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On a Duality of Branching Rules
for Affine Lie Algebras

Michio Jimbo and Tetsuji Miwa

§0. Introduction

Let § be an affine (Kac-Moody) Lie algebra, and let g be an affine
Lie subalgebra thereof. In this paper we consider the irreducible decom-
position of an irreducible §-module L(J) with highest weight 4 with
regards to the subalgebra g. More specifically, we are to find the
multiplicity (A: 4) of an irreducible highest weight g-module L(4) ap-
pearing there, to be called the branching coefficient.

Recent theory of Kac-Peterson [1] [2] enables us to formulate this
problem in terms of modular functions as follows. In the decomposition
of L(4), the irreducible components appear as a “string” L(A—n?) (n € Z)
in the direction of the null root § of g. Introducing the generating func-
tion Ez{q)=2 ¢z (A: A—nd)q", we are led to the identity of characters

0.1 chy gy ]t»:; Eiq)chy, g=e.

Here §) denotes the Cartan subalgebra of g, and 4 runs over a finite set
of dominant integral weights of ¢ mod C6 having the same level m=(4, §).
Kac-Peterson [1] [2] show that, up to a rational power of ¢, the characters
are expressible as quotients of classical theta functions. As a con-
sequence, e;(7t)=FE;(q)X(some power of q) with g==¢*""" becomes a
modular function (this is an object analogous to the string functions in [1]
[2].) Thus the problem is to determine the modular functions e;(z)
defined via the theta function identity (0.1).

For level 1 modules L(), this has been studied in [3] [4], motivated
by its connection with soliton theory. There the functions ej;,(z) have
been determined for the pairs A3 ,DCP, AP DAY and CPDOCP in
terms of Hecke indefinite modular forms. Since (0.1) involves theta
functions of dimension /, it gets complicated for large /. The point in [4]
(although somewhat obscure there) was to derive another identity for
e;(7) that involves theta functions of dimension 1, that is, the level of 4.
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The purpose of the present paper is to establish a general duality of
this sort, relating the functions e;,(z) for two pairs of Lie algebras (§, g) vs.
(@', g"). What is characteristic here is that the roles of the rank / and the
level m of the representations are interchanged between these two pairs.
‘We note here a similarity between our work and Frenkel’s [S] where he
considers the branching coefficients with respect to a Heisenberg sub-
algebra.

Let us illustrate our result in the simpler case of finite dimensional
Lie algebras. For fixed positive integers /, m, consider the pairs

g=gl(2/, ©)Dg=3p(2], C)
= gr(ma C) c gf :§p(2m) C)'

Their irreducible representations are parametrized by Young diagrams
Y, Y, ¥t and Y, respectively. To be more precise, let ¥ (resp. ¥*) stand
for the corresponding irreducible gl(2/, C)-module (resp. gl(m, C)-module)
on which the center of g[(ZI C) acts as a scalar | ¥'|=the number of tiles
composing ¥ (resp [¥t|—7). There is a one to one correspondence
between diagrams ¥ contained in a rectangle R,; ., Of size 2IXm and ¥
in R, ., of size mX2/; namely, take the complement and transpose the
diagram. In the same way, let YCR, ,, correspond to Y'CR,, ;. Under
these correspondences, the following duality of branching coefficients
holds:

Theorem 1. (¥: Y)=(Y': ¥'?).

Theorem 1 appears as Proposition 1.3 in Section 1. Note again that
the choices of /, m are arbitrary. To prove Theorem 1, we make use of an
identity which gives the characters of gl(2/+m, C) (resp. 8p(2/4-2m, C))
in terms of those of gl(2/, C) and gl(m, C) (resp. 3p(2/, C) and 3p(2m, C)).
It will be.termed the complementary decomposition of characters in the
text.

The same method applies to affine Lie algebras as well. Consider
now the pairs

§=AQ Dg=C
=AY Cgl=CO.

The corresponding theta function identities read as follows:
0.2) 150z, W)= 21 ez, )

{0.3) Z} 150 (2, uhel, (D) =25 (z, uh).
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Here [ and 4 denote dominant integral weights of A5, and C{V, both of
level m. They are in one-to-one correspondence with A' (level 270 of
AP or A" (level I) of CS respectively, by the same correspondence as
in Theorem 1. %%(r, w), XP(z, u) and X§P(z, u") signify the suitably
normalized characters of A{, (restricted to C), C{ and C¥ respec-
tively. Finally

o m m=1 y 1 m ~ ~—
1570 ) =3 99 (5, = 3518 )ue) 25 )

where 9“(z, u) is a theta function of dimension 1 (see (2.12)), xgn
denotes the character of A ,, 5(z) the Dedekind eta function, and ¢ is a
diagram automorphism which permutes the vertices of the Dynkin diagram
cyclically. In the notations above, we have

Theorem 2. e;,(z)=el, (7).

Note that Theorem 2 reduces to Theorem 1 above in the limit g =
—0.

We shall work out a list of such dual identities for pairs § g, where
@==§° is the invariant subalgebra of an involutive diagram automorphism
¢ of §. This leads in particular to a duality of branching coefficients
for the pairs C{PDOCP vs. CR = CY (Proposition 3.11). In most cases,
however, an extra factor (independent of weights) enters in the right side
of the second identity (0.3). We do not know a simple Lie theoretical
interpretation of (0.3) in such cases. Nevertheless it provides an effective
way of determining e;,(z) for small m.

Let us give a brief account on the plan of this paper. In Section 1
we shall treat finite dimensional Lie algebras gl(n, C), o(n, C) or sp(n, C),
and explain the complementary decompositions and duality of branching
coefficients for them. The essential points of this paper are all contained
in this paragraph. Sections 2 and 3 deal with affine Lie algebras. In
order to fix notations, we first review in Section 2 on generalities of affine

Lie algebras and Kac-Peterson’s theory. In the latter part of Section 2,
we give the complementary decomposition of characters for affine Lie
algebras. The result is listed in Table II. Section 3 is devoted to the
duality of e;,(r) associated with a pair §O§° (Table IV). As an applica-
tion, we shall explicitly determine e;,(r) for small levels m in terms of
either Hecke indefinite modular forms or (positive-definite) theta functions
of dimension 1. In particular, for 4%,, D AP, B»,D>D®, and DN, DBM,
ej,(7) is determined for all m.

We would like to thank Professor N. Iwahori and Professor M.

Kashiwara for their kind interest and illuminating discussions. We are
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also grateful to Professor K. Saito for giving lectures on his theory of
extended affine root systers, and to Professor M. Wakimoto for sending
his preprints before publication.

§1. The finite dimensional case

In this section we shall deal with classical finite dimensional Lie
algebras, and explain complementary decomposition of characters. As
an application, we derive a duality of branching rules of irreducible
representations between two pairs of Lie algebras.

Let g, be one of the classical complex Lie algebras

gl(n, C©), o(2n+1,C), 8p(2n, C) or o(2n, C).

We say that g, is of type 4, B, C, D accordingly. The theory of highest
weight tells that an irreducible representation of g, is specified by giving
a sequence of integers (or half odd integers) A=(2,, - -+, ,), 4, > -+ >2,.
The corresponding character

xgn) :N/(In)(zl’ A} Zn)/D(n)(ZI’ R Zn)
is explicitly given in terms of determinants (Table I).

In Table I, |z%, ---, z'*| (resp. |z"*—z"%, .-, Zz»—z"*]) signifies
det (2124, sn (tesp. det (2 —27%)1cs, <)

The irreducible characters of gl(n, C) are graphically represented by
Young diagrams. When 2,20, %{™ is in one-to-one correspondence with
a Young diagram Y of signature (,—n—+1, 3,—n+2, ---,2,). In this
case we use also the notation X to signify x{™.

f

% .

Fig. 1.1

In the general case, take an integer ¢<2, and put fi=4,—n+1—e, ---,
fo=2,—¢e, fi=---=f,=0. Denoting by Y the diagram of signature
(fi - -+, f2), we have

XSIM(ZI’ R Zn):(zl' " 'Zn)exgl)(zla ] Zn)~

Note that Y is determined from 2 up to the “shifting” e—se—1, fy—f; + 1.
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Table I
Type A: N{™(z, - --, z,)=|z", 2%, ---, 2™
A=y, -, A) e, 2> >,
D™z, o2 =N paydZsy + v o5 Z2)
:1§11;L§ﬂ (Zi—zj).
Type BY: N{™(zy, - - -, z,)=|z"—z™", z—z7", ... zit—z=in]
A=Q@y -, 2) e (Z+s+1/2)", 2,>---2,>0,
D™z, - oo, 2,) =Ny sy 12(Zs + 05 Z0)
=[1 @~z I (G—z)1—z'z".
i=1 1Si<jEn
Type C: N{(zy, -+, z,)=|z"—z7", zr—z"% ... zn—z7 8
A=Ay, -, A) €L, A>--->2,>0,
D™z, -, 2)=NE . (Zs - 22)
=[l @z I @—z)i-z'z").
Type DV: N{(z,, -+ -, z,)= >, |29, z%%, ...z

ElytresEp=121
E1Ege-Ep=1

A=Q@y, -, ) € (Z4s)", > >, |4,|=0,

D(")(Zla R Zn):Ngzn—)l,n—Z,-u,O(Zl, Tt Zn)

= Il @—z)(1—z7z).

1gi<j=n

1) s=0 (tensor representation) or s=1/2 (spin representation).

Likewise, an irreducible character x{™ of 8p(2n, C) is represented by
a Young diagram of signature (f3, - - -, f,) with fi=2,—n, f,=2,—n+1,
-+, fa=24,—1. In this case the correspondence 2{”<«>Y is one-to-one.

We write X{” to mean X{™.

