a relation among the corresponding 
characters 

Let 

be the ratio of denominators. Explicitly it is given by 



22 M. Iimbo and T. Miwa 

Z m 
Type A: F<z,m)(zl> ... , Zl, WI> ••• , wm)= IT IT (Zt~Wj), 

t=1 j=1 

! m 
Type B, C, D: p<l,m)(z" ... , Zl, WI> ••• , wm)= IT IT (Zt~wj)(I~z;lw;t). 

i=1 j=1 

Proposition 1.1. (Complementary decomposition). Notations being 
as above, we have the following identities. 

TypeA,B,C: 

(U) .E sgn(A, At)Xlt)(ZI> ... , ZI)X~t)(wI' ... , wm) 
(l) U (It) = {l#) 

=F(l,m)(z" ... , Zl, W" ... , w".)x~;+m)(z" ... , Zl, W" ... , wm), 

Type D: 

.E sgn (A, At)(XF)(z" ... , ZI)X~t)(Wh ... , wm) 
(1.2) (l) U Pt) = (l#) 

Here the sum is taken over the partitions {Ah ... , Az}U{Ai, ... , A;"} = 
{A~, ... , A~+m} with AI>··· >Al' Ai>··· >A;" and A~>··· >A~+m. The 
factor sgn (A, At) stands for the sign of the permutation . 

In the case of type D, q denotes the involution (Ah ... , An)H-(AI' ... , An-I> 
~An) which corresponds to the symmetry of the Dynkin diagram ofo(2n, C). 

Fig. 1.2 

Proof In view of the explicit representation of characters in Table 
I, (Ll) and (1.2) are simple consequences of the Laplace expansion 
formula for determinants. 0 

Hereafter the formulas (U), (1.2) will be referred to as the comple­
mentary decomposition of characters. 

Consider the special case xWm) = 1. For the type A or C, the cor­
respondence A++At is neatly described in terms of Young diagrams as 
follows. Fix a rectangle Rl,m of size IXm, and denote by Rm,z its 
transposition. Two diagrams YcRz,m and ytcRm,z are said to be 
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complementary with respect to Rl,m (or Rm,l)' if one is obtained from the 
other by first taking the complement with respect to Rl,m (or Rm,J and 
then transposing the diagram (Fig. 1.3). 

m 

I y 

I 

Rl,m 

I 

Fig. 1.3 

I 
I 
I 
I 
I 
I 

·1 
I 
I 

For a Young diagram Y, we denote by I YI the number of tiles that 
constitute Y. 

Proposition 1.2. For the characters of type A or C, we have 

'" ( ) I YfIXCI)( Z )XCm)( ) - F(l, m)( ) L..J - Y ZI> •• " I yt WI"'" Wm - ZI> •• " Zl, WI, •• " Wm 
YcRZ,m 

where the sum extends over all the diagrams Y contained in Rl,m' and yt 
denotes its complementary diagram. 

Proof. In the formula (1.1), put A~=l +m-I), A.=/.+l-I) and 
A~=f~+m-I) (resp. A~=I+m+1-1), A.=/.+I+I-1) and A~=f~+m+ 
I-I) for type A (resp. type C). We have then m?;J;?.··· > fl?.O and 

sgn (A, At) =( _ )~;=l(m-fv). 

Clearly the corresponding diagram Y of signature U;, ... ,fl) satisfies 
YcRI,m, sgn (.:/., .:/.t)=(_ )lm-1YI. It is easy to check that the comple­
mentary diagram yt has the signature (II. .. " f'tn). 0 

Now we proceed to considering two pairs of Lie algebras g~g vs. 
gtcgt . 

The Lie algebra B1J(2n, C) is realized as the matrix algebra 

There is thus a natural embedding 
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(1.3) g=g[(2/, C)::Jg=~1:'(2/, C). 

Taking A2=Aa=0 in the above, we obtain another embedding 

(1.4) 

Consider an irreducible g-module Ly corresponding to a Young diagram 
Y. By virtue of the complete reducibility of representations, it decomposes 
into a direct sum of irreducible g-modules L y , also parametrized by Young 
diagrams Y. Let (Y; Y) denote the multiplicity of L y in Ly. We have 
then the following relation of characters 

(1.5) X~l)(z" ... ,Zz, ZIt, .. " zll) =.L; (Y; Y)X¥)(z" .. " zz). 
. Y 

The non-negative integers (Y; Y) are called the branching coefficients. 
Likewise, the pair (1.4) gives rise to another relation of characters; 

(1.6) .L;(wl ··· wm)-ZX~~)(WI' "', wm)(yt; yt)=X~t)(w" "', wm). 
1't 

. In the left hand side, only the characters of the form (WI' •• wmtZXh) 
appear, as we shall see shortly (see (1.7) in the proof of Proposition 1.3.). 

Proposition 1.3. For fixed I, m> 1, let R 2I ,m (resp. Rz,m) denote a 
rectangle of size 21 X m (resp. I X m), and let Rm,2Z (resp. Rm,z) be its trans­
pose. 

(i) For Y cR2z ,m, (Y; Y) =0 unless Y cRz,m and 1 Y 1=1 YI mod 2. 
(ii) For ytCRm,lo (Yt; yt)=O unless y tCRm,2z and 1 Ytl=1 ytl+ 

1m mod 2. 
(iii) We have the duality of branching coefficients 

(Y; y)=(Yt; yt) 

where the pairs (Y, yt), (Y, yt) are complementary with respect to R 2Z ,m or 
Rz,m, respectively. 

Proof We apply Proposition 1.2 to the present situation. We have 
then 

Z m 
=(_)zm TI TI (zi-wj)(I-z;lwjl) 

i~l j~l 

=( - )Zm .L; (- )IYfIX¥)(Zb .. " zz)X~t)(Wh .. " wm). 
YCRI.m 
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Substitute (1.5) to the equations above. Since the characters X~)(Zl> ... , Zl) 
are linearly independent, we may equate their coefficients to obtain 

(1.7) 

At the same time, we see that (Y: y)=o unless YCRI,m. 
On the other hand, the characters of g[(2/, C) or 0))(2/, C) have the 

properties 

X~!)(-Zl'···' -Z2!)=(_)IYIX~!)(Zl> .. ·,Z2!) 

X~)( -Zl> ... , -za =( - )lYlX~)(Zl' ... , Zl). 

Along with (1.5) they imply 

(1.8) 

thereby proving (i). From (1. 7) and (1.8) we obtain 

(1.9) 

Assertions (ii) and (iii) now follow from (1.6), (1.9) and linear independ­
ence of Xi~)(WI> •• " wm). D 

Example. (m= 1) 
Let Yj (resp. Y k ) denote the Young diagrams of signature 

j 21-} k l-/c 
~~ ~~ 

(1, ... , 1, 0, ... , 0) (resp. (1, ... , 1, 0, ... , 0», 

so that Yj (resp. YD has the signature 2/- j (resp. I-k). We have then 

X~~)(Zl> •.. , Zl, zll, ... , zll)=qj, 

Xn(Zl' ... , Zl)=qk -qk-2, 

w-IX<!) (w)=w l - j 
Yjt 

XnrCw) =(WI - k+1 _ w- 1+ k-l)/(W_ w- 1) =W l - k+ W1- k- 2+ ... +W- l + i'. 

Here we have set 

I 

L: qJ"= f1 (1 +Zit)(l +Z;lt), q.=q21-.· 
v;G;O i=l 

It follows immediately that 
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_ _ {I (if k~j<21-k, k=j mod 2) 
(Y j : Y k )=(Y1: YJ)= . o (otherwIse). 

Analogous results are available for other types of Lie algebras. 
Here we consider the two cases OJ, g) = (gt(21 + 1, C), 0(21+1, C» or 
(0(21 +2, C), 0(21 + 1, C». Using the complementary decomposition (1.1), 
(1.2) we obtain a duality 

of "branching coefficients" (2: .il), (.ilt: it) defined as follows. 

gt(21 + 1, C)~o(21 + 1, C): 

(1.10) X~2Z+1)(Z1o" ·,Zz, I,zi"I, .. "Z11)=L:(l:.il)X~I)(Z1o·· ·,zz) 
.l 

W )-Z-I/2 x(m)(w ... w )(_):E:'=l(l.t-l.+l)(.ilt·it\ 
m it 10 , m· • , 

(1.10)t 

where Xi~) (resp. X~t) d,enotes the character of gt(m, C) (resp.o(2m+ 1, C». 
The suffixes i, .il, it and .ilt range over 

{lb"" i 2L+l}U{it, ... , i;,.}={21+m, ... , r,O}, 
{.il1o· ··,.ilz}U{.ilI,·· .,.il~}={I+m-I/2, ... ,3/2, I/2}, 

0(21 +2, C)~0(21 + 1, C): 

(1.11) XiZ+1)(Z1o ···,Zz, I)=L:(l:.il)X~Z)(z1o·· .,zz), 
l 

L: (X~t)(Wl; •. " wm)(.ilt : it) 
it 

(1.11)' 

where Xi~) (resp. X~t) denotes the character of 0(2m, C) (resp. 0(2m + 1, C». 
With s=O or 1/2 fixed, the suffixes range over 

{i1o ·· .,i!+I}U{iI,·· .,i~}={l+m+s, ... , I+s,s}, 

{.il1o·· ·,.ilz}U{.ilt,·· .,.il~}={I+m-I/2+s, .. ·,3/2+s, I/2+s}, 

with i l >··· >il +1> it>·· . >i~, .ill>" . >.il z and .ill>·· . >.il~. 
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To derive (1.1 0), (1.11) in the case s = 1/2, we have chosen as Xl# the char­
acter of simplest spin representations and used the relation 

X~"ri7~,n-l/2, ... ,±1/izb ... , Zn, 1; o(2n+2, C) 
n 

= IT (ZV2+Z;1/2) 
i=l 

Unlike the case of g[(2/, C) ~ 01J(2/, C), one cannot get rid of the 
extra factors 

in (1.10)t, (l.1I)f. We do not know how to interpret these formulas Lie 
theoretically. 