Now let n=/+m with fixed integers /, m=1. There is a natural
inclusion g,®g,,Cg;... We shall give a relation among the corresponding

characters

(1 11
X )(Zl, ) Zl)’ X%n)(wla ) wm) and X/(I#+m)(21’ s Zp Wy oot

Let

L,
F¢ m)(Zla e 2 Wy m ':wm)

=D(l+m)(zl> Tt Z Wy o, wm)/D(l)(Zl’ M) ZZ)D(m)(WD e

be the ratio of denominators. Explicitly it is given by
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I m
Type A: F&™(zy, vz, Wy, -+ -, Wm)z:. H (Zi'_wj)a

Proposition 1.1. (Complementary decomposition). Notations being
as above, we have the following identities.

Type A, B, C:
(11) Z Sgn (23 lT)Xgl)(Zh Tty ZL)XSI;”’)(WD Sty wm)
{apu {2ty = {24}
=F<Z’M)(zb sy Zyy Wy e ey, Wm)x.gilt*.m)(zls ety Zyy Wy, st ey, Wm)y
Type D:

sgn (Z: ZT)(X/(IU(ZD ctey, ZL)XI(I;,L)(WD Y wm)

+X¢(rl()l)(zla cte, Zz)x.(f’rn()z'r)(wu cey Wa))

— i, 1
=F¢ m)(zh T Z Wyttt wm)X§#+m)(Zl, s Zp Wi ot wm)-

(1.2) wuai=us

Here the sum is taken over the partitions {,, ---, 2,}U{], - - -, AL} =
{28, -, ALY with 2,> - >2, 1>+ >, and 2> - >A,,. The
factor sgn (4, A%) stands for the sign of the permutation

(227 T 2%’ 2‘§+19 o '72§+m)
Zly"'all,zL"',lIn '

In the case of type D, ¢ denotes the involution (A;, - -+, A )—>@Ap  +5 Anoss
—A,,) which corresponds to the symmetry of the Dynkin diagram of 0(2n, C).

Fig. 1.2

Proof. 1In view of the explicit representation of characters in Table
I, (1.1) and (1.2) are simple consequences of the Laplace expansion
formula for determinants. O

Hereafter the formulas (1.1), (1.2) will be referred to as the comple-
mentary decomposition of characters.

Consider the special case X{{*™=1. For the type A or C, the cor-
respondence A«>A" is neatly described in terms of Young diagrams as
follows. Fix a rectangle R, , of size /Xm, and denote by R, its
transposition. Two diagrams YCR;, and Y'CR,,  are said to be
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complementary with respect to R, ,, (or R, ,), if one is obtained from the
other by first taking the complement with respect to R, (or R, ;) and
then transposing the diagram (Fig. 1.3).

Fig. 1.3

For a Young diagram Y, we denote by |Y| the number of tiles that
constitute Y.

Proposition 1.2. For the characters of type A or C, we have
v ; (_)lYTlX§’l>(Zla R Zl)xgrz'%‘)(wla R} wm):F(l,m>(Zla s Zpy Wy, vy, wm)
CRi,m

where the sum extends over all the diagrams Y contained in R, ,,, and Y
denotes its complementary diagram.

Proof. In the formula (1.1), put A*=/+m—vy, A, =f,-+I—v and
A=fl4+m—y (resp. =l+m+1—y, I, =f,+[+1—v and V=f14+m-
1—y) for type A (resp. type C). We have then m=f,=---=f,=0 and

sgn (2, AN =(—)Zi=1m=1»,

Clearly the corresponding diagram Y of signature (f, ---,f;) satisfies
YCR, ,, sgn (2, AN)=(—=)""""¥, It is easy to check that the comple-
mentary diagram YT has the signature (f1, - - -, f1). [j

- Now we proceed to considering two pairs of Lie algebras §Dg vs.

grcal.
The Lie algebra 3p(2n, C) is realized as the matrix algebra

Al Az
Aa ——tAl

There is thus a natural embedding

A, A,, A,: n X n matrices with 4,="4,, A3=‘A3}.
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(1.3) g=gl(2, ©)>g=3p(2], O).
Taking A,=A,=0 in the above, we obtain another embedding
1.4 g'=gl(m, C)Cg'=5p(2m, C).

Consider an irreducible §-module Ly corresponding to a Young diagram
Y. By virtue of the complete reducibility of representations, it decomposes
into a direct sum of irreducible g-modules L, also parametrized by Young
diagrams Y. Let (¥': Y) denote the multiplicity of L, in Ly. We have
then the following relation of characters

(15 AP, -2z B =S (T P - 20,

The non-negative integers (¥': Y) are called the branching coefficients.
Likewise, the pair (1.4) gives rise to another relation of characters:

(1.6) ; (IR () by A5 (TR 0 45 f"):x;”;)(wl, e, W)
1

~ In the left hand side, only the characters of the form (w; - - w,)~"XgY
appear, as we shall see shortly (see (1.7) in the proof of Proposition 1.3.).

Proposition 1.3.  For fixed I, m=1, let R,, , (resp. R, ,) denote a
rectangle of size 21 Xm (resp. | X m), and let R,, ,, (resp. R,, ;) be its trans-
pose.

(i) For YCRy m, (Y: Y)=0 unless YCR,,,, and |¥|=|Y|mod 2.

(ii) For Y'CR,, ,,(Y": Y")=0 unless Y'CR,,,, and |V'|=|Y'|+
Im mod 2.

(iii) We have the duality of branching coefficients

F: )= 7
where the pairs (Y, Y"), (Y, Y') are complementary with respect to Ry, . or

R, ., respectively.

Proof. 'We apply Proposition 1.2 to the present situation. We have
then

2 (TGO, sz z ez )Wy W)

?CRzl,m
XX(?”;»)(WD ] wm)

(=) 11 [ Ge—w ) —z7w;)

1j=1

=(=)" ()P, -, Z)UFP (W1, - - -5 W)

-,
I
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Substitute (1.5) to the equations above. Since the characters XP(zi, - - -, z;)
are linearly independent, we may equate their coefficients to obtain

“ e iy (m) . _\IPtl+im, .
(%)) yc;z,,m Wy« - W) T AGPWs, -+ <, wa)(—) (Y: 1)
=(—=)"T"XFP W1, - - o5 W)

At the same time, we see that (¥: ¥)=0 unless YCR;,,.
On the other hand, the characters of gl(2/, C) or 8p(2/, C) have the
properties

A (=2, + - oy —23) = ()T (Z, - - 5 Z31)
¥ (=2, - o, —2)=(—)"AP(z, - -+, 2)).
Along with (1.5) they imply
(1.8) (DT )= )",
thereby proving (i). From (1.7) and (1.8) we obtain

(19) Z: (wl . m) lxgr;)(wl’ cT wm)(Y: Y):X%)(wh R Wm)'

P1CBm,u
Assertions (ii) and (iii) now follow from (1.6), (1.9) and linear independ-
ence of XGP(wi, =+ =, Wy). 0
Example. (m=1)
Let Y, (resp. Y;) denote the Young diagrams of signature
J 2l—-j4 k -k

P . ————
(1’ ...,1’ 0, ’O) (resp_ (1’ S O, ’0)),

so that ¥? (resp. Y1) has the signature 2/ — j (resp. / —k). We have then

Xz, -5 20y 2 -, 2 =0,
XUz o Z) =G —Gi-2
_zx(1)1(w) wi-i
XD (W) =W F = ) [ — W) =l E el E R R

Here we have set
Z] g,0"= H (A+z2)(1427'), .=Gu-s

1t follows immediately that
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~ ~ 1 (fkLjg2l—k, k=jmod 2)
(Y. Y)=(Y: Y)= .
0 (otherwise).

Analogous results are available for other types of Lie algebras.
Here we consider the two cases (§, g)=(gl(2/41, C), 0(2/+1, C)) or
(0(2/+2, C), 0(2/ 41, C)). Using the complementary decomposition (1.1),
(1.2) we obtain a duality

G: =@ 1
of “branching coefficients” (1: 2), (A": ') defined as follows.
g2l +1, ©) Dol +1, C):
(1.10) A0z, -z, Lzt - 27 ) =20 (A DAz, - -5 2)
2

TT00 - W) I, - -, W) (—) GO )
It

(1.10) .
=x§;‘n)(wla ) wm) n (wyz—wj_lﬂ)
j=1

where 2§ (resp. X{{”) denotes the character of gl(m, C) (resp. 0o(2m+-1, C)).

The suffixes 4, 1, A" and ' range over

{21’ tt 221+1}U{2L ) 'ﬁn}={2'l+m9 tt 1“90}’
{213 R ZZ}U{ZL ) 2;}={l+m"1/2’ ) 3/29 1/2}’

with 2,> - >2 ., > >, 4> - >, and 2>+ >ah,

02142, ©) Dol +1, C):
(1.11) KDz, + - oy 2y, 1) =37 (R AP, -+ - 22),
2

TP Ons -, W)@ 2
A
(1.11y F X Wy - -, WR)AT: GTAN))(— )T Bt -at-170

m
':X%‘n)(wl, c s wm)n (W}/z__.w‘;-l/Z)Z
=1

where X{” (resp. X{{”) denotes the character of 0(2m, C) (resp. 0(2m+ 1, C)).
With s=0 or 1/2 fixed, the suffixes range over

{119 ) 2Z-H}U{zL Sty ZL}={l+m+S: ) 1—|-S, S},
{119 t ZI}U{'H, DY ZZn}={l+m_‘l/2+S, MY 3/2+S, 1/2+S}’

with 4,> -+ >, , 4> >, 4> - >, and 21> - >,
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To derive (1.10), (1.11) in the case s=1/2, we have chosen as X,, the char-
acter of simplest spin representations and used the relation

X(nn:i}i)z,n—lﬂ ----- il/z(zb Tty Zys 19 0(2n+27 C))
— 11 @ 2z
i=1
zxfztlzz—l,---,l(zb Tty Zn; 0(2n+ 19 C))

Unlike the case of gl(2], C)D3p(2], C), one cannot get rid of the
extra factors

—s

m
W —w;'"  or Hl(w}/z——w;‘/z)2

1 j=

1t

J

in (1.10)%, (1.11)". We do not know how to interpret these formulas Lie
theoretically.

§2. Complementary decomposition of characters

In this section, after preparatory paragraphs on the theory of Kac
and Peterson [2], we present several formulas on complementary decom-
position of characters of highest weight modules over affine Lie algebras.

Let A=(a,;); j,...,; be a generalized Cartan matrix. We assume
that A is affine in the sense of [1]. For a later purpose we define the
Cartan subalgebra § and its dual §* as follows.

Let § be a complex vector space of dimension 2(/+1) spanned by
linearly independent element. A, and 4, (=0, --.,[). In §* we choose
the dual basis 4, and 5, (i =0, ---,1);

Ai(hj)zaija Ai(dj):Oa
ai(hj) =0: 5z(dj) _—‘5”-

The simple roots «; € H* (i =0, . - -, ]) are defined by
ai(hJ)Zaji’ ai(dj)zaij'

The affine Lie algebra g(4) is the complex Lie algebra generated by
YU{ess fi}i=q,...,; and the following defining relations.

le., fil=0:h;, (GJ=0, ---, 1),

h, el=ate, [h fil=—ah)f;, (=0,---,l;heb),
[h, 1=0, (h, W e},

(ade))'-%e;=0, (adf)~*uf;=0, (j=0,---,0).
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The positive integer / is called the rank of g(4).
We define a symmetric bilinear form on §* by

(a;, ’l’j)=ai—lazyazja
(s, /-lj)=ai—la;/5w>

(Ai: /1]-)—_—0, (19]=09 tts l)

Here a; and a (i=0, - - -, [) are the numerical invariants defined in [2].
The null root 6 and the canonical central element ¢ are determined by
them:

l l
5=.§0ai(x¢, c_—:Z(") a’h,.
= i=

. We shall identify §) with §* by using the above bilinear form. By this
identification we have

ad,=ald,, aa,=a’h, (=0, -.-,]).

For 2 € h* we denote by A the orthogonal projection of 2 on f*=
Ca+---+Ca;,. We set h¥=CA,+H*+Cs. This is the orthogonal
complement to Cd,+ - - - +C9,.

We denote by 4(4,) the set of (positive) roots. The set Z@A NHh*
can be identified with the set of roots of the finite dimenional complex
simple Lie algebra g(4) whose Dynkin diagram is obtained from that of
g(4) by removing the O-th vertex. Affine Lie algebras are classified
according to the type of g(4) and a numerical invariant k=1, 2, 3 [2].

The Weyl group W is the subgroup of O(§*) (the orthogonal group)
generated by the fundamental reflections r;, ({ =0, - - -, [) defined by

@1 r () =21—2& ) o
ai: “1)

We note that by requiring (4;, 4,)=0 (i, j =0, - - -, [) the W-invariant
and symmetric bilinear form is unique up to constant multiple.
The Weyl group admits the semi-direct product decomposition

2.2) W=WxT,

where W is the (classical) Weyl group for g(4) generated by r, (=1, - - -, I)
and T is an abelian normal subgroup of W which is isomorphic to a
lattice M in bh* through the following key formula in [2].

a e M ChH*—>t, e TCO(H*),
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2.3) 1) =2+ mer— (1;‘_{“|2+(z, a)>5, (e %),

where |a [ =(«, «) and m=(4, §) (called the level of 2).

The lattice M is given by M =Zh,-+Zh,+---+Zh, (ifk=1) or
M=Za,+Za,+ - - - +Za, (if k#1). Note that MR,C=H*=C"

We denote by P(P.) the set of (dominant) integral weights.in h*,
For A e P, we denote by L(A) the irreducible highest weight module with
the highest weight 4. The character ch;,, is the following formal sum.

ChL(A) = IEZ[):* dim L(A)lel

where L(A),={v e L(A)|hv=2(h)v for all & e §j}. The Weyl-Kac character
formula reads as

2.4 chyp= det w evse [ > det w e¥®),

wew wew

where p € §* is requested to satisfy p(h,)=1 (=0, ---,[). In [2] Kac
and Peterson have shown that the character is expressible as a quotient
of alternating sums of classical theta functions, as we shall summarize
below.

We denote by M* the dual lattice of M; M*={a e §*|(a, f) e Z
for all Be M}. For pe M* and m e Z, we define classical theta function
0¥ (z,u) (c € #,={r e C|Im >0}, u ¢ h*) by

Okuz)= 3 e[ Zmirp+m(r,u),

TEM+p/m

where e[+]=exp 2ri*). We also define the following alternating sum.
AY (z,u)= 3, det wOY,, .(z, u).
wWeEW

For h=2ri(—tdy+u+75) with resf,,ue b* and 7€ Cd+ - - +Cd,
(2.2) and (2.3) imply that

.5) 3 detwerow =e[——( 2&' @ Ao))z+(z, | s e, 0

Now, for 4 e P, we define the normalized character % ,(z, #) by

Xz, W)=AL-  (z,u)/A; (z, )

A+p,m+g

with m=(4, §) and g=(p, ). Then we have
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ch, (W) =e[—s,c+(4, DAz, w),
where

__|4+pF _ |of
s=—T0 BV (A, 4,).
Y 2m+g) 2g (4

The following is well-known as the denominator formula.

> detw esmer ] (1—e-oyite,

wew a€d+

This enables us to rewrite 4,,(z, #) as a product of the Dedekind 7-func-
tion and the following theta functions of dimension 1. (See Table II.)

pD)=q¢" [ A—g"*"),

n>0

w5 3 2)en o 21

=zl/2q1/s ngo (1___qn+1)(1_ann)(l_z_lqn)’
Oz, u)y= 3, (=) e[—l—n2r+nu]
neZ 2
=nl;[0 (A—g )1 —zq™+?)(1 —z"1g+'7),

where ¢ =¢**%* and z=¢"""*. In general, for 2 e Z and N e Z, we define
Sis(es )= 33 (=)' | 2 (n+- L) oo (N u],
’ neZ 2 N
9 N+h)n N 2 :
(e, W= (=)¥* Vel = (n+ =) c+(Nn+u).
n€Z 2 N

In what follows we shall consider a triple of affine Lie algebras, say
g(4), a(4") and g(4%). The concepts corresponding to g(4") or g(4*) will
be distinguished by the mark 1 or #, respectively. For instance, the set
of roots for g(4), g(4") and g(4*) are denoted by 4, 4" and 4, respectively.
The only exception is ( , ), which we use in common for the sake of
simplicity.

First we consider the pair (g(4), g(4%)). We assume that there exists
an embedding ¢: hF=——>H* satisfying

(A)=4 «0)=5, «H*)Ch*,

(2.6) (Zhy~+-- - - +Zh) LM+ - - - +Zhf,, (HCTH,
@, )=(2), (x)) for 2, X’ e b
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The natural injective homomorphism W=—>W?* is also denoted by c.
Then we have

2.7 (W) ey =¢-w() for we Wand 2 e §.

The transposed mapping of ¢ is denoted by #: Namely we have (#*, «(2))
=(z(2%), 2) for A* e h¥* and 2 e h¥. Note that x(A}) = A, 7(6*)=4 and for
Aeh* n. (D=2

Proposition 2.1. For w e W and 2* € H* we have
2.8) WAH =2+ c(w - m(AH) — =(2%).

Proof. Because of (2.7) it is sufficient to prove this for w=r,.
Using (2.1) we have

() =2— 210D,

(eers), e(as))
= 2(z(2%), a,) de,),
(s, )
=2+ o(r, - m(2F) — m(2%)). O

Let o be the projection h¥ =CADH*DCs—CA,DH*, and set #=
w-n. Since n(A%)—#(2F) ¢ Cd and w(d) =4, (2.8) can be rewritten as

WAy =2+ e(w - #(AH) — #(2F)).

We note that if 2* € P#N§* then #(2%) e PN BT,

Now we assume that there exists another embedding ¢':  §f'=—shF*
satisfying (2.6) with ¢, 4,, 5, etc. replaced by ¢, 4}, §', etc. We assume
that

2.9 («(2), 1(2H)=0 for 1¢§* and 2" e h*".
Proposition 2.2. For we W, w' e W' and 2* ¢ §¥* we have
W) - WA =2+ o(w - £() — #(2) + (w2 (2F) — 21(2%)).
In particular, c(w) and (W) are commutative.

Proof. For 2"e " such that (2%, 6")=0, (2.9) implies #:1A7=0.
Applying this to A'=w'. #1(2%) — #'(2%) we obtain
(W) WHAH) — 2 =c(w)- (W' ") — A1 (AD) + ec(w - £(2) — 2(2)),
=W 21 (2%) — 2'0") + c(w - 22 — 2(2%)). [
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Proposition 2.3.  For 2* e §* such that (2%, 6)=m>0 and (¥, A)=0

we have
AZ (7, c@)+ (")
2100 = ST detwt e[Lq WAGTE) P — | AWH(AE) | ATWHR?) |2)]
wHEE (W)X HWH\W§

13 T
X Aﬁw*(lﬁ:) m(T’ u)Aﬁ‘rwﬁ(w),m(T’ u )

Proof. Using Proposition 2.2 we have

> det w evrin = det w# evtan
whEWH wiE (W)Xt (WH\W4
X Z det w e!(wu‘r-w#(lﬁ)—ﬁ-u)%(l#))
weEW
X Z det WT e:T(WT‘ﬁT%#(Z#)—ﬁ‘r-W#(li?)).
wiewt

Evaluating this identity at 2zi(— 4§+ «(u) + ('(u")) we obtain (2.10). [

An element 2 € §* is called regular if for any « € 4 such that @0
(2, ®)=£0. If 2 e h* is regular there exists a unique w € W such that w(2)
is dominant. We introduce the following notations.

sgn A=detw, [A]=w(2).
Then (2.10) can be rewritten as follows.