§ 2. Complementary decomposition of characters 

In this section, after preparatory paragraphs on the theory of Kac 
and Peterson [2], we present several formulas on complementary decom­
position of characters of highest weight modules over affine Lie algebras. 

Let A =(aij)i, j=O,.", I be a generalized Cartan matrix. We assume 
that A is affine in the sense of [1]. For a later purpose we define the 
Cartan subalgebra lj and its dual lj* as follows. 

Let lj be a complex vector space of dimension 2(1 + 1) spanned by 
linearly independent element hi and di (i =0, ... , I). In lj* we choose 
the dual basis Ai and Oi (i =0, ... , I); 

Ai(hj)=Oij, A Jdj) =0, 

oi(h j) =0, 0; (dj) =o;j. 

The simple roots a; E lj* (i =0, .. " I) are defined by 

ai(hj)=aji , ai(dj)=oij-

The affine Lie algebra g(A) is the complex Lie algebra generated by 
lj U {eiJi}i=O, ... ,1 and the following defining relations. 

[eiJj]=oijh j, (i,j=O, ".,/), 

[h, ei] =ai(h)ei , [hJi] = -ai(h)!i> (i =0, ... , I; hE lj), 

[h, h'] =0, (h, h' E lj), 

(adeS-atJe j =0, (ad!J1-a iJ!j =0, (i,j =0, .. " I). 
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The positive integer / is called the rank of g(A). 
We define a symmetric bilinear form on fj* by 

(ai' 'X j) =a;la,/ aij, 

(ai' Aj)=a;la'/oij, 

Here a i and a,/ (i =0, .. " /) are the numerical invariants defined in [2]. 
The null root 0 and the canonical central element c are determined by 
them: 

r 
c= L: a,/hi • 

i=O 

We shall identify fj with fj* by using the above bilinear form. By this 
identification we have 

For A E fj* we denote by ~ the orthogonal projection of A on fj* = 
Ca1+··· +Ca r • We set fjt=CAo+fj*+Co. This is the orthogonal 
complement to Co1+·· . +Cor• 

We denote by J(J+) the set of (positive) roots. The set J =J n fj* 
def 

can be identified with the set of roots of the finite dimenional complex 
simple Lie algebra g(A) whose Dynkin diagram is obtained from that of 
g(A) by removing the O-th vertex. Affine Lie algebras are classified 
according to the type of g(A) and a numerical invariant k = 1, 2, 3 [2]. 

The Weyl group W is the subgroup of O(fj*) (the orthogonal group) 
generated by the fundamental reflections ri (i =0, .. " /) defined by 

(2.1) 

We note that by requiring (Ai' Aj) =0 (i,j =0, .. " /) the W-invariant 
and symmetric bilinear form is unique up to constant multiple. 

The Weyl group admits the semi-direct product decomposition 

(2.2) W=W~T, 

where W is the (classical) Weyl group for g(A) generated by r i (i = 1, .. " /) 
and T is an abelian normal subgroup of W which is isomorphic to a 
lattice Min fj* through the following key formula in [2]. 

a E Me fj*l-----+ta ETc O(fj*), 
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where lal2 =(a, a) and m=(J., 0) (called the level of J.). 
The lattice M is given by M =Zho+Zh1+··· +Zhz (if k=l) or 

M = ZaO+Za1+··· +Za! (if k*l). Note that MQ9zC=fj*~C!. 
We denote by P(P+) the set of (dominant) integral weights.in fj*. 

For A E P + we denote by L(A) the irreducible highest weight module with 
the highest weight A. The character chL(A) is the following formal sum. 

chL(A) = I; dim L(A)lel 

.lElj* 

where L(A)l={v E L(A) I hv=J.(h)v for all hE fj}. The Weyl-Kac character 
formula reads as 

(2.4) chL(A) = I; det w ew(A+p) / I; det w eW(p), 

wEW wEW 

where p E fj* is requested to satisfy p(hi ) = 1 (i =0, ... , 1). In [2] Kac 
and Peterson have shown that the character is expressible as a quotient 
of alternating sums of classical theta functions, as we shall summarize 
below. 

We denote by M* the dual lattice of M; M* ={a E fj* I (a, 13) E Z 
for all 13 EM}. For f1- E M* and mE Z+ we define classical theta function 
e:'m(r:, u) (r: E £' + ={!' E C I 1m!' >O}, u E fj*) by 

e:'m(!', u)= I; e[~mlr!2+m(r, U)], 
rEM+p/m 2 

where e[*]=exp(2rri*). We also define the following alternating sum. 

For h=2rri( -!'Ao+u+r;) with !' E £' +, U E fj* and r; E COO+· .. +Co l 

(2.2) and (2.3) imply that 

(2.5) I; det WeW(l)(h)=e[_( 1112 +(J., Ao))!'+(J., r;)]Af,o.6)(!" u). 
wEW 2(J.,0) 

Now, for A E P + we define the normalized character Xi!', u) by 

with m=(A, 0) and g=(p, 0). Then we have 
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1A+P12 
2(m+g) 

Ipl2 +(A, Ao). 
2g 

The following is well-known as the denominator formula. 

~ det w eW(p) =eP n (1- e-a)multa. 
wEW aE4+ 

This enables us to rewrite A'{,g(1:, u) as a product of the Dedekind 1)-func­
tion and the following theta functions of dimension 1. (See Table II.) 

1)(1:)=ql/24 n (l_qn+I), 
n~O 

8(1:, u)= J;z (_)n e[ ~ (n+ ~ Y1:+ (n+ ~ )u] 
=ZI/2ql/8 n (l-qn+I)(1_zqn+I)(l-z-lqn), 

n~O 

= n (1_qn+I)(1_zqn+I/2)(1_z-lq'HI/2), 
n~O 

where q =e2#i< and z=e2#lu. In general, for A e Z and N e Z+ we define 

.[)l,N(1:, u)= ~ (- )Nn e[N(n+~)21:+(Nn+A)u], 
nEZ 2 N 

,ol,N(1:, u)= ~ (-)<N+I)ne[N(n+~)~1:+(Nn+A)u]. 
nEZ 2 N 

In what follows we shall consider a triple of affine Lie algebras, say 
g(A), g(Af) and g(A#). The concepts corresponding to g(Af) or g(A#) will 
be distinguished by the mark t or #, respectively. For instance, the set 
of roots for g(A), g(Af) and g(A#) are denoted by ,1, L1t and ,1#, respectively. 
The only exception is ( , ), which we use in common for the sake of 
simplicity. 

First we consider the pair (g(A), g(A#)). We assume that there exists 
an embedding!: ~;~fjt# satisfying 

,(Ao) = A~, ,(0) = 01, ,(ij*) C ij*#, 

(2.6) ,(Zho+'" +Zhz)cZhg+ ... +Zhf#, !(L1) C ,1#, 

(1, A') = ('(A), !(A')) for A, A' e ~;. 
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The natural injective homomorphism W~WII is also denoted by,. 
Then we have 

(2.7) leW) .,(A)=,. w(l) for w E Wand 1 E fjg'. 

The transposed mapping of , is denoted by 1C: Namely we have (l~, ,(1)) 
=(1C(11l),1) for l~ E fjr and 1 E fjt. Note that 1C(A~)=Ao, 1C(Qi)=a and for 
A e q* 1C·,(A)=1. 

Proposition 2.1. For w e Wand III E fjt ll we have 

(2.8) 

Proof. Because of (2.7) it is sufficient to prove this for w=rt. 
Using (2.1) we have 

'(rt)(lll) =lll 2(A1I, ,(at)) ,(at), 
(,(at), ,(at)) 

=111 2(1C(A1I), at) ,(at), 
(at> at) 

=lll+,(rt ·1C(llt)-1C(AII)). o 
Let m be the projection fj:=CAoEBij*EBCa~CAoEBij*, and set ft= 

m·1C. Since 1C(l~)-ft(lll) E ca and w(a)=a, (2.8) can be rewritten as 

We note that if All E pi n fj:lI then ft(lll) e P n fj:. 
Now we assume that there exists another embedding et : fj:t~fjtll 

satisfying (2.6) with e, Ao, a, etc. replaced by et, A~, at, etc. We assume 
that 

(2.9) 

Proposition 2.2. For w E W, wt E wt and III E fj:lI we have 

In particular, leW) and et(wt) are commutative. 