Proposition 2.4 (Complementary decomposition). Let A* be a domi-
nant integral weight in b9 such that (A% 6*)=m*e Z. and (A%, A§)=0.
We choose p* € b so that (of, Af)=0. Then we have

Af,” (A z(u)+ [T(u )) [

= Z det w* sgn AwH( A+ p*) sgn AwWH( A - o)
wHE (W) X T WH\WH
G o] iy (VAW P I+

t
X x[ﬁ-wu(/lhp#)]—ﬂ('[’ u)x[ﬁrw#(/i#w#)]—ﬁ’r(fﬂ u )’

where §=(p, 0), g'=(o", 3") and g*=(o", &).

Now we write this formula explicitly in the following cases of
(6(4), g(4h), g(49).

Case (1) (AP, AP, AR
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Case (2) (CM, CH, CHD
Case (3) (A%, AR, A} +my)
Case (4) (D, DRy, DRy i)
Case (5) (A5-1, A1, A omy 1
Case (6) (B, B, B®,)

Case (1) (D, DY, DY,

In Table II we list basic data and the complementary decomposition
for Cases (1)—(7), respectively.

In 1° the Dynkin diagram is given. In 2° §, ¢ and g are given.
In 3° a,, h;, 4; and p are written in terms of the orthogonal basis ¢, ([6]).
In 4° the Weyl group W=Wix M is given. In 5° the set of dominant
integral weight of level m is described. In 6° the product form of the
denominator formula is given. Finally the complementary decomposition
is given in 7°. For definiteness, the rank / of the affine Lie algebra is
explicitly exhibited in the notation of the normalized characters.

Compared to other cases, Case (1) is complicated because |w*(2%)F—
#-wQH[—[2T- wH(a") [ does not vanish and #(«(W) X H(WH\W*¥) is infinite.
The following give the decomposition for Case (1) with 4#=0 in a much
more convenient form than that in Table II.

We set N=/+m-+1. We denote by & or &, the following subset
of &y.

P={wt e Sy |wi(1)<-- - <W(I+1), w((+2)<- - - <WHN)},
Py={w e Z|wH(l+1)=N}.

For w* e & we set

1=, (=1, 14D,

B= N+1 —WAHLI+), (=1, m)

Let 4 be a weight in §* satisfying

I+1 I+1
(4, 8)=m, A+p—= z;( 1+11211“>5“

and let A" be a weight in §*! satisfying

@, oy=I+1, T1p i( 15 z;,)e;..
=1 m j'=1
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We denote by Y the Young diagram with the signature (A,—2,,,—1/, - - -,
2;—2;.,—1).  The following are in one to one correspondence.

(i) we &,

(ii) AeP,modCdy+---+Cd, s.t. (4, 5)=m,

(ili) YCR,,.n: the rectangle of size (/4+1)Xm s.t. the (/4 1)-th
row of Y is void,

(iv) Y'CR,, ;. the rectangle of size m X ({ 4 1) s.t. the first column
of Y'is full.
In fact, the correspondences (i)<>(ii) and (ii)«>(iii) are given above, and
the correspondence (iii)«>(iv) is given in Section 1.

Note that for w* e &, det w*=(—)'¥1.  We set X (z, u) =1P(z, 0).

Let @'=3 7., 4} such that [@'|=2]7,4} is not necessarily zero.
We set ut=>", ule} e h*" with v} =a1— (1/m)|4!).

We denote by o the isomorphism of P' mod Cé,+ - - - +Cd,,_, such
that

0(/10):/11, ‘7(/11)=/12’ Tty O'(Am—1)=/10-

For Y'CR,, ,,, we define

) 1 m=t , ||
sz, 1) = —)+neg n m(r’
(2'12) XYT( ) v(?,') 11;0 ( ) A+Dg-I+Dm/D+ |71}, 2+ m

X X5zan (z; u).

Let A"=(al,);,;1,....n, D& an mXm matrix with a};=N§,,—1. The
inverse A™'=(d},);,;, 1,...,m 1S given by

L1 1 )
t=d (5 4 1)
fus N( R

We define an m vector p=(¢;);_s,....n bY
1 ( 1 & )
= (At ALY
i N J+l+1 j,Z=:1 7

The following identity will be shown in the proof of the following pro-
position.

g(o)" e T O, Al — a3y (z, 47)

I<i<jsm
det WT _ (l+1)mzjm=1nj
Q.13 =, 2 )

Ti=nj+pwtis)

Xe[% > ag,rl.rj-hzlaz,.riﬁ}].

t,f=1 =
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Proposition 2.5. The notations are as above. We set
1+1 m
u=73 u,e, and {'=73 il
L —
We assume that 3 \*1u,=0. Then we have
Q2.14)  gpc)-@+hm Z 0(1-, u,— i) = Z (=P (z, Wi (z, 4.

1<_7<7n

Proof. The denominator formula for 4{?,, implies

pirma=t=-mr T Gy, —u,)

1<i<i<l+1
X 1 ﬁ(z',u*—u*) H 0(f,u~—uj)
1i<ism
1<]<m
= > detw
(wi, 7)) EPXL
I+1
X > detw > e[—f-Z(Nlrf‘Rw(i))Z
WES 41 liGZ»Zéiili:T 2N =1
a1
2.15) +2 OV —{—Zw(i))ui]

(Nm + )

2
iMs i

X >, detw' >, e[2

wtESm mjez’z;r;lmj:_r

35 (m + 2 |
We set
y=Nr+24+---+24,=Nr—2]—--- -1,
W=2——" (=1, 14+1),
S ( +1)
11‘.0:21. u s i—:l”", .
! I+1 ( ™)

Then we have

I+1
i}; (Nli +2$<¢>) =0,

i+1 2
@.16) 33 Vit 2o = 32 (VL 20+ T

I+1
; (Nl A2 0yt Z; (N1 A2y )t
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Hence the right hand side of (2.15) can be rewritten as

>, detwfX > detw > e[%\f lf N+ 250)
i=1

(w¥,7)EFXZ WESL+1 Liez,zH{li:r
i=

1+1
+Z (Nl--l-l;’m)ui]
X 3T detw! X [2 3 a:,(m + w*m)

wtEGm myEL, L oy myj=—7 3,7=1

(m+ wT(])>+Z é ( i+ t;’(;z))ﬁ}].

i,j=1

(2.17)

We shall define a bijective mapping k: ZXZ—P X Z so that the
following is bijective.

PXL—>P XL
(2.18) w w
W, s)——k*(w¥, 0)

Note that w* € & is in one to one correspondence with such a partition

N—1 N—3 l—N}

Admsins Ui ={ L3

that satisfies 2,>--- >2,,, and AI>--- >2. We define v/, {2};_1,....141
and {2V},_,,...., corresponding to x(w* r) as follows. If w*(1)=1 then we
set '
r'=r+1,
,={21+1+1 (l=],‘al)
1N (=141,
=241 G=1, -, m).
If w¥(1)=1 then we set

r'=r,

2::21"‘,—1 (i=19""l+1)3
zf,={23-+1+1 (=1, -+, m—1)
T H1=N  (f=m).

Then v, {A7}:i-y,...,141 and {21°};_, ..., Will change as follows.

V=v+1,
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Case wi(l)=1.

20,_ Zio+1 (l=1, "')l)

e —-N (=141,
2}°’=2}° (j=1, ...,m)_

Case wi(1)=1.

2 =2 (=1, ---, 141,
Z}il (j:l,---,m—l)
A°—N (j=m).

107 __
i =

In particular
gL Sper— g L S,
N 7= N 7=

Namely, in the correspondence of (2.18) we have

1 m
r—y oA

The above consideration enables us to rewrite (2.17) so that the sum
over # X Z reads as the sum over &,X Z, which gives rise to the right
hand side of (2.14) in the form of (2.13) (up to a trivial factor).

To show (2.13) we introduce

2 Y
The right hand side of (2.15) can be rewritten as

detwt > detw! 3 [2 Z(Nl +20w)

(wk,7) EPXZL WESy+1 LieZ, Dt =7
iz

+§ (NI, +2;(i))ui]

X det w' > e[—z% ]Z=:1 (Nmy+ iy )

wiESm mjez,}]y”=1mj=—r

(2.19)

3 i yatlel T e Vst
+jZ=1(NmJ+2”*‘”)”J] e[2(1+1)m il |]

The change of 1} caused by « is as follows.
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Case wi(1)=1.

W=t (=1 em),

Case wi(1)=1.

3 N .

Z}+1—l—_ (]:1,...,m_1)
jT/_ m
=

B+ XN (=m).
m

Let A" be a weight in §*7 of level /41 such that

Then we have

-1

U =3 (et i)+ (B4 =N e,
j=1 m m

i=

Hence, rewriting (2.19) so that the sum over & X Z reads as the sum over
Py X L again, we obtain (2.14) with 37 (z, #') given in the form (2.12). O

Table II

n 4P

10 - o v o
0 1 -1 1
2° d=0ao+- - +a, C=h0—]—---—-|—hl, g=I+1
3°  (ene)=0y; (ihj=1,---,141),
{5—51+5z+1 (i———-O)
0{i=hi=
;€141 (izl,'°-,l)

Z‘=€1+' ccte— l—il-l (et Fe) @=0,---,0)

40 l-’/—I/_'g@l+19
1+1 1+1
M——-{Z vie v, eZ, 3 ui=0}.
i=1

i=1
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5° A+P:2151+"'+21+151+1:

I+1
21>"'>21+1> 21—2] EZ, Zzi—:oa l+m221_zl+1~
=1

The following isomorphism of §* is denoted by o.

o(d)=4,, o(d)=4y, ---,a(d)=1,,
o(00) =01, o(0)=0y - - -, 0(3,)=6,.
6° Az, )=p(@) D T Oz, u;—uy)

1<i<j<l+1
1+1

where u=> u,¢,.
=1

7° )= I 0, uy—u)AG ™ (e, du) ')

______Z Z/ det w(__)(l+m—1)s

SEZ WEG;+m+1

e ) o) V(g £

X <S+ N)]Xffs)(,i)(r, u)Xf,’{‘_)x(AT)(r, uT).

The sum /e, .., ¢Xtends over such w e &, ,,, ., that

WD)< - - <w(l+1) and WI+2)<-- - <W(l4+m+1),
and 5(51)=g1: (121: o ’l‘l"l)s ‘T(‘s;):§]+l+1 (]—la n "m)'

39

Define 4,

(=1, -+ -, 14+m+1) so that A+p5=>7r** 15, The data N, 1, 4 and

At are determined by W and A as follows.
N=Il+m+(4,§)+1,
- I+1 .
2:?:'_"; Zw(i) ,Z=: A DL +1+ )9

. SN y _
/1-—(]7’2-{—(/1, 5))Ao+i§ (212;(1') "ﬁ_—l‘)ei—P;

A=+, 5)+ 1) 4+ i( et ) —3.

@ cp

1° T—>0— ¢ e —OIO
0 1 -1 1

2°  J=a,+20,+ 20, Ve, c=ht -0y,
30 (5i9 ej)z%sij (i’j=1’ "'sl);
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ay=hy=06—2¢,

a,=h2=e;—e;.y (=1,---,1—1)
oy =h,=2e,.

Aot te, (=0, ---,1)
p=le+- - +e

W=, x{+1},

l
M= {Z V& Ivt € 2Z}
=1
A+p=2e+ -+,
l+m221> A >1121, Vﬂi € Z.

l
AP(T, u)"—‘??(f)w—l) ]—[ 0(z, 2”;) ﬂ O(z, u; +u,)i(c, ui"”]),
i=1 1<i<i<i
i
where u=> 2ue;.
i=1

()" 1<¢Zg:z 0z, us+up)0(z, u, —upL§* ™ (c, )+ W)

1<j<m
= 3 det WP, W u).
w t+m
O&——0 e o o — O —0

0 1 -1 1

0=20t+ - - +20;,_y+o;,, c=h+2h+---2h, g=2I+1
(e e)=0:; (Gj=1,---,1),

Ay=hy[2=05/2—z¢,, ,

a,=h=¢;—e;, (@E=1,...,1-1),

o, =2h; =2e,.

Adi=e+---+e (=0, ---,1),

p=le+ - - +e

./1 p=21€1+ R +2L€l,
I+ [1’2’-]221>- S>>, VA eZ.

A (s, u)=77(4:)”1'l)ﬂ(zf)—lls.gsl 0(z, u;+u;)0(z, u;—uy)
X n 0(275 Zuj)é(‘:, ui)a

1<i<?
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l
where u=> u,e;.
i=

1
70 @ ] 0, ), = (e, o)+ )
j<m

<
<

[

= 3V det WP (e, P (e, u).

BEG +m
@ D,
1° OLT—0——¢ ¢ e —aT—>0
0 1 -1

2° g=ayt---Fa;, c=hyA2h+ - +2h,_+h, g=2I,
3° (&1 51)22511 @Gj=1---,D,

ay=hy=05—¢,

o, =2h;=e;—e;y, (=1, ---,1=1),

o, =h;=¢,.

Ay=eit---+e, (i=1,---,1-1),

2}1—1=51+ SRR TN

p=U—Det+---+3e
4°  W=6,x{x1},

4
M={Z v |v; € Z}
i=1

5°  A+p=Xe+---+Ae,
A4+m—1>22,>- .- >22,>1,
Vi;eZ or Vi eZ+1.
6° Az, y=n5(c)' " y(2r)- -0 gﬂ;éz 02z, u, +u;)0Q2z, u,—uy)

X ﬂ 0(73 ui)a

1<i<i

Lu
where u=73, - -¢,.
i=1 2
7°0  p(o) 2y 1 0Q2r, uy+ul)0Qc, u,—ul)
1<i<1 .
1<j<m

XAL™ (e, )+ @)= 3 det WLL(e, WP (e, u').

DECL+m

(5) A3,

0
1° >}+. * ¢ —O&—DO
1 2 -1 1
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d=a,+o,+20,+ - +20,_ +a,.
c=hythy+ 2kt - 42k, g=2I
(51, 5;‘):5ij (i,j:l, Tttty l):
ay=hy=0—¢,—¢,

a,=h=e;—e, .y (=1,---,1=1),
a,=2h,=2¢,.

Ay=e+--+e (=1,---, D).
o=le,+ - - +e,.

W=, x{+1},

_ 4 |
M:{Z vee| STy, € 2Z, v, € z}
i=1 =1

A+p=2181+ tre +Zlela
A4+m—1>4,+24, A2,>--->4,>1, Vi, eZ.

A, (c, uy=n(z)~ ¢~ D*p2c) -t
X I 6, u,4+u)o(c, u,—u,) 1sli_£z 02z, 2u;),

1<yt

4
where u=> u;e,.
i=1

() 7 p(20)~ Kgl Oz, u, +uh)B(z, u, —ul )™ (e, d(u)+-'(u'))
1<j<m

= >/ detw p XL (7, WXy (2, 1Y),

BESL+m (,01)=(id,id),(c1,011)

d=ay+a,+20,+ - - - 424,

c=hy+h 20,4« - +2h,_ b, g=20-—1.
(eis8))=0,; (@Gj=1,--.,1).
Qg=MNy==0~—&;— ¢y,

a,=h,=¢;—e;, (=1, --+,1=1),

Ay=e, 4+ e (i=1,...,1=1),
Zz=%(51+ ceotgy),
p=(—Pet - +ien

D
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4° W=, x{£1},
! !
M={Z vie, | > v €22, Vy, € Z}.
im1 izl

5oth m=1151+' oo Aie,
A4m—2>2+2, 2>--->2,>4,
Vi,eZ or Vi, eZ+4i
6° A, w)=y()'" ] O, u+u)i(c,u,—u;) [ 6(c,u,),
1<i<ji<t 1<j<i

<J

l
where u=73 use,.
=1

77 @ 0 i upie, uy—uDE ™, du)+ W)
<i<

1<j<m

— ’ ~ 1

= 27 detw > X (7, WA (z, uh).
DEG;+m (e,01)=(id,id), (s1,011)

(n D

0 )
10 >>_ o o —<
1 2 -2 -1

2° d=0oy+a,+2a,+ - - +20;, ,ta;,_+ay,
c=hy+h+2h,+ - - +2h,_y+h,_+h, g=2-2.
3° (e, e)=0dy (Gj=1,---,D.
ay=h,=0—¢,—e¢,
a;=h=e;—e;y (=1,---,1=1),
a,=h,=¢;_,+e,.
Ady=e+---+e (=1,.--,1=2),
Zl—1=‘;‘(51+ coete—e),
Zl=%(51+ s tete),
o=I—De+---+¢&_;
4° . W=6, x {1},

l 1
M={Z vee| ST, € 2Z, W, € z}
=1 i=1

5°M A+p=2e+ -+,
24m—3=4+2, A>--->h, A,+i=]1,
Vi,eZ or Vi eZ-+3
The following isomorphism of §* is denoted by a,.
o(d)=4;, i=1,---,1=2, o4, )=4,, o(d)=4,_,,
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0(0;)=0d,, i=1,.-, =2, 00,-0=0,, 00)=0,_,.
6°  A(c,w)=nxy"" T[] 6(, u4u)i(z, u,—uy),
1<i<j<t

. l
where u= Z Use;.

70 p(r)THm ﬂ 6(z, u, +u))0(z, u, —ur§* ™ (z, du)+ W)
1<]<m
= > detw
17.‘)6('51-(-7,.,

X 2. XS0z, WL (z, u).

(g,01)=(id,id),(01,011), (02,021, (0102,01102¥)

1) The sum 3 jee,,,, eXtends over such w e &, ,,, that w(1)<{- .- <w(l)
and w({+1D)<---<w(l+m), and o(e,)=¢, (=1, ---,1) and (¢))=2,.,
(i=1,---,m). Define 1, (i=1,---,I4+m) so that A+p= ], L
The data 4 and A" are determined by w and 4 as follows.

In (2)

4

A= (m—l—(/l 5))/1 +Z )8 0>

3

AT—(1+(A 5))/1 +Z (L+1+z)5 pT

In (3)-(7) ‘
A=@m+ (L D) Ao+ Y Tacosi— P

A= QU+ ) A+ 3 Towrn ol =7

11) The following isomorphism of §* is denoted by o,.
o(d)=4,, od)=4, o(d)=4, (=2,---,1),
0,(0)=0, 0,(0)=0d, 0,(0)=0; (=2, ---,0).

§ 3. Duality of branching coefficients

Let g(4) be an affine Lie algebra, and let I denote the set of vertices
of its Dynkin diagram. An automorphism ¢ of g(4) is called a diagram
automorphism if there exists a permutation & of I such that (&) =25,
holds for all i ¢ [ and =8, 7. h,d. Here and in what follows, the quan-
tities related to g(A4) will be marked by ~. We define the contragredient
action of ¢ on §*. One checks readily the following.

Proposition 3.1.

(i) a&(z)a(])—'awa ‘7&<j)=dj, ay o =4ay.
(ii) 0'(/12) Aa‘(%)’ 0(0) =057, 0(A7) =0s05.
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(i) (o), o(W))=(h, K), h, I €B*.

@iv) ar,o7'=rs-

Let the orbits of ¢ in I be indexed by a set I, and let z: [—1I be the
map which sends 7 e I into its orbit by 6. Then $I=1 if and only if
a(A)=AP and ord 6=I+1. In the sequel we exclude this case, and
assume that #7=>2. For each i e I, there are then two possibilities:

(1) =~'(7) consists of disconnected vertices,

(2) z-'(i)={i,i’}, and i, i’ are connected by a simple line segment.
We set t(i)=1 or 2 accordingly. Define 4=(a,;); ;c; by

a”=t(l') Z sz

tes=im)
where j € 771(j) (any j will do). v
Proposition 3.2. 4 is an affine generalized “’Cvlar(taln' inatqix.
Proposition 3.3. The invariant subalgébra
0y ={X e o(A)]o(X)=X}
is isomorphic to g(A). Its Chevalley basis is given by the rule
ei;fﬁ/,;(?—') 2. & ﬁ?V@i > T

C Zex—1(d) €x—1(3)
hi=t(@)_ >, d=_7>, d.
iez—1(1) ier—1(1)

With the identification §=§*, h=h*, denote by ¢: h*=—>h* the
imbedding map and by =: §*—b* the restriction map.