Proof. For It E fj:t such that (At, at) =0, (2.9) implies ftefAt =0. 
Applying this to It = wt . ftt(AlI) - ftt(AlI) we obtain 

leW) ·et(wt)(AlI)~ All = l(W) ·It(Wt. ftt(llt)_ ftt(lll))+ ,(w· ft(lll)- ft(AlI)), 

= It(Wt. ftt(lll)- ftt(lll))+ e(w. ft(AII) - ft(lll)). 0 
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Proposition 2.3. For A# E g;# such that (Alt, Q#)=m>O and (Ai, A~)=O 
we have 

Afi;#m(-r, e(u) + et(ut» 

(2.10) = L: det w# e[~ (I W#(A#) 12 -I ftW#(A#) 12 -I fttw#(Ai) 12)] 
w# E ,(W) x 't()Vt)\Wi 2m 

X A!Wi),m(-r, u)A~wWi),m(-r, ut). 

Proof Using Proposition 2.2 we have 

L: det Wi ewi (llI) = L: det Wi ew!tC'i) 
wiEWi wiE,(W)X,t(Wt)\W# 

X L: det w e,(w.ft.wWi)-~·wwm 
wEW 

X L: det wt e,t(wt·~t·WWi)-Rt·Wwm. 
wtEWt 

Evaluating this identity at 27ri( -d~+e(u)+et(ut» we obtain (2.10). 0 

An element A E fj* is called regular if for any a E L1 such that a*O 
(A, a)*O. If A E fj* is regular there exists a unique w E W such that w(A) 
is dominant. We introduce the following notations. 

sgnA=detw, [A]=w(A). 

Then (2.10) can be rewritten as follows. 

Proposition 2.4 (Complementary decomposition). Let Ai be a domi­
nant integral weight in fj;# such that (A#, Q#)=m# E Z+ and (A#, A~)=O. 
We choose p# E fj;# so that (pi, Ag)=O. Then we have 

A:~gi-r, e(u~~et(ut~ XAi-r, e(u)+et(ut» 
Ap,g(-r, u)Apt,gi-r, u) 

- L: det w# sgn ftwi(A#+p#) sgn fttw#(AIl+ p#) 
w# E ,(W) x ,t(Wt)\Wi 

(2.11) X e[ -r (I w#(A# + p#)12 _lft. wi(Ai+ pi)12_lftt • w#(Ai + p') 12)] 
2(m#+g#) 

X X[R'W#(AHp#)]-i-r, u)X[~t.W#(AHp#)]-ptC-r, ut), 

Now we write this formula explicitly in the following cases of 
(g(A), g(At), g(A#». 

Case (1) (A(!) A(l) A(l) 
l' m-h t+m 
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Case (2) (C(l) C(l) C(1) ) 
l' m' Z+m 

Case (3) (A~~), A~~, A~~l+m» 

Case (4) (Di~!> Di!~!> Di~m+l) 

Case (5) (AiL!> Ai~_!> Am+m)-l) 

Case (6) (BP>' Br;.>, Bi~m) 
Case (7) (D(l) D(l) D(l) ) 

l' m' Z+m 

In Table II we list basic data and the complementary decomposition 
for Cases (1)-(7), respectively. 

In 1 ° the Dynkin diagram is given. In 2° 0, c and g are given. 
In 3 ° (Xi' hi, Ai and p are written in terms of the orthogonal basis ei ([6]). 
In 4° the Weyl group W;:; Wt>< M is given. In 5° the set of dominant 
integral weight of level m is described. In 6° the product form of the 
denominator formula is given. Finally the complementary decomposition 
is given in 7°. For definiteness, the rank I of the affine Lie algebra is 
explicitly exhibited in the notation of the normalized characters. 

Compared to other cases, Case (1) is complicated because IWlt(Alt)12-
1n-·wlt(AIt)12-In-t . wlt(Alt) 12 does not vanish and #(l(W) X It(Wt)\Wlt) is infinite. 
The following give the decomposition for Case (1) with Alt=O in a much 
more convenient form than that in Table II. 

WesetN=I+m+1. We denote by pjJ orpjJo the following subset 
of@)N. 

pjJ={wlt E@)Nlwlt(1)<···<wlt(l+I), wlt(/+2)< ... <wlt(N)}, 

pjJo={wll E pjJlwlt(I+I)=N}. 

For wlt E pjJ we set 

Ai =N+l_ wlt(i), (i=I, ... ,1+1), 
2 

Aj=N~I_wlt(l+I+j), (j=I, ... ,m). 

Let A be a weight in lj* satisfying 

and let At be a weight in lj*t satisfying 

(At,ot)=l+i, At+pt=~ (Aj-! ~1 Aj}j. 
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We denote by Ythe Young diagram with the signature (}'I-AI+1-l, "', 
A/-A/+ 1-l). The following are in one to one correspondence. 

(i) w~ E flJo, 

(ij) A E P+ mod Coo+'" +Co l S.t. (A, o)=m, 
(iii) YcR I+1.m : the rectangle of size (l+I)Xm S.t. the (l+l)-th 

row of Y is void, 
(iv) yt C Rm. 1+1: the rectangle of size m X (l + 1) s. t. the first column 

of yt is full. 
In fact, the correspondences (i )~(ii) and (ii)~(iii) are given above, and 
the correspondence (iii)~(iv) is given in Section 1. 

Note that for wI! E flJo, det wi!=( - )lFtI. We set X~)(!', U)=X~I)(!" u). 
Let itt = .L;j=l uje} such that I ut 1,w.L;j= 1 u} is not necessarily zero. 

We set ut = .L;j=l uje} E Ij*t with uj =u}-(Ijm)lutl. 
We denote by (J the isomorphism of pt modCoo+'" +Com _ 1 such 

that 

For ytCRm • I +1 we define 

(2.12) 
'(m)( At) 1 ~1( )(l+I)q(J ( lutl ) 
XFt !', u =-() L.J - V'(I+I)q-«1+I)m/2)+IYtl.(I+I)m !', -

r;!' q=O m 

X X~~::m(!', ut). 

Let At=(aL)i.J=I ..... m be an mXm matrix with alj =Noij-1. The 
inverse At-1=(al j)i.j.=I ..... m is given by 

atJ = 1..(0 'J + _1_). 
, N' 1+1 

We define an m vector p=(Pj)j=I ..... m by 

The following identity will be shown in the proof of the following pro­
position. 

r;(!')m(3~m)/2 n (j(!" u!-u})x~t)(!', ut) 
l:5:i<j:5:m 

(2.13) 
_ .L; det wt .L; (- )(l+I)mL;7=ln j 

-wtE@lm njEZ 
Tj=nj+ PwtU) 



Affine Lie Algebras 

Proposition 2.S. The notations are as above. We set 

m 

and itt = 2: it}e}. 
j=1 

We assume that 2:~!t u, =0. Then we have 

Proof The denominator formula for Ai~m implies 

7j(I+m)(l-l-m)/2 n (J(-r:,u,-uj ) 

l~i<J~I+l 

(2.15) 

We set 

Then we have 

(2.16) 

X n (J(-r:, itl-it}) n (J(T, ui-it}) 
l~i<j~m l~i~I+l 

l~j~m 

lJ=Nr+A1+··· +Al+I=Nr-AI-··· -A)'", 

1f =It __ lJ_, (i = 1, ... , I + I), 
1+1 

At,O =At __ lJ_ (i = 1, ... , m). 
J j /+1' 

1+1 

2: (NI,+A~(,i})=O, 
i=1 

1+1 1+1 lJ2 

2: (NI, + AW(t»)2 = 2: (NI, + A~(t»)2 +-1-1-' 
£=1 £=1 + 
1+1 1+1 

2: (Nit +Aw(,»)U, = 2: (NIt +l~(t»)ui. 
i-I >=1 

35 
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Hence the right hand side of (2.15) can be rewritten as 

(2.17) 

We shall define a bijective mapping IC: fJ1 X Z----+fJ1 X Z so that the 
following is bijective. 

fJ1oxZ~fJ1XZ 
(2.18) IJ} IJ} 

Note that w# E fJ1 is in one to one correspondence with such a partition 

that satisfies A1>' .. >A I +1 and Ai>· .. >Arn. We define r', pai=l, ... ,I+l 
and Pj}j=l, ... ,m corresponding to IC(W#, r) as follows. If w#(l) = 1 then we 
set 

r' =r+ 1, 

A~ = {Ai + 1 + 1 (i = 1, .. " I) 
A1+1-N (i=I+l), 

If w#(l) * 1 then we set 

r'=r, 

(j=l, "', m). 

(i = 1, .. " I + 1), 

(j=l, "', m-l) 

(j=m). 

Then 1.1, P?}i=l, ... ,Z+l and P~O}j=l, ... ,m will change as follows. 
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AOI = {A~+1 
i A~-N 

(i = 1, ... , /) 

(i=l +1), 

(j=I, ... ,m). A}OI =A}O 

Case w~(1) *' 1. 

In particular 

(i = 1, ... , 1+ 1), 

(j=I, .. ·,m-l) 

(j=m). 

1 1::r;-. 'tOI + 1 ::r;-. 'to 1 -r +- LJAj =-r - LJAj - • 
N j=1 N j=1 

Namely, in the correspondeI,l.ce of (2.18) we have 

1 ::r;-. ,to s=r-- LJ Aj • 
N }=1 

37 

The above consideration enables us to rewrite (2.17) so that the sum 
over fIl X Z reads as the sum over fila X Z, which gives rise to the right 
hand side of (2.14) in the form of (2.13) (up to a trivial factor). 

To show (2.13) we introduce 

The right hand side of (2.15) can be rewritten as 

The change of ~} caused by IC is as follows. 
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Case w~(1) = l. 