Proposition 3.4. y

(i) «4)=b, Ziex—l(i) Az @) =bit(0) 2 le-10v@s
where b, =a;'ay [(G;'aY) for i € ().

(i) a(d)=t()4,, =a(@)=c; withi=z().

(iii)y There is an imbedding of Weyl groups ¢: W=—>W which
satisfies (2.7) and

{._ 0.7 =D
r)=qies

FifgFy =Py (1) =2, z~(0)={i, 7}).

Propositions 3.2-3.4 are verified by case-checking or by using the
definition and Proposition 3.1. 'We omit the proof.

In the sequel we give a standard numbering to [ and I (cf. Table II).
Writing
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«(4o) =P/Io+ d(d)+n, ne _6’) Cé;
3.1 . et
(d)=p's

we have p=a;'d;#x~%(0) ({ € z~%0)) and p’ =¢(0).

Proposition 3.5. The invariant bilinear forms (, g, (|, ) OB B*
and §* are related by

(chy W ysu=pp'(h, )y B, W € %

Table
g(4) g(4) P
(1) | A4 4P ) 2

2 | 4,

@ Ox=0~» *+ » —O=&0 1

@ | AP

P

o>

@ . o0

G| cp TT T P osmo-is oo 2
1
o>
B

D, OE0— ¢ » « —O=3x0 2

@ ~OB=0— e

©6) | CPu ADPM  o3=0—e ¢ ¢ 030 2

(7) Dg)ﬂ Aé? OO0 o ¢ —(O=0) 1

(8) ’Dz(r?)«-z D§2+)1 C=E=0- ¢ 0 o —OS0 2
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Proof. Since WC W, the bilinear form §* 5 b, I+ (ch, )5 is W-
invariant. It vanishes on @;.; C4; by Proposition 3.4. Hence it is a
constant multiple of ( , ) The constant is determined by taking h=4,,
W =a. O

In Table III, we give a list of pairs g(4)Dg(4) that arise from an
involutive diagram automorphism (i.e. 6?=id.). Here we do not consider
those related to exceptional Lie algebras.

IIL
r «(4o) [e(4o) ! o(u)
: 1 1+1 1 Zl+§ 1 1+1 N 1+1
1 ?i=lgt_‘2- :L; & E(l‘*'l) 2 u;€; +Zuz5z+i+1
L L
1 0 0 Z_-:'“igi_g UiEor1-4
2| L% L] Sy,
‘ | AT WE— 2 Uiy
T 2@i+ 1) }; 52“ 20041y | AT A tHar 14
1 22 3 2741 Lo Lo
2 2[+2 ;: & &2 *2—1—::_-—2 ;uiei-gl Uiar42-1
2 l
1> l ;2115 — >0 2,801 015
t 1 l
2123 86+8., 2+— _Zizuzetn D028
i=1 P
21 t1 L1
1 %;51 -‘1'-—1 ;Euigi—"; ?uiezlﬂ i
20+1 L1 11
| 1 '%' & & ‘ l+—;— ;—2‘“1@_; E‘”zezhz P
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(Cotinued from

o(d) o(4) P

B® Z>o_...—o=>=o 1

.
-
.

©) | Di

(10) | D

AP, Semeee om0 2

an | Do

= A

.
.
.

é

(12| 4%, AP O==0— + ¢ + =0 1

V\/VYVVV

(13) Bgl-l—)l ¢ —0O=>r0 Dﬁ?l O=ED— o ¢ o _0#0) 2

() . The 0-th vertex is placed at the right end.

Remark 1. In Table III, we set

1 1+1
ue,, 2, u; =0 (g(4) =AP)
=1

~
+

=1
l

2. 2ue; (6(4)=C")

i=1

U=

4

I (@) =Dg2,
l

DU (otherwise).

o
It
-

Remark 2. In all cases except (6), we have z(0)=0¢ I, so that
(¥ ch* and («(4y), @) =((4y), «(u))=0.

Consider now an irreducible highest weight module L(4) of g(d)
with dominant integral highest weight 4 e P,.

Proposition 3.6. Regarded as a o(A)-module, L() decomposes into a
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Table III)
r (o) le(4o) [ ()
l
1 0 O Z uigz
i=1
1 [!52l 1 1 1
1 "_'\Z & —1 Z uigz_Z Ui€o1 4114
2;{:1 2 i=1 i=1
1 2 1 1 l } l ;
| G € 4= Zum—}: UiCorro-4
2 i=1 i=1 i=1
1. -
1 —2—-51 % ; Ui 41
1 51 1 Z uiez +1
i=1

direct sum of irreducible highest weight g(A)-modules.

Proof. The proposition follows from the complete reducibility
theorem ([2] Proposition 2.9) for g(4)-modules, once the conditions of
this theorem are verified. The only non-trivial check is that we have
dim w(Cf,)v<co for each i e I and v e L([), where u(a) stands for the
universal enveloping algebra of a. In view of Proposition 3.3 it suffices
to show dim u(@Pscr Cfav<oco for any proper subset I’ of . Without
loss of generality, we may assume that I’ is connected. Then {&;, f;, ﬁ;};e 1
generates a finite dimensional simple Lie algebra ¢’Cg(4). Clearly the
complete reducibility theorem is applicable to the g-module L(1). Hence
it is a direct sum of finite dimensional irreducible g’-modules, and the

proof is over. ]

Let us paraphrase Proposition 3.6 in terms of characters. Set A=
—2mi(rAy—u) € H* with z ¢ #°, and u € §*. Let 1 € §* be such that m=
(A, 0)7>0. If we evaluate the sum > ;¢ 5 € at o(h), we get
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e[ ( MIZ @;)Izmn%lp/fo-l—ﬂ))f]

2m

X % e Mrpetmr, )]
re it +m—1i-p—1c 4, 2
where we have used (2.3) together with ¢(u)—c(u) € C§, (5, 7)=0 for

7€ @ier C8; and that («(Ay), @)+ (p Ay, cw)=(d4y), (uw))=0. In view
of this formula, we normalize the restriction of the character of g(d4) as
follows (cf. (2.5)).

1z, u)=e

(psz+4|z(Ao) (L, ) )e|ohaca (s

[zﬂ (Ao~ 22 A, ) [ ) — 40y

(P, o)/ AL (. ().

l
Az

- (m+2)/p)e(do),m+§ —(g/p)c(Ao), 2

" Here m=(4, 8), §=(5, 8) with ( , )=( , )z and %z denotes the (unspe-
cialized) normalized character of g(A4).

Proposition 3.7. There exist holomorphic functions ez ) on A,
such that

3.2 Tile, W) =2 e1(e)(e, u)

holds. _ Here the sum runs over the finite set A e P, mod @;., Cd;, (4, 3)
=P,(/1, 5)

Proof. Set V={veL(d)|e,v=0 (iel)},and let V=@, V;, Vi=
{v e V|hv=2a(h)v for h ¢ b} be its weight space decomposmon with ¥ =
{2eP,|V,#0}. Note that (2, )= (n(/l) 8)=p'(4, §) holds for all 2 ¢ &,
since (,, 8)=0 (i e I). We have L(N)=P,c, LA)*™"% Given z(1) ¢ P.,
let us fix a system of representatives Z of the set

{4eP, mod @ Coi| 4, 8)=p'(4, §), A==(J) mod Q}

where Q=@ ;¢; Za;. Since (P,e; Cd;)NOQ=Z4, an element 2 € ¥ can
be represented as 1=/4—ngd with some 4 e ZandneZ. Put

E;jq)= ;Zdim Vicns-q™

‘We have then
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(3.3) n(chyp) =A:z_4; E; (e ®)chy .

This implies that the series E;,(e~?%) is majorized by

mult y-[e™"#]
p:welght of L(A)

up to a power of =%, and hence Ej,(q) converges absolutely for [g|<1
([2D). Evaluating both sides of (3.3) at A= —2ri(rA,—u), we get (3.2)
with the definition

en@=e| (pi—sit (A +(1, e Ereo)
Note that y(z, u) (resp. X,(z, #)) depends only on 4 mod @,.; C3, (resp.
Amod @;.; C8,), and so does e;,(7). (]
Remark. From the proof above, we have
e(0)=0 if z(A)==Amod Q.
Propositon 3.8. e, 5,/(7)=e 7).

Proof. The proposition follows from the fact ¥,.1(z, w)=7xi(z, 1),
which we shall show below. Without loss of generality we may assume
A, peb¥. In this case (4, n) =0=(o(1), n), and | A+ g =|A+5}. Since
¢ is an isometry (Proposition 3.1 (iii)), we have

G4 Sy =51

On the other hand, ¢ normalizes the Weyl group W of g(4) (Proposi-
tion 3.1 (iv)). Hence

(3.5 chy 5 (h) =chy, ) (0(h)
holds for any 4 € §*. (3.4) and (3.5) prove our assertion. O

As we have seen in the classical case (§ 1), the complementary
decomposition enables us to derive an identity “dual” to (3.2) that in-
volves the same functions e;,(z). The results corresponding to the pairs
in Table III are listed in Table IV below. In deriving them we have
made use of the following product formulas for some special characters:

l A
A1 Lufe, =9 ] e<f, ” +%)
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14 A
DR e w)=nf@) e T1 020w+ L),
i=1

Kae, ) =1() 122 [T (=125 w4 1)),

i=1

Xso+ 2,(7> W) =1(z)" " '7(27) ﬁ (—-iﬁ(r, ui—l——;—)).

7=1

B 2ye ) =10 320 3 (e uet ).

In fact, each of them is reduced to one of the denominator formulas for
affine Lie algebras. That the corresponding numerators have product
formulas for arbitrary types of specializations was found by Wakimito [7].
We also utilized the following special cases of branching rules, which can
be checked by using principal specializations.