~Y=~j+N (j=1, ... ,m). 
m 

Case w~(1) * 1. 

Let At be a weight in fj*t of level 1 + 1 such that 

Then we have 

Hence, rewriting (2.19) so that the sum over f:Yi X Z reads as the sum over 
f:Yio X Z again, we obtain (2.14) withX~t)( 1:, at) given in the form (2.12). 0 

Table II 

(1) A?) 

o 1 1-1 I 

2° o=ao+' .. +al, c=ho+'" +hl, g=l+ 1 

3° (Ci,Cj)=Oij (i,j=l, .·.,1+1), 

ai=hi = . {
O-Cl+CI+l (i =0) 

Ci-Ci+l (1=1, ... ,/) 

- i 
Ai =cl+"'+ci- 1+1 (Cl+"'+ CI+l) (i=O, ... ,/) 

p= ~Cl+(~ -1)c2+"'- ~Cl+l 
4° W~@;I+1> 

M={~ ViCi IVi E Z, ~ vi=o}. 
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1+1 
A1>"'>A1+l> Ai-AjEZ, ~Ai=O, l+m>A1-Al+l' 

i=1 

The following isomorphism of fj* is denoted by a. 

a(Ao)=Al> a(A1)=A2,···, a(Al)=Ao, 

a(oo)=ol> a(01)=02"", a(OI) =00' 

6° All:', u)=r;(!,)(1/2)1(1-1) n B(!', ui-uj) 

1+1 
where u= ~ Uiei' 

i=l 

l~i<j:::;;l+l 

7° r;(!,)I-Cl+l)m n B(!', ui-uDxy+m)(!" c(u)+ct(ut» 
l';;i';;I+1 l';;j';;m 

= ~ ~' det w( _ )(l+m-I)8 
SEZ iliE15t+m+l 
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X e[!'N(_l_+~)(s+ ~)2 +N(_l_ ~ Uj-~ ~ u}) 
2 1+1 m N 1+1 j~1 m j~1 

X (s+ ~ ) ]x~~t!)(!', u)X~t2'(At)(!', ut). 

The sum ~~E@)!+m+1 extends over such w E @5 1 +m + 1 that 

w(1)<'" <w(/+1) and w(/+2)< ... <w(/+m+1), 

and c(ei)=ei (i=l," ,,1+1), ct(eD=ej+l+1 (j=1, .. ·,m). Define~,; 

(i=l, .. ·,I+m+1) so that A+p=~l~i"+1~iei' The data N,~, A and 
At are determined by wand A as follows. 

N =1+m+(A, 8)+ 1, 

c=::>o-­
o 1 

-o¢:=:O 

I-I I 

2° 0=ao+2a l +··· +2a1_1+aZ, c=ho+'" +h1, g=l+ 1 

3° (ei' ej)=iOij (i,j=l, ... , I), 
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ao=ho=o-2sj) 

a i =hi/2=Si -S;+1 (i = 1, .. . ,1-1) 

a l=hl =2sl· 

Ai =SI+'" +ei (i=0, .. ·, I) 

P=lsl+'" +Sl' 

4° W~~l~{±W, 

M ={tf lJiSi IlJi E 2Z} 
5° A+P=A1S1+' .. +AlSl, 

l+m>A1>'" >Al>I, VAi E Z. 

l 

where u=.L:: 2U i S i • 
i=l 

7°t) r;(r)-2lm .L:: (J(r, ui+uj)(J(r, ui-uj)xy+m)(r, c(u)+ct(ut» 
l~i:::;;l 
l~j:::;;m 

= .L::' det wX}ll(r, u)X~tl(r, ut ). 
wE8Z+ m 

(3) A~P 

O¢::==O -.'. • - ex::==:> 
o 1 /-1 I 

o=2ao+'" +2al_1+al, c=ho+2h1+·· ·2h l, g=2/+1 

(Si,Sj)=Oij (i,j=I, ... ,/), 

ao=ho/2=o/2- Si' 

ai=hi=si-Si+l (i=I, ... , 1-1), 

a l =2hl =2sl· 

Ai =SI+'" +Si (i=0,.··, I), 

P=lsl+'" +Sl' 

4° W~~l ~{±I}l, 

M = {tf lJiSi IlJi E z}. 
5° A+P=A1S1+' .. +Alel' 

1+[;]>A1>"'>Al>I, VAiEZ. 

6° Alr, u)=r;(r)l(l- llr;(2r)-l IT (J(r, ui+uj){}(-r, ui-uJ 
l";'i<j,,;.1 

X IT (J(2r, 2ui)O(r, ui), 
l";'i";'l ' 
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where u= L; uiej' 
i=l 
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7°t) r;(r)-2lm IT OCT, ui+Uj}O(T, Ui-Uj)x~+m)(T, c(u)+ct(ut» 
l~i~l 
1:5; j':; m 

= 'V' det WXCl)(T u)XCm)(~ ut) L-J A, At "" • 
wE@5Z+ m 

0<;:=0-. • .--0:::=::>0 
o 1 1-1 1 

2° o=aO+··· +al. c=ho+2h1+··· +2hl_1+hl, g=21, 

3° (ei,ej)=20ij (i,j=l, . . ·,/), 

ao=ho=o-eJ> 

at = 2ht = et - ei + 1 (i = 1, ... , /- 1), 

al=hl=el. 

At =el+··· +et (i=l,···, 1-1), 

2Al=el+··· +el, 

p=(/-t)el+··· +tcl 

4° W~@)ll>< {±lP, 

M={tiVtCt!Vi EZ} 
5° A+p=A1Cl+· .. +AlCl' 

2/+m-l>2A1>··· >2Al~1, 

VAt E Z or VAt E Z+t. 
6° A/T, u)=r;(zY-lr;(2T)-(1-l)2 IT O(2T, ut +Uj){)(2T, Ut-Uj) 

l,:;i<j':;l 
X IT OCT, ut ), 

15:i::;:l 

7°t) r;(T)-1r;(2-cY-2lm IT O(2-c, Ui +U})O(2T, Ui -uj) 
l::;:i:::;;l 
ls;,j":::;'m 

xx~+m)(-c, c(u) + ct(ut») = L;' det WX~l)(T, u)X~t)(-c, ut). 
iliE®z+m 

(5) A~~~l 

10 0 ~ ••• -o¢=:::::o 
1~··· 1-1 1 

41 
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2° o=ao+a,+2az+'" +2a l _ l +aL' 

c=ho+h,+2hz+'" +2h l , g=2/. 

3° (Ci, Cj)=Oij (i,j=I, ... , I), 

ao=hO=o-CI- C2' 

ai=hi=Ci-Ci+, (i=I, ... ,/-1), 

a L =2h l =2CL' 

Ai=cI+'" +Ci (i=I,···, I). 

p=lel +··· +CI' 
4° W~@51 IX {± I}L, 

M ={~ !JiCi 1~!Ji E 2Z,!Ji E Z} 
5° t t) A+p=A,c,+", +A1cI' 

2I+m-l>A,+A2, AI>'" >AL>l, VA i E Z. 

6° Alr, u)=1)(r)-(I-!)'1)(2r),-L 

(6) B!') 

X IT OCr, ui +uj)8(r, ui-u j ) IT O(2r,2ui), 
l~i<j~1 l$i$L 

L 

where u=.L; UiCi' 
i=l 

1)(r)'-zLm1')(2r)-1 IT 
l$;i:::;;l 
l$j$m 

= .L;' det IV .L; X~L(~)(r, u)X~tc~t)(r, ut). 
wE@5Z+ m (a-,ut)=(id,id),(O'l,alt) 

10 0 ~ ••• -a::=:=>o 
1~~- /-1 I 

2° o=ao+a,+2az+'" +2al> 

c=ho+h, +2hz+' .. +2hL_, +h l , g=2I-1. 

3° (Ci,Cj)=Oij (i,j=I, ... ,1). 

ao=ho=o-c,-cz, 

ai=hi=Ci-Ci+1 (i=1, ... ,1-1), 

h 
aL=-L =Cl' 

2 

Ai=Cl+"'+Ci (i=l, ... ,/-1), 

AL=Hc,+", +Cl), 

p=(I-t)cl + ... +tcL' 
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4° W~@5z~{±IV, 

M ={~ ).IiSi 1~).Ii E 2Z, V).Ii E Z}. 

SOtt) A+p=AISI+ ... +AZS!> 

2/+m-2>AI+Az, AI>··· >Az>t, 

VAi E Z or VAi E Z+t. 

6° Ak:, u)=r;(r)Z(I-!) T1 OCr, ui+uj)O(r, ui-uj) T1 0(7:, uj )' 
l~i<j~Z l~j~Z 

z 
where u= 2: UiSi. 

i=l 

7° r;(7:)-zzm T1 0(7:, Ui +u})O(7:, Uj -uDXJ+m)(7:, &(u)+ef(ut)) 
l~i~Z 
l~j~m 

= 2:' det W 2: X~z(~)(7:, u)X~'t(~t)(7:, ut). 
wESt+m (O',O't)=(ld,ld),(O'l,O'lf) 

(7) Di l ) 

10 o~ •• • ~I 
1~ .... 1-~1~1 

2° o=ao+al+2az+··· +2az_z+az_l +az, 

c=ho+hl +2hz+··· +2hz_z+hz_l +h!> g=2/-2. 

3° (Si' Sj)=Ojj (i,j=I, ... , I). 

ao=ho=o-sl-sz, 

aj=hi=sj-Si+1 (i=I, ... , 1-1), 

az=hz=Sz_l+sz. 

Ai=sl+···+Sj (i=I, ... ,1-2), 

Az-I=HsI+··· +SZ-I-SZ), 

Az=HsI+··· +SZ-I+SZ), 

p=(/-I)sl+··· +SZ-l" 

4° . W~@5z~{±I}!-l, 

M ={~ ).IiSi 1~).Ii E 2Z, V).Ii E Z} 

5 0 ft) A+p=AISI+··· +AzSz, 

2/+m-3>AI+A2, AI>··· >Az, AZ_1+Az>I, 

VAi E Z or VAi E Z+t. 

The following isomorphism of fj* is denoted by q2. 

q2(Ai)=Ai, i=I,···, 1-2, QzCAz-I)=AI , Q2(Az)=Az- b 

43 
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a2(Oi)=Oi, i=l,···, 1-2, a2(01-1)=01, a2(01)=01-1. 

6° Ap(" u)=r;(-r)21-1 2 n OCT, Ui+Uj)O(T, ui-uj), 
I 

where U= I: UiCi· 
i=l 

lsi<jsl 

7°1) r;(T)-21m n OCT, Ui+Uj)O(T, Ui-Uj)x~+ml(T, C(U)+Ct(Ut)) 
lsisl 
ls.j-;;;'m 

= I:' det}v 
wE®z+m 

X I: X~liA/T, U)X~t(~I)(T, Ut ). 
(o! at) = (id,id), (Ul,Olt), (02,02t), (0"102, olta2t) 

t) The sum I:~E"'+m extends over such tv E iS l +m that w(l)< ... <w(l) 
and w(l+l)<··· <w(/+m), and C(Ci)=gi (i=l, ... , I) and ct(ci)=gl+i 

(i=l, ... ,m). Define ~i (i=l, ... ,I+m) so that A+P=I:i~l~igi. 
The data A and At are determined by wand A as follows. 

In (2) 

In (3)-(7) 

At - (I - -))A .:(!-. - t-t - 2 +(A, 0 0+ L.J Aw(l+l+ilCi-P. 
i=l 

tt) The following isomorphism of Ij* is denoted by a1• 

a1(Ao)=AlO a1(A1)=Ao, a1(Ai )=Ai, (i =2, ... , I), 

(11(00)=01, a1(01) =00, a1(0;)=oi, (i=2, ... , I). 

§ 3. Duality of branching coefficients 

Let g(l) be an affine Lie algebra, and let I denote the set of vertices 
of its Dynkin diagram. An automorphism a of g(l) is called a diagram 
automorphism if there exists a permutation [J of I such that a(x,) =x8 (l) 

holds for alIi E j and x=e,j, ii, d. Here and in what follows, the quan­
tities related to g(l) will be marked by ~. We define the contragredient 
action of (1 on fj*. One checks readily the following. 

Proposition 3.1. 

( i ) iiO('l8(J) =iiu, 
(ii) a(A,)=Ao(il' 
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(iii) (a(h), a(h'»=(h, hi), h, hi e fj*. 
(iv) aria-I =r 8m. 

45 

Let the orbits of a in j be indexed by a set I, and let 1t': j -+1 be the 
map which sends Ie j into its orbit by a. Then #1=1 if and only if 
g(A)=Afll and ord a=I+1. In the sequel we exclude this case, and 
assume that #1>2. For each i E I, there are then two possibilities: 

(1) 1t'-I(i) consists of disconnected vertices, 
(2) 1t'-I(i) = {I, I'}, and I, I' are connected by a simple line segment. 

We set t(i)=1 or 2 accordingly. Define A=(aij)j,jEI by 

aij = t(i) .L: iii] 
:ZE~-l(i) 

where J E 1t'-IU) (any J will do). 

PropositioD: 3.2. A is an affine generalize(l~a~tan mat~ix. 

Proposition 3.3. The invariant subalgebra 

g(A)"={X E g(A) !a(X) =X} 

is isomorphic to g(A). Its Chevalley basis is given by the rule 

e i =..; t(i) .L: e'l, it =..; t(i) .L: ii, 
, ' : l'E .-l(i) " 'IE .-l(i) 

hi = t(i) .L: hi, di = .L: (i1.. 
:ZE.-I~) :ZE.-I~) 

With the identification lj:::;lj*, fj:::;fj*, denote by t: lj*=---+-fj* the 
imbedding map and by 1t': fj*-+lj* the restriction map. 

Proposition 3.4. 
(i) t(Ai) =bi .L::ZE~-l(i) AI, t(ai) =bit(i) .L::ZE~-l(i)a~ 

where bi =a;la'( /(iii1ii't) for I E 1t'-I(i). 
(ii) 1t'(A:z) = t(i)Ai' 1t'(al)=ai with i=1t'(I). 
(iii) There is an imbedding of Weyl groups t: w=---+- JV which 

satisfies (2.7) and 

(t(i) = 1) 

(t(i) =2, 1t'-I(i)={l, ['D. 

Propositions 3.2-3.4 are verified by case-checking or by using the 
definition and Proposition 3.1. We omit the proof. 

In the sequel we give a standard numbering to j and I (cf. Table II). 
Writing 
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(3.1) 
t(Ao) =pAo+ t(Ao) +1), 1) E EB Cal 

'lei 

we havep=aolai#IT-l(O) (1 E IT-l(O)) andp'=t(O). 

Proposition 3.5. The invariant bilinear forms ( , h., ( , )ij* on fj* 
and q* are related by 

(1) Ag~l 

(2) AW_l 

(3) A(l) 21 

(4) Ag~l 

(5) C(l) 
21 

(6) Cg~l 

(7) Dif~l 

(8) Di~~2 

(th, th')~*= pp'(h, h')ij', h, h' E q*. 

g(.A) g(A) 

All) ~ ~ " " " 

<"""> CP) ~" .. ~ ... 

t ... > A(2) 21 0:<=0- ••• ~ . . . 
t: ... J D(2) 

~ ... ~ . . . 1+1 

~ ... > C)1) ~ ... ~ 
~ ... 

09=0- •• ·1 A (2)(t) 0::=>=0-. • • --<J:7:O 
O::;;z::o- • • • 21 

o=¢O- ••• > A(2) 21 0:X;:::::0-. • • ~ 
~ ... 
~ ... J 
~ ... D(2) 

1+1 ~ ••• -o:;:z:o 

Table 

p 

2 

1 

1 

2 

2 

2 

1 

2 
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Proof Since We TV, the bilinear form Ij* 3 h, h' >--'>(ch, ch')~* is W­
invariant. It vanishes on EB'EI CA, by Proposition 3.4. Hence it is a 
constant multiple of ( ')9'. The constant is determined by taking h = Ao, 
~=~ 0 

In Table III, we give a list of pairs g(A)::::Jg(A) that arise from an 
involutive diagram automorphism (i.e. (12 = id.). Here we do not consider 
those related to exceptional Lie algebras. 

III. 
p' 

1 

1 

2 

2 

1 

2 

1 

1 

o 

1 2!+1 _ 1_ 
---- L:: Ci-- C2l+1 
2(2/+1) i=1 2 

1 2!+2 

-- L:: ei -e2! +2 
2/+2 i=1 

! 

2 L:: ei +el+ 1 
i=l 

1 2!+1 

- L:: ei 
2 i-I 

~(l+ 1) 
2 

o 

1 
2(2/+ 1) 

2/+1 
2/+2 

1 

2/+~ 
2 

~I 
4 

I+~ 
2 

1+1 1+1 

L:: utet + L:: Utel +, +1 
i=l i=l 

! I 

L:: ute i - L:: ute21 +2- t 
i=l i=l 

I ! 

- L::2ute1 +1 - t+ L::2Utel+!+i 
i=l i=l 



48 

(9) D(l) 
1+1 

(10) D(l) 
21 

(11) Di~~l 

M. Jimbo and T. Miwa 

g(.J) 

> ... -< B(1) 
I 

>- ... > >- ... A(2) 
21-1 

>- ... ] >- ... BP) 

g(A) 

(Cotinued from 

p 

> ... ~ 1 

-

>- ... ~ 2 

>- ... -<*0 2 

--

(12) A~;~l >- ... ~ A(2) 
21 
~ • • • --o=<§::O 

(13) B(l) 
1+1 >- ... ~ D(2) 

1+1 ~ ... ~ 
(t) The O-th vertex is placed at the right end. 

Remark 1. In Table III, we set 

1+1 

L: Ui =0 (g(A) =Af1) 

U= 
I 1 

L: -Uicj 
i=l 2 

I 

L: UiCi 
i=l 

i=l 

(otherwise). 

1 

2 

Remark 2. In all cases except (6), we have ,,(0)=0 E I, so that 

t(f)*)cfj* and (t(Ao), t(U» = (t(Ao), t(U» =0. 

Consider now an irreducible highest weight module L(A) of g(.J) 
with dominant integral highest weight A E P +. 