AP DAP
Ti(c, 1) = ’;((25 ) 7,z ).
B®,DDY,
Tz, 1)= 7’2; L, 1),
T trales 1) = ;(it%%xm(f, ”
7(27)

XA0+A1(T7 u)'

X/To+/7z+x(fz u):

7(z)
D{), DB

z/Tz+1(7'-> u) = 17(2‘[) XAL(Ta u)a
7(2)

Tanles ) =T 52 & (W2, ),

(2 ) o=id,a1
x u+A;(T: M)— R 1Z: ga(r)xv(An)JrAl(T: u)
where
&,(x)= W(ZT) (% +sgn o%) with sgn o= {_i szg.
N7 N>

For each pair (8, g) in Table IV, the following data are given.
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1°  Correspondence of weights /19/1 for (3, g).

2° Correspondence of weights A'<>A' for the complementary pair
@, g".

3° Theta function indentity associated with (g%, ¢") (the one dual to

(3.2)).

4° Explicit formulas for e;,(r) for small m.

In 1° and 2°, [ etc. are given in terms of the coefficients 1, of &, etc. as
in Table II. The summation in 3° is taken over the partitions P given in
1°.

Let us recall here the definition of Hecke indefinite modular forms
that appear in 4°. Let B(¥,7) be a binary quadratic form of signature
(1,1) defined on a lattice LCR? of rank 2. We assume B(7,7) € 2Z (¥ ¢ L).
Set L¥={TeR*|B(7,7)eZ for all 7" e L}, G={ge O(B)|gLCL} and
G,={g e GNSO(B)|g leaves L*/L pointwise fixed}. Let further B(7,7)
=L(NI(7) be a factorization into real linear forms /,(¥). A Hecke inde-
finite modular form with characteristic 4 € L* is by definition

0.D= > senl()-e[ B0
gy g

For our purpose, the following three types are of interest. In all cases
we set L=77, 7’=<;€) € 7Z*, and take /,(1) so that /() >0 for x>0.

(i) B@,N=2(1+2)x*—-27"

[ k+1
2(42)
H(0)=6% (), p= i
|
(i) B, N=201+2)x"—8(+1))",
(1 k+1 )
2+2(1+2)

H;-L,c(t)zﬂf:y(z'), p= —1— it .
L4 4(+1)
(i) BT, 1)=8(+1)x*—21y%,
(1 ko)
. . e 41+1)
Hjlc(T): 0L,F(T): ‘U= .

1, J
P
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The cases (i) and (ii) are discussed in [2] and [4], respectively. For (iii),
the generators of G are given by

(1 ) <—1 ) and a=<21+1 ! )
_1 1 Al+4 20+1

A fundamental domain of G N SO,(B”) (resp. G,) is given by
F={(x,y) e R®*| =2|x|<| y|=2|x[} (resp. F Ua(F)).

There are cases where the complementary identity in Table IV admits
a simple interpretation. For the pair (2) or (5), the Lie algebras §', g" of
the complementary pair are related as

@' F=AD.cg'=CP,
© F=CPcg=Ce.

These embeddings are given by realization in terms of Laurent polynomials
8l(m, C)QC[t, t ] 8p(2m, CYQC[z, t~*] (cf. § 1), 3p(2m, C)RC[F?, t %]
8p(2m, C)QC[t, t '], which are to be extended suitably to Cc®(®Cd,).

Proposition 3.10. For the pairs (2)' or (5)', an irreducible §'-module
L(A") is completely reducible as a §'-module.

Proof. Since the proofs are similar, we do only for (2)'. The
Chevalley basis for §f=AY | reads

ég:[[ : '[ega e{ ’ e; s * T eIn]a f~g=[[ : [fgafﬂ’f; s 7t 'sf;rn],
=h+h,+c', di=d}
and X]=x] (1<i<m—1, x=e, f, h,d). It suffices to prove that
dimg u(CfHv<oo for any ve L(A.

There is a well defined action of the Weyl group W' of g'=C{) both on
L(A") and on g'. One checks that r}fi=—el, rifi=[f1fi] and r,fi=f}
2<i<m), from which follows r}fi=[---[[fLf1.71, ---,ft]. Since
this expression involves only f! with 1<i<m, our assertion follows
from the proof of Proposition 3.6. O

There are thus theta function identities associated with the pairs (2),
(5", which turn out to be of the forms

,ZZ i%:)(’[, u{a ) u:n eEMT(T)=X£1T)(‘L', uL ) u:n,)
t

%: x%:)(2fa UI, ] u;n)e}MT(T):XfI’;L)(f, uIs ) u:n)



Affine Lie Algebras 55

respectively. Comparing these with Table IV, we conclude the following.

Proposition 3.11.  For the pairs (2) or (5), we have the duality

eﬁA(T) = e}MT(T)

where the correspondence of weights A<>A*, A<>A' is described as in Table
1v.

Remark. In terms of Young diagrams, the correspondence for
(2)«<>(2)t is the same as in Section 1, Proposition 1.3 (take complement
with respect to a rectangle and transpose the diagram). For (5)«(5)',
one simply transposes the diagram without taking the complement.

Table IV.

1) APDAP

1°. AP.: 4, 80)=m
AP 2 (4, §hy=21+2
P: {4 sshsizr o U{E hesem=120+14m, - -+, 2, 1}
with 23‘:/1}—%([44----—{—%), > >

2°, AP:(4,0)=m
A (4, aN=1+1
P: {zi_z“l}léiél U{#}}lg,§m={l+m, -, 2,1

with 23:#}——;—1(#““' cb ), > > phe
3° 3 (=), ul, - - -, ub)es(s)
P

:e[_;_(l_l_l)mz.___;__(l—‘- 1) ;u;]ﬁ’;@)(r, UI_"%", ceey uIn—%');

(4", A= 2 (@)

40. (m: l)
W2)92) (j=korj=k+I+1)
e/“'j/llg(z.): .
0 (otherwise)
0241, 05k,

2 48,000
1°, AP 2 (4, &=m
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AD 2 (I, =21
P (di—Tohgisu U hsszm= {20 —14m, -+, 2, 1}
with =)= L (kL. A >
2°, C:(d,0)=m
Co: (A, oN=I
P: {Lheist U hgsisn={+m, -+, 2, 1}.
3°. ; 150(, ul, - - -5 ub)eiD) =X (T, uyy - - -, Uy)
4°. (m=1)
enu(D)=1()"Hiy(z) (0=j=2[-1,0=k<]).
(3 4APD4P
1°.  A@: (4, 5)=2m

2°,

3°.

40

AL . (/I*, N=21+1

P =T thsisu V{8 issgn="120+m, - -+, 2,1}
wich}:ﬂ}——%(”I-l—----l—ﬂfn), A>- >,
AP : (4, 8)=2m

A (A, a)=21

P: Uz}xsisz U{2}}131<m:{l+m’ ey 2, 1}'

Z ( )E(AT AT)X(M)(Ta ul: Tty uIn)eﬂA(T)

?

B [8(21+1)+ Z ]

XX‘m)(, T+ o,
R T A

X 1, (276 (=, 1+

07D)

T
2021+ 1)))’
o, =3 (2} + 4)+ U+ Dm.

Dom=1)

er o A0)= {77(21')-21{?;‘11“, (20 (j=kmod?2)
Asty 7(20) P H¥ 020 (j£kmod2)
0=/ <21 0<k<D).
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4 A4R.,DDf,
1°. A2%+1' (/I 5)_7”
AD (A, §)=21+2
P' {11_221+2}1§i§21+1 U{ﬂg‘}léjém:{ZI"*"l“*"ma tt ity 2: 1}
with 2= — (@l L), > >
2°% D@y (4, 9)=2m
DR, (4 oN)=2]
1
P: {ihcisi U8 hgjsn= {l+m—|—_2~, R %, —;—}
3°. Z( — et "”X“’“(%, ul, -+, ul)esqr)

Ay s )

m

(41, 4)=3; (#,HT )+lm.

4°0 (m=1)
1 (j=korj=2I+1—Fk)
eAue(c) = {O (otherwise),
(0<j<21+1,0<k<)).
(5 cPocp

1°. CP: (U, 6=m

CO: (A, §h=21

P Ahcian URI4+mA1—2 s cn={20+m, -+, 2,1}
2°. C®: (4, 8)=m

CO: (4, sh=1

P {li}ls'z<l U {l+m+1_2§'}1§jgm={l+m cee, 2, 1}.
3°, Z Qe ul, - - -, ul)esdD) =X (e, ul, - - -, ul).

40, (m=1)
e1,,(D)=7(t) 20) ' Hf(z) (0=j=2l 0=k<).

© CRo4?

1°. CP.: (4, &)=m
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CO: (A, 6h)=21+1

P: {Ahzizein U{iz‘}xgjgm:{ﬂ‘f‘m“l‘l: o2, 1k
2°.  AD: (4, 8)=2m

AR (A1, 6N=2]

P: {Ahsisi Uil hgign={l+m, ---, 2, 1}.
3% (=) 2, uf, - -, ul)eq(r)

P

=X, - - ul) T () (e, uh)),
j=1

(A", A= }mj A+ 20).

4°0 (m=1)
PWo) 92y (j=I—k orl+1+k)
elfjlllc’(f) = .
0 (otherwise),
O<j<2+1,0<k<]).