Proposition 3.6. Regarded as a g(A)-module, L(A) decomposes into a 



Table III) 

p' 

1 o 

1 

1 

1 

1 
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o 

.ll 
2 

1 
4 

1 

1 1 

L: U,€,- L: U,€2l+1-' 
i=1 i=1 

1 1 

L: U,€, - L: U'€2l +2-, 
i~l i~l 

direct sum of irreducible highest weight g(A)-modules. 
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Proof The proposition follows from the complete reducibility 
theorem ([2] Proposition 2.9) for g(A)-modules, once the conditions of 
this theorem are verified. The only non-trivial check is that we have 
dim u(Cft)v< 00 for each i E I and v E L(A), where u(a) stands for the 
universal enveloping algebra of a. In view of Proposition 3.3 it suffices 
to show dim U(EBiEl' Cli)v< 00 for any proper subset i' of 1. Without 
loss of generality, we may assume that i' is connected. Then {el,1i' hihEl' 
generates a finite dimensional simple Lie algebra g' c geJ). Clearly the 
complete reducibility theorem is applicable to the g'-module L(A). Hence 
it is a direct sum of finite dimensional irreducible g' -modules, and the 
proof is over. 0 

Let us paraphrase Proposition 3.6 in terms of characters. Set h = 
-2rri(rAo-u) E 1)* with 1: E .Y'f\ and u E q*. Let ~ E fj* be such that m= 
0, ah.>O. If we evaluate the sum L:iET ei1 at t(h), we get 
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e[ -(p ~~ + 1'(~Wm+(i'PAo+1))~] 

x z;:: _e[mp In~+m{r, e(u»] 
rEM +m-11-p-l"Aol 2 

where we have used (2.3) together with e(u)-e(u) e C5, (5,1)=0 for 
7J e EBiOC5i and that (e(Ao), e(u»)+(pAo, e(u» = (e(Ao), e(u» =0. In view 
of this formula, we normalize the restriction of the character of g{A) as 
follows (cf. (2.5). 

xi~, u)= e[ (PS1+ ~ I e(Ao) 12+ {A, 1))~]chL(l><e(h)) 

= e[.E!...1 e(Ao) 12~_ m (e{Ao), e(u»]xiP~' e(u)-~e{Ao» 
2p p 
M - M -

=A l+p- «m+g)/P)'(Ao),m+ip~, e(u»/Ap_(g(P)'(AO)./P~, e(u». 

Here m=(A, 5), g={ji, 5) with ( , )=( , )i* and Xl denotes the (unspe­
cialized) normalized character of g(..4). 

Proposition 3.7. There exist holomorphic functions elA(~) on :YC' + 
such that 

holds. Here the sum runs over the finite set A e P + mod EBiEI COt, (A,o) 
=p'(A,5). 

Proof Set V={veL(A)leiv=O (ie1)}, and let V=EBlE.2'Vl, V.= 
{ve Vlhv=l{h)v for he ij} be its weight space decomposition with !l'= 
{l e P + I V.=FO}. Note that (A, 0) = (,.(A), o)=p'(A, 5) holds for all l e!l', 
since (a" 0)=0 (i e 1). We have L(A):::;EBlE.2' L(A)dimv •. Given ,.(A) e P +> 

let us fix a system of representatives f!Jl of the set 

{A e P + mod EB COt I (A, 0)= p'(A, 5). A=,.{A) mod Q} 
iEI 

where Q=EBiEI Zai. Since (EBtEI Coi)n Q=Zo, an element l e!l' can 
be represented as l = A - no with some A e f!Jl and 11 e Z. Put 

We have then 
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(3.3) 

This implies that the series E;JACe- a) is majorized by 

.L: . multp'le-~pl 
p:welght of L(A) 

up to a power of e- 8, and hence E;u(q) converges absolutely for Iql<l 
([2]). Evaluating both sides of (3.3) at h= -27Ci(do-u), we get (3.2) 
with the definition 

e,dT)=e[ (PS1-SA+ ; I t(Ao)12+(A, 1)))T]E1ie2~i'). 

Note that XiT, u) (resp. XiT, u)) depends only on A mod EbiE! cai (resp. 
A mod EbiEI COi), and so does e1iT). 0 

Remark. From the proof above, we have 

Proof The proposition follows from the fact X.(l)(T, U)=X1(T, u), 
which we shall show below. Without loss of generality we may assume 

A, P E fjt. In this case (A, 1)) =0 = (a(A), 1)), and IA+N=IA+pI2. Since 
a is an isometry (Proposition 3.1 (iii)), we have 

(3.4) 

On the other hand, a normalizes the Weyl group TV of gel) (Proposi­
tion 3.1 (iv)). Hence 

(3.5) 

holds for any h E fj*. (3.4) and (3.5) prove our assertion. D 

As we have seen in the classical case (§ 1), the complementary 
decomposition enables us to derive an identity "dual" to (3.2) that in­
volves the same functions e1iT). The results corresponding to the pairs 
in Table III are listed in Table IV below. In deriving them we have 
made use of the following product formulas for some special characters: 
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D (2) • 
1+1' 

M. Jimbo and T. Miwa 

XA/r, u)=)](r)-I)](2rY-l IT &(2r, Ui+~)' 
i~l 2 

XAl(r, u)=)](r)-I)](2r)1-l trl (-iO(2r, ui + ~)), 

XAo+A/r, u)=)](r)I-1)](2r) iDl (-i8(r, ui + ~)). 

B)1): XA,(r, u)=)](r)-1-1)](2r) ti O(r, U i + ~). 

In fact, each of them is reduced to one of the denominator formulas for 
affine Lie algebras. That the corresponding numerators have product 
formulas for arbitrary types of specializations was found by Wakimito [7]. 
We also utilized the following special cases of branching rules, which can 
be checked by using principal specializations. 

where 

Df1J.l~BP) 

- . _ )](2r) 
XAl+,(r, u)---XAl(r, u), 

)](r) 

X10(r, u) = )](r) L: ~u(r)XU(Ao)(r: u), 
)](2r) u~id", -

X10+1/r, u)= L: ~.(r)X.(Ao)+AI(r, u), 
u=id,Gl 

For each pair (9, g) in Table IV, the following data are given. 
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1 0 Correspondence of weights A++A for (g, g). 
2 0 Correspondence of weights At++At for the complementary pair 

«it, gt). 
3 0 Theta function indentity associated with (g\ gt) (the one dual to 

(3.2)). 
4 0 Explicit formulas for eli!') for small m. 

In 10 and 20 , A etc. are given in terms of the coefficients ~i of Si etc. as 
in Table II. The summation in 30 is taken over the partitions P given in 
10. 

Let us recall here the definition of Hecke indefinite modular forms 
that appear in 4 0 • Let B(r, n be a binary quadratic form of signature 
(1,1) defined on a lattice LcR2 of rank 2. We assume B(r, n E 2Z(r E L). 
Set L*={r E R2 \B(r, r') E Z for all r' E L}, G={g E O(B)\gLCL} and 
Go={g E G n SOo(B) \g leaves L*/L pointwise fixed}. Let further B(r, 7) 
= II(nlz(r) be a factorization into real linear forms li(r). A Hecke inde­
finite modular form with characteristic f1. E L * is by definition 

()fj'r)= ~ sgnll(n·e[~B(r, n]. 
rEGo\(L+p) 2 

B(r,r»O 

For our purpose, the following three types are of interest. In all cases 

we set L=Z2, r=(~) E ZZ, and take li(r) so that II(n>O for x»O. 

(i) B(r, n=2(l+2)x2 -21y2, 

11= 2~+J+' ~) ]. H;k('r) = ()fj'r), r 

21 
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The cases (i) and (ii) are discussed in [2] and [4], respectively. For (iii), 
the generators of G are given by 

(1 -1)' (-1) (21 + 1 I) 1 and a= 4/+4 2/+1 . 

A fundamental domain of G n SOo(B") (resp. Go) is given by 

F={(x,y) E R 2 1-2Ixl<lyl<2Ixl} (resp. FUa(F)). 

There are cases where the complementary identity in Table IV admits 
a simple interpretation. For the pair (2) or (5), the Lie algebras g1, gf of 
the complementary pair are related as 

(2)t gt=Ai.!~lcgt=Ci.!" 

(5)t gt=Ci.!)cgt=Ci.!). 

These embeddings are given by realization in terms of Laurent polynomials 
£It(m, C)0C[t, t- l]c£lj:J(2m, C)0C[t, t-I] (cf. § 1), £lj:J(2m, C)0C[t2, r2]c 
£lj:J(2m, C)0C[t, t -I], which are to be extended suitably to CcEB(EBCdt ). 

Proposition 3.10. For the pairs (2Y or (5)1, an irreducible gt-module 
L(At) is completely reducible as a ·~}-module. 

Proof. Since the proofs are similar, we do only for (2)t. The 
Chevalley basis for gt = Ai.!~1 reads 

e~= [[ ... [e~, en, eI], ... , eJ,.], n= [[ ... [f~,fn,fD, ... ,fJ,.], 

h~=h~+hJ,.+ct, d~=d~ 

and iI=xI (1 <i<m-l, x=e,j, h, d). It suffices to prove that 

dime u(Cn)v< 00 for any v E L(At). 

There is a well defined action of the Weyl group W t of gf=Ci.!) both on 
L(Af) and on gt. One checks that r~/~= -e~, r~fl=[fI,f~] and rofi=fi 
(2~i~m), from which follows r6n=[·· . [[/i,fD,fI], .. ·,/J.;]. Since 
this expression involves only 11 with 1 <i<m, our assertion follows 
from the proof of Proposition 3.6. 0 

There are thus theta function identities associated with the pairs (2t), 
(5t), which turn out to be of the forms 

"XA(m)(~ ut ... ut )et (~)-x(m)(~ ut .•. ut ) 
~ h ., U , mAw· - ~ ., U , m 
At 

L: X)~)(2!', uI, ... , uJ,.)e~tAt(!')=X~t)(!', ui, ... , UJ,.) 
At 
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respectively. Comparing these with Table IV, we conclude the following. 

Proposition 3.11. For the pairs (2) or (5), we have the duality 

el.lr)=ejt,ir) 

where the correspondence of weights A++At, A++At is described as in Table 
IV. 

Remark. In terms of Young diagrams, the correspondence for 
(2)++(2)t is the same as in Section 1, Proposition 1.3 (take complement 
with respect to a rectangle and transpose the diagram). For (5)++(5)1, 
one simply transposes the diagram without taking the complement. 

(1) A~}~l~A?) 

1 0. Ag~l: (A,8)=m 

A~~l: (A\ 8t)=2/+2 

Table IV. 

P: {it-i21+2h;:it;:i2z+1U{pjh;:ij;:im={2/+1+m, .. ,,2, I} 

with ij=pj-~(PI+'" +,u;,.), pI>··· >pTn. 
m 

2°. Afl): (A,o)=m 

A~~l: (At,ot)=I+l 

P: {At-Az+lh;:it;:iz U {.uHI;:ij;:im={1 +m, .. ,,2, I} 

with Aj=.uj-~(.uI+· .. +.uTn), .uI>·· . >.uTn. 
m 

3 ° .L; (- ).(1t.At)ij~)(2t', uI, .. " uTn)elit') 
p 

=e[~(l+I)mt'-~(/+l) I: Uj]i~'f)(t', uI-..!.., "', uTn-"!"). 
8 2 j~l 2 2 

{
7J(t')-17J(2t') (j =k or j =k+1 + 1) 

elA(t')= . 
J k 0 ( otherwIse) 

(O<j ~21 + 1, O<k~/). 

(2) A~}~I ~ ql) 
1 0. Ai}~l: (A,8)=m 
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A~~l: CA\ at)=21 

P: Pi-~2Ih;i;i;i;ZI-lU{pjh;i;j;i;m={2/-1+m, .. . ,2, I} 

with ~j=Pj-l.(Pi+··· +P:;"), pi>··· >p:;". 
m 

2°. ql): (A,o)=m 

C~): (At, ot)=1 

P: {Aih;i;i;i;l U{A}}l;i;j;i;m={/+m, ",,2, I}. 

3°. .0 x}~)(r, ui, .. " u:;")e,1ACr)=X~t)(r, Ul> •• " um)· 
p 

4°. (m= I) 

eAjAk(r)=7)(r)-2H~k(r) (O~j <2/-1, O;:;;'k~/). 

(3) AW:::JAW 

1°. AW: (A, a)=2m 

A~~l: (At, at) =21 + 1 

P: Pi-~21+1h;i;i;i;21 U{pjh;i;j;i;m={2/+m, ",,2, I} 

with ~j=Pj-l.(Pi+··· +P:;"), pi>··· >p:;". 
m 

2°. A~P: (A,o)=2m 

A~~: (At, ot)=21 

P: {Aih;i;i;i;l U{Ajh;i;j;i;m={/+m, "', 2, I}. 

3 0. :z= (- )'(At,At)x}~)(r, ui, .. " u:;")e Air) 
p 

= e[ mr +l. t ut.] 
8(21 + I) 2 j=l J 

xxcm)(r ut+ r ... ut + r ) 
At ,1 2(21 + I)' 'm 2(21 + I) 

X j1 (7)(r)-l&(r, uj+ 2(2/~1))' 

(j=kmod2) 

(j $.k mod 2) 
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(4) A~}~I~Di~1 

1°. A(I). (A- ~) 2/+1. , U =m 

A~~I: (A't, 8t)=21 +2 

P: Pi-~2!+2h;i;i;i;2/+1U{P}h;i;j;i;m={21+1-t-m,. ··,2, 1} 

with ~}=P}-~(Pi+··· +p~), pi>··· >p~. 
m 

2°. Di~l: (A,o)=2m 

D;;~I: (At, ot)=21 

P: {Aih;i;i;i;L U {A}h;i;j;i;m= {l+m+ ~, ... , ~, ~}. 
3°. L:(_y(At,At)X:'~)(2r,ui, ... ,u~)eAir) 

p 
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= e[ mr +~ ~ ut.]x~mt)(r ui+_r_ ... ut +_r_) 
8(1 + 1) 2 1:-'1 J , 21 + 2' , m 21 + 2 

X r;(z-) Ii (r;(r)_IO(r, U}+_r_)), 
1)(2r) j~1 21 + 2 

sCAt, At) = f; (,a}+A}+~) +lm. 
j~1 2 

{
1 (j=k orj=21+1-k) 

eAj'Jk,(r)= 0 (h .) ot erwlse, 

(O<j<21+1,O<k<I). 

(5) CW:JC?) 

1°. cW: (A,8)=m 

C~): (At, 8t)=21 

P: Pih;i;i;i;2LU{21+m+1-~j}I;i;j;i;m={21+m, .. . ,2, I}. 

2°. C?):(A,o)=m 

C~): (At, ot)= I 

P: {Aih;i;W U{I+m+1-2j}I;i;j;i;m={l+m, ... ,2, I}. 

3°. L:X:'~)(2r,ui, .·.,u~)eAir)=X~t)(r,ur, .. ·,u~). 
p 

4°. (m= 1) 

eAji1k(r)=r;(r)-Ir;(2r)-IHj~(r) (O<j~21, O~k<l). 

(6) qi~I:JA~P 

1 0. Cg~l: (A,8)=m 
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C~): (.,1\ 3t)=21 + 1 

P: {iih;:>i;:>2Z+1 U{i}h;:>j;:>m={2/+m+ 1, ",,2, I}. 

2°. Ai~): (A, o)=2m 

Ai!;: (At, ot) = 21 

P: {Aih;:>i;:>ZU{A}h;:>j;:>m={l+m,. ",2, I}. 

3 0. L: (- )S(At,At)X}';')(2-r, ur, .. " uJ,.)eAi-r) 
p 

4o •t) (m=l) 

eA Ak,(-r) = {7)(-r)-17)(2-r) (j =I-k or 1 + 1 +k) 
J 0 (otherwise), 

(0<j~21 + 1, O<k~/). 

(7) D~~~l:JAi~) (s, s' =0 or 1) 

1 0. Di~~l: (A,3)=2m+s+2s' 

D;!~l: (At,3t)=41+s+2s' 
- - -t P: {Aih;:>i;:>2Z U {AJh;:>j;:>m 

={21+m-1.+£ ... 3+s' I+S'}. 
2 2' , 2 ' 2 

2°. A~~): (A, o)=2m+s+2s' 

A~~;"+8'): (At,ot)=2/+s 

P: {Aih;:>i;:>Z U{A}h;:>j:a;mH,={I+m+s', ",,2, I}. 

3 0. ~ (-)S(At,AtlX}';')(-r, uI, .. " uJ,.)eJA(z-) 
p 

e[l.lm-r+1 ~ ut]x(m)(-r ut+~ ... ut +~) 7)(2-r) 
4 L.J j At ,1 2 ' 'm 2 ( ) 

J~1 7) -r 

(s=O, s'=O) 

e[~ I(m+l)-r+ltlu}] 

X(m+l)( t+ -r t + -r 1 + -r ) X At -r'U1 -," ',Um -,- -
222 2 

X 7)(2-r~2 ii (-i7)(-r)-l(}(-r, u}+l.)) (s=O, s' = 1) 
7)(-r) j=1 2 
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X r;(21:)2 IT ( r;(1:)8(21:, u}+H ) (s= I, s'=O). 
r;(1:)2 j=l -ir;(21:)8(1:, u}+t) 

e(A\ At) = i:: (2} + 1-s' ) + mi::' A} + (m + s')s' + 1m. 
j=l 2 j=l 

{r;(1:t1r;(21:)-lH~l:l+1' k + 1 +1(21:) (j =k mod 2) 
el/Ak·(1:)= () 1 (2 ) IH2l+1 (2 ) (. k d 2) r; 1: - r; 1: - l-j,k+l+l 1: ] $= mo 

(0<j<2/,0<k::;:;'I), 

elo+121.Ak,(1:)=r;(21:)2r;(1:)-se[ - 2k: 1 ]..92k +l.41 +6(;, !) 
(8) Di~~2::JDi~1 (s, s'=O or I) 

1 0. Di~~2: (A,3)=2m+s+2s' 

D;!~I: (At,3t)=4/+2+s+2s' 

P: Pih:lOi:102! +1 U {2}h:iJ:im 

(0 < k::;:;. I). 