(7) DP.,DAP (s,8=0or1)
1°. D@,.: (4, 8)=2m+s+2¢
DR, .: (', §)=4l +s+25

P: {zi}léigﬂ U{z}}léjsm

1 .5
—lrgm—t 45 .
{ Tt

34 1+s’}
27 2 )
2°.  AR: (4, 0)=2m+s+2s’

ARy (A1, 6N =21+s

P: {Ahzist U{lligigmee={{+m+s, -+, 2, 1}

3°. (= iemyg(e, uf, - - -, ub)es(r)
P

1 n - 2
e[—zlmr—kl;lu}]%”)(r, uf{—l—%, ey UIH-%) 7;((5)

(s=0,5'=0)
| 1o+ Do+ 135
=1

T

1
XXEI?—"I)(T’ UI+—%—, s uTm+"§‘, '5+—;—)

= x%i ﬁ[l (—i;;(z-)“ﬂ(z-, u}+—;—>) (s=0,5=1)
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1 1 1\ &
{4+ = it T
e[4( + 2)m7+<l+ 2) JZ:l”’]
Xx(m)(,c’ llI—f"%, . '>u;:n+';_>

% 77(22')2 17_71[1 ( 77(2')&(2‘[, u;—l‘%) )) (S: 1, S’=0),

&) 7 \—in2o)0(e, ui+3
(4", A= i (2} +1 ;Si ) + mij, 2+ (m+s')s'+Im.
Jj= i=
4°0 (m=1)
€1 ude)= {v(f)“v@f)"‘H B0 (j=kmod2)
s 7(2) " 920) " H 1 10a(0)  (J#EKk mod 2)

0=j=<2, 0<k=1),
2k+1
egouﬂ,d,,(r):n@r)%(r)*e[— = ]s( 1)

27 4
ok,
® DP..DDf (s,s'=0o0r 1)
1°. D@,,: (4, 5)=2m+s5+2s
D@, ,: (', §)=4I+2+s+25
P: {Zi}lgigﬂ-ﬂu{it}lsjs”a
1+ 345 145
{2[+m+ + s T s "2“ }

2°, D@ (4, 8)=2m—4s+2s
DR, it (4, 8D=21+s

1 31
P: {li}1<i<lU{)‘ }1<]Sm+s {l+m+s _—2“ MY -2—, -Z}-

3°. Z (__)5(/"1'7,/11)}(%7:)(22_’ MI, B uzn)eﬂ/l(f)

I4

e[llmr—{—lf‘_, u}]x<”)(r, ul+z, -, ul,+1)

xi‘z)’%ﬁi fl GO 00 1) (=0,5=0)

e[%l(m—}-l)r—i—li u;]
=1

X Xﬁl?+l)(fa UI—‘-‘L', ttt u:n+fs -;*_l_z.)
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X ’7;(2:)) jﬂl(—m(zr)*a(zf, ut %)é(zf, u;.)>

e[§(1+%)mf+(z+i) 5]
XA (e, ul+z, + oo, uly 1) LLL 7(4c)y(r)

727y’

n 02z, uh)i(4z, ul+1) 1 I
X,EI( in(4c)0Q2z, ) 2)) (s=1,5=0),

(s=0,8=1)

(AT, AN =i( )+mf (2*—}— )—]—ms’—l—s’—l—lm.
4°D (m=1)
720)'g(dc)y (J=k or 2l+1—k)
eﬁj’Ak’(T)z .
0 (otherwise)
0=j=20+1,0Zk5),

e]g+]1'u+1,/lk'(7)="'7(27)—1792k+1,4z+4(7= 0) (O=k=)),
€hos A1+ AT =7(20) T (40) T (H S e 11(20) — H3f ok 14144(20))
(O<j<2+1,0<k<I).
9 DR OBM (s'=0o0rl,s=0o0r1)
1°. D®;: (4, H=2m+s+s’
DY: (A, §N=20+2+s+s’

P: hsisin Ul hsisn= {H‘m-l‘—;—: RN —S—}

2°  B: (A, 0)=2m+s+s’
B®: (A1, ) =21 45+’

P: {hsisi U8 hgjen= {

y e,

s—l—l}
2

3 2 2. 1 (2, (=) M 4e, 1, (7)
B (o,01)=(id,id), (#1,511),(F2,321), (5153,511321)

8 —s 1_[ 0(1', )
= 7](7) ) _.§J<_—] DA (et

(77(2‘5) (o)™ n=§m SV Roun (7, W)
é,, 6}, o} are the automorphisms in Table I,

i, )= 3 (5-1-1)

1=jsm
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1 S’:O, ZI:,&I—{'-m-{—S;l
1/2 S,:O, 2{=l+m+s—1
$ (‘L‘): 2
e (1 [1/48] o
2 <77(T/2)+ 77((1--}-1)/2)) s'=1, o=1
7](1') 1 _ 3[1/48] " .
2 <77(7/2) 77((1—!—1)/2)) §=1 o=a
- <77(2f)) 7e)"ele)
=C. Z sgn o' sgn & > £,(c) sgn w

¢t=id,o1t WEGpy x{x1}m

M [
x @(N+1)W(UT(AT)+pT)—N(ET(/TT>+.5),N(N+1)(79 0)
where

e(r)=e,,47), (@, dN=(d, id) or (5, 1) if G}(A")z=A!
e(r)=e1(0) +esndc), (6760)=(d, id) if (=1
1 @dn=#AY
N {1/2 @A = Y
N=2[4+2m—1-+s-+s’,

. 1 o¢'=id

S =
gno —1 d'=df
{ 1 =id

sgn ¢ =
'—]. 5‘:6'1
detw s=

detw, s=0, w=(w,e)eS,X{E1}™
O signifies the classical theta function defined in Section 2 on the lattice

M= {f vet| 3Ty, € 22, W, e z}
7=1 i1

m
= {Z V&)
=1

jzmjluj e2Z,Vy; e Z}
(identified through ¢} =¢ for V)
(10) DFP DAY,
1°.  DY; (4, 8)=2m
DY: (4, §=4l
P: {ii}lgzgzz U{i}}lgjgm:{ﬂ“'m—l’ -+, 1,0}
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2°, AP 1 (4, 0)=2m
Ay (A, 6N =21
P: {Ah<is U{27}1§f§m={1+m’ <o, 2, 1%
3°.

P (0,01)=(id,id),(d1,511),(F2,521),(F152,511521)
T Ht, 4t
XX, ul, - - -, ul)(—=) e, 4,4(7)

7(2
77((:;) [4 lmr—HZ uT]C”_Z X,T(,m<z', u}—l—%, e, u;n_f__g_)

([, A= Zl A+ —1)+Im
=
1 ol
={1/2 (A= At
4°0 (m=1)
eipndD)=8(0) p(20) " Hi(z) (1=j=2/-1)
€370, A7) F €21, 4,(7) = §(7) ' (22) T H i/ (7)
€25,2,(T) T €21y, 1,AT) = E1(7) " '9(27) T HGH(z)
where
1 (0<k<D)
e {1/2 (k=0).
(11) D, DB
1°. D®.,: (4, 8)=2m
DY: (A, §)=2QI+1)
P: {A}izizne Ul hzjen=120+m, - - -, 1,0}
2°.  B®: (4, 8)=2m
B®: (4, h=21
P: {Lhzist U{Z}},ggm:{l—l—m——_l—, T —3—, —1—}
2 272
3°,
P (0,01)=(id,1d),(31,511), (F2,521), (7152, 11721)

X A2z, ul - - -, ul) (=) e, 4,,(z)

=e[_1.1mr+liu}]c > xg’:&,)(r,u;JrL,...,u;nJrg)
4 = . :

ot=id, o1 2

X 1, 6rte)de, )
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(I, An=3" (2;+z;—%) +im
=1

I o=
- {1/2 al(AN= A1,
4°0 (m=1)
1= i@ =1()920)  (I<K<I)
ezzlozAk(T)'l'ez/leAk(T):ezziﬂzAk(T)+ez/izlﬂzak(f):77(7)_177(27)
(k=0or 1
all other e;1,),54,/()=0 (¢=id, 6y, 6, 6,5,; o=id, 0,).
(12) 4%,,DA4% (’=0o0r)
1°.  AQ.: (4, 8)=2m+s
AZ_ (A S=20+2+5
P: {Ahzisin U hgsen={+m+1, - - -, 1}
2°. A2 (4, 9)=2m-s
AL (A, N =2[+5"
P: {Algis U hgysn={I+m, -- -, 1}
3° 20 20 Ay u)(—=) ey (o)

P o=id,s1t
i e
— 77(1') 1= 1§lj—[§m o, uj) Xz, ut)
et ”(21.) ﬂ(T)ZM At Tau b

ol: a2 +m+-1D 45— 41,
(A, Af)zléjzé ) A —21)
4°. 77(f)m(;’7(%_)s'eA»A(f)= C-det (35 69 uns-rtuvnsn(®s 0)
"k=], . .,m)
N=2]+2m+1+4s’ v
1 slUAN~A
={1/2 (= At
3(3»_{’9 §'=0
9 =1
(13) B®,DOD®, (s’=0or 1, s=0or 1)
1°.  B®: (4, 8=2m+s+s
BO: (', N=21+2+5+5
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s—l—l s—l—l}
T2

P: {zi}léiglﬂu{z}}léjém {l+m+

2° D@.: (4, 8)=2m+s+s
D® . (A, 00 =2]4-s-+5

m+1

— 1
P: {Aheis U{2}}1§J§m={l+m+ s21 SRR S_; }

3% 2 Z X(’("}T)@f, (=) Mey(c)

(@D N () V' 1gl;[§m 62z, ut): .
= ( 7(27) ) ( 7(27) ) 22" Xgp(z, uY),

6l 2l +m)+s4+5"+1—11,
5(/1T AN= Z (Z5—2%)

() () o

=C-det ((—)¢-9u-97 PN 98 S et naat, w1 (27, 0))
(j’ k=1, .. 'am)
N=2]+2m+s+s
{1 F(AN# At
12 sdn=A
4 ’.
,9(3*‘3'):{19 s+s': odd
Q s+5': even

1) 4 signifies the following weight.
AP:24,(j=0), 4,A=j=D)
D124, (j=0), 4,(A=j<I-1), 24, (j=I)
DP: 24, (j=0), A+4,G=1), 4,Q2=j=1-2),

AL—1+A1 (J=I-1), 24, (j:l)

AR, 24, (j=0), A+4,(G=1), 4;2<jiZ])
BP: 24, (j=0), 4+4 (=D, 4,Qsjsl-1),
24, (j=0).
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