={21+m+ I+s', "', 3+s', "', l+s'}. 
222 

2°. Di~l: (A, o)=2m+s+2s' 

D;!~8'+I: (At, ot)=21+s 

P: Pih:lOi:lO!UP}h;a;j;a;m+s,={I+m+s'- ~, "', ~, ~}. 
3°. L:(-).(lt.At)X}~)(21:,ui, ••• ,u;")eli1:) 

p 

e[1..Im1:+1 i:: u}]XW)(1:, u!+1:, "., u;"+1:) 
2 j=l 

x r;(41:)r;(1:) IT (r;(21:)-18(21:, uj)) (s=O, s'=O) 
r;(21:)2 j=l 

e[l..l(m+ 1)1:+1 i:: U}] 
2 j=l 

XX~t+1)(1:,U!+1:' ... ,u;"+1:, ~ +1:) 
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{
1)(2T)_11)(4T) (j=k or 2/+ I-k) 

eA "Ak,(T) = 
J 0 (otherwise) 

(O~j<2/+1, O<k~/), 

eAO+A21+1.A.,(T) = 1)(2Tt I.,9Zk+I. 41 +4(T, 0) (O<k~/), 

(s=O, s' = I) 

e Ao+A/.Ao+A.,( T) = 1)(2T)-I1)( 4T t l (Hijl:l;2k +1(2T) - H~]l:l;2k + 4l +7(2T» 

(0<j<2/+1, O<k~/). 

(9) Dl~l-::;BP) (s'=O or I, s=o or 1) 

1 0. Dl~l: (A, a)=2m+s+s' 

D:;'): (At, 6t)=21 +2+s+s' 

P: Pih:£i:£l+lUP~h:£j:£m={/+m+ ~, "', ~} 
2°. Bl l ): (A,0)=2m+s+s' 

B:;'): (At, ot)=21 +s+s' 

P: {2 i }1:5:':5:lU{2t }1:5:':5: ={/+m+ s-I ... S+I} 
-'- J _J_m 2" 2 

L: L: X~'t(]tJ(T, ut)( - ),(At.At)ea(A)iT) 
Ii (u,at) 0:: (id,id), (aI,dlt), (i12, (12t), (iild2,c11ta'2t) 

( () ) "_' T1 (j(T, U})2 
= ~ l:5:j:5:m "" e: ()x(m) ( t) L.J 'i at T ut(At) T, U • 

1)(2T) 1)(Tym ut~id.a,t 

ai' aJ, (1J are the automorphisms in Table II, 

sCAt, At)= L: (ij-2j-J:..) 
l:£j:£m 2 



Affine Lie Algebras 61 

1 s'=O, A1*I+m+ s - 1 
2 

1/2 s'=O, t 1 s-1 A1= +m+--

';.(r) = 
7)(r) ( 1 + e[1/48] ) s'=I, a=id 

2 7)(r/2) 7)«r+ 1)/2) 

7)(r) ( 1 
2 7)(r/2) 

e[I/48] ) 
7)«r+ 1)/2) 

s'=I, a=ai 

4 0. (7)(7)) )8-S' 7)(r)me(r) 
7)(2r) 

= C· L: sgn at sgn a L: ';.t(r) sgn w 
at=id,ult WE@mlX{±l}m 

X 19~+1)w(.t(At)+pt)-N(iit(At)+fi),N(N+1)(r, 0) 
where 

e(r)=ea(A)lr), (a, o,t) = (id, id) or (8\, aD if a1(At)*At 

e(r)=eAlr)+eii,(A)lr), (a;at)=(id, id) if a1(At)=At 

c = {I (aKAt) * At) 

1/2 (aiCAt) = At) 

N =21 +2m-l +s+s', 

sgnat ={ 1 
-1 

sgn 0'= { 1 
-1 

{
det w s= 1 

sgn w= 
det W1 s=O, W=(W1,~e) E@5mt><{±I}m. 

2 

19M signifies the classical theta function defined in Section 2 on the lattice 

M={tvAltVj E2Z, 'tVj EZ} 
J=1 J=1 

~ {t Vjg~ I t Vj E 2Z, 'tVj E z} 
J =1 J =1 

(identified through e~ = g~ for 't j) 

(10) DW:J A~F~1 

1°. DW;(A,8)=2m 

D;;'); (At, 8t)=41 

p; Oih~i~2l UOjh~j~m={2/+m-l, .··,1, O}. 
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2°. Ag~l: (A,0)=2m 

Ai;';-l: (At, ot)=21 

P: PJl:;;i:;;Z Upjh:;;;:;;m={/+m, , .. ,2, I}. 

3°. r: L; 
p (0, (1t) = (id,id), (81, l11t), (82,(12t), (GlU2, iilt0'2t) 

x X~t(:rt)(2T, ui, .. " u;,.)( - )<(It,At)eu (A)iT) 

1}(2T) [11 +1 ~ t]C '\' x(m) ( t+ T t T) =--e - mT L.J U j L.J uteAt) T, U1 -,"', um+-
l}(T) 4 j~l ut~id,Ul 2 2 

e(A\ At) = t OJ+Aj-I)+lm 
j~l 

C- {I ai(At)=t'=At 
1/2 ar(At) = At 

4 0 •t) (m=I) 

eAj'Ak,(T)= ~ kl}(T)-11}(2T)-lH7~(T) (1 ~j <2/-1) 

e2AO,Ak,(T) + e2A"Ak'( T) = ~ kl}( T )-11}(2T)-1 H~~Z( T) 

e2Az"A..( T) + e2An _1 ,Ak'( T) = ~ kl}( T) -11}(2T) -1 H~~Z(T) 

where 

{
I (O<k</) 

~k= 1/2 (k=O). 

(11) Dg~l:JBP) 

1 0. Di~L: (A,8)=2m 

D!;;): (At, 8t)=2(21 + 1) 
- - -t P: {i!ih:;;wZ+IU{i!jh:;;j:;;m={2/+m, ... , I,O}. 

2°. BP): (A,0)=2m 

B!;;): (At, ot)=21 

P: {i!ih:;;i:;;ZU{i!jh:;;j:;;m={/+m- ~, "', ~, ~}. 

3°. L; L; 
P (0', O't) = (id,id), (iiI, a1t), (0'2,02t), (iiIuZ,Ultii'zt) 

X X(m). (2 ut t)( )«AI,At) • () ut(At) T, 1>"" Um - ea(A)A T 

= e[~/mT+I t uj]C L; X~t(~t)(T' ui+~, "', u;,.+~) 
4 j~l at~id,alt 2 2 
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C_{I ai(At) * At 
1/2 aI(At) = At. 

4°.fl (m= 1) 

eA"N('t")=e~l+l_k.A.'('t")=1)(t')-I1)(2't") (1 <k</) 

e2A02A.('t") + e21,2A.( 't") = e2A2/2A.('t") + e21"+l2A,('t")= 1)('t")-11)(2't") 

(k=O or 1) 

all other eil(All,iI(Ak''{'t")=O (a=id, 0'1' 0'2' 0'10'2; a=id, a,). 

(12) A~~~I~AW (s'=O or 1) 

1 0. A~~~I: (A,3)=2m+s' 

A~!l.-I: (At,3t)=2/+2+s' 
- ~ ~t 

P: {Ath:it:il+lU{Aih:it:im={/+m+I, ... , I} 
2°. A~~l: (A,o)=2m+s' 

A~!l.: (At, ot)=21 +s' 

P: {Ath:it:ilU{A}h:it:im={/+m, ... , I} 
3° ~ L: X~71tl('t", ut)( - )S(At.AtleAi't") 

p q~ld,iIlt 

( 
() 

)
1-.' IT B('t", u})2 

= ~ gj.r.m X~t'l('t", ut), 
1)(2't") 1)('t")2m 

ai: iI~2(/+m+I)+s'-ii, 

c(At, At)= L: (l}-Aj) 
l:ii:iim 

1)('t")m( 7J{'t") )8' eAi't") = c. det (L: c,,9~tl+lls1it-Ni.t,N(N+ll('t", 0» 
1)(2't") s~±1 

N=2/+2m+l+s' 

c_{l 
1/2 ai(At) = At 

{fJ. s'=O 
,,9(8'l= n 

17 s'=1 

(13) Bl~I~Di~1 (s'=O or 1, s=O or ]) 

1 0. Bi~l: (A,3)=2m+s+s' 

B;;'l: (At,3t)=2/+2+s+s' 

(j, k= 1, ... , m) 

63 
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- - -t { s+l S+l} P: PJI~t~l+l Upjh~j~m= l+m+-2-, "', -2-

2° DI~l: (A,13)=2m+s+s' 

D;;'~l: (At, 13t)=21 +s+s' 

P: Pih~j~l UPjh~j~m={I+m+ S;l ,"', S;l } 

3°. L: L: X~71tP~, ut)( - Y(At,At)eA,b) 
p .~ld'~lt 

n' t 2 = (1)(4~) )"-S( 1)(~) )1-' l~j~m (j(2~, Uj ) XW)(~, uf ), 

1)(2~) 1)(2~) 1)(2~ )2m 

0'1: ii-H-2(l+m)+s+s'+1-ir, 

e(At, At)= L: OJ-AD 
l~j:;;m 

N=2/+2m+s+s' 

{
I a1(At) 1= At 

c= 1/2 a1(At)=At 

{ .§. s+s': odd 
.f}.(S+B')_ . 

.f}. s+s': even 

t) Aj signifies the following weight. 

Ai~): 2Ao (j = 0), A j (1 <j < l) 

(j, k= 1, .. " m) 

DI~I: 2Ao (j=0), Aj (1<j~l-l), 2Az (j=l) 

DII): 2Ao (j=0), Ao+AI (j=1), Aj (2<j<I-2), 

AZ-l+Az (j=1-1), 2Az (j=/) 

Ai~~l: 2Ao (j=0), Ao+AI (j=1), Aj (2<j~l) 

B?): 2Ao (j=0), Ao+AI (j=1), Aj (2<j~I-1), 

2Az (j=/). 
